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Cu notat, iile uzuale, să demonstrăm că inegalitatea

R

2r
>

a2 + b2 + c2

ab+ bc+ ca

este adevărată ı̂n orice triunghi ABC.
Avem

R

2r
− 1 =

abcp

8S2
− 1 =

abc(a+ b+ c)− 16S2

16S2
=

=
abc(a+ b+ c)− (a2b2 + b2c2 + c2a2) + (a4 + b4 + c4 − a2b2 − b2c2 − c2a2)

16S2

=
(a2 − b2)2 + (b2 − c2)2 + (c2 − a2)2 − c2(a− b)2 − a2(b− c)2 − b2(c− a)2

32p(p− a)(p− b)(p− c)

=
(a− b)2((a+ b)2 − c2) + (b− c)2((b+ c)2 − a2) + (c− a)2((c+ a)2 − b2)

32p(p− a)(p− b)(p− c)

=
(a− b)2

8(p− a)(p− b)
+

(b− c)2

8(p− b)(p− c)
+

(c− a)2

8(p− c)(p− a)
.

Avem de arărat că
R

2r
− 1 >

a2 + b2 + c2

ab+ bc+ ca
− 1,

inegalitate echivalentă cu
(a− b)2

8(p− a)(p− b)
+

(b− c)2

8(p− b)(p− c)
+

(c− a)2

8(p− c)(p− a)
>

>
(a− b)2 + (b− c)2 + (c− a)2

2(ab+ bc+ ca)
, (1).

Deoarece
1

4(p− a)(p− b)
>

1

ab+ bc+ ca
⇐⇒ ab+ bc+ ca > c2 − a2 − b2 + 2ab

⇐⇒ a2 − ab+ b2 + c(a+ b− c) > 0,

inegalitatea (1) este adevărată.
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Cum a2 + b2 + c2 > ab + bc + ca, oricare ar fi numerele reale a, b, c,
reiese că, ı̂n orice triunghi, R > 2r.


