
❆✳ ❇➔❧%❛'✐❣➔✱ ❆♣❧✐❝❛%

✱

✐✐ ❛❧❡ ♥✉♠❡'❡❧♦' ❝♦♠♣❧❡①❡ 3♥ ♣'♦❜❧❡♠❡ ❞❡ ♥✉♠➔'❛'❡✳✺✹✾

 ❊◆❚❘❯ ❈❊❘❈❯❘■▲❊ ❉❊ ❊▲❊❱■

❆!▲■❈❆❚

✱

■■ ❆▲❊ ◆❯▼❊❘❊▲❖❘ ❈❖▼!▲❊❳❊ ❰◆

!❘❖❇▲❊▼❊ ❉❊ ◆❯▼⑨❘❆❘❊

✶)

❆❧❡①❛♥❞'✉ ❇➔❧+➔'✐❣➔

✷)
✱

❰♥ ❝❡❧❡ ❝❡ ✉*♠❡❛③➔ ✈♦♠ ✐❧✉23*❛ ✉♥ ♠♦❞ ❞❡ ❛ ❢♦❧♦2✐ ♥✉♠❡*❡❧❡ ❝♦♠♣❧❡①❡

♣❡♥3*✉ ❛ *❡③♦❧✈❛ ♦ 8♥3*❡❛❣➔ ❝❛3❡❣♦*✐❡ ❞❡ ♣*♦❜❧❡♠❡ ❞❡ ♥✉♠➔*❛*❡✳ ❆❝❡❛23➔

♠❡3♦❞➔ ❡23❡ ❢♦❧♦2✐3♦❛*❡ 8♥ ❛❜♦*❞❛*❡❛ ✉♥♦* ♣*♦❜❧❡♠❡ ❞❡ ♦❧✐♠♣✐❛❞➔ ❛3=3 ❧❛

♥✐✈❡❧✉❧ ❝❧❛2❡✐ ❛ ✶✵✲❛✱ ❝=3 2

✱

✐ 8♥ ❝♦♠♣❡3✐3

✱

✐✐ ✐♥3❡*♥❛3

✱

✐♦♥❛❧❡✳ ❉❡ ❛2❡♠❡♥❡❛✱ ✈♦♠

❝♦♥2✐❞❡*❛ ❢♦❧♦2✐*❡❛ ♥✉♠❡❧♦* ❝♦♠♣❧❡①❡ 8♠♣*❡✉♥➔ ❝✉ ❛2♣❡❝3❡ ❞✐♥ 3❡♦*✐❛ ♣♦❧✐✲

♥♦❛♠❡❧♦*✳ ❊①❡*❝✐3

✱

✐✐❧❡ 2✉♥3 ♦*❞♦♥❛3❡ ❝*❡2❝➔3♦* ❝❛ ♥✐✈❡❧ ❞❡ ❞✐✜❝✉❧3❛3❡✳

✶✳ ■♥$%♦❞✉❝❡%❡

❖ ♣*✐♠➔ ❛♣❧✐❝❛3

✱

✐❡ ❛ ♥✉♠❡❧♦* ❝♦♠♣❧❡①❡ ❡23❡ ❛❝❡❡❛ ❞❡ ❛ ❞❡♠♦♥23*❛ ❛♥✉♠✐3❡

✐❞❡♥3✐3➔3

✱

✐ ❝♦♠❜✐♥❛3♦*✐❝❡✳ ❘❡❛♠✐♥3✐♠ ❢♦*♠✉❧❛ ❞❡ ❞❡③✈♦❧3❛*❡ ❛ ❜✐♥♦♠✉❧✉✐✿

(x+ y)n = C0
nx

ny0 + C1
nx

n−1y1 + C2
nx

n−2y2 + . . .+ Cn
nx

0yn.

❆♣❧✐❝❛$

✱

✐❡✳ ❋✐❡ n ∈ N, n > 3✳ ❈❛❧❝✉❧❛3
✱

✐ S = C0
n+C3

n+C6
n+ . . .+C

⌊n
3
⌋

n .

❙♦❧✉$

✱

✐❡✳ ❋✐❡ ε = cos 2π
3 + i sin 2π

3 ✳ ❆3✉♥❝✐ ε2 = 1, ε2+ε+1 = 0✳ ❋♦❧♦2✐♥❞
3❡♦*❡♠❛ ❜✐♥♦♠✉❧✉✐ ❛✈❡♠

(1 + 1)n = C0
n + C1

n + C2
n + . . .+ Cn

n

(1 + ε)n = C0
n + C1

nε + C2
nε

2 + . . .+ Cn
nε

n

(1 + ε2)n = C0
n + C1

nε
2 + C2

n(ε
2)2 + . . .+ Cn

n (ε
2)n.

❆❞✉♥=♥❞ ❛❝❡23❡ 3*❡✐ *❡❧❛3

✱

✐✐ ♦❜3

✱

✐♥❡♠

2n + (1 + ε)n + (1 + ε2)n = 3(C0
n + C3

n + C6
n + . . .+ C

⌊n
3
⌋

n ).

❘❡③✉❧3➔

C0
n + C3

n + C6
n + . . .+ C

⌊n
3
⌋

n =
2n + (1 + ε)n + (1 + ε2)n

3
=

=
2n + (−ε2)n + (−ε)n

3
=

2n + (−1)n(ε+ ε2)

3
=

2n + (−1)n+1

3
✷✳ ❖ ❧❡♠➔ ✉$✐❧➔

❰♥ ❝♦♥3✐♥✉❛*❡ ✈♦♠ ❞❡♠♦♥23*❛ ♦ ❧❡♠➔ ❧❡❣❛3➔ ❞❡ ✐*❡❞✉❝3✐❜✐❧✐3❛3❡❛ ✉♥♦*

♣♦❧✐♥♦❛♠❡✳ ❊❛ 2❡ ❜❛③❡❛③➔ ♣❡ ✉*♠➔3♦❛*❡❛ ♣*♦♣♦③✐3

✱

✐❡✱ ❛ ❝➔*❡✐ ❞❡♠♦♥23*❛3

✱

✐❡ ♦

♦♠✐3❡♠✱ ❞❡♦❛*❡❝❡ ❡❛ ♣♦❛3❡ ✜ ❣➔2✐3➔ 8♥ ♦*✐❝❡ ❝❛*3❡ ❞❡2♣*❡ ♣♦❧✐♥♦❛♠❡✳

✶

)
▲✉❝#❛#❡❛ ❛ ❢♦() ♣#❡③❡♥)❛)➔ .♥ ❝❛❞#✉❧ ❝❡❧❡✐ ❞❡✲❛ )#❡✐❛ ❡❞✐)

✱

✐✐ ❛ ❝♦♥❢❡#✐♥)

✱

❡✐ ✒■♥)❡#♥❛)✐♦♥❛❧

❙②♠♣♦(✐✉♠ ✫ ■♥)❡#♥❛)✐♦♥❛❧ ❙)✉❞❡♥) ❲♦#❦(❤♦♣ ♦♥ ■♥)❡#❞✐(❝✐♣❧✐♥❛#② ▼❛)❤❡♠❛)✐❝( ✐♥ )❤❡

❈✐❚✐ ❛#❡❛(✑✱ ❞❡(❢➔(

✱

✉#❛)➔ ❧❛ ❯♥✐✈❡#(✐)❛)❡❛ ◆❛)

✱

✐♦♥❛❧➔ ❞❡ ❙

✱

)✐✐♥)

✱

➔ (

✱

✐ ❚❡❤♥♦❧♦❣✐❡ ✱✱E♦❧✐)❡❤♥✐❝❛✑

❇✉❝✉#❡(

✱

)✐ ❞✐♥ ♣❡#✐♦❛❞❛ ✷✻✲✷✽ ✐✉♥✐❡ ✷✵✷✹✳

✷

)
E#♦❢❡(♦#✱ ❇✉❝✉#❡(

✱

)✐✳



✺✺✵  ❡♥#$✉ ❝❡$❝✉$✐❧❡ ❞❡ ❡❧❡✈✐

 !♦♣♦③✐&

✱

✐❡✳ ❋✐❡ p ✉♥ ♥✉♠➔' ♣'✐♠✱ p > 2✱ *
✱

✐ f ∈ Q[x]✱ f(x) = 1 + x+
x2 + . . .+ xp−1✳ ❆-✉♥❝✐ f ❡*-❡ ✐'❡❞✉❝-✐❜✐❧ ♣❡*-❡ Q✳

"♦❧✐♥♦♠✉❧ f )❡ ♥✉♠❡)

✱

+❡ ❛❧ p ✲❧❡❛ ♣♦❧✐♥♦♠ ❝✐❝❧♦-♦♠✐❝✳

▲❡♠➔✳ ❋✐❡ p > 2 ✉♥ ♥✉♠➔' ♣'✐♠✱ ε = cos 2π
p
+i sin 2π

p
*

✱

✐ a0, a1, . . . , ap−1

♥✉♠❡'❡ '❛-

✱

✐♦♥❛❧❡ ❛*-❢❡❧ 6♥❝7- a0+a1ε+ . . .+ap−1ε
p−1 = 0✳ ❆-✉♥❝✐ a0 = a1 =

. . . = ap−1✳

❉❡♠♦♥*-'❛-

✱

✐❡✳ ❈♦♥)✐❞❡/➔♠ f, g ∈ Q[x]✱ f(x) = 1 + x + . . . + xp−1✱

g(x) = a0 + a1x+ . . .+ apx
p−1

✳

❉❡♦❛/❡❝❡ f ❡)+❡ ✐/❡❞✉❝+✐❜✐❧ ♣❡)+❡ Q )

✱

✐ g(ε) = 0✱ /❡✐❡)❡ ❝➔ f(x) | g(x)✳
"❡ ❞❡ ❛❧+➔ ♣❛/+❡✱ deg(f(x)) = deg(g(x))✳ ❉❡❞✉❝❡♠ ❝➔ ∃ c ∈ Q ❛)+❢❡❧

8♥❝9+ g(x)=cf(x)✳ ■❞❡♥+✐✜❝9♥❞ ❝♦❡✜❝✐❡♥+

✱

✐✐ ♦❜+

✱

✐♥❡♠ a0=a1= . . . = ap−1 = c✳

✸✳ ❈.&❡✈❛ ❡①❡!❝✐&

✱

✐✐

✶✳ ❈♦♥*✐❞❡'➔♠ ✉♥ ❞'❡♣-✉♥❣❤✐ ❝❛'❡ ♣♦❛-❡ ✜ ❛❝♦♣❡'✐- ❢➔'➔ *✉♣'❛♣✉♥❡'✐ ❝✉

❞'❡♣-✉♥❣❤✐✉'✐ ♠❛✐ ♠✐❝✐ ❞❡ ❞✐♠❡♥*✐✉♥✐ 1×m *❛✉ n× 1✳ ❉❡♠♦♥*-'❛-
✱

✐ ❝➔ ❞'❡♣✲

-✉♥❣❤✐✉❧ ♣♦❛-❡ ✜ ❛❝♦♣❡'✐- ❢♦❧♦*✐♥❞ ❞♦❛' ✉♥✉❧ ❞✐♥-'❡ -✐♣✉'✐❧❡ ❞❡ ❞'❡♣-✉♥❣❤✐✉'✐

❞❡ ♠❛✐ *✉*✳

❙♦❧✉-

✱

✐❡✳ ❋✐❡ a, b ❞✐♠❡♥)✐✉♥✐❧❡ ❞/❡♣+✉♥❣❤✐✉❧✉✐✱ ❝✉ a, b ∈ N✳

❰♠♣➔/+

✱

✐♠ ❞/❡♣+✉♥❣❤✐✉❧ 8♥ ♣➔+/❛+❡ 1× 1 )

✱

✐ ❧❡ ✐♥❞❡①➔♠ ❝❛ ♠❛✐ ❥♦)✿

(1, 1) (1, 2) . . . (1, b)
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

(a, 1) . . . . . . (a, b)

❆)♦❝✐❡♠ ♣➔+/❛+✉❧✉✐ (i, j) ♥✉♠➔/✉❧ ❝♦♠♣❧❡① εi1 · ε
j
2✱ ✉♥❞❡

ε1 = cos
2π

n
+ i sin

2π

n
, ε2 = cos

2π

m
+ i sin

2π

m
.

❖❜)❡/✈➔♠ ❝➔ 8♥ ✜❡❝❛/❡ ❞/❡♣+✉♥❣❤✐ 1×m )

✱

✐ n× 1 )✉♠❛ ♥✉♠❡/❡❧♦/ ❝♦♠✲

♣❧❡①❡ ❝♦/❡)♣✉♥③➔+♦❛/❡ ❡)+❡ ✵✱ ❞❡❝✐ )✉♠❛ +✉+✉/♦/ ♥✉♠❡/❡❧♦/ ❡)+❡ ✵✿

0 =

a
∑

i=1

b
∑

j=1

εi1 · εj2 =
(

a
∑

i=1

εi1

)(

b
∑

j=1

ε
j
2

)

.

❘❡✐❡)❡ ❝➔ ✉♥❛ ❞✐♥+/❡ ♣❛/❛♥+❡③❡ ❡)+❡ ♥✉❧➔✱ ❞❡❝✐ n | a )❛✉ m | b✳
✷✳ ❊*-❡ ♣♦*✐❜✐❧ *➔ ❛❝♦♣❡'✐♠ ✉♥ ♣➔-'❛- 13× 13 ❝✉ ❞'❡♣-✉♥❣❤✐✉'✐ 1× 4 *

✱

✐

4× 1 ❛*-❢❡❧ 6♥❝7- ♣➔-'❛-✉❧ ✉♥✐-❛-❡ ❞✐♥ ❝❡♥-'✉ *➔ '➔♠7♥➔ ❧✐❜❡'❄
❙♦❧✉-

✱

✐❡✳ ❙➔ ♣/❡)✉♣✉♥❡♠ ❝➔ ♦ ❛)+❢❡❧ ❞❡ ❛❝♦♣❡/✐/❡ ❡)+❡ ♣♦)✐❜✐❧➔✳ ❆)♦❝✐❡♠

❝❡❧✉❧❡✐ (k, j) ♥✉♠➔/✉❧ ❝♦♠♣❧❡① ik+2j
✳ ❖❜)❡/✈➔♠ ❝➔ )✉♠❛ ♥✉♠❡/❡❧♦/ ❞✐♥ ♦/✐❝❡

❞/❡♣+✉♥❣❤✐ 1× 4 )❛✉ 4× 1 ❡)+❡ 0✳ ❆)+❢❡❧✱ )✉♠❛ +✉+✉/♦/ ♥✉♠❡/❡❧♦/ ❞✐♥ ❞/❡♣✲

+✉♥❣❤✐✉/✐❧❡ ♠✐❝✐ ❡)+❡ 0✳ ❆❝❡❛)+❛ 8♥)❡❛♠♥➔ ❝➔ )✉♠❛ ♥✉♠❡/❡❧♦/ ❞✐♥ ♣➔+/❛+ ❡)+❡

i7+2·7 = i21 = i✳ "❡ ❞❡ ❛❧+➔ ♣❛/+❡✱ )✉♠❛ ♥✉♠❡/❡❧♦/ ❞✐♥ ♣➔+/❛+ ❡)+❡

(i+ i2 + . . .+ i13)(i2 + i4 + . . .+ i26) = i · i
13 − 1

i− 1
i2 · i

26 − 1

i2 − 1
= i3 = −i,



❆✳ ❇➔❧%❛'✐❣➔✱ ❆♣❧✐❝❛%

✱

✐✐ ❛❧❡ ♥✉♠❡'❡❧♦' ❝♦♠♣❧❡①❡ 3♥ ♣'♦❜❧❡♠❡ ❞❡ ♥✉♠➔'❛'❡✳✺✺✶

❝❡❡❛ ❝❡ ❡%&❡ ✐♠♣♦%✐❜✐❧✳

✸✳ ❈!"❡ ♥✉♠❡'❡ ❛✈!♥❞ n ❝✐❢'❡✱ ❡❧❡♠❡♥"❡ ❛❧❡ ♠✉❧"

✱

✐♠✐✐ {2, 3, 7, 9}✱ 0✉♥"
❞✐✈✐③✐❜✐❧❡ ❝✉ 3❄

❙♦❧✉"

✱

✐❡✳ ❋✐❡ xn, yn, zn ♥✉♠➔2✉❧ ♥✉♠❡2❡❧♦2 ❞❡ &✐♣✉❧ ❝❡2✉& ❝❛2❡ %✉♥& ❝♦♥✲

❣2✉❡♥&❡ ❝✉ 0✱ 1✱ 2❡%♣❡❝&✐✈ 2 ♠♦❞✉❧♦ 3✳
❋✐❡ ε = cos 2π

3 + i sin 2π
3 ✳ ❙

✱

&✐♠ ❝➔ 2❡%&✉❧ 9♠♣➔2&

✱

✐2✐✐ ❧❛ 3 ❛ ✉♥✉✐ ♥✉♠➔2

❡%&❡ ❛❝❡❧❛%

✱

✐ ❝✉ 2❡%&✉❧ 9♠♣➔2&

✱

✐2✐✐ %✉♠❡✐ ❝✐❢2❡❧♦2 ♥✉♠➔2✉❧✉✐ ❧❛ ✸✱ ❞❡❝✐

xn + yn + zn = 4n

xn + εyn + ε2zn =
∑

j1+j2+j3+j4=n

ε2j1+3j2+7j3+9j4 = (ε2 + ε3 + ε7 + ε9)n = 1.

❆%&❢❡❧ xn−1+εyn+ε2zn = 0 ❞❡❝✐✱ ❝♦♥❢♦2♠ ❧❡♠❡✐✱ xn−1 = yn = zn = k✳

❘❡③✉❧&➔ 4n − 1 = 3k✱ k =
4n − 1

3
✱ xn =

4n + 2

3
✳

✹✳ ❋✐❡ n ✉♥ ♥✉♠➔' ♣'✐♠ 0

✱

✐ a1, . . . , am ♥✉♠❡'❡ ♥❛"✉'❛❧❡ ♥❡♥✉❧❡✳ :❡♥"'✉

k = 0, 1, . . . , n − 1 ❝♦♥0✐❞❡'➔♠ ♥✉♠➔'✉❧ f(k) ❛❧ m−✉♣❧✉'✐❧♦' (c1, . . . , cm)✱
1 6 ci 6 ai✱ ❝❛'❡ 0❛"✐0❢❛❝ '❡❧❛"✱✐❛

m
∑

i=1

ci ≡ k (mod n).

❉❡♠♦♥0"'❛"

✱

✐ ❝➔ f(0) = f(1) = . . . = f(n− 1) ❞❛❝➔ 0
✱

✐ ♥✉♠❛✐ ❞❛❝➔ n | aj
♣❡♥"'✉ ✉♥ ❛♥✉♠✐" j ∈ {1, 2, . . . ,m}✳

❙♦❧✉"

✱

✐❡✳ ❋✐❡ ε = cos 2π
n
+ i sin 2π

n
✳ ❆&✉♥❝✐✿

m
∏

i=1

(x+ x2 + . . .+ xai) =
∑

16ci6ai

xc1+...+cm
%

✱

✐

f(0) + f(1)ε+ . . .+ f(n− 1)εn−1 =
∑

16ci6ai

εc1+...+cm =
m
∏

i=1

(ε+ ε2 + . . .+ εai).

❉❡❞✉❝❡♠

f(0) = f(1) = . . . = f(n − 1) ⇐⇒ f(0) + f(1)ε + . . . + f(n − 1)εn−1 =
0 ⇐⇒

∏m
i=1(ε+ε2+ . . .+εai) = 0 ⇐⇒ ❡①✐%&➔ j ❛%&❢❡❧ 9♥❝B& ε+ . . .+εaj = 0

⇐⇒ n | aj ♣❡♥&2✉ ♦ ❛♥✉♠✐&➔ ✈❛❧♦❛2❡ ❛ ❧✉✐ j✳

✺✳ ✭❖■▼ ✶✾✾✺✮ :❡♥"'✉ ♦ ♠✉❧"

✱

✐♠❡ ✜♥✐"➔ A ❞❡ ♥✉♠❡'❡ '❡❛❧❡ ♥♦"➔♠ m(A)
0✉♠❛ ❡❧❡♠❡♥"❡❧♦' ♠✉❧"

✱

✐♠✐✐✳ ❋✐❡ p > 3 ✉♥ ♥✉♠➔' ♣'✐♠ 0

✱

✐ A = {1, 2, . . . , 2p}✳
❈❛❧❝✉❧❛"

✱

✐ ♥✉♠➔'✉❧ 0✉❜♠✉❧"

✱

✐♠✐❧♦' B ⊂ A ❝✉ cardB = p 0
✱

✐ p | m(B)✳
❙♦❧✉"

✱

✐❡✳ ❋✐❡ ε = cos 2π
p

+ i sin 2π
p
✳ ◆♦&➔♠ ❝✉ xj ✱ j = 0, 1, . . . , p − 1

♥✉♠➔2✉❧ %✉❜♠✉❧&

✱

✐♠✐❧♦2 B ⊂ A ❝✉ |B| = p %

✱

✐ m(B) ≡ j (mod p)✳ ❆&✉♥❝✐

p−1
∑

j=0

xjε
j =

∑

B⊂A, |B|=p

εm(B) =
∑

16c16...6cp62p

εc1+c2+...+cp .



✺✺✷  ❡♥#$✉ ❝❡$❝✉$✐❧❡ ❞❡ ❡❧❡✈✐

❯❧$✐♠✉❧ ♥✉♠➔* ❡,$❡ ❝♦❡✜❝✐❡♥$✉❧ ❧✉✐ xp ❞✐♥ ♣♦❧✐♥♦♠✉❧ (x+ε)(x+ε2) . . . (x+ε2p)✳
❈✉♠ xp − 1 = (x− 1)(x− ε) . . . (x− εp−1) ❞❡❞✉❝❡♠

(x+ ε)(x+ ε2) . . . (x+ ε2p) = (xp + 1)2,

❞❡❝✐ ❝♦❡✜❝✐❡♥$✉❧ ❧✉✐ xp ❡,$❡ ✷✳ ❘❡✐❡,❡

∑p−1
j=0 xjε

j = 2✱ ❞❡ ✉♥❞❡

x0 − 2 + x1ε+ . . .+ xp−1ε
p−1 = 0,

❞❡❝✐✱ ❝♦♥❢♦*♠ ❧❡♠❡✐✱ x0 − 2 = x1 = . . . = xp−1 = k✳ ❖❜$

✱

✐♥❡♠ pk = x0 + . . .+

xp−1 − 2 = C
p
2p − 2✱ k =

C
p
2p−2

p
✱ x0 = 2 +

C
p
2p−2

p
✳

✻✳ ✭❖■▼ ✶✾✼✹✮ ❉❡♠♦♥,$*❛$

✱

✐ ❝➔ ♥✉♠➔*✉❧ N ♥✉ ❡ ❞✐✈✐③✐❜✐❧ ❝✉ 5 ♣❡♥$*✉

♥✐❝✐♦ ✈❛❧♦❛*❡ ❛ ♥✉♠➔*✉❧✉✐ ♥❛$✉*❛❧ n✱ ✉♥❞❡

N =

n
∑

k=0

(C2k+1
2n+1 · 23k)

❙♦❧✉$

✱

✐❡✳ ❉❡♦❛*❡❝❡ 23 ≡ −2 (mod 5)✱ ❡,$❡ ,✉✜❝✐❡♥$ ,➔ ❛*➔$➔♠ ❝➔ ✉*♠➔✲

$♦❛*❡❛ ,✉♠➔ ♥✉ ❡,$❡ ❞✐✈✐③✐❜✐❧➔ ❝✉ ✺✿

Sn =
n
∑

k=0

(C2k+1
2n+1 · (−2)k).

❆✈❡♠ (1 + i
√
2)2n+1 = Rn + i

√
2Sn✱ ✉♥❞❡

Rn =

n
∑

k=0

(C2k
2n+1 · (−2)k).

❚*❡❝I♥❞ ❧❛ ♠♦❞✉❧❡ ♦❜$

✱

✐♥❡♠ 32n+1 = R2
n + 2S2

n✳

❉❛❝➔ ♣*❡,✉♣✉♥❡♠ Sn ≡ 0 (mod 5)✱ ❛$✉♥❝✐ R2
n ≡ 32n+1 (mod 5)✳ ❉❛*

32n+1 = 3 · 9n ≡ ±3 (mod 5)✱ ❞❡ ✉♥❞❡ R2
n ≡ ±3 (mod 5) ✕ ❝♦♥$*❛❞✐❝$

✱

✐❡✳

✼✳ ✭◗✐❤♦♥❣ ❳✐❡✮ ❈I$❡ ,✉❜♠✉❧$

✱

✐♠✐ ❛❧❡ ♠✉❧$

✱

✐♠✐✐ {1, 2, . . . , 2000} ❛✉ ,✉♠❛

❡❧❡♠❡♥$❡❧♦* ❞✐✈✐③✐❜✐❧➔ ❝✉ 5❄
❙♦❧✉$

✱

✐❡✳ ❈♦♥,✐❞❡*➔♠ ♣♦❧✐♥♦♠✉❧ f(x) = (1 + x)(1 + x2) . . . (1 + x2000)✳
❊①✐,$➔ ♦ ❜✐❥❡❝$

✱

✐❡ S♥$*❡ ♠✉❧$

✱

✐♠❡❛ ,✉❜♠✉❧$

✱

✐♠✐❧♦* {a1, . . . , am} ❛❧❡ ♠✉❧$

✱

✐✲

♠✐✐ {1, 2, . . . , 2000} ,
✱

✐ ♠✉❧$

✱

✐♠❡❛ ♠♦♥♦❛♠❡❧♦* ❞❡ ❢♦*♠❛ xa1xa2 . . . xam ✳ ❆,$❢❡❧✱

♥✉♠➔*✉❧ ❝❡*✉$ ❡,$❡ ❡❣❛❧ ❝✉ ,✉♠❛ S ❛ ❝♦❡✜❝✐❡♥$

✱

✐❧♦* ♠♦♥♦❛♠❡❧♦* ❞❡ ❢♦*♠❛ x5k

❞✐♥ ❞❡③✈♦❧$❛*❡❛ ❧✉✐ f ✳

❋✐❡ f =
1000·2001

∑

k=0

ckx
k
✳ ❈♦♥,✐❞❡*➔♠ ε = cos 2π

5 + i sin 2π
5 ✳ ❆✈❡♠ ε5 = 1 ,

✱

✐

1 + ε+ . . .+ ε4 = 0✳ ❆$✉♥❝✐
5

∑

j=1

f(εj) = 5c0 + 5c5 + 5c10 + . . . = 5S.

◆✉♠❡*❡❧❡ ε, ε2, ε3, ε4, ε5 = 1 ,✉♥$ *➔❞➔❝✐♥✐❧❡ ♣♦❧✐♥♦♠✉❧✉✐ g(x) = x5−1 =
(x − ε) . . . (x − ε5)✳ ❘❡✐❡,❡ g(−1) = −2 = (−1 − ε)(−1 − ε2) . . . (−1 − ε5)✱



❆✳ ❇➔❧%❛'✐❣➔✱ ❆♣❧✐❝❛%

✱

✐✐ ❛❧❡ ♥✉♠❡'❡❧♦' ❝♦♠♣❧❡①❡ 3♥ ♣'♦❜❧❡♠❡ ❞❡ ♥✉♠➔'❛'❡✳✺✺✸

❞❡ ✉♥❞❡ (1 + ε) . . . (1 + ε5) = 2 &

✱

✐ f(ε) = f(ε2) = . . . = f(ε4) = 2400✳ ❆♣♦✐✱

f(ε5) = f(1) = 22000✳ ❖❜/

✱

✐♥❡♠ 1➔&♣✉♥&✉❧

S =
4 · 2400 + 22000

5
=

2402 + 22000

5
.

❇✐❜❧✐♦❣&❛❢✐❡

❬✶❪

∗∗∗

✱ ❆!" ♦❢ %!♦❜❧❡♠ ❙♦❧✈✐♥❣✱ ❤!!♣#✿✴✴❛'!♦❢♣'♦❜❧❡♠#♦❧✈✐♥❣

❬✷❪ ❚✳ ❆♥❞*❡❡,❝✉ ❛♥❞ ●✳ ❉♦,♣✐♥❡,❝✉✱ %!♦❜❧❡♠/ ❢!♦♠ "❤❡ ❇♦♦❦✱ ❳❨❩ 8*❡,,✱ ✷✵✶✵

❬✸❪ ❚✳ ❉✉♠✐<*❡,❝✉✱ ❆❧❣❡❜!❛ ✶✱ ❊❞✐<✉*❛ ❯♥✐✈❡*,✐<➔<

✱

✐✐✱ ✷✵✵✻

❬✹❪ ❚✳ ❉✉♠✐<*❡,❝✉✱ ❆❧❣❡❜!❛✿ ♣❡♥"!✉ /"✉❞❡♥"

✱

✐✐ ❢❛❝✉❧"➔"

✱

✐❧♦! ❞❡ ♠❛"❡♠❛"✐❝➔ /

✱

✐ ✐♥❢♦!♠❛"✐❝➔ ❞✐♥

❛♥✉❧ ✶✱ ❊❞✐<✉*❛ ❯♥✐✈❡*,✐<➔<

✱

✐✐✱ ✷✵✵✻


