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Abstract. In this paper we give a new technique for the calculation of
the matrix exponential function e as well as the matrix trigonometric
functions sin A and cos A, where A € M3 (C). We also determine the real
logarithm of the matrix xIz, when x € R*, as well as the real logarithm of
scalar multiple of rotation and reflection matrices. The real logarithm of a
real circulant matrix and a symmetric matrix are also determined.
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1. INTRODUCTION AND THE MAIN RESULTS

Let A € M5 (C). In this paper we give a new technique for the calcula-
tion of the matrix exponential function e? as well as the matrix trigonometric
functions sin A and cos A. Our method, which we believe is new in the lite-
rature?!, is based on an application of the Cayley—Hamilton Theorem and
the power series expansion of the exponential and the trigonometric func-
tions. The organization of the paper is as follows: in the first section we
give formulas for e, sin A and cos A in terms of the eigenvalues of A and in
the second section we solve several exponential equations in Mj (R) and we
compute the real logarithm of special real matrices. The next theorems are
the main results of this section.

Theorem 1. The exponential function e*.
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Let A € My (C) and let o, 3 € C be the eigenvalues of A. The following
formula holds

a _ B ﬁ_I@a
e* —e ae e
I .
eA: Oé—,B a—ﬁ 2, lf a#ﬂv
e®A + (% — ae®) Iy, if a=p.

Theorem 2. The trigonometric function sin A.
Let A € My (C) and let o, 5 € C be the eigenvalues of A. The following
formula holds

sina — sin 3 asinf — fsina _
A I
sin A = a—f8 * a—f 2 i aFb

(cosa)A + (sina — avcos o) I, if a=p.

Theorem 3. The trigonometric function cos A.
Let A € My (C) and let o, 3 € C be the eigenvalues of A. The following
formula holds

cos a — cos 3 acos 3 — Bcosa .
I
cos A — OZ—B Oé—ﬁ 2 lf a#ﬂv
(sina)A + (cosa + asina)ls, if a=p.

Before we prove these theorems we collect a lemma we need in our
analysis.

Lemma 4. Let a € C and let A € My (C). The following statements hold:

(a) 2 = e]y;

(b) sin(alz) = (sina)ly;

(c) cos(aly) = (cosa)ls;

(d) if A, B € My (C) commute, then eA+8 = ede?;

(e) if A, B € My (C) commute, then sin(A + B) = sin A cos B + cos Asin B;
(f) if A, B € My (C) commute, then cos(A + B) = cos Acos B — sin Asin B.

Proof. The proof of this lemma can be found in [4, pp. 189-192]. O

Now we are ready to prove these theorems.
Proof. First we consider the case a # 5. We have, based on the Cayley—
Hamilton Theorem, that (A — al2)(A — fIz) = Oy. Let X = A —aly. It
follows that X (X + (a— 8)I3) = Oy which implies that X2 = (3 —«)X. This
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in turn implies that X" = (8 — )"~ X, for all n > 1. We have,

eA :eocfz-i-X
:eaIQeX
(0.0
X’I’l
N e’ -
¢ Zo n!
n—=
oo
(B-a)"'X
@
n=1
f—a _q
:ea<_[2+elg_a X)
f—a _q
_ea <12+elgfa(z4—@[2)>
e —ef ael — Be
a—pf + a—f 2

Now we consider the case « = 8. The Cayley—Hamilton Theorem im-
plies that (A — aly)? = Os. Let X = A — aly. It follows that A = X + als
and X2 = O,. We have,

eA — eaIQ +X

:ealgeX

X x? Xx3
N eY _ _ I
—efz<12+1!+2!+3!+ >
:eo‘(Ig—i—X)
:ea(IQ+A—C¥IQ)
=e%A+ (% — ae?) Iy,

and Theorem 1 is proved. O

Now we give the proof of Theorem 2.
Proof. One method of proving the theorem is based on the use of Fuler matrix
formula

sin A = -

21
combined to Theorem 1. We leave these details to the interested reader.
Instead we prove the theorem by using a power series technique. First we
consider the case @ # . As in the proof of Theorem 1 we have, based on the
Cayley—Hamilton Theorem, that (A —als)(A—Bl2) = Oy. Let X = A—als.
It follows that X (X + (o — 8)I3) = O2 which implies that X% = (8 — «)X.
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This in turn implies that X" = (8 — a)" 1 X, for all n > 1. We have,
sin A = sin(X + als) = sin X cos(alz) + cos X sin(als)
= sin X (cos ) + cos X (sin @v).

On the other hand,

o0 X 2n+1
sin X =) (=1)"
= (2n 4+ 1)!
_ o0 (_1)n (5 _ Oé)2n
vt (2n+1)!
1 0 - 2n+1
_ Z(_l)n (5 a)
f—a= (2n +1)!
sin( — a)X
b —«
and
x 2n
cos X = ) (=1)" X
o (2n)!
= (B!
=T —1)" X
2 + Z( ) 20
n=1
1 0 (/3 _ 04)2n
=T+ — -1 X
2*5—04;1( e
:IQ_Fcos(ﬂ—a)—lX.
b —«
Putting all these together we have, after simple calculations, that
i — —a)—1
sin A = M(cos a)(A—aly) + |2+ M(A —aly)| sina
8 —a f—a

_ sino — sinﬁA+ asin  — 5511104[2.
a—f a—pf
Now we consider the case « = 3. The Cayley—Hamilton Theorem im-
plies that (A — aly)? = Os. Let X = A — aly. It follows that A = X + als
and X2 = O,. We have,
sin A = sin(al + X)
= sin X cos(alz) + cos X sin(aly)

= sin X cos o + cos X sin «

= Xcosa+ Iysina

= (cosa)A + (sina — acos a) Is.
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We used that sin X = X and cos X = Is. O

The proof of Theorem 3 which is similar to the proof of Theorem 2 is
left as an exercise to the interested reader.

Corollary 5. Functions of reflection matrices.
Let a,b € R. The following equalities hold:

a b
<b —a) B 5 sinhva?+b% (a b\
(1) e = (cosh vaz+b ) I, + Vs W —a)

9 sin [ ¢ b\ sinva2+0? fa b\
(2) sin b —a) JiZ+p2 \b —a)’

(3) cos <a b > = (cos Va2 + b2> L.
b —a
Remark 6. Observe that
a b\ 553 (cost sin 6
(b —a) =Va +b <sin9 —cosf)’

a

where cosf = and sinf = T Thus, any matrix of the form

__a
VT

b\ . : . .
<Z .) B2 scalar multiple of a reflection matrix. The reason why the

cos 6 sin 0

matrix .
sinf@ — cos

9) is called a reflection matrix is given in [4, p. 14].

Corollary 7. Let a,b,c € R. The following statements hold

4

cosh v/be L sinh v/be
e? Vbe if be>0
b c f be>0,

< a ) — sinh Vbe cosh vbe
Lea)_ Ve
b
cos v/ —bc sin+/—bc

e? c vV —bec if be <O.

sin v/ —bc cos v/ —bc

v/ —bc

Corollary 8. Let a,b,c € R. The following statements hold

b
sinacosvVbc ——=cosasinVvbc
Vbe if be > 0,

cosasinvbec sinacos Vbe

c
sin< CCL b > = \/%
sin a cosh v/ —be

c

L W —bc

b
cos a sinh v/ —bc
Vv —be if be < 0.

cos a sinh v/ —be sin a cosh v/ —bc
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Corollary 9. Let a,b,c € R. The following statements hold

b
cos a cos Vbe ———sinasin Vbc
Vbe if be > 0,

sin a sin vbe cos a cos Vbc

b
sin a sinh v/ —bc
v —be if be < 0.

sin a sinh v/ —be cos a cosh v/ —bc

C

Cos <Z 2) = Ve
cos a cosh v/ —bc —

c
L\ V—bc
Corollary 10. Functions of rotation matrices.
Let a,b € R. The following equalities hold:
a —b

(1) e<b a>:ea(cosb —sinb>‘

sin b cosb )’

(2) sin a —b\ (sinacoshb —cosasinhb).
b a ) \cosasinhb sinacoshb )’

(3) cos (a —b) _ (cosacoshb smasmhb)

S

a —sinasinhb cosacoshb

Remark 11. Observe that
a —b\ 55 (cosa —sina
<b a)_ a‘+b (sina cosa)’

a a

where cosa = N/ and sina = T Thus, any matrix of the form

—b\ . . : .
<Z a) is a scalar multiple of a rotation matrix. The reason why the

matrix | C0¢ M a> is called a rotation matrix is given in [4, Problem
sinae cosa
1.61, p. 31].

Remark 12. We mention that if x € R and A € My (R) the calculation of
the matrix functions e4?, sin(Az) and cos(Az) has been done, by a completely
different method, in [4, Appendix A, pp. 354-358].

o0 n
If f is a function which has the Maclaurin series f(z) = > %z",
n=0

|z| < R, where R € (0,00] and A € M5 (C) is such that its eigenvalues o and
B verify the conditions |a| < R and |3] < R, then

fle)—f(B) ,  af(B)=Bf(le) .
fay={ Ta—g At e berdo g
fla)A+ (f(a) = af/())l2, if a=p.
For a proof of this remarkable formula, which is based on the calculation of

the nth power of a square matrix of order two the reader is referred to [4,
Theorem 4.7, p. 194].
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We mention that formula (1) holds in a more general case: when o # 3
the formula holds for complex value functions f defined on spec(A4) = {a, 8},
while if o = 8 the formula is valid if f is differentiable on spec(A) = {a} (see
[2, Notes p. 221] and [3, P.11, Sect. 6.1]).

2. THE REAL LOGARITHM OF SPECIAL MATRICES

Let A € M3 (R). We say that B € M3 (R) is a real logarithm of A
if e = A (see [1, p. 718]). In this section we solve in My (R) various
exponential matrix equations and hence we determine the real logarithm of
special real matrices.

Theorem 13. Two exponential equations.

(a) Let A € My (R). The solution of the equation e* = xly, where
x € R*, is given by

B In(x(—1)) km 1
a=r (M )

where P € GLy (R) and k is an even integer if x > 0 and an odd integer if
z <0.

(b) The equation ed = <'Z; g) , where x,y € R, does not have solutions
m Ma (R)
Proof. (a) If «v, B are the real eigenvalues of A, then there exists P € GLg (R)

such that
a=p(® YYpt o a=p(® 1)p
0 g 0 « ’

according to whether the eigenvalues of A are distinct or not (see [4, Theorem
2.10, p. 79]). It follows that
(o %)
e = Pe 0 B Pl =zl

e* 0
< 0 eﬁ) = 1‘[2.
Thus, e® = e = & which implies that z > 0 and a@ = 8 = Inz. This shows
that A = (Inx)Is.

If the eigenvalues of A are a + 8 and o — i3, @ € R and 8 € R*, then
there exists P € GLy (R) such that (see [4, Theorem 2.10, p. 79])

A=P (_O‘B g) P

and this implies that
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e<_aﬂ §> =xls

and it follows, based on part (1) of Corollary 10, that
o0 < cgsﬁ smﬁ) .

—sinf  cosf

This implies that

Thus, e*cos § = = and e%sinf = 0. It follows that sing = 0 = 5 = km,
k € 7. The first equation implies that e* = x(—1)¥ = a = In(x(—1)¥), where
k is an even integer when x > 0 and k is an odd integer when x < 0.

(b) Passing to determinants we get that

det e = det (;j g) = ¢ = —y?,

which is impossible over R. O

Remark 14. Part (a) of Theorem 13 states that the real logarithm of the
matrix xls is given by

n(r{— k m
ety = P (M) ) P

where P € GLg (R) and k is an even integer if x > 0 and an odd integer if

x < 0. Part (b) of the theorem shows that the matrix <'Z; g), z,y € R,
does not have a real logarithm.

We mention that if A € My (C) the equation e? = zI,, where
z € C*, has been studied in [4, Problem 4.36, p. 219]. Also, the trigonometric
equations sin A = I, and cos A = Iy over the real square matrices have been
studied in Appendix B of [4]. The equations sin A = zly and cos A = z1s,
with x € R, can be solved similarly to the technique given in Appendix B of

[4].

Theorem 15. The real logarithm of scalar multiple of rotation ma-
trices.

(a) Let A € My (R). The solution of the equation
A 0 -y *
e = <y 0 ) ’ Yy € R )

e ln((—l)ky) —(2k+1) B

(2k+1) 35 I(-1)ky)

where k € Z is an even integer when y > 0 and an odd integer when y < 0.

18 given by

)
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(b) Let A € M3 (R) and let x,y € R*. The solution of the equation
6
y oz

A (ln\/ﬁy2 —(9+2k7r)>
0 + 2km In+/22 +y2)’
where k € Z and 0 € (0,2) is such that
cos) = ———= and sinf = J

Proof. (a) Let A = <CCL Z) Since A commutes with <2 _Oy> we get that

s given by

A= (a _ab>. We have, based on part (1) of Corollary 10, that

b
o [CcOsb —sinb) (0 -y
¢ \sinb  cosb ) y 0

and it follows that e®*cosb = 0 and e*sinb = y. The first equation implies
that b = (2k +1)7, k € Z, and the second equation shows that e* = (—1)ky.
Thus, a = In((—1)*y), where k is an even integer when y > 0 and an odd
integer when y < 0.

(b) Let A = (CCL b). Since A commutes with <§ _xy> we get that

d
A= <a _ab). We have, based on part (1) of Corollary 10, that

b
o [cosb —sinb r -y
e . =
sinb  cosb Yy T

and it follows that e cos b = = and e®sin b = y. This implies that e?® = z?+y?

= a = Iny/2? + y? and cosb = \/% and sinb = \/% Let 6 € (0,2m)
24y 24y
be such that cosf = Z” and sinf = Y__ Tt follows that
T +y2 m2+y2

sinb = sin 6 N b=0+2kr or b=m—0+ 2km,
cosb = cos 0

b=0+2nmt or b= -0+ 2nm,
where k,n € Z. Since x,y # 0 these cases imply that b =0 + 2kw, k € Z. O
Remark 16. Part (a) of Theorem 15 shows that the real logarithm of the

real matrix (2 _Oy) is given by

o 9)- ()
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where k € 7Z is an even integer when y > 0 and an odd integer when y < 0.
Part (b) of the theorem shows that the real logarithm of the matrix
r -y
y T

is

w(® Y\ _ Iny/z2+y? —(6+ 2kn)
y x ) 0+ 2km In\/x2+19y2)’

where k € Z and 6 € (0,27) is such that cos = ——2— and sinf = —=~

Corollary 17. The real logarithm of a rotation matriz.
Let o € (0,27) \ {%,7‘(, 37”} The solution, in Ma (R), of the equation

A cosa  —sina
et =1 .
sina cos«

s given by
0 -1
A = (o + 2km) , kel
1 0
The previous corollary shows that the real logarithm of the rotation
. (cosa —sina) .
matrix . 1S
sin «v COoS o

p (C°C Tema) (o + 2km) 0 —1 , keZ.
sin Cos & 1 0
Theorem 18. The real logarithm of a circulant matrix.
Let A € My (R) and let z,y € R, y # 0. The equation

(3
Yy X

has solutions in Ms (R) if and only if £ > 0 and —z < y < x and in this
case the solution is given by

+
Iny/22 — 32 ln,/i—_g
ln,/i—irz In /22 — 92

A=

Proof. Since A commutes with (z i) we get that A = <Z Z) . We have,
based on Corollary 7, that
oA _ g coshb sinhb
- sinhb  coshbd /)’
It follows that
b o—b
ea_%:x>0 N ea+b:x+y>o’
ea.eb—e_b:y =g —y>0.

2
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Thus, —2 < y < z and a calculation shows that a = In /22 — 2 and
b=1ln, /7t O

Corollary 19. Let A € M3 (R) and let y e R, y > —%. The solution of the

equation
Ao (vt Y
Y y+1
18 given by
A=In\2y+1 (1 D
Proof. In Theorem 18 we let x =y + 1 > 0. O

Theorem 20. Let x,y € R be such that xy < 0. The solution of the equation

A_ (0 =
e_<y 0)

In/—xy ¥g1/—§(2k+1)
71' Y ’
:|:§1/——(2k+1) In/—zy
x

where k > 0 is an integer.

s given by

A=

Proof. Let A = (CCL Z) € My (R). Since A commutes with <2 55) we

have that A = <Z Z) Observe that Corollary 7 implies that be < 0 and
we get that

b

sinv/—bc

o0 . V—bc _ (0 x) ’
sin v/ —bc cos v/ —bc

which implies that

— sin v —bc =z, 2)

3

ea

sin v —bc = y.

—be
The first equation implies that v/ —bc = 5 (2k + 1), where k& > 0 is an integer.
It follows that e“\/%bc(—l)k =z and e° \/ETC(—l)k = y. These two equations
imply that e = —2y = a = In/—2y. Dividing the last two equations in (2)

T
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we get that g = § = b= Fc. On the other hand, bc = — (5(2k + 1))2 and it
follows that ¢ = —% (Z(2k + 1))2. This implies that ¢ = £5,/—%(2k + 1)

andbzgc:—( —5)2<i§\/—>%(2k+1)) =¢§\/—7§(2k+1). 0

Theorem 21. The real logarithm of triangular matrices.
Let x,y € R*. The equation

A_ (X Y
=0 %)

has solutions in Ma (R) if and only if x > 0 and in this case the solution is

given by
Inz %
A= ( 0 In 95) ’

Proof. Let A = (CCL Z) Since A commutes with <5(§ i) we get that

8

A= (8 Z) In this case both eigenvalues of A are equal to a. It follows,

based on Theorem 1, that

A [e* be*\ [z oy
© 7o e)"\o )
Thus, e* = x > 0 and be® = y. This implies that a = Inz and b = £ O

z°

Remark 22. The preceding theorem shows that the matrix <?): ‘z) has a
real logarithm if and only if z > 0.

Theorem 23. The real logarithm of symmetric matrices.
Let X € M3 (R) be a symmetric matriz such that X # als, a € R*.
The equation e* = X has solutions in Ms (R) if and only if Tr(A) > 0 and
det A > 0 and in this case the solution is given by
ln)\l—ln/\gX /\11n/\2—/\21n/\1
A1 — A2 A1 — A2

where \1, Ao are the eigenvalues of X.

A:

I, (3)

Proof. Since X # aly and A commutes with X we get, based on Theorem
1.1 in [4, p. 15], that A = aX + (I, for some «,5 € R. The equation
e = X implies that e®XTA2 = X = X = ¢ #X. Since X is symmetric
and X # aly, a € R*, we know that X has real distinct eigenvalues (see
[4, Theorem 2.5, p. 73]). Let Aj, A2 be the eigenvalues of X. Observe that,
since A commutes with X, A is also symmetric and it has real eigenvalues.
If py and po are the eigenvalues of A, then {e!,e’2} = {A;,A2}. Thus,
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both eigenvalues of X should be positive real numbers, i.e., Tr(4) > 0 and
det A > 0. The equation e** = e X combined to Theorem 1 show that

ea)\l _ ea)\g CtAlea)‘Q _ Oé)\gea)\l
BN '¢ L =ePX.
al] — o)y (aX) + al] — )y 2=
This implies that
ea)\l _ ea)\g /\160‘)‘2 _ )\2ea)\1
X IL=ePX
)\1 — )\2 * )\1 - )\2 ? ¢

and, since X # als, a # 0, we have that

A A A A
ea1_ea22675 and >\1e°‘2—)\ze°‘1:0.
)\1—>\2 )\1_)\2

It follows that \je®2 — Mgt = () = e®(M1—A2) — i—; = a= % On
the other hand,

Al — Ag
B =1In ea)\l _ ea)\g
=In ML= o
- A1 Ao
(&) - ()
)\2 )\2
A
=In !

AL
()"
A2
o )\1 111)\2 - )\2111)\1
B AL — A2 '

Thus,
h’lAl—lnAgX /\11n)\2—/\21n)\1

N A — Ay >
and the theorem is proved. O

A:CVX—F,@IQ:

Remark 24. Theorem 23 shows that a symmetric matrix which is not a
scalar multiple of the identity matrix has a real logarithm if and only if its
eigenvalues are both positive real numbers and in this case the real logarithm
is given by formula (3).
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Stirling type formulas
ION-DENYS CIOROGARUY

Abstract. In this paper we prove two Stirling type formulas:

. . gk nz 2 12
[T G+~ 2™

n< __
i+j<nii,jeN V2 er "
and
n n?— 2 n?4n
[[G+i)~2 o =1
12 n2 k)
ij=1 V2emt e

where g is the Glaisher-Kinkelin constant.
Keywords: Stirling formula, Glaisher-Kinkelin constant.
MSC: Primary 40A25; Secondary 41A60.

1. INTRODUCTION

In this paper the notation and notion used are standard, in particular
N ={1,2,...} is the set of all natural numbers.

Definition 1. Let (by)nen be a sequence of real numbers with the property
that dng € N such that b, # 0,Yn > ng. We will say that the sequence of
real numbers (a,)nen 1s equivalent with (by,)nen and we write a, ~ by, if and
only if lim 72 =1.
n—oo "

From the well-known result that if a sequence of real numbers is con-
vergent then every subsequence is convergent and has the same limit, we
get:

Proposition 2. If a, ~ b, then asp11 ~ bapy1.

We need the following two results.
Proposition 3. Let f : (0,00) — R be a function. The following formula
holds

n

S fli+n =Y (k=1)f(k).

i+j<n;i,jEN k=1
Proof. We have:
n—1 [n—i n—1 n—2
S FG+N =D D) | =D A+ +YF2+5)
i+j<n;i,jEN i=1 \j=1 j=1 j=1

U Mihai Viteazul Secondary School Nr. 29 Constanta, Str. Cigmelei, Nr. 13, Constan-
ta and Department of Mathematics, Ovidius University of Constanta, Bd. Mamaia 124,
900527 Constanta, Romania, cidenys@gmail.com
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n—(n—1)
ot Y f(n=D+)=F@)+2fB)+-+(n—1) f(n)
j=1
=) (k=1 f (k)
k=1

|

Proposition 4. Let f : (0,00) — R be a function. The following formula
holds

n n 2n+1
SN+ => k=1FE+ >, @n+1-Fk)f(k).
ij=1 k=1 k=n+1
Proof. We have
S+ =D D+ =D ra+N+>_re+i)+-
i,j=1 i=1 \j=1 j=1 j=1

+Y FF)=F@+2f @)+ +n—1)f(n)+nf(n+1)
j=1

+n=1)f(n+2)+ -+ fntn) =D (k=1)fE)+> (n—k) f(n+k+1).
k=1 k=0
Changing n 4+ k + 1 = i, we get
n 2n+1

dtn—k)fn+k+1)= > @n+1-—1)f(i)
k=0 i=n+1
and so
n n 2n+1
Sofl+i)=> (k=1FfE+ > @n+1-k)f(k).
i,j=1 k=1 k=n+1

O
We recall two well-known results. Their proofs can be found, for exam-
ple, in [7].
The Glaisher-Kinkelin theorem. The sequence (xy)nen where

11.92...pn

n2 | n 1 n2
nztatiz.e 1

Ip =

18 convergent and its limit li_>m Tn = gi s called the Glaisher-Kinkelin con-
n oo
stant.
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The Stirling formula. The following formula holds

n

n

. n
||z~ 2mn - —.
en

i=1

We will use these results to obtain the two Stirling type formulas stated
in the Abstract.

2. THE MAIN RESULTS

Proposition 5. The following formula holds

. . gk nz2 2 12
| | (2 + J) ~ ’ 2 :
i+j<n; vVam e

1,7€N
Proof. Using Proposition 3, we get

In H (i 4 9) Z In(i + 7) Z(kz—l)lnk

i+j<n; z+]<n =1
1,JEN 1,7EN

Thus, ] (i+j)="5
i+j<n;
jen H
From Glaisher- Klnkehn s theorem and Stirling’s formula we obtain

2 2 2

1 5
(. ) gk - nnTJF%JFE einT gk n%*%fﬁ
| | ? ] ~ n : 2
A/ n_ ., n< _
i+j<n;i,j €N 2m - G/ V2m ot

Proposition 6. The following formula holds

I &~ ov3. T

k=n+1
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Proof. Using Proposition 2 in Stirling’s formula, we will have

2n+1 2n+1
(2n+1)
H k ~ T LRV 2n + 1.
2n+1
2n+1 II %
From the equality H k= kil and Stirling’s formula we obtain
k=n+1 H k

2n+1

1
M1 (2n+ 1) 24—

H i 62n+1 ’ B n
B . entl
k=n+1 \/271' \/_ nt-en
1\ 2+l 1
2 2n+1 1 . ) -
(2n) b +
nm . enJrl
Since (1 + 5 )2n+1 ~eand /2 + \/_ we get
2n+1 4n . n
IT #~2v2 ——
k=n+1
(2n+1)2
Proposition 7. The following formula holds (1 + %) 2~ Ve en,
Proof. Indeed, we have
(2n + 1)
n 2
) (@nt1) L \2n 4n
1+ % 1+ %
lim 5 = lim
n—o00 6(2"4‘21) n— 00 &
(2n+1)2
1\ o 2
(1+3) i (027 Cr
= lim |1+ ", — e\ © in
n—00 e
Also
1+ L) om + 1 1+ L)% m + 1)
- (( + 5) _1><n+ P (O)" ) @rt
n—00 e 4n n—0o0 4n2
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1 2n
— lim n M_l
n—oo e

From the L’Hospital rule we have

1 (14+=x)
(1 E 1 = 1
TR G ORI N T
z—0 22 e z—0 xT
n(l+z) n(l4x)
L e A BT L. In(l+a)
= — lim = — lim
2 z—0 ln(lz‘“”) 1 T 2 z—0 2
1
. -
BT L
2 x—0 2x 4

From the characterization of the limit of a function at a point with

(2nt+1)?
o (45) 2 _1
sequences, we deduce that lim )2 = e~ 1, so that
n—o00 o i
(2n+1)2 )
1 2 @n+1)? 1 3,1
(1+ 2 ~ € n4n 2 :6"""2""@
n
1 enin?
Since e3n ~ 1, we obtain (14 =& 2 ~ Vel et O
) 2n

Proposition 8. The following formula holds

2n+1 22n2+3n 2 +5n+1
| | kF ~ 2e V/2 - i
3n2
k=n+1 € 4

Proof. Using Proposition 2 in Glaisher-Kinkelin formula, we have
2n+1

(2n+1) 2nt1 _ (2n+1)?
Hk ~gr-(2n+1) +EE A
k=1
2n+1
2n+1 T x*
Then from the equality ] k% = 31— we deduce that
k=n+1 H kk
k=1
2n+1 <2n+1> 2ntl 1 (2n41)2 (2n+1)2 2n+1
Hkk gk - (2n+1) Tt e - (2n+1) =z t72 +13
_n2 T o2 in 1 (nkD@ndl)
k=n+1 gk - TL2++12-6 4 TL2+2+12-6 4
(2n+1)2 7
(2n+1) +2n+1 2 1 n+1s
(2n)" 7 tHETE |1+ —
2n 2n
- 2 1 (nr)BntD)
n%+%+12 - e " 4 "
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(2n+1)2

< 2 2

920’ +3n+133 | BT <1 + 1
2n

(n+1)(3n+1)
4

7
1\""z
1 =

7
From Proposition 7 and (1 + %)Wr 2 ~ /e we obtain

e

2 13 3n2 | 5
2ﬁ1 L 2 43nt 1y L T Tyl W3 en . NG
~Y

k=n+1 e

[CENEEED)
4

02 =
92n?+3n 3=+ 541

= 2e 1\2/5

3n2
e 4

Proposition 9. The following formula holds (1 + L

2n
Proof. We have
(2n+1)2
2

. 1 4n2+5n+32 X 1\ = , 1\ "1
n . o "o
= lim

n—oo €2n+2 n—00 \4/6_3 .en . \/E

B 2

By Proposition 7,

(2n+1)?

1
Ly (1 5)
<1 + —) ~ V3 - e" and so: lim 2n =1,

2n n—o00

1 n+1
% — 1 we will obtain that lim “tz) _ °

n—oo

and since lim
n—0o0

Proposition 10. The following formula holds
< Qﬁl )2”“ 2ey/2  2AnPH5n  p2n?43ntl
k ~Y . .

12 2n2+n
(& €
k=n+1 \/7

Proof. From Stirling’s Theorem, see for example [7, Theorem 5], we have

)4n2+5n+% 2 2n
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where |R,| < %,Vn € N. Changing n to 2n + 1, we get

2n+1

2 1 2n+1
| | k=27 (2n + 1) . % . 624n1+12 . €R2n+1’
&
k=1

3 . . . .
where |Raop 1] < W,Vn € N. Using these relations, we will obtain
2n+1
2n+1
2n+1 H k A /27‘(‘ (2n + 1) . M . em . €R2n+1
= = \/_ nn N R
k=n+1 Hk 27Tn'6—n-612n'6 n
k=1
2n+3
o2 1 2 (ntd)
3 _ 1 2n 2 (1 4+ — n 2
(2n + 1)2n+2 .~ (nt3) (2n) ( 2n)
- I __1 = 1 1 e
entl . oT2n ~ T2(2n+1) entl . gT2n ™ 12(2n+0)
271—}—§
o2n+5 . (1 4 1 ? L
2n
_— . an’

n+1
en+l . e EnnTD

where a,, = ef®2n+17n Then we deduce that

3 1 4n2+5n+%
onp1 N 2041 2CnER)en+) (g T (D) @nt1)
k=n+1 e(n+1)(2n+1) . e% w

where 3, = a%n—l—l = 6(2n+1)(R2n+1_Rn). Since |Rn‘ < 216%’ we will have

|IR,|-(2n+1) < %, and when n — oo, we have that R, - (2n+ 1) — 0.

In the same way, Rop+1-(2n+1) — 0, so 5, ~ 1. Also, eTon ~ eis. By
using all that and Proposition 9, we get

< Int1 k) 2n+1 9(2n+3)(2n+1) | 2042 ) (n+1)(2n+1)

e(n+1)(2n+1) | o15

II

k=n+1

2 2
26\/5 94n+56n | 207 +3n+1
o % ’ e2n?+4n

Proposition 11. The following formula holds

n 2

_5
L Ik n :
(i+7) ~ =" :
zg[1 V2ent %
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n n
Proof. Using Proposition 4 we obtain In [[ (i +j) = > In(i +j) =
ij=1 ij=1

n 2n+1 vl
n 2n+1 (H kk) ' II &
S (k—Dk+ 3 @n+1—k)nk=I—— ’“:2"111
k=1 k=n-+1 <:f1 k) : TI ok
k=1

k=n+1
2n+1
and hence [] (i+7j) = b=l benil .

) ()

From Glaisher-Kinkelin, Stirling, Propositions 8 and 10, we obtain

2 2
a2 26\/_ 24n +5n | n?n +3n+1
5 + Jr12 e 4 .
e2n?+n

3n2

3?2 | 5
i,j=1 92n°+3n ) S5+ +1
V2mn - .
e 4

SO

I G+5) ~ 2 AT

|

Acknowledgments. The author thanks Prof. Univ. Dr. Dumitru
Popa for his helpful suggestions that make possible to obtain these formulas.

REFERENCES

[1] Gh. Gussi, O. Stanasila, T. Stoica, Matematicd, Manual pentru clasa a XI-a, Editura
Didactica si Pedagogica, Bucuresti, 1996.

[2] D. Popa, Ezercitii de analizd matematicd, Biblioteca Societdtii de Stiinte Matematice
din Romania, Editura Mira, Bucuresti 2007.

[3] D. Popa, The Euler-Maclaurin summation formula for functions of class C*, Gazeta
Matematica Seria A, Nr. 3—4, 2016, 1-12.



22 ARTICOLE

Some generalizations and refinements of the RHS of
Gerretsen inequality
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Abstract. This paper presents some generalizations of the RHS of the
Gerretsen inequality.

Keywords: Blundon inequality, Gerretsen inequality, geometric inequali-
ties, the best constant.
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In [5] appears the inequality a® + b? + ¢ < 8R? + 472 due to J.C.
Gerretsen.

In [6] L. Panaitopol proves that the inequality of Gerretsen is the best
if we suppose that

a® + %+ < aR? + BRr + yr?,

where «, 8,7 € R and g = 0.

In [7] the same result as in [6] is shown for a, 8,7 € R and 3 > 0.

In [8] R.A. Satnoianu gave the following generalization of Gerretsen
inequality

a + b+ < onHLRR 49n (3”% — 2”“) r™, for any n > 0.
The purpose of this article is to give a proof of Satnoianu’s inequality in the
case n =0, i.e.,
a® +0° + ¢® < 128 - R% — 3008 - °,
then we prove that this inequality is the best if we suppose that
aS+ 05+ <a RS+ auRr + - + agRr5 + a7r6,

where a1, a9,...,a7 € R and as,as,...,a7 > 0.
Also we give some refinements for this inequality and we shall prove
these refinements are the best of their type.

Theorem 1 (fundamental inequality of Blundon’s inequality). For any tri-
angle ABC' the inequalities s1 < s < s9 hold, where s1,s9 represent the
semiperimeter of two isosceles triangles A1B1C1 and AsBsCy, which have
the same circumradius R and inradius r as the triangle ABC' and the sides

a1 =2y (R+r—d)(R-r+d), bh =c1 = V2R(R+7 —d),
az =2/ (R+7+d)(R—7r—d), by =ca=2R(R+r+d),
where d = v R?> — 2Rr.

A proof of this theorem is given in [3].

D Mircea cel Bitran Highschool, Bucuresti, Romania,
2) G.E. Palade Secondary School, Buzau, Romania, marius.dragan2005@yahoo.com
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Theorem 2 (some minimal and maximal bounds for the sum a® + 8% + ¢%).
In any triangle ABC' is true the double inequality

2Y(R+7r—d)* [A(R—r +d)* + RY
<a®+00+ 8 <2 R+r+d)° [AR—7—d)?+RY. (1)
Proof. If we replace = = a2, y = b2, z = ¢? in the identity

zxszsxyz+zx<zx2_zyz>,

cyc cyc cyc cyc

then we obtain

Za6 = 3a’b?? + Z a® <Z at — Zbgcg> .

cyc cyc cyc cyc
We consider the functions
frg,h, F i [s1,80] = R, f(s)= 3a’b’c? = 3(4R’I“S)2, g(s) = 2(52 —r? 4Rr),

h(s)=> a* = (be)?

cyc cyc
4 2 2
= (Za) —4Zab (Za) +6acha+<Zab>
cyc cyc cyc cyc cyc

= st — 2r(4R+7r)s® + (4R+7)%r2,
F(s) = f(s) + g(s)h(s).
Since h'(s) = 4s(s?—4Rr—7r?) and s? > s¥ > 16Rr — 5r% > 4Rr + Tr?,
it results that h is increasing on [sq, sa].
Also f and g are increasing on [s1, s2]. Hence, F' is increasing on [s1, S2],
and then F(s1) < F(s) < F(s3) or
aS+ 08+ <ab+08+ 8 <aS+05+cS. (2)

If we replace aq, b1, c1,a9,be, co from Theorem 1 in (2) we obtain (1). O

Theorem 3 (some maximal bound for the sum a®+ %+ ¢c%). In any triangle
ABC holds the inequality

a® 4+ 1% 4 % < 128 RS — 3008r°. (3)
Proof. From (2) it follows that to prove (3) it will be sufficient to prove that
16(R+ 7 +d)* [4(R —r — d)* + R*] < 128R°® — 3008r. (4)

R
If we put = —, then the inequality (4) can be written as
r

3 3
16 (x+ 1+ /72— 295) [4 (x—l— \/x2—2x> n 953] < 12825-3008,V z > 2,
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which is successively equivalent to
(642° 4 642t + 4823 — 204822 + 2560z — 384)\/x(2z — 2)
< 6420 + 48z° — 206423 + 4068z — 1920z — 2944,

16(z — 2)(4zt 4 1223 + 272 — T4z + 12)\/z(z — 2)
< 16(x — 2)(42° + 82* 4 1927 — 9122 + 1062 + 92),

(4" 4 1223 + 272% — T4z +12)\/x(z — 2)
< 42 + 8z* 4+ 1923 — 9122 + 106z + 92,

4828 +24027 481625 +7802° +2412* — 177223 — 920422 419722+ 8464 > 0,

Vx > 2, which is true since

9204
8162° — 92042% = 8162> <x4 - W) > 8162%(z* — 16) > 0
and
1772
7802° — 17722° = 78023 <x2 — W) > 78023 (2% —4) >0, Vo > 2.

|

Theorem 4 (the best maximal bound for the sum a®+b°+ ¢ is 128 R—300879). If
ay,Q,...,a7 € R and as, as, ..., a7 > 0 with the property that the inequality
(5) is true in every triangle ABC

a®+b°+8 < a RO+ ap RPr+ a3 RYr? + au R3r3 +as R%r + ag Rr® + a8, (5)
then we have the inequality
a1 RO+ as RPr + as R*r? + au R3r® + as R%r* + ag Rr® + ar® > 128 RS — 300876
in any triangle ABC.
Proof. In the case of equilateral triangle, from (5) we have that

201 + 2009 + -+ + 206 + a7 > T22.

—
=)
~—

If we consider the case of isosceles triangle ABC,b=c=1,a=0, R =
r =0, then by (5) we deduce

9

| =

ap > 128. (7)
Taking into account R > 2r, (6) and (7), we successively obtain that
(1 —128)R®+ au Rr+ asR*r? 4+ ay R3r* + as R*r* 4+ ag Rr® + (a7 +3008)r°
> [(a1—128)20+ ag- 25+ az- 21+ ay- 22+ as- 224 ag- 24+ a7 +3008]r° > 0,
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or
a1 R+ as RPr+ a3R4r2+ asR3r3+ a5R2r4+ a6Rr5+ a77“6 > 128 RS —3008°.
O

Theorem 5 (the best constant for certain Gerretsen type inequality). The
best real constant k such that the inequality

ab + b% 4+ ¢ < 128R% + kRr® — (2k + 3008)7° (8)
is true in every triangle ABC is k1 = —5269.275.
Proof. Inequality (1) yields that if (8) is true in any triangle ABC, then
16(R + 7+ d)*[4(R — r — d)® + R®] < 128R® + kRr® — (2k + 3008)r%  (9)
is true in any triangle ABC. The inequality (9) is successively equivalent to

16(R+ r+ d)*[4(R— r— d)3+ R3] — 128 R643008r° < kr®(R—2r),

ﬁ [16(3:4— 14+ V22 —22)3[4(z—1— V22— 22)3+ 2°] — 1282° + 3008} <k,
Vr>2,
16(—42° — 82* — 1923 + 912 — 1062 — 92)
+161/22 — 20 (4ot + 1227 + 2722 — T4z + 12) < k,
so the best constant is the maximum of the function f; : [2,00) — R,

fi(z) = 16(—42® — 82* — 1923 + 1922 — 106z — 92)

+ 16V 22 — 2z (4ot + 122 4 2722 — Tda + 12),
i.e., ki = max fi(z) = —5269.275. O
r>2

Remark 1. The best integer constant for which the inequality (8) is true in
every triangle ABC is k] = —5269. Hence, in any triangle ABC holds the
following inequality

a® + 0% + ¢® < 128R° — 5269 Rr° + 7530r°.
Theorem 6. In any triangle ABC holds the following inequality
a® + 5% + ¢ < 128R° + kRr® — (2k + 3008)7%, for each k € [k1,00),
where k1 represents the best constant for the inequality (8).

Proof. If we consider the increasing function
F:[k1,00) = R, F(k) = 128R% — 30087 + kr°(R — 2r), then by (8) we
infer that
a® + 0% 4+ 8 < F(ky) < F(k) (10)
for any k > k. O
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Remark 2. If we take k = 0, then by (10) we obtain a® + b5 + ® < F(ky),
i.e., a refinement of inequality (3).

A generalization of Theorems 5 and 6. For n € {1,2,3,4,5}, find the
best real constant k such that the inequality

ab + b% + ¢ < 128RS + kR™r07" — (2K 4 3008)r° (11)
1s true in any triangle ABC.

Proof. By (1) we have that if the inequality (11) is true in any triangle ABC,
then

16(R+7+d)*[4(R—r —d)® + R?] < 128R0 + kR™%~" — (2"k +3008)r° (12)

R

is true in any triangle ABC. If we denote z = —, then the inequality (12)
T

becomes successively

16(x+1+v22—22)3[4(x —1—V22 —2x)3+ 23] - 1282543008

xn_zn

<kVz>2,

or

16(—da® —8x* —192° + 912% — 1 — 1062 —92) + (4a* + 122> +272% — 742 +12)16y/22 — 2z “k
mn—l+mn—2,2+,,,+m,2n—2+2n—1 —

So, the best constant is the maximum of the functions f, : [2,00) — R,

 16(42” —8z" —192° + 912 — 1062 —92) + 16(4a” +122° + 272 — T4x+12)V/22 — 22

- xn—1+xn—2.2+___+x_2n—2+2n—1 )

fn ()

If n =1, then we find the best constant from Theorem 5.

If n =2, then (using Wolfram Alpha) we find ky = —1297.57.

If n = 3, then (using Wolfram Alpha) we find k3 = —419.402.

If n =4, then (using Wolfram Alpha) we find ks = —96.

If n =5, then (using Wolfram Alpha) we find k5 = 0. O

Remarks.

1) The best integer constant for (11) in the case n = 2 is ky = —1297,
so the inequality
a® 4+ b% 4 ¢ < 128R5 — 1297R?*r* + 21800 (13)

is true in any triangle ABC'
2) The best integer constant for (11) in the case n = 3 is k3 = —419,
therefore the inequality

a® + 05 + & < 128R® — 419R%r3 + 344r6 (14)
is true in any triangle ABC;

3) The best integer constant for (11) in the case n = 4 is ky = —96,
thus the inequality

a® + 5 + & < 128R® — 96 R — 147216 (15)
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is true in any triangle ABC'
4) Also we proved that the inequality

a® 4+ b9 + 8 < 128R® — 5269Rr® + 7530r° (16)

is true in any triangle ABC;
5) If we compare the inequalities (13), (14), (15) and (16) we observe
that there are not two of them with right-hand side u(R,r) and v(R,r),

R
respectively, such that w(R,r) < v(R,r) for each — > 2.
r

Theorem 7. If n € {1,2,3,4,5}, then in any triangle ABC' holds the fol-
lowing inequality

a + 6% 4+ 5 < 128RS + kR0 — (27K 4 3008)r® for any k € [kn, c0),
where ky, represents the best constant for (10).
Proof. We consider the function G : [k, 00) — R,
G (k) = 128R® — 300875 + kr®="(R™ — 2™p™).
Since G is increasing function, from (8) we have that

ab+08+ 8 < G(k,) < G(k) for any k > k.

Theorem 8. If n € {1,2,3,4,5}, aq,9,...,a7 € R,
{i1,12,13,14} = {2,3,4,5,6} \ {6 —n+ 1}
such that oy, ay, s, iy > 0, ag_pq1 > ky, with the property

aS+854+8 < a1 RO+ aa RPr+as R + au R334+ as R2r* + ag R + S, (17)
then we have that the inequality

128 RO 4k, R"r0 7" —(2"k,,+-3008) 78 < oy RO+ aa Rr+ - - - +-ag Rro+aq7r8 (18)
is true in any triangle ABC, where ky, represents the best constant for (11).
Proof. In the case of equilateral triangle from (17) we get

a1 RS + asRr + asR*r? + au R3r® + a5 R%r* + agRr® + a7r® > 722, (19)

In the case of isosceles triangle with the sidesb=c=1,a =0, R= -, 7 =0,
from (17) we have

ay > 128. (20)
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Taking into account (19) and (20), we obtain that
(a1 — 128)RS + oy RE0F1pn=1 4 o, RO=iatlpia=l | o, RO—ia+l,
ta, ROt () — k) R™ 57" 4 (ar + 3008 + 27k, )r®
> [(a1 — 128)26 + q, - 26701F1 § o, . 262+
+a, - 26=is L gy 257U (g — Ky )27 4 o 4 3008 + ann] 70
= [ozl026+a2025+oz3-24+a4023+a5-22+oz6-2+oz7—722] 70 >0,
which yields that
a1 R+ asR%r+ -+ +agRr°+ a7r®> 128R% + k, R"ro " — 2"k, + 3008)r6.
O
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Olimpiada de matematica a studentilor din sud-estul
Europei, SEEMOUS 2018Y

GABRIEL MINcU?), ToaNa Luca®, CorNEL BAETICAY, TIBERIU TRIF®)

Abstract. The 12" South Eastern European Mathematical Olympiad for
University Students, SEEMOUS 2018, was hosted by the Gheorghe Asachi
Technical University, lasi, Romania, between February 27 and March 4.
We present the competition problems and their solutions as given by the
corresponding authors. Solutions provided by some of the competing stu-
dents are also included here.

Keywords: Diagonalizable matrix, rank, change of variable, integrals, se-
ries

MSC: Primary 15A03; Secondary 15A21, 26D15.

INTRODUCTION

SEEMOUS (South Eastern European Mathematical Olympiad for Uni-
versity Students) este o competitie anuald de matematica, adresata studenti-
lor din anii I si IT ai universitatilor din sud-estul Europei. A 12-a editie a aces-
tei competitii a avut loc intre 27 februarie si 4 martie 2018 si a fost gazduita
de catre Universitatea Tehnica ,,Gheorghe Asachi” din lasi, Roméania. Au
participat 84 de studenti de la 18 universitati din Argentina, Bulgaria, FYR
Macedonia, Grecia, Romania, Turkmenistan.

A existat o singura proba de concurs, cu 5 ore ca timp de lucru pentru
rezolvarea a patru probleme (problemele 1-4 de mai jos). Acestea au fost
selectate de juriu dintre cele 35 de probleme propuse si au fost considerate ca
avand diverse grade de dificultate: Problema 1 — grad redus de dificultate,
Problemele 2, 3 — dificultate medie, Problema 4 — grad ridicat de dificultate.
Pentru studenti, insa, Problema 3 s-a dovedit a fi cea cu grad ridicat de
dificultate.

Au fost acordate 9 medalii de aur, 18 medalii de argint, 29 de medalii de
bronz gi o mentiune. Un singur student medaliat cu aur a obtinut punctajul
maxim: Quidiu Neculai Avadanei de la Universitatea ,,Alexandru Ioan Cuza”
din Tasi.

Prezentam, in continuare, problemele de concurs si solutiile acestora,
aga cum au fost indicate de autorii lor. De asemenea, prezentam si solutiile
date de catre unii studenti, diferite de solutiile autorilor.

Uhttp://math.etti.tuiasi.ro/seemous2018/

2)Universitatea din Bucuresti, Bucuresti, Romania, gamin@fmi.unibuc.ro
3)Universitatea Politehnica Bucuresti, Bucuresti, Romania, ioana.luca@mathem.pub.ro
4 Universitatea din Bucuresti, Bucuresti, Romania, cornel.baetica@fmi.unibuc.ro

5 Universitatea Babes-Bolyai, Cluj-Napoca, Romania, ttrif@math.ubbcluj.ro
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Problema 1. Fie f : [0,1] — (0,1) o functie integrabilda Riemann. Aratati

ca /xf /f
[z /f

Vasileios Papadopoulos, Democritus University of Thrace, Grecia

Juriul a considerat ca aceasta problema este simpla. Concurentii au
confirmat in bund masurd aceasta opinie, mulfi dintre ei reusind sa gaseasca
calea spre rezolvare. Juriul a considerat ca partea mai delicata a solutier este
demonstrarea faptului ca inegalitatea cerutd este stricta, motiv pentru care
punctajul maxim pentru aceastda problema a fost acordat doar acelor studenti
care au argumentat in mod satisfacator aceasta chestiune. Solutiile pe care
dorim sa le propunem diferda in esenta doar in acest punct. Din acest motiv,
in loc sa prezentam mai multe solutii care coincid la nivelul detaliilor simple,
am optat pentru varianta unet singure solutii, in cadrul careia chestiunea
inegalitatii stricte va fi transata intr-o lemd pentru care vom prezenta patru
demonstratii, pentru a caror ordonare am tinut cont de cat de elaborate sunt
elementele teoretice utilizate.

Solutie. Faptul ca orice functie integrabila Riemann pe un interval compact
ale carei valori sunt pozitive are integrala pozitiva este o consecinta imediata
a definitiei integralei Riemann si se va folosi in mod repetat in cele ce urmeaza
fara vreo mentiune explicita.

incepem prin a proba o lema care se va dovedi utila atat pentru a legitima
scrierea fractiilor din enunt, cat si pentru a arata ca inegalitatea finala este
stricta.

Lemma 1. Fie a,b € R, a < b, si h : [a,b] — R o functie integrabila
b

Riemann care are toate valorile strict pozitive. Atunci / h(z)dz > 0.
a

b
Demonstratia 1. Presupunem ca / h(z)dz = 0. Remarcam ca in aceasta
a

d
situatie h(z)dz = 0 pentru orice ¢,d € [a,b] pentru care ¢ < d, caci

(&
altminteri am ajunge la contradictia

/ab h(z)dz = /ach(a:)dx + /Cd h(z)dz + /db h(z)dz > 0.

In continuare avem nevoie de

Lemma 2. Fie o, € R, a < f, n € N* si g : [o, 5] — R o functie
integrabild Riemann care are toate valorile pozitive i integrala nuld. Atunci
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existd intervale inchise nedegenerate I C [a, B] astfel incat g(x) < % pentru
orice x € 1.

Demonstratia lemei 2. Presupunem contrariul. Atunci orice interval
inchis nedegenerat inclus in [a, 8] va contine elemente x pentru care g(x) > %
Consideram sirul de diviziuni (Ag)zen+ ale lui o, 8] cu

Aq: (a7a+5_—a7a+2lg—a,,ﬁ>
q q

si sistemele de puncte intermediare £, = (§41,&42, - - -, &qq), unde pentru fiecare
geN'sike{l,2,...,q}avem §y, € [a—i— (k — l)ﬁfTa,a—i—kﬁjTa} sig(&qr) >

%. Pentru fiecare ¢ € N*, suma Riemann corespunzatoare lui g, A, si &, va fi
q

kz_:l B%O‘g(qu), care este mai mare decét B;—O‘, de unde ff g(x)dz > ’8;—0‘ > 0,

contradictie. O

Revenim la demonstratia lemei 1: Conform lemei 2, exista un interval
nedegenerat Iy = [a1,b1] C [a, b] astfel incat h(x) < 1 pentru orice x € [ay, b1].
Constatam ca restrictia lui h la I; se incadreaza la randu-i in ipotezele lemei
2. Continuand inductiv, construim un gir de intervale nedegenerate (I, ),ecn+
astfel incat I,41 = [ant1,bn+1] C [an,by] si h(z) < n+r1 pentru orice x €
[@n+1,bn41]. Atunci ¢ ot sup{ay : k € N*} € () I, deci h(c) < 1 pentru

neN*
orice n € N*, de unde h(c) = 0, contradictie. O

Demonstratia 2. Intrucat [0,1] = (J A~} ([£,400)), existdi m € N
neN*

not ; _q 1 ce 1y s v .

pentru care Fy,, = h ([E? —i—oo)) nu este neglijabila Lebesgue. Exista prin

urmare un numar A > 0 cu proprietatea ca F;, nu este continuta in nicio

reuniune de intervale pentru care suma lungimilor nu-I intrece pe A. Din acest

motiv, oricum am lua o diviziune A = (a = zg,z1,...,2, = b) a lui [a,b],

n
printre sumele Riemann ) h(&;)(x; — z;—1) asociate acesteia se vor numara

=1
si unele care contin subexpresii Y h(&;)(z; —x;—1) satisfacand conditiile L C
i€l
{1,2,...,n}, Y (xig1—mi) > Asi h(&) > % pentru orice i € L. Aceste sume

i€l
Riemann vor fi mai mari decat %, deci fab h(z)dz > % > (, contradictie. [
Demonstratia 3. Functia A fiind integrabila Riemann, multimea punctelor
sale de discontinuitate este neglijabila Lebesgue. Cum intervalul [a, b] nu este
neglijabil, h admite puncte de continuitate pe intervalul (a,b). Fie ¢ un astfel
de punct. Atunci exista 6 > 0 astfel incat (¢ —9d,c+6) C (a,b) si h(z) > @
pentru fiece € (¢—9, c+0). Se obtine f; h(z)dz > fccjf h(z)dx > dh(c) > 0,
contradictie. O
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Demonstratia 4. Fiind integrabild Riemann (pe interval compact), functia
h este si integrabila Lebesgue; cum valorile lui h sunt pozitive si f; h(z)dx =
0, deducem ca h(z) = 0 aproape peste tot pe [a, b], contradictie. O

Revenind acum la solutia problemei 1, constatam, aplicand lema 1, ca
numitorii fractiilor din enunt, sunt nenuli, deci aceste fractii au sens. Avem
zf(z)? < f(x)? pentru orice z € [0,1); aplicand lema 1 (punand 0 in loc de
1- f(1)? pentru a ne incadra in conditiile acesteia), obtinem

1 1
T T 2 X T 2 X.
<o<>/0 f()d</0f()d 1)
Evident,
1 1
/ (F(x)? + Do > 2 / f(x)dz, @)
0 0

ultima integrala fiind strict pozitiva conform lemei 1. Din relatia (2) obtinem

1 1
0< — < — : (3)
fo (f(x)?+1)dx 2f0 f(z)dx
iar din (1) si (3) obtinem inegalitatea dorita. O

Observatii. (1) In cele precedente s-a probat de fapt inegalitatea din enunt
pentru orice functie integrabila Riemann f : [0,1] — (0, 4+00).
(2) La aceasta problema 5 studenti au obtinut punctaj maxim.

Problema 2. Consideram numerele naturale m,n,p,q > 1 si matricele
Ae Mpn(R), Be M, ,(R), CeM,,R), De Mg.,(R), aga incat

A= BCD, B'=CDA, C'=DAB, D!'= ABC.
Demonstrati ci (ABCD)? = ABCD.
Aceasta problema nu este originala, fiind data tn anul 2004 la concursul
universitatic Taras Shevchenko din Ucraina. Din pdcate acest lucru a fost

remarcat foarte tarziu, tar juriului i-a fost adus la cunosgtinid in dimineata
concursului, cand era dificil ca problema sa fie scoasa din lista si tnlocuitd.

Solutia 1. Cu P = ABCD = AA' € M,,(R) avem
P? = (ABCD)(ABCD)(ABCD) = (ABC)(DAB)(CDA)(BCD) =
= D'C'BY(BCD) = (BCD)Y(BCD) = (A" (BCD) = ABCD = P.
Apoi,
PP=P <+ (P*-P)(P+1I,)=0,. (4)
Vom demonstra ca det(P+1,,) # 0. Presupunem ca det(P+1,,) = 0. Aceasta

implica existenta lui X € My, 1(R) \ {On,1}, asa incat (P + 1) X = Oy, 1.
Atunci,
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(P+I,)X =0pm1 < (AA"+1,)X = O
= X'(AA'+1,)X =0 <+—= (A'X)(A'X)=-X"X. (5)

m

Dar, pentru orice Y = (y1,¥2, .-, Ym)" € M 1(R) avem Y'Y = ny >0,
i=1

in timp ce (5), in care X # Oy, 1, arata ca

(ATX)(A'X) = —X'X < 0.

Aceasta contradictie ne asigura ca det(P+1,,) # 0, si astfel relatia (4) implica
P2=PpP.

Solutia 2 (Dragos Manea, student, Facultatea de Matematica, Univer-
sitatea Bucuresti). Matricea P = ABCD = AA' € M,,(R) este simetri-
ca ((AAYE = (ANTAY = AAY), si astfel diagonalizabild (cu valorile proprii
A, ..., A\py reale). Deci, existd o matrice inversabila S € M,,(R), aga incat

P = Sdiag(\1,...,A\pm) S (6)
Pe de alta parte avem
P=P' <<= ABCD = (ABCD),
(ABCD)! = D'C'Bt'A' = (ABC)(DAB)(CDA)(BCD) = (ABCD)3,
deci P3 = P. Astfel, din (6) obtinem
P3=P < diag(A\},...,\3) =diag(A1,..., \m)
= N=XN, Vk=1,....m,

ceea ce implica A\ € {—1,0,1}, V &k = 1,...,m. Daca aratam ca A\ # —1,
vom avea )\2 = M1, si cu aceasta justificarea egalitatii P? = P este incheiata,
caci

Sdiag(\2,...,0\2) S = Sdiag(\1,...,A\n) St = P?=P

Sa demonstram, deci, ca A\ # —1; de fapt, vom arata ca A\ > 0.
Valorile proprii A,..., A, ale matricei P sunt radacinile polinomului
caracteristic asociat lui P,

det(XI, — P) = X" — o X" L 4 0 X2 — oo 4 (=1) 0.

Aici, pentru fiecare k = 1,...,m, coeficientul o} este egal cu suma minorilor
principali de ordin k ai lui P. Consideram un astfel de minor, care provine
din liniile ji,...,jx. Remarcam ci, deoarece P = AA?, acest minor se scrie
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ca
||Lj1H2 <Lj17Lj2> <Lj1’ij>
det (Ljy, Ljy) ”sz”2 o (Ljay L) _
(Ljys Ljy) Ly L) - - “ij“2 (7)
Lyj,
— : t ¢
—dev | | (1),
Ly,
unde Lj,...,L;, sunt linii ale matricei A, iar (,) si ||| reprezinta pro-

dusul scalar euclidian, respectiv norma euclidiana in R™. Folosind faptul
ca det(MM?') > 0 pentru orice M € M,, ,(R), din (7) rezultd c& minorii
principali ai lui P sunt nenegativi, si cu aceasta o > 0, £k = 1, m. Acum,
presupunand cd polinomul caracteristic are o radacina A < 0, ajungem la
contradictia

0=det(\l,, — P) =A" - AN L4t d™m 2 — .. 4 (=10, =
= (=)™ {(=N"+ o1 (=" + 4 0,)} #0.

Cu aceasta demonstratia egalititii P? = P este incheiata.

Observatii. (1) Justificarea faptului ca det(I,, + P) este nenul, echivalent,
matricea P = AA! nu are ca valoare proprie pe A = —1, poate fi facuta
remarcand ca P este matrice pozitiv semidefinita,

(A4lv,0) = (Alv, Alo) = AP 20, v e Mna(R),

si apeland la rezultatul cunoscut conform caruia o astfel de matrice are toate
valorile proprii > 0. Aceasta observatie a fost folosita de catre unii studenti
la solutionarea Problemei 2.

(2) Intr-un spatiu vectorial V cu produs scalar matricea avand componen-
tele (v;,v;), unde vy, ..., v, € V, se numeste matricea Gram corespunzatoare
sistemului de vectori vy, ..., v,, iar determinantul acesteia — determinantul
Gram. Astfel, dacd A € M, ,(R), matricea AA" este matricea Gram co-
respunzatoare liniilor lui A, iar determinantul din formula (7) este un de-
terminant Gram. O matrice Gram este pozitiv semidefinita (si orice matri-
ce pozitiv semidefinita este o matrice Gram), in particular, un determinant
Gram (ca produs al valorilor proprii ale matricei corespunzatoare) este nene-
gativ. Aceasta proprietate este apelata in solutia 2 a problemei, prin remarca
det MM* > 0.

Inegalitatea det M M! > 0 se mai poate demonstra folosind formula Binet-
Cauchy pentru calculul determinantului produsului a doua matrice.

(3) La aceasta problema 22 de studenti au obtinut punctaj maxim.
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Problema 3. Fie A, B € Myg5(R) cu proprietatea ca AB = BA si A0 =
B?18 — ] unde I este matricea unitate. Aratati ca daca tr(A4) = 2018,
atunci tr(A) = tr(B).

Vasileios Papadopoulos, Democritus University of Thrace, Grecia
Solutia 1 (a autorului). Deoarece A28 = B2018 = J 4i AB = BA avem
ca (AB)?18 = . De aici obtinem c# valorile proprii ale matricelor A, B si

AB sunt radacini de ordinul 2018 ale unitatii. Din faptul ca tr(AB) = 2018
deducem ca valorile proprii ale lui AB sunt toate egale cu 1. (Mai general,

daca z1,..., 29018 sunt numere complexe de modul 1 si 2%1:8 2z = 2018, atunci
z1 = -+ = 29018 = 1. Aceasta rezulta imediat: scriem z;z::k cos ayp +isinay si
din 2%1:8 zr = 2018 deducem ca 2%1:8 cos ay, = 2018, deci cosar = 1 pentru orice
k :kil. ..,2018 i, In consecin]fggu,1 sinay = 0 pentru orice k = 1,...,2018.)

Asadar polinomul caracteristic al matricei AB este Pap = (X — 1)2018,

Pe de altd parte, polinomul minimal al matricei AB, pap, divide pe X208 —1,
respectiv pe (X —1)2918 deci uap = X — 1 iar aceasta inseamni ca AB = 1.
Astfel am obtinut ca B = A~L.

Se gtie insa ca valorile proprii ale inversei unei matrice sunt inversele va-
lorilor proprii ale acelei matrice. In cazul nostru inversele valorilor proprii
ale matricei A sunt egale cu conjugatele lor (deoarece au modulul 1), iar de
aici deducem ca tr(B) = tr(A) = tr(A), ultima egalitate avand loc pentru ca
matricea A este reala, deci si urma sa este tot un numar real.

Solutia 2. Fie A\g, k= 1,...,2018, valorile proprii ale matricei A, respectiv
i, k=1,...,2018, valorile proprii ale matricei B. Deoarece AB = BA, ma-
tricele A gi B sunt simultan triangularizabile (peste C), adica exista o matrice
inversabild U € Masg15(C) cu proprietatea ci matricele UAU ! si UBU !
sunt superior triunghiulare. (Acest lucru se demonstreaza prin inductie dupa
dimensiunea matricelor observand ca AB = BA implica faptul ca cele doua
matrice au un vector propriu comun.) Asadar valorile proprii ale matricei
AB sunt (eventual dupa o renumerotare) A\gu, k= 1,...,2018.

(Se putea, de asemenea, argumenta ca matricele A gi B sunt diagonali-
zabile, deoarece valorile lor proprii sunt printre radacinile de ordinul 2018 ale
unitatii, deci distincte, si atunci sunt simultan diagonalizabile.)

Din tr(AB) = 2018 se obtine, ca la solutia 1, cad A\gur = 1 pentru orice
k=1,...,2018, adica valorile proprii ale lui B sunt inversele valorilor proprii
ale lui A si ne gasim astfel in situatia de la solutia 1.

Observatii. 1) Solutiile studentilor care au rezolvat complet aceasta pro-
blema au fost in spiritul celor doua solutii prezentate mai sus, diferentele
aparand doar la nivel de detalii.

2) La aceasta problema 15 studenti au obtinut punctaj maxim.
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Problema 4. (a) Fie f : R — R o functie polinomiala. S& se demonstreze
ca

/ e "f(z)da = f(0) + f'(0) + f7(0) + - .
0
(b) Fie f : R — R o functie care admite dezvoltare in serie Maclaurin cu raza

oo
de convergenta R = 0o. Sa se demonstreze ca daca seria Z Fm (0) este abso-

n=0
o0
lut convergentd, atunci integrala improprie / e *f(x)dx este convergenta
0

si are loc egalitatea

/00 e “f(x)dx = Zf(")(()).
0 n=0

Ovidiu Furdui, Universitatea Tehnica, Cluj-Napoca, Roméania

Solutii si comentarii. Toti concurentii care au rezolvat punctul (a) au dat
una dintre urmatoarele doud solutii. Surprinzator, au fost unii concurenti (si
chiar dintre studentii romdni) care au primit 0 puncte la acest ,exercitiu de
seminar”.

(a) Solutia 1. Fie d gradul lui f. Integrand prin parti, obtinem
| ert@ar = [ et = —erp@| v [ et
0 0 0 0
= £(0) +/ e 7 f'(z)dz.
0

Repetand integrarea prin parti si tinand seama ca derivatele lui f sunt tot
functii polinomiale, se obtine

| e = j0+ro+ [Cer@e =
0

0
= SO+ FO e+ DO+ [ e ) da
0
= fO)+ f/(0) + -+ fD(0),
deoarece f4+1D) = . O

Solutia 2. Deoarece f este functie polinomiald, conform formulei lui
Taylor avem

d_ ¢(n)
f(z) = Z 1(0) 2™ oricare ar fi z € R,
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unde d este gradul lui f. Drept urmare, avem

d d
00 . f(n) 0 00 Cn f(n) 0
/0 e “f(zr)de = nz;) n!()/o e xdxznz;) n!()F(n—i—l)
d
= > ™).
n=0

0

Punctul (b) s-a dovedit a fi cea mai dificila problema din concurs. El
a fost rezolvat complet doar de patru studenti (Ovidiu Neculai Avadanei,
George Kotsovolis, Georgios Kampanis si Gyorgy Totés). Solutiile celor pa-
tru studenti s-au bazat, in esenla, pe teoremele clasice de convergenta (teo-
rema convergenteir uniforme, teorema convergentei monotone sau teorema
convergentei dominate). Prezentam mai jos solufia autorului, precum si doud
dintre solutiile date in concurs de studenti din Grecia.

(b) Solutia 1 (a autorului). Pentru orice numar natural n notam
" _ O]
Sy = Z F80)  precum gi Ty (z) := Z % z*,
k=0

cel de-al n-lea polinom Maclaurin al lui f. Cum TP (0) = f*)(0) oricare ar
fi k €{0,1,...,n}, in baza lui (a) avem

oo
/ e “T,(r)dx =S, pentru orice n € N.
0

Pentru a dovedi ca integrala improprie fooo e~ f(x) dx este convergenta,
vom ariita c& limita lim [’ e™® f(z)dz exista si este finitd. Folosim teorema
V—00

oo
lui Bolzano. Fie ¢ > 0 arbitrar. Deoarece seria Z ’ Fm (0)’ este convergenta,

exista un ng € N astfel ca "
(0.0
> o)<
n=no+1

Cum integrala improprie fooo e Ty, () dz este convergenta (conform punc-

tului (a)), limita lim [ e™*T),, () dz exista si este finita. In baza pértii de
V— 00

necesitate a teoremei lui Bolzano, exista un § > 0 in asa fel incat pentru orice

v,v" € (4,00) sa avem

/ e T, (z)dx

<€
5
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Atunci pentru orice v,v" € (§,00) cu v < ', avem

/

jcvexf(x)dx

/

/ e Ty, (z)de

/

n / " (@) - T ()] de <

<

m) (n
< §+ f ‘/ “Tadx <
n=ng+1
£ & \f<">(0>\
< 5+ I'(n+1)
2 n:nZOH n!
= 3t X 1M0l<
n=ng+1
< E.

Cum ¢ a fost arbitrar, in baza partii de suficienta a teoremei lui Bolzano
rezulta ca limita lim fov e " f(x)dx exista si este finita, adica integrala im-
V—00

proprie [ e”" f(x) dx este convergent.
Pentru orice n € N avem

/OOO e~ f(2)dz — S,

/000 e_””(f(a:) — Tn(x)) dz| <

< /m'”U !dxg
(k)(
< /ﬂ e % E: ’f kd$f§
k=n+1
SDSAICIN]
k=n+1

Convergenta seriei Z ! f*) (O)‘ implica faptul ca sirul (S,,) este convergent,
k=0
avand limita [;° e f(z) dx. O

(b) Solutia 2 (data in concurs de un student din Grecia). Fie girul de
functii g, : [0,00) = R (n > 1), definite prin

n (k)
efzjz:’f kfo)‘xh
k=0
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Evident, sirul (g, (z)) este crescator pentru orice x € [0, 00) fixat. Mai mult,

notand S := ) ’f(k)(())‘, avem
k=0

no_k
x
0 <gn(x) <Se ™ o < S pentru orice n > 1 i orice x € [0, 00).
k=0

Prin urmare, exista lim g,(z) € R oricare ar fi z € [0,00). Fie functia
n—oo
g :[0,00) — R, definita prin g(x) := lim g,(x). Deoarece sirul de functii (g,,)
n— o0
converge uniform pe compacte, rezulta ca g este local integrabila Riemann.
In baza teoremei convergentei monotone, avem

g(x) dx:/ lim g,(z)dzr = lim gn(x) de.
/0 o N n—oo Jq

Dar N
/ gn(x)de = Z ‘f(k)(O)‘ oricare ar fin > 1,
0 k=0

conform celor demonstrate la (a). Deducem de aici ca

G dx—nlgeoZ!f

deci [~ g(z) dz converge.
Fle acum sirul de functii f,, : [0,00) = R (n > 1), definite prin

o f¢
= Z k'( 2.

Deoarece f este dezvoltabila in serie Maclaurln pe R, rezulta ca

lim f,(x) =e *f(x) oricare ar fi x € [0,00).
n—oo
Avem si
fn(z) < gn(x) < g(x) pentru orice n > 1 i orice x € [0, 00).

Aplicand teorema convergentei dominate, deducem ca

/00 e “f(x)dx = /00 lim f,(z)dz = lim b fn(x)dz

Dar .
/ fu(z)dz = Z F&(0)  oricare ar fin > 1,
0 k=0

conform celor demonstrate la (a). Drept urmare, avem

| e iwan = 1w 3" 100 = Y 190)
0 "0 k=0
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O

(b) Solutia 3 (data in concurs de un student din Grecia). Se aplica
sirului de functii f,, : [0,00) — R (n > 1), definite prin

1) .

folz):=e€e" o

urmatoarea varianta a teoremei lui Tonelli (a se vedea R. Gelca si T. An-
dreescu, Putnam and Beyond. Springer, 2007, p. 178): daca

/OOZ|fn(x)\dx<oo sau Z/Oo|fn(x)\dx<oo,
0 n=0 n=0 0

atunci are loc egalitatea

/Ooonio;)fn(x) dz = nio;)/ooo fn(z)dzx.

Ramaéane doar sa notam ca, in ipotezele problemei, avem

> [ ih@)de = 3|5 0)] < .
n=0 0 n=0

/s 3 fule) de = | e,

n=0 0

Y

precum si

3 oofn(a:)dx: N £(0).
>, >

O
Observatie. Pentru Problema 4 punctajul maxim (10 puncte) a fost obtinut
de 9 dintre studenti.
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A happy case of mathematical (mis)induction”
ARPAD BENYT?, ToAN Casu®
Abstract. From a missed attempt to mathematical induction and through

a journey in calculus, we arrive to a stronger inequality concerning partial
sums of the harmonic series.

Keywords: Inequalities, mathematical induction, sequences, series
MSC: Primary 26A06, 26D06, 26D15; Secondary 40A05.

The topic of an exercise in [1] is the following inequality: for all n € N,

n > 2, we have
| 1
- 1— ) 1
;:214<n< Yn (1)

This follows straightforwardly from the AM-GM inequality if we re-write it
as

n

k—1
1+ —
e 1
I SO
n n
However, as with many of the statements that contain the phrase “for all
n € N...”, lots of our students will be tempted into using the Principle of

Mathematical Induction to prove it. It does not quite work for this statement
for reasons that will become clear soon, but our story has a happy ending
triggered by a series of fortunate calculus events.

If we denote by P(n) the statement in (1), one easily checks first that
P(2) is true (being equivalent to v/2 < 1.5). Showing that P(k) = P(k + 1)
is at the core of the method and, in this case, it comes down to proving that
for all k € N:

kE+1 k k
T <ii (2)
VE+1T Vk  k+1
The statement expressed in (2) is quite strong in the sense that the difference
between the left and right-hand sides is getting smaller as k gets larger. This
is already apparent for small values of k: when k =1, (2) is V2 -1~ 0.41 <
0.5 = 1/2, while when k = 2, (2) is V/9 — v2 ~ 0.665 < 0.666 < 2/3. A
computer algebra system such as Mathematica easily verifies that (2) holds

DThis work is partially supported by a grant from the Simons Foundation (No. 246024
to Arpad Bényi).

2)Department of Mathematics, 516 High St, Western Washington University, Belling-
ham, WA 98225, USA, arpad.benyi@wwu.edu

S)Department of Mathematics, West University of Timigoara, Bd. Vasile Parvan, no. 4,
300223 Timigoara, Romania, ioan.casu@e-uvt.ro
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for other randomly chosen natural values of &, so...(2) must be true?! Yet, it
is not an obvious inequality, and the considerations above do not amount to a
rigorous proof of it. We extrapolate that a typical student would conclude at
this point that showing (1) by induction is either not possible or, if possible,
not an easily accomplishable task.

The moral of our tale is that doing mathematics is a fun roller coaster
and perseverance pays off in the end. We will indicate below how basic
ideas from calculus combine to prove (2). In what follows, we will assume
that £ € N and k& > 20. This is just a technicality that will simplify some
of the calculations; as mentioned already, the fact that (2) holds for k €
{1,2,...,19} can be checked directly by a computing device.

Let f : [1,00), f(z) = {% The inequality we want to prove can be
re-written as

k
Jk1) = f(R) < g Y k220, (3)

First of all, this inequality is meaningful in the sense that the expression on
the left is always strictly positive due to the fact that f is strictly increasing.
Indeed, since In(f(z)) = (1 — %) In z, by implicit differentiation we find that,
for all z > 1, f'(z) = 27""Y*(z — 1 + Inz) > 0. Moreover, by the Mean
Value Theorem we see that proving (3) is equivalent to proving that for some
6 € (0,1) we have f/(k+0) < kiﬂ Now, a tedious calculation further shows
that, for all x > 1,

(@) =23 Y2((Inz)? - 2lnz +z + 1)
=237V [(Inz)? —Inz+1) + (z —Inz)] > 0,
Thus, f is concave up (that is, f’ is increasing), and so it suffices to show
that for all k € N and k > 20,
k

fle+1) < o5

(4)
This last inequality can be rewritten as

k
(k+1) 2 VED (L in(k 4 1)) < o o+ < k((k+1)YERD 1),

Denote

In(k)
k k
ag \/E >0k ( —i—ak) sk 1(1 k)

With this notation, (4) is equivalent to

In(1 k
(k‘ + 1) 111(1 + ak+1) < k‘akH = n( + ak+1)

(5)

Af+1 k + 1 '
Intuitively, we see that (5) is just a quantitative version of the well-known fact
ln(l—f—ak_,_l)

that, assuming we have lim a; = 0, lim = 1. In the remainder of

k—o0 k—o0 k41
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this note we show that (5) holds for k¥ € N with £ > 20. Our argument will
be based on two simple observations.

The first observation is that, indeed, klim ar = 0, and, more impor-
— 00

tantly, we can express this convergence in a quantitative way. We can show
this by using the Binomial Theorem, which, in particular, gives that for all
x> 0 and k € N we have

-1
1+xk21+kx+k(k7)x2.
( 2

If we plug in z = 2/ Vk in the last displayed inequality, we see that
2 \* k(k—1)4
14+ — 1+ —2->k
< T > SR T

which gives

2 2
0<VEk—1< = oaq,<—;
Vk Vk
by the Squeeze Principle for sequences, we obtain from here klim a = 0.
—00

(6)

Our second observation is that, for all x > 0, we have
2 3
1n(1+x)§x—%+%. (7)

The student that has encountered series in his or her studies will recognize
that the right hand-side of (7) is just a partial sum of the series expansion

of In(1 + z). Regardless of this, we can prove (7) easily as follows. Let
h:[0,00) = R, h(0) =0, and, for z > 0,

2 3
h(ﬂs):ln(l—f—x)—x—}—%—%.
Since ;
1 x
K (x) = -1 — 2= <
(z) T +r—=x x+1_0’

h is decreasing and hence h(x) < 0 for > 0.
We are ready to implement our two observations in obtaining (5). Ap-
plying (7) to = = ap41 we get
In(1 4 ag41) oo B ai+1_
Ap+1 2 3
Thus, it suffices to show that

2
Akl | Tpg1 1
] SRl TR g -
2 3 ST Et1
that is

1 a
(k+ 1)ak+1 (5 - k;1> > 1.
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Notice now that, by (6) and for k£ > 20, we have
1

1 2 1
Ak+1 > -

— > .
2 3 "2 3Vk+1 3
We are left to show that for n > 21 we have na, > 3 (n = k + 1 above).
Rewriting, we have

3 3\"
na, >3 a, > — < n> <1+—> .
n n
But since (1 + y)'/¥ < e for all y > 0, letting y = 3/n, we get
3\n
(1+2) <e<n
n
for n > 21. The proof of (5) is complete.

An immediate corollary of (2) is that, as observed at the beginning of
this note, we have

lim (ﬂ_i_L%O
koo \ /1 VE k+1/) 7

or, equivalently,

lim ( k1 i) -1

k—oo \ "Nk +1 Uk
We note first that for all k € N, (k4 1)1/ *+1) < g1/k op % < BE which
in turn follows easily from the fact that the function g : [3,00),g(z) = 1“71 is
decreasing; since ¢'(z) = 1;# < 0 for 2 > 3. Now, by (2) and since (Vk) is
a decreasing sequence, we have

S S S TS B I
WE+T VR VR Wk VR
and the conclusion follows from the fact observed before that lim ¥k = 1

k—o0
and the Squeeze Principle for sequences.
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The monotony in hazard rate sense of some families of
multidimensional distributions

LuiG-ToNuT CATANAY

Abstract. In this note we will prove that the monotony in hazard rate
sense holds for some families of multidimensional distributions.

Keywords: Stochastic orders, risk theory, hazard rate, distribution
MSC: 60E15.

INTRODUCTION
For a random vector X : @ — R? we consider its distribution u(B) =
P(X € B), its distribution function F(z)=P(X < ), and F*(z)=P(X >=,
X # x). In this article, the distribution function for another random vector
Y will be denoted by G.

In this note we are using the notation and some well known results from

1] and [2].

Definition 1. Let X andY be two random vectors. We say that X is smaller
than Y in hazard rate sense (and we denote X <y, Y) if

F*(2)G*(y) < F* (@ Ay)G*(xVy), Va,yeR™

Definition 2. Let X and Y be two random wectors. We say that X is
smaller than Y in weak hazard rate sense (and we denote X <ynr Y) if %
is increasing on Supp(G*).

Theorem 3. Let X, Y be two random vectors. If X <p, Y then X <y, Y.

Theorem 4. Let X = (X;),_15 and Y = (Y;),_1 be two random vectors.
[fX <nur Y then X; <, Y;, i = m

Theorem 5. Let (X;), 15 and (Y;),_17 be random variables.
If Xi = Yy, i =1,d, then @1, X; <y, ®L,Y;.

For the sake of completeness, let us recall the definition for some mul-
tidimensional distributions.
The multivariate uniform distribution Unif(I) on some product of in-

tervals I = I x --- x I; C R? has the density function f(z) = /1\3((3}"3 Its

marginals are Unif([;).

DDepartament of Mathematics, Faculty of Mathematics and Informatics, University of

Bucharest, Romania, luigi_catana@yahoo.com
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The multivariate Poisson distribution of A = (Ag, Ag—1,- .., A1, Ao),
Poisson(A), where each \; is nonnegative, has the density function
i
d d ATk min(z1,...,x4) d ‘ )\0
f@y=e =135 > Ionit| 5
k=1 =0 j=1 1By

J=1

The marginals are Poisson(\; + Ag).
The multivariate normal distribution N (u, >) has the density function

f(z) = (det (27T . Z))é . e_%(UC—M)T 271(9[:_”)7

where = (EXy, EXo,...,EX,) and ) denotes the covariance matrix.
The marginals are N (g, ).
i
The bivariate Bernoulli distribution B(1,p) has density
P(X - ai) = Di,

where a; € {(0,0),(1,0),(0,1),(1,1)} and p; are four nonnegative real num-
bers with sum one.

1. MAIN RESULTS

Proposition 6. Let a,b € RY. Then Unif([0, a]) <y Unif([0,b]) if and only
if a <b.

Proof. We have Unif(I) <y, Unif(J) = Unif([0,a;]) <p, Unif([0,b;]),i =
1,d=a; <b;=a<h.

Conversely, assume a < b. Then Unif([0, a;]) <y, Unif([0,b;]),i = 1,d.
It follows that ®%_, Unif([0,a;]) <n. ®L, Unif([0,b;]), in other words, we
have Unif([0, a]) <y, Unif([0, b]). O

Proposition 7. Let o, € Ri“. If Poisson(a) <y, Poisson(p), then a; +
aog < Bi + Bo, i =1,d. The converse holds if the marginals are independent.

Proof. Suppose that Poisson(a) <y, Poisson(3). Then for i = 1,d one has
Poisson (a; +ag) <1 Poisson(B;+/30), and therefore o +ag < Bi+50,1 = 1,d.

For the converse, if for each ¢ = 1,d it holds «; + oy < B; + 5y then
Poisson (a; + ) <p, Poisson(S; 4+ fy). Assuming moreover that both random
vectors have independent marginals, it follows that

d d
® Poisson(a; + A\o) <nr ® Poisson(f; + Ao),
i=1 i=1

that is, Poisson(a) <y, Poisson(f). O
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Proposition 8. Let be p, ' € R and 3 > 0. If N(p, 32) < N(1/,>2) then
w < . The converse holds if both distributions have independent marginals.

Proof. From N (y,>") <nr N(1/, ") it follows N (g5, > ) <nr N (14, > "), which
in turn implies that y; < pf for all i = 1,d, so that u < g’
Conversely, ;1 < p' means p; < p for each i = 1,d. Therefore, one

has N (pi; 32) <ne N (4, 32), and hence &Ly N (i, 32) <ne @y N(p, 32), in

1) 1)

other words N (u, ) <nr N(¢/,>2). 0

o, +
Proposition 9. We have B(1,p) < B(1,q) < g—i > max (1, g—z, g—i, ;;Tg:;) :

Proof. Let X and Y be the random vector for B(1,p) and B(1,q), respec-

tively. If X <y, Y then X <un Y, so that % is increasing on Supp(G¥),
or % (x) < % (y), for all x,y € Supp(G*) with x < y. We specialize the
vectors x, y to convenient values.

For x = (—o00, —00) ,y = (1 1) we get that g—i > 1.

235
For o= (~5, 1),y = (b 3) and & = (1—5) .y = (3. 3) we get that
g—i > gjig‘i ,i = 2,3. But it is easy to verify the following implication:
O i e
P4 Pit P4 P4 Di
For z = (0,0),y = (%, %) we obtain g—i > %, and this implies
94 > 921Gs
P4 — p2+ps3’

So > max (1, 2, & 40 ).

Conversely, it is easy to verify that F*(z)G*(y) < F*(x A y)G*(x V y),
Va,y € RY. O
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PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of May 2019.

PROPOSED PROBLEMS

472. Let a,b, c € [0, ] such that a+b+c = 7. Prove the following inequality:

. a—>b\ . b—c\ . c—a
sin —5— sin —5 sin 5 .

Proposed by Leonard Giugiuc, National College Traian, Drobeta

sina +sinb+sinc> 2 +4

Turnu Severin, Romania and Jiahao He, South China University of Tech-
nology, People’s Republic of China.

473. Let eq, ..., e, be the elementary symmetric polynomials in the variables
Xq,..., Xy,
(X1, X)) = > Xip e Xy,
1<ii<...<ip<n

and let S be the ideal generated by eq,...,e, in R[Xq,..., X,].

Then every monomial X{™ --- X" with the degree m = mj+---+m,,
strictly greater than (Z) belongs to S. On the other hand, there exists a
monomial of degree (Z) which does not belong to S.

Proposed by George Stoica, New Brunswick, Canada.
o0
474. Calculate Z(Zn -1)

(1 P S )2 1]
2 T2 2
vt n (n+1) n

Proposed by Ovidiu Furdui and Alina Sintamdrian, Technical Uni-

versity of Cluj-Napoca, Cluj-Napoca, Romania.

475. We say that a function f : R — R has the property (P) if it is continous
and

2f(f(x)) =3f(z) —ax forall z € R.
a) Prove that if f has property (P) then M = {z €R: f(z) =z} is a
nonempty interval.
b) Find all functions with property (P).

Proposed by Dan Moldovan and Bogdan Moldovan, Cluj-Napoca, Roma-
nia.
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476. Calculate the integral

o0
arctg x
/ R g,
0 it +1
Proposed by Vasile Mircea Popa, Lucian Blaga University, Sibiu,
Romania.

477. For every complex matrix A we denote by A* its adjoint, i.e., the
transposed of its conjugate, A* = AT, If A is square and A = A* we say that
A is self-adjoint (or Hermitian). In this case for every complex vector x we
have z*Ax € R. If A, B are self-adjoint we say that A > B if 2*Ax > x*Bx
for every complex vector x.

For a complex matrix A we denote |A|*> = AA*. Note that |AJ* is
self-adjoint and > 0. (If A*z = y = (y1,...,%n)" then z*|A|?z = y*y =
(ylv s 7yn)(y17 R ayn)T = ‘y1|2 +ot ‘yn|2 = O)

Let A be a square matrix with complex coefficients and I the identity
matrix of the same order. Then the following statements are equivalent:

(i) [T+ zA* = |I — 2AJ? for all z € C;

(ii) [T + zA|? > I for all z € C;

(iii) A = 0.

Are these statements still equivalent if we replace “complex” by “real”
throughout?

Proposed by George Stoica, New Brunswick, Canada.

478. Determine the largest positive constant k such that for every a,b,c > 0
with a? + b% + ¢? = 3 we have

(a+b+c)+Ek|(a—b)b—c)c—a) <9.

Proposed by Leonard Giugiuc, National College Traian, Drobeta
Turnu Severin, Romania.

479. Let p be an odd prime number and A € M,(Q) a matrix such that
det(AP + I,) = 0 and det(A + I,) # 0. Prove that:

a) Tr(A) is an eigenvalue of A + I,,.

b) det(A + I,) — det(A — I,) = (p — 1) Tr(A) + 2.

Proposed by Vlad Mihaly, Technical University of Cluj-Napoca,
Cluj-Napoca, Romania.

480. Let k,n be natural numbers, z1, xo, ...,z be distinct complex numbers
and the matrix A € M,,(C) such that (A —x11,)(A —x2l,) - (A —apl,) =
O,,. Prove that rank(A — z11,,) + rank(A — xaol,) + - - + rank(4A — z[,,) =
n(k —1).

Proposed by Dan Moldovan and Vasile Pop, Technical University of
Cluj-Napoca, Cluj-Napoca, Romania.
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481. Let K be a field and let n > 1. Let A, B € M, (K) such that [A, B]
commutes with A or B.

If char K = 0 or char K > n then it is known that [A, B] is nilpotent,
ie., [A,B]" =0.

Prove that this result no longer holds if 0 < char K < n.

(Here by [-,-] we mean the commutator, [A, B] = AB — BA.)

Constantin-Nicolae Beli, IMAR, Bucharest, Romania.
SOLUTIONS

455. Let n > 2 be an integer. Determine the largest number of real solutions
the equation a1v/x + b1 + -+ + apv/x + b, = 0 can have. Here ay,...,a, are

real numbers, not all zero, and b, ..., b, are mutually distinct numbers.

Proposed by Marius Cavachi, Ovidius University, Constanta,
Romania.

Editor’s note. Unfortunately, the solution provided by the author is
wrong. A reformulation of the problem is the following:
Given n > 1 we want to find the largest m for which there are mutually
distinct bq,...,b,, mutually distinct z1,...,z, and not all zero aq,...,a,
n

such that ) a;j\/z; +b; = 0 for 1 < i < m. Equivalently, if A € My, ,(R),
j=1

A = (\/®; + bj); j, then the equation AX = 0 has a non-trivial real solution,
viz., X = (ai,...,a,)". For this to happen one needs that rank A < n — 1.
Hence m is the largest number such that there are mutually distinct by, ..., b,
and mutually distinct zq,...,z, such that the rank of the m x n matrix
A = (y/x; +bj)i; is <n —1. Obviously, when m < n — 1, regardless of the
values of x; and b;, we have rank A <m < n — 1, so it is possible to have m
solutions. The author claims that when m = n, i.e., A is a square matrix, we
always have det A # 0 so rank A = n, so it is not possible to have n solutions.
Therefore the required maximum is n — 1.

More precisely, if we rearrange the x;’s and b;’s such that 1 <--- <,
and by < --- < by, the claim is that (—1)""!det A > 0. The proof is based
on the fact that the function f : [0,00) — [0,00), f(x) = /x, is strictly
concave. Unfortunately, while the proof is very ingenious, it contains an
error. It seems that the result is true when n < 3. We don’t know what
happens when n > 4.

456. Let f, g, h be non-negative continuous functions on [0, 1] satisfying the
inequality f(tz+ (1—1t)y) > ¢'(x)h! 7 (y) for all x,y € [0,1] and some (fixed)
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1 1
€ (0,1). If, in additon, we have / g(x)dz :/ h(z)dz = 1, prove that
0 0

/01 f(z)dz > 1.

Proposed by George Stoica, University of New Brunswick, Saint
John, New Brunswick, Canada.

Solution by the author. We assume ﬁrst that g, h are positive not
merely non-negative on [0,1]. Then y — [/ g(s)ds and y — [ h(s)ds are
strictly increasing and differentiable functions sendlng [0,1] to [0, 1] We
denote by u,v : [0,1] — [0, 1] their inverses. Then u,v are strictly increasing
and differentiable with «(0) = v(0) = 0 and u(1) = v(1) = 1.

We have
u(z) v(x)
/ g(s)ds = / h(s)ds = x.
0 0

By differentiating we get

u'(2)g(u(z)) = ' (2)h(v(z)) = 1. (1)
Define w(x) = tu(x) + (1 — t)v(x). Along with w and v, w : [0,1] — [0, 1]
is strictly increasing and differentiable with w(0) = 0, w(1) = 1. Using the
inequality between the arithmetic and geometric means, we have

w'(x) =t () + (1= ' (2) > (u'(2))" (' (2))" " (2)

From (1) and (2), the hypotheses and the change of variables s = w(x), it
follows that

/f ds>/f (x)dz

_/ g'(u(@))h' ™" (v(2)) (u'(2))" (¢ (2)) "z

0
= / (u’(x)g(u(x)))t (u'(x)g(u(a:)))lft dz = / ldz = 1.
0 0

If g, h are only non-negative then for any 0 < 6 < 1 we define gs(z) =
(1 —d)g(x) + 0 and hs(x) = (1 — d)h(x) + 6. Same as for g,h, we have
1 1

/ gs(x)dx = / hs(x)dz = 1. However, gs, hs are positive, not merely non-
0 0

negative. Then, by continuity and the compactness of [0,1] x [0,1], from
ftz + (1 = t)y) > g'(x)h'~(y) we get that for any € > 0 there is some
0 < & < 1 small enough such that f(tz + (1 — t)y) + & > gi(z)h; ' (y)
V0 < x,y < 1. Then, by applylng the case we have Just proved to gs, hs and
fei=f+e, Wegetfo x)+e)dr > 1, ie. fo x)dz 4+ ¢ > 1. Since this
happens for every & > 0 we get our result. ]
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457. Let A, B € M,,(C) be so that A2+ B>+ A— B =2(AB+ I,,). Prove
the following equalities:

a) Tr((A— B)(A—B+1,)) =2n,
b) det((A— B)(A— B+ 1,,)) = 2"
Proposed by Vasile Pop, Tehnical University of Cluj-Napoca,

Cluj-Napoca, Romania.

Solution by the author. We use the notation [-,-] for the commutator
[X,Y]=XY -YX.
The matrix M = (A — B)(A— B+ 1,) = (A — B)? + A — B writes as

M =A*+B* - AB - BA+ A— B = (AB — BA) +2I,, = [A, B] + 2I,,.

Since Tr[A, B] = 0 we get Tr M = Tr(2I,,) = 2n, i.e., we have a).
Let C = A—B, so that M = C(C+1,). Note that [C, B] = [A—B, B] =
[A, B]. Then we have

C(C+1,) =IC B]+2I, (3)
and equivalently
[C,B] = C*+ C — 2I,. (4)
If we note D = [C,B] = C%? + C + I,, then D commutes with C. We prove
that Tr(D¥) = 0, k = T, n. Indeed, we have

DF = DF1. D =D*YCB - BC)
= DF1cB - D*'BC = C(D*'B) — (D*1B)C,
so that DF = [C, Dk_lB], which implies Tr (Dk) = 0. In conclusion
Tr (D) =Tr (D?) =--- = Tr(D") =0,
so that, if Ay, Ao, ..., A\, are the eigenvalues of the matrix D, from the system
AM+A++ A, =0,
A +XA+-+ A =0,

AP+ AJ 4o+ AT =0,

we obtain A\ = Ay = -+ = \,, = 0 (from the Newton formulas the polynomial
fp with the roots A1, A, ..., A, is unique, more precisely fp(A) = A".) From
the equality (3) it results that the eigenvalues of the matrix C - (C' + I,,) =
D + 21, are pg = pg = -+ - = pp, = 2 and their product is

det (C'(C + I,)) =27,
i.e., the equality b).
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Note. The method used here to prove that Ay = --- =\, =0, i.e., that
D is nilpotent, can be used to prove a more general result: If X,Y are square
matrices of the same dimension n and [X, Y] commutes with X then [X,Y] is
nilpotent. In our case X = C, Y = B and we have that [C, B] = C?4+C —21I,,
commutes with C. The result holds, with the same proof, over every field K
of characteristic 0. If the characteristic is p > 0 then it holds only if n < p.
See problem 481 from the current issue of GMA.

458. (Corrected) For a continuous and non-negative function f on [0, 1] we
define the Hausdorff moments

1
Ihn, ::/ 2" f(z)de, n=0,1,2,....
0
Prove that
[t 2t + pnpls > 2imgapipo, n=0,1,2,....

Proposed by Cezar Lupu, University of Pittsburgh, Pittsburgh,
PA, USA

Solution by the author. Let us recall the celebrated Schur’s inequality

' —y)z—2)+y"(y—2)y—z)+2"(z-z)(z-y) 20 (5)
for all x,y,z > 0 and n > 1. Then we have

J —/ / / (X +Y + 2)f(2) f(y) f(2)dadydz > 0,

where X = z2"(z—y)(z—2), Y =y"(y—2)(y — x) and Z = 2"(z —x)(z — y).
We have J = Jyx + Jy + Jz, where Jx = fo fo fol Xf(x)f(y)f(z)dedydz
and similarly for Jy, Jz. But, by symmetry reasons, Jxy = Jy = Jz. Thus
3Jx =J >0, s0 Jx > 0. We have

Jx :/1 /1 /1(xn+2 + a"yz — ggn—f—ly . xn+1z)f(ﬂf)f(y)f(z)dxdydz

:/ 22 f () dx/f dy/f
+/0 2" f (o )dx/0 yf(y)d /Zf@dz
- [ [Curwa [ se
_/Olg;”“f(x)dx/olf(y)dy/ol 2f(2)dz

=Hn+2H0H0 + HnH1H1 = Pt 1H1H0 — Hnt1H0M1,
SO fptoftd + a3 — 24int1pop1 = Jx > 0. Hence the conclusion. ([l
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Solution by Leonard Giugiuc, National College Traian, Drobeta Turnu
Severin, Romania. If f = 0 then we have nothing to prove. So we assume
that f # 0, which implies that all u; are positive.

The relation to prove writes as

Ptz HO L Mo
Bn+1 M1 Hntl MO
By the Arithmetic Mean—Geometric Mean inequality we have

Hntz [0 M [ o [HEni2ln
Hn+1 M1 Mntl MO M1

Hence it suffices to prove that g, o, > p2 41- But this follows from the
Cauchy-Bunyakovsky-Schwarz inequality:

psan = ([ a2 sae) ([ siaar)
2

> ([ 1 \/x”+2f(x)ﬂf”f(x)dﬂf)2 -(/ 1 S )e) =i

The proof is complete. O

> 2.

459. The faces of an icosahedron are colored with blue or white such that a
blue face cannot be adjacent to more than two other blue faces. What is the
largest number of blue faces that can be obtained following this rule?

(Two faces are considered adjacent if they share an edge.)

Proposed by Eugen J. Ionagcu, Columbus State University,
Columbus, GA, USA.

Solution by the author. We prove that the answer is 14 and the coloring
that gives this maximum is the one shown in Figure 1(a), which is a Schlegel
diagram of the icosahedron in which the projection is done from a point close
to a blue face. (That is, there is an extra blue face that cannot be seen.)

Figure 1(a) Figure 1(b)
Figure 1. Icosahedral graph
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Indeed, for the each of the 20 faces T1,T5, ..., Toy we assign a Boolean
variable x;, i = 1,...,20, which is equal to 1 if the face T} is blue or 0 if the
face T; is white, given a certain coloring. Let us denote by N; the indices j
for which face T} is adjacent to T;. The condition we require is then written
as

v+ Y w;<3,i=1,...,20. (6)
JEN(3)

20
Clearly, we want to maximize S = > ;. After summing all these

inequalities up over i = 1,...,20, we obtainls + 35 < 60. Hence, it follows
that S < 15. Since we have arrangement that accomplishes 14 blue faces we
only need to prove that 15 blue faces are not possible to be arranged without
violating one of our requirements.

So, by way of contradiction, let us assume that it is possible to have
15 blue faces satisfying the requirement of a 2-dependence set (as in the text
of our problem). Then all the inequalities in (6) have to be equalities. So,
for every face that is white we need to have exactly three blue around it and
for every face that is blue we need to have exactly two around it. Then we
are forced to have a coloring as in Figure 1(b) if we start with a white face
(the one in the middle) and then we end up with too many white faces (at
least 7), which is in contradiction to the number of faces left possible (i.e.,
20 — 15 =5). O

460. Let X be a set with at least two elements, and fix a,b € X, a # b. We
define the function f: X? — X by

o aifx’yaz#a’
f(xayﬁz)_{ bifaG{%?/vZ}-

Is there a binary operation * : X2 — X such that f(z,y,2) = (z *y) * 2 for
all z,y,z € X7

Proposed by George Stoica, University of New Brunswick, Saint
John, New Brunswick, Canada.

Solution by the author. The answer is no. Indeed, let us assume that,
for every x,y € X, z,y # a, we have x x y # a. Then, for every x,y,z € X,
Yy, 2 # a, we have

a:f(ﬂs,y,z):(ﬂs*y)*z;éa,

a contradiction. Hence, there exists u,v € X, u,v # a, such that uxv = a.
From here it follows that

axa=(u*xv)*a= f(u,v,a)="b
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and then, for every x € X we have
bxx=(a*xa)*xx= f(a,a,z)=0.

Finally,
a= f(byu,v) = (b*xu)*xv=>bx*xv=m>o,
a contradiction with a # b.

461. Let A, B € M, (R) so that A2 = A, B? = B, and det (24 + B) = 0.
Prove that det (A 4 2B) = 0.

Proposed by Vasile Pop, Tehnical University of Cluj-Napoca,
Cluj-Napoca, Romania.

Solution by Francisco Perdomo and Angel Plaza, Departamento de Ma-
temdaticas, Universidad de Las Palmas de Gran Canaria, Espana.

If det(2A+B) = 0 then there exists v # 0 in R" such that (2A+B)v = 0.
From (I — A)(2A+ B)v =0 and (I — A)A =0 we get (I — A)Bv = 0 and
so Bv = ABwv. Similarly, from (I — B)B = 0 and (I — B)(2A+ B)v =0
we get Av = BAv. Then (A + 2B)*v = A%v + 2ABv + 2BAv + 4By =
Av +2Bv +2Av +4Bv = (3A + 6B)v and so (A+ 2B)(A+ 2B — 3I)v =0,
where [ is the identity matrix.

If (A+2B—31)v =0, then (A+2B)v = 3v. Together with (2A+ B)v =
0, this implies that Bv = 2v. But B is idempotent so its only possible
eigenvalues are 0 and 1. Hence (A 4 2B — 3I)v # 0. Thus det(A + 2B) = 0,
because (A+2B)w = 0 has the non trivial solution (A+2B—3[)v in R". O

The author’s solution is essentially the same up to the relation (A +
2B)%2v = 3(A + 2B)v = 0. Here he assumes that det(4 + 2B) # 0 and
concludes that (A + 2B)v = 3v. Together with (24 + B)v = 0, this implies
that Av = —v. Hence A%v = —Av = v. But A%v = Av = —v, so v = 0.
Contradiction.

Solution by Moubinool Omarjee, Lycée Henri IV, Paris, France.

We prove that if A+ 2B € GL,(R) then ker(24 + B) = 0.

Take = € ker(24 + B). We have 2Ax + Bx = 0, i.e., Bx = —2Ax.
When we multiply to the left by A we get ABx = —2A4%x = —2Ax = Bu.
When we multiply it to the left by B we get that B?x = —2BAxz. But
B%x = Bx = —2AX, so Bx = —2BAx and Ax = BAx.

Then (A+2B)%*z = (A2+2AB+2BA+4B?)z = Av+2Br+2Axr+4Bx =
3(A+2B)x. Since A+ 2B € GL,(R) we have (A+ 2B)x = 3z. We multiply
to the left by A and we get (A + 2AB)x = 3Ax, whence Ax = ABx = Bu.
Since also 2Ax + Bx = 0, we have Ax = Bz = 0 and so 3x = 2Ax + Bz = 0.

So we proved that if A+ 2B € GL,(R) then ker(24 + B) = {0}, i.e.,
2A+ B € GL,(R).

By contraposition, if det(2A4 + B) = 0 then det(A + 2B) = 0. O
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462. If f : [0,1] — R is a convex function with f(0) = 0 then prove that

1 1 1/2 1/2
- ( f(z)dz — f(x)dx) 2/ xf(z)dx.
6 \Ji/2 0 0

Proposed by Florin St&nescu, Serban Cioculescu School, Gaesti,
Dambovita, Romania.

Solution by the author. We need two well known properties of convex
functions.

Lemma 1. If [ is an interval and f : I — R is a convex function then
for every a € I the function r, : I\ {a} = R, rq(x) = W, is increasing.

Lemma 2. If [ is an interval and f : I — R is a convex function then
for every x,y, z,t € I with x <y < z <t we have

J) ~I@) _ ()~ ()
y—x = t—z
By Lemma 1 with a = 0 the function %ﬂ”) is increasing. It follows that

f@) o~ flzty)
for every x € (0,1/2], y € [0,1/2] we have == < Z72%, so

zf(x)+yf(e) <zf(z+y) Vo,yel0,1/2]
(When = = 0 we have equality, 0 = 0.)
We integrate this inequality first with respect to y, then with respect
to x. We get
1/2

z+1/2
s+ @ <o [ pwrni=e [ g0 veeo.g].

SO

1/2 1/2 1/2 1 patl)2
%/0 xf(z)dz + é ; f(z)dz < /0 <%x2) (/x f(t)dt) dz
1! 1 (12 1
=3 1/2f(x)dx—§/0 z? (f <x+§) —f(a:)) dz.

Here in the right hand side of the inequality we used integration by parts

and the fact that the derivative of x — fx+1/2 ft)dtis f(x+1/2) — f(x).
We now use Lemma 2. If z,y € [0,1/2] with 2 < y then 0 <z <y <
r+1/2<y+1/2<1,s0

+
s (+3) (e +3)
1 )
) )
which implies that f(z+ 1/2)— x) < f(y+1/2)— f(y). Hence the function
x — flx+1/2) — f(z), z € [0,1/2], is increasing. Then, by applying the
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Chebyshev inequality ( ff f(t)g(t)dt > 7 f t)dt f g(t)dt if f and g have
the same monotony) we get

[ (1o ) ) /“2 /“2 (1(+2) - o)

1/2
S @ [T pwar).
T 12 1/2 0
In conclusion, we get

1 [1/2 1 12 1 /1
3 et@aneg [ sg [ s

1 1 1/2
_ ﬂ( 1/2f(x)dx— 0 f(x)dx)

and equivalently

1/2 1 1/2
12/ zf(zr)de <2 flz)dx —2 f(z)dx
0 1/2 0
When we divide by 12 we get the required result. O

Solution by the editor. There is an alternative approach using a general
property of convex functions. If a < b we denote by C([a,b]) the set of all
continuous functions on [a,b] with values in R. Then C([a,b]) is a vector
space over R and it has a metric topology, with the distance given by the
norm ||« ||, where ||| = maxyeiop | £(2)].

Lemma. If T : C(Ja,b]) — R is a linear continuous operator then
T(f) > 0 for every convex function f : [a,b] — R if and only if the following
hold:

(1) T(1) = T'(x) = 0. Equivalently, T(f) = 0 for any affine function f,
i.e., when f has the form f(z) = mx + c.

(2) T(f.) > 0 Ve € (a,b), where

r—ec, x€lcb].

This result is already known but we couldn’t provide a reference. For
the sake of self-containment we sketch a proof here.

For the necessity note that if f is affine so is —f. Hence f, —f are
both convex and we have T'(f) > 0 and —T(f) =T(—f) > 0, i.e., T(f) = 0.
Since 1 and z form a basis for all affine functions, in order that 7'(f) = 0 for
every affine function on [a,b] it suffices to have T'(1) = T'(z) = 0. Since f,
are convex we also have T'(f.) > 0 Ve € (a,b).
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Before proving the reverse implication, note that for every ¢ € (a,b),
fe is continuous and it is differentiable everywhere except at ¢ and we have
f(x)=0if x < cand f'(x) =1if x > ¢. Also note that f.(a) = 0.

Assume first that f is a convex function and its graph is a broken line

with the vertices at (cg,dp),. .., (cs,ds), where a = ¢g < ¢1 < -+ < ¢cs = b
is a division of the interval [a,b]. Let m; = % be the slope of the
graph on the interval [¢;_1,¢;]. Since f is convex we have my < .-+ < my.

The function f is continuous on [a,b] and differentiable everywhere except
at cg,...,cs. Namely, if 1 <i < s then f/(z) =m; Vo € (¢i—1,¢;). We claim
that

f(@) =mi(x —a) +do + (ma2 —m1)fe, (x) + -+ + (ms — ms—1) fe, , (2).

If we denote by g(x) the right side of the above equality then the easiest way
to verify that f = g is to prove that g has the same properties with f: g is
continuous, g(a) = f(a) and ¢'(z) = f'(x) Va € [a,b], © # co,...,cs. The
continuity is obvious since each f. is continuous. Since f.(a) = 0 Ve € (a,b)
we have g(a) = mi(a —a)+dy = dy = f(cp) = f(a). For the third condition
let © € [a,b], © # co,...,cs. Then ¢;_; < x < ¢; for some 1 < i < s, so
f'(x) = m;. We have
f(@) =mi+ (m2 —ma) fe, () + - + (ms — ms—1) fo,_ (@)

If j <i—1thenc¢; <¢q <, soféj(x)zl. If j > i then ¢; > ¢; >z, so
fe,(x) = 0. It follows that

g (x) =mi+ (ma —my) + -+ (my —mi_1) =m; = f'(z).
By the linearity of T" we get
T(f) =T(mo(z —a) +do) + (m2 = m1)T(fe,) + - + (ms = ms—1)T(fe,_,)-

But mo(z —a) +dy is affine, so by property (1) T'(mo(x —a)+dp) = 0, and by
property (2) T'(f.,) > 0 for 1 <i<s— 1. But we also have m; < --- < mg,
so each m; — m;_1 is non-negative. We conclude that T'(f) > 0.

Suppose now that f : [a,b] — R is convex arbitrary. For each n > 1
we define the function f, : [a,b] — R whose graph is the broken line with
vertices at (a+<(b—a), f(a+%(b—a))) with 0 < i < n. Note that a+ % (b—a)
with 0 < ¢ < n make a partition of [a,b] into n equal intervals. Also note
that (a + £(b — a), f(a + £(b — a))) are points on the graph of f, which is
convex, so f, will be convex, as well. Since the graph of f,, is a broken line,
by the particular case we have just proved, we have T'(f,,) > 0.

Since f is continuous on a compact interval, it is uniformly continuous.
Then for any & > 0 there is n. such that for any n > n. we have

@)~ f)l <e Vayelot] with |r—yl< (b—a).
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Let € [a,b]. Then z € [a + =1(b—a),a + L(b— a)] for some 1 < i < n.
Since the length of [a 4+ =2(b—a),a+ L(b—a)] is 2 (b— a) we have |z — (a+
1 (h—a))], Ja— (a+ (b= )| < L(b—a), s0 |F(x)~ Fla+ 5L (b—a))l,|f (@)
fla+ L(b—a))| < e It follows that f(a+ =2(b—a)), fla+ L(b—a)) €
(f(z)—e¢, f(z)+¢). But z belongs to the interval [a+=L(b—a),a+ L (b—a)],
where f, is affine. It follows that f,(x) takes an intermediate value between
fla+E2(b—a)) = fa+EL(b—a)) and fu(a+E(b—a)) = flat(b—a)).
Since f(a+ =2(b—a)), f(a+ L(b—a)) € (f(z) — ¢, f(z) + ), this implies
fu(z) € (f(z)—e, f(z)+e), ie., |fu(z)— f(z)] < e. In conclusion ||f, — f|| =
ma [fa) ~ f(o)] <=

Since ||fn — f|| < e, for n > n. we have li_)m fn = f. Since T
n—oo
is continuous, this implies h_)m T(fn) = T(f). But T(f,) > 0, Vn, so
n—oo

T(f) > 0. 0

We now return to our problem. We must prove that T'(f) > 0 for every
convex function f : [0,1] — R with f(0) = 0, where

1 1/2 1/2
T(f>=—< f()dz - f(x)dx>— /0 of(@)de.

1/2 0

If we try to prove that T'(f) > 0 for all convex functions f we see that this
is not true. We have T'(1) = —% # 0, so the condition (1) of the Lemma is
not satisfied. Therefore we need the information that f(0) = 0. The idea is
to find a A € R such that T(f) > 0 for every convex function f : [0,1] — R,
where T'(f) = T(f) + Af(0). If we prove that T has this property then for
a convex function f that has the additional property that f(0) = 0 we have
T(f) =T(f)+Af(0) =T(f),so T(f) > 0 implies T(f) > 0 and we are done.
When we take f =1 we get T(1) =T(1) +A-1= —% + A, so in order
that 7'(1) = 0 we need to take A = %, so T(f) = T(f) + £ f(0). We have:

B 1 1 1/2 1/2 1

T(1) == / 1dx—/ 1dz —/ xdz+ --1=0,
6 \Ji/2 0 0 8

B 1 1 1/2 1/2 1

T(z) = - / xdx—/ xdx —/ 22dr+ < -0=0,
6\ Ji/2 0 0 8

so the condition (1) of the Lemma is satisfied.

We now prove the condition (2), i.e., that T(f.) > 0 Ve € (0,1), where
fe(z) =0if x < cand f.(x) = x — ¢ if x > c. First note that f.(0) = 0, so
T(fe) =T(fe) + 3f:(0) = T(fe) Ve € (0,1). We have two cases:

Case 1. ¢ < 1/2. Then on the interval [1/2,1] we have f.(x) = = — ¢,
while on the interval [0,1/2] we have f.(z) = 0 for z € [0,¢] and f.(z) =x—c
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for x € [c,1/2]. It follows that

. 1 1/2 1/2
T(fe) =T(fc) = % </1/2(a: —c)dz — / (x — c)dx) - / z(z — c)dz

i o &
6 12 8 24
But we have 0 < ¢ < 1/2, 50 —5 < 0 and 4¢?+2c¢—3 < 4(1/2)? +2(1/2)-3 =
—1 < 0. Thus T'(f.) = —55(4¢® +2¢ — 3) > 0.

Case 2. ¢ > 1/2. Then on [0,1/2] we have f.(z) = 0, while on [1/2,1]
we have f.(x) =0if z € [1/2,c] and f.(x) =2 —cif z € [¢,1]. We get

T(f.) = T(f.) = % (/cl(x—c)dx—())—(): % (é —c—l—%) = (0121)2 > 0.

(4¢® +2¢ — 3).

Hence T satisfies the conditions (1) and (2) of the Lemma, which implies
that T'(f) > 0 for every convex f :[0,1] — R, and we are done. O

463. Prove that there exists ng € N such that Vn > ng the equation

1 1
+ 4+ 4
1+ 2+z n+x

=Inn

has a unique solution in the interval (0,00), denoted by x,,, and that

lim x, = a,
n—oo

where a € (0,1) is the unique solution in the interval (0,1) of the equation

oo
JJZ; i(i_lm) =+, where v is the Euler constant.

Proposed by Dumitru Popa, Ovidius University, Constanta, Romania.

Solution by the author. For every natural number n let us define ~,, =
1+ % + -+ % — Inn. As it is well-known, 0 < v, < 1, Vn € N, and
lim v, = v € (0,1). For every natural number n let h, : [0,00) — R,
n—oo

hp(x) = H%—ky%x—k- : -+n%rx—ln n. Let us note that all h,, are continuous and
strictly decreasing on [0,00). We have h,(0) =1+3+---+1—Inn =1, >0,
ho(1) = S +1 4+ %H —Inn =, -1+ n%rl Since nan;ohn(l) =
v —1 < 0, it follows that there exists ng € N such that Vn > ng we have
hn(1) < 0. Thus there exists ng € N such that ¥n > ng the equation
hn(z) = 0 has a unique solution in the interval (0,00) and this solution,
denoted by z,, is in the interval (0,1), that is 0 < z,, < 1, ¥n > ng. For

every n > ng we have h,(z,) = 0, ﬁ + 2+lzn + -+ nfxn = Inn, or
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(1+%+“‘+l)—<ﬁ+2+1xn+‘”+;>:’an and thus

n+xn

n

1
n) T =n Yn=ng. 7
N ;2(2+xn) o V=0 (7)

For every natural number n define ¢, : [0,1] — R by

n

‘pn(gﬂ):x;ﬁ_%:ie_iix)_7"’

=1
=)

Let us observe that Vz € [0,1], Vi € N0 < T < %2 and the series

Define also ¢ : [0,1] — R by

w(x)zwi 1= (3

i=1

oo

1
Z; = 1s convergent, by the Weierstrass criterion, so the series Z HG +m) is
=
uniformly convergent on [0, 1] and its sum is a continuous functlon that is,
@ is a continuous function. Also ¢ is a strictly increasing function. Since

¢(0) = =y < 0 and ¢(1) = 2 Z(H—l) =1—7v >0, it follows that the

equation ¢(z) = 0 has a unique solution in (0,1), which is denoted in the
sequel by a € (0,1). Moreover, since for every n € N and x € [0, 1] it holds
o0 n o0 o0

1 1 . ,
T R M R I R o

i=n-+1

it follows that lim ¢, (x) = ¢(x) uniformly with respect to z € [0,1]. From
n—o0

the uniform convergence, by a general result, which we will prove in the end
of the proof, it follows that 1i_>m [on(zn) — @(zy)] = 0. Since by (7) Vn > ng
n—oo

©n (x5,) = 0, we deduce that ¢(x,,) — 0 = ¢(a). Since @ is strictly increasing
it follows that x,, — a. Indeed, let € > 0. Take 0 < 7 < min(e,a,1—a); such a
number exists since 0 < a < 1. Then0 < a—n < a < a+n < 1 and, since ¢ is
strictly increasing, p(a—n) < p(a) = 0 < p(a+n). From ¢(z,) — 0 it follows
that there exists n. > ng such that Vn > n., p(a—n) < p(z,) < ¢(a+n), that
is, since ¢ is strictly increasing, Vn > n., a—n < x, < a+n, |z, —a| <n < ¢,

ie, lim z, = a.
n—oo

It remains to show that if li_>m ©on(z) = ¢(x) uniformly with respect to
n—oo

x € [0,1], then for every sequence (z,)neny C [0,1] it follows that
li_>m [on(zn) — @(zn)] = 0. Indeed, we have: Ve > 0, In. € N such that
n—oo

Vn > n. and Vo € [0,1] we have |¢,(x) — ¢(z)| < e. In particular, for
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x = z, we deduce that Yn > n. we have |p,(z,) — p(z,)| < €, ie.,
[en(zn) — ¢(an)] = 0. U

lim
n—0o0
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