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Abstract. Existence and uniqueness of fixed points of p-contractions, in
the general sense, are given. Three proofs of a variant of the Boyd-Wong
theorem are presented. Using the conclusion of the theorem, some other
results concerning the attractor of a GIFS of p-contractions are discussed.
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1. INTRODUCTION AND PRELIMINARIES

In the last few decades, fixed point theory has had a very flourishing
development, mainly because of its large range of applications.

The beginning of the theory was in a certain way the classical Banach
theorem, which states that if X is a complete metric space and f is a mapping
of X into itself which satisfies

d(f(z), f(y)) < pd(z,y), for some p € [0,1) and all z,y € X,

then f has a fixed point Z, and the successive approximations f"(x) converge
to T for x € X.

Nevertheless, the condition d(f(x), f(y)) < d(x,y) does not insure that
f has a fixed point.

In 1969 appeared the theorem of Boyd-Wong, which replaces the con-
dition of Banach with

d(f(x), f(y)) < wld(x,y)), Yo,y € X,
where ¢ : [0,00) — [0, 00) is a comparison function.

Definition 1. A mapping ¢ : [0, 00) — [0, 00) is called a comparison function

if
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a) @ is continuous;
b) o(r) <r, ¥Yr>0.

Definition 2. Let f : X — X and ¢ : [0,00) — [0,00) be a comparison
function. f is called a p-function, or a w-contraction, if

Vr,y € X, we have d(f(z), f(y)) < ¢(d(z,y)).

The class of ¢-contractions enlarges the class of contractions in the
Banach sense (every contraction being a (-contraction).
In [4], the following result is called Matkowski’s Theorem (1975).

Theorem 3. Let (X,d) be a complete metric space and f : X — X be a
p-contraction. Let Fy denote the set of fived points for f. Then we have:
i) Fy = Fpn = {2*}, for each n € N*;
it) for each x € X the sequence of successive approzimations f™(z) of f
starting from x converges to x*;
ii1) if, additionally, ¢ is a strict comparison function, then

d(z,z") < p(d(z, f(2))).

In [4] also appear other basic fixed point principles, like the Contraction
Principle, Cirié-Reich-Rus’s Theorem (1971), Meir-Keeler’s Theorem (1969),
Krasnoselskii’s Theorem (1972), Graphic Contraction Principle, Caristi-
Browder’s Theorem, Clarke’s Theorem, Niemytzki-Edelstein’s Theorem. It
is also proved the next general result.

Theorem 4. Let X be a nonempty set and f : X — X be an operator.
Then the following statements are equivalent:

(P1) There exists a metric d on X such that f : (X,d) — (X,d) is a Picard
operator;

(P2) f is a Bessaga operator;

(P3) There exist a comparison function ¢ : Ry — Ry and a complete
metric d on X such that f : (X,d) — (X,d) is a p-contraction;

(P4) There exists a metric d on X such that the fized point problem is
well-posed for f with respect to d.

The main result of [5] is the following theorem.

Theorem 5. Let (X,d) be a complete metric space and f : X™ — X be
such that there exists p : R™ — R with the following properties:

(a) (r <s,r,s € RY) = (p(r) < p(s));

(b) (reRy,r>0)= (o(r,...,7)<7);

(c) ¢ is continuous;
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(@) 3 () < oo
(e) ;0:7? all r € Ry
o(r,0,...,0) +(0,7,0,...,0) + -+ ¢(0,0,...,0,7) < p(r,r,...,r);
(f) for all xo,x1,...,2m € X,
d(f($o, ey Tm—1), fx1, . ,xm)) < go(d(:vo,xl), . ,d(mm,l,xm)).

Then:
(1) Fy={z"};

(ii) for any Ty € X, the sequence (Tn)nen, Tn = f(Zn—1,...,Tn—1), con-
verges to x*;

(iii) for all zg,...,xm—1 € X, the sequence (Ty4n)nen defined by Tpyipn =
f(@n, ..., Tnym—1) converges to z* and

dwnya®) <m> " pldo) L]+,
k=0
where dp = max (d(zo,21), ..., d(@m—1,2Zm)).

Conditions to obtain iterates to the fixed point of the equation x =
f(z,...,x) are presented in [5]. All the papers treat the fixed point theory,
mainly because the theory is important in solving operatorial equations. The
topic of [6] (which is the resumé of the author’s Ph.D. thesis) is a chapter of
this domain, namely the metrical fixed point theory. The approach is mainly
the one of successive approximations (first initiated by E. Picard in the years
1890-1894, and later developed by St. Banach (1922) and R. Caccioppoli
(1930)).

The metrical fixed point theory was treated by many authors, like R.
Kannan, S. Reich, M. G. Maia, F. E. Browder, S. B. Nadler etc. After the year
1968, the development of the metrical fixed point theory has been explosive,
its subjects being mainly the treatment of the following types of operators:
contraction operators, contractive operators (Edelstein), and non-expansive
operators.

The main aim in [6] is the study of contraction operators that satisfy a
condition of generalized contraction, a condition that assures the convergence
of the sequence of successive approximations to the unique fixed point of the
operator (called Picard type operator).

There are presented comparison functions, and generalizations of them,
like (c)-comparison functions, p-dimensional comparison functions, abstract
p-contractions. They all serve to obtain results that generalize the classi-
cal Contraction Principle (even concerning the order of convergence of the
sequence of successive approximations).
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The notion of g-contraction plays an important part in [7], too. Various
metrical fixed point theorems are established for (X, d) a metric space and
f X — X amapping or an operator satisfying one of a number of conditions
of contraction type. Some of them are:

(i) (Banach (1922)) There exists a number a € [0, 1) such that

d(f(x),f(y)) <ad(z,y),Vz,y € X.
(ii) (Nemytzki (1936), Edelstein (1962)) For all z,y € X,z # v,

d(f(x), f(y)) < d(z,y).

(iii) (Rakotch (1962), Boyd and Wong (1969), Browder (1968)) There
exists ¢ : Ry — Ry such that p(t) < ¢ for t > 0, ¢ is increasing,
continuous and

d(f(x), f(v)) < ¢(d(z,y)),Yz,y € X.
(iv) (Rus (1972)) There exists a number a € [0,1) such that

d(fQ(x),f(a:)) < ad(z, f(z)),Vz € X.

(v) (Reich (1971), Rus (1971)) There exist a,b € Ry, a4+ 2b < 1, such
that

A(f(@). f(v) < ad(@,y) +b|d(@, £(2)) + d(y. F())] - Yoy € X.

See also Guseman (1970), Yen (1972), Kannan (1968), Ciri¢ (1974), Zam-
firescu (1972), Jachymski and Stein (1999).

The study is centered around these generalized contractions in terms
of Picard operators, weakly Picard operators, Bessaga operators and Janos
operators.

2. MAIN RESULTS
We begin the presentation with a variant of the Boyd-Wong theorem.
Theorem 6. Let (X, d) be a complete metric space and ¢ : [0,00) — [0, 00)
a function with the properties:

(a) ¢ is continuous;
(b) ¢(r) <7, ¥r >0 ((0) = 0);
(¢) ¢ is nondecreasing.

If f: X — X has the property that

d(f(x), f(y)) < eld(x,y)), Ve, y € X,

then f has a unique fized point T € X.
Moreover, for any zo € X, the sequence (f"(x¢))n>1 converges to T.
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Remark 7. (1) A comparison function verifies the inequality
o(r) < r,Vr e [0,00).
(2) Any f: X — X with the property that
d(f(x), f(y)) < eld(z,y)),Ve,y € X

is non-expansive, meaning

d(f(x), f(y)) <d(z,y),Vzr,y € X.

In particular, f is continuous.

We shall present three proofs for the theorem above.

2.1. First proof. Uniqueness of the fixed point. Suppose that there are
x1,x9 € X such that f(x1) = x; and f(x2) = x9. Then

ri=d(x1,x2) = d(f(z1), f(z2)) < p(d(z1,22)) = ().

Supposing that » > 0, we obtain r < ¢(r) < r, which represents a
contradiction. Therefore r = 0, so that x1 = xo.
Ezistence of a fized point. Let g € X. We shall prove that the sequence
(xn)n defined by z, = f™(xg), n > 1, is a Cauchy sequence in the complete
metric space (X, d), so that (z,), is a convergent sequence to T € X.

From the relation x,11 = f(z,),n > 1, and f continuous we then
deduce that T = f(Z) and T is the unique fixed point of f.

Lemma 8. Ifr € [0,00), then ¢"(r) —— 0.
n—oo

Proof. If r = 0 then ¢"(0) = 0 for all positive integers n.
If 7 > 0 then ©?(r) < p(r) < r etc., so that (¢™(r))n>0 is a decreas-
ing sequence, minorated by 0. Put lim ¢"(r) =1 > 0. The requirements
n—oo

imposed on ¢ entail ¢(l) = [ and therefore [ = 0. O
Let p be a positive integer and € > 0. We have

d(f" (o), [P (w0)) < ¢" (d(z0, [7(w0)))-

According to Lemma 8, the right-hand side converges to 0 as n — co. Thus,
Ve > 0,3n. € N such that for every n > n.,Vp > 1,d(f"(z0), f"P(x0)) < e.
This means (f™(zo))n>1 is a Cauchy sequence.

2.2. Second proof. We keep the notation introduced in the statement of
Theorem 6.

Proposition 9. Let zo € X and K = {xo, f(x0), f*(x0),...}.
If d(f(x), f(y)) < go(d(a;,y)),Vx,y € X, then K is a compact set.
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Proof. We shall prove that the metric space (K,d) C (X,d) is countably
compact. This implies that (K, d) is a compact metric space.

Let {z,}, € K. Each such element can be written z, = lgn e, for
p—00
suitable e in the orbit O(xo) = {zo, f(20), f*(x0), ... } of zo.
For each n € N we denote A,, = {xy, Tp+1,. .. } and we shall prove that

(A,)n>1 fulfills the following conditions:

e A, is a closed set for any n > 1;
e the sequence (A,),>1 is decreasing with respect to inclusion;
e diam(A4,) —— 0.
n—oo
As (X,d) is a complete metric space, using the Cantor theorem, it
follows that ﬂ A, # 0, which implies that is (K, d) countably compact, so

neN

(K,d) will be a compact metric space.
As the first two of the desired properties are obviously satisfied, it re-

mains to prove that one has diam(A,) —— 0. We notice that
n— o0

d(zp, Tpm) = d( lim e}

lim e}, lim e]') = lim d(e),el").
p—>00

p—oo P p—oo - PTP

We consider the sets B, = {zy,Zn+1,...} and suppose that x is zp,,
f(x) is xp,, and so on. We eliminate first max{p1,...,pn—1} positions. The
elements left, meaning f"(z), f**1(z),..., are in the sets from B, onward
(when n — 0o = s — o0)

d(f"(x), ["H (@) < " (d(z, fH(2)) —— 0= diam(B;) —— 0

n—oo S—00
and Proposition 9 is proved. O
For the promised proof of the Boyd-Wong theorem, we need a well-
known result, recalled next.

Proposition 10. If a compact metric space (K,d) and f: K — K satisfy
d(f(z), f(y)) <d(z,y),Vz #y € K,

then f has a unique fized point T.
Moreover, for any x € K, the sequence (f"(x))n>1 converges to T.

In the conditions of the Boyd-Wong theorem, we can apply Proposi-
tion 10 with K an arbitrary closed orbit O(x) = {z, f(z), f?(z),...} and f
the given mapping (because f(O(z)) € O(x) as f is continuous, Proposi-
tion 9 applies). So, f admits a unique fixed point, say, T, on every set O(z).
As the hypotheses from the Boyd-Wong theorem entail

d(f(x), f(y) < e(d(z,y)) < d(z,y),Vz £y € X,

all the points T are the same.
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To finish the proof, it remains to remark that no matter how we chose
the initial point zg € X, the sequence (f"(x0))n>1 converges to Zg, the unique
fixed point of f.

2.3. Third proof. For any x,y € X,z # y, we have
A A (@), /() < Jim " (dlasy)) =0,

SO

Tim d(f" (@), ["(y)) =0

n—oo

Let a € X be arbitrary, (ay), be a sequence of Picard iterates of f at
the point a,

Y ={an} ={a, f(a),..., f*(a),... },

and

1

F, = {:1: ey d(ac,fk(:c)) < -

,Vk—l,n}.

From lim d(f"(z), f*(y)) = 0 it follows that F,, is nonempty. It is clear that
n—oo

one has F,+1 C F,,Vn € N*. Since f is continuous, F,, is closed for any n.
Let (xn)n and (yn), be arbitrary sequences with x,,y, € F,, n > 1,
and (n;); a sequence of positive integers such that

Jimn d(@n; s yng) =l d(@n, yn).

Now we have

i d(wn, o, )< i [d@n, o f™ (@n)+ 0™ @ng) o™ )+ Yy ™ ()]

j—00
< lim oM™ (d(zp. , yn.)) = 0,
Jj—o0 7 7

so that lim d(zy,,yn;) = 0 or equivalently lim d(x,,y,) = 0. This in turns

j—o0 n—00
implies lim d(xy,,y,) = 0, that is, lim diam(F,,) = 0.

n—00 n—00

By completeness of Y, it follows that there exists z € X such that

oo

() Fn = {2}

n=1

Since d(z, f(z)) < + for any n, we have f(z) = z. Then, from

lim d(f"(x), f"(y)) =0,

n—o0

1
n

it follows that all sequences of Picard iterates defined by f converge to z.



8 ARTICOLE

3. APPLICATION FOR BOYD-WONG THEOREM

Definition 11. Let (X,d) be a complete metric space and let m € N.
A generalized iterated function system of @-contractions (for short, a GIFS)
on X of order m, denoted by

= (Xa(fl')’:l )7
consists of a finite family of functions ( i) fi : X™ — X, such that
d(fi(z1, - zm), fi(yr, - ym)) < @( xk,yk)) Vi=1n.

1

For a given a metric space (X, d), K(X) denotes the set of all nonempty
compact subsets of X and BC(X) denotes the set of nonempty bounded closed
subsets of X.

For a metric space (X,d), one considers on P*(X) the generalized
Hausdorff-Pompeiu pseudometric

h:P*(X) x P*(X)— [0, 00],
defined by
h(A, B) = max(d(A, B),d(B, 4))
= inf{r € [0,00) : AC B(B,r),B C B(A,r)},
where
B(A,r)={r e X :d(z,A) <r}

d(A, B) = sup d(z, B) = sup (mf d(z,y))
zeA zcA YEB

Remark 12. The Hausdorff-Pompeiu pseudometric is a metric on BC(X)
and, in particular, on IC(X).

Remark 13. The metric spaces (BC(X),h) and (K(X),h) are complete,
provided that (X,d) is a complete metric space. Moreover, (K(X),h) is
compact, provided that (X, d) is a compact metric space.

Proposition 14. Let (X, d) be a complete metric space, m a positive integer,
d: X — X™ defined by §(z) = (z,x,...,x), and ¢ : [0,00) — [0,00) be a
function with the properties:

(a) ¢ is continuous,

(b) ¢(0) =0 and ¢(r) <r ¥r >0,

(¢) ¢ is nondecreasing.
Then (X™, dmax) s a complete metric space, and if f : X™ — X has the
property that for any (z1,...,Zm), (Y1,-..,Ym) € X™ it holds

d(f(xh T 7xm)7f(y17 cee 7ym)) < @(kmald<xk7yk))a

=1,m
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then there is a unique point (a, o, ..., «) € X™ such that f(a, o, ..., a) = a.
Moreover, for any (29,...,2%) € Xm, the sequence ([0 f]" (Y, .. x%))n>1
converges to (a,a, ..., Q). B

Proof. Let g denote the composed mapping X™ i> X % X™. Then

g(r1, ..., ym) = (f(:vl,...,xm),...,f(xl,...,mm))
and for any (x1,...,2Zm), (Y1,---,Ym) € X™ it holds

d(g(z1, - @m), g1, - - -, Ym))
:d((f(arl,...,xm),...,f(:cl,...,wm)),(f(yl,...,ym),...,f(yl,...,ym)))
<max{d(f(z1,. -, Tm), f(Y1,- -, Ym))} < @(kmald(xkyyk))-

Using the Boyd-Wong theorem on (X™, dyax), we obtain that g = do f

has a unique fixed point (Z1,...,ZT,,) € X™, which means that
TI=T3=" =Ty = f(T1,...,Tm) = a.

This « satisfies f(«o,q,...,a) = a. Moreover, for any (xl, 2y e XM,

the sequence (g"(z9,. .,:):971)) | converges to (o, a,...,q). O

Proposition 15. Let (X,d) be a complete metric space, m € N, and § =
(X, (fz)lzﬁ) a GIFS of p-contractions on X of order m. Suppose that for
any (x1,...,Zm), (Y1,---,Ym) € X™ it holds

d(fk(xl’ . 'axm)’f/ﬂ(yla v 7ym)) < So(m?Xd(x]ay]))7Vk = ].,TL.
j=1m

Then for Ki,..., Ky, H1,...,Hy, € K(X), we have
h(fk(Kl X oo X Km)yfk(Hl X oo X Hm)) < @(malh(H],KJ)),Vk

j=1m

1,n.

Proof. Since (KC(X),h) is compact (see Remark 13), for any j = 1,m there
exist 7; € Kj, y; € Hj such that

d(zj,y;) = d(zj, H;) < d(Kj, Hj) < h(Kj;, Hj).
Then
h(fk(le . -XKm), fk<H1X- . XHm)) = h(fk(l'il, c. ,ﬁ), fk<H1><- . XHm))

:lnf{d(fk(fly cee )%)hfk(yla e 7ym)) | Al € Hlv - Ym € Hm}
SA(fo(@1, - Tm), Ju(@1 - Um)) < @ max d(75,75)) < o max d(Hj, K;)),
j=1,m

]: 7m

as ¢ is nondecreasing. O

Our result is presented in the following proposition.
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Proposition 16. Let (X, d) be a complete metric space and S = (X, (fl)l:ﬁ)
a GIFS of @-contractions on X. We define Fs : K(X)™ — K(X) by

Fo(Kr, .o K) = | Fp(Ky, oK) = | (B x - x Ko).
k=1 k=1

Then Fs : K™(X) — K(X) is a p-contraction in the sense that for any

H;,K; € K(X) (j =1,n) it holds

h(Fs(K,...,Kp), Fs(H1,...,Hp)) < o(maxh(Kj, Hj)).

j=T,m
Moreover, there exists a unique A(S) € K(X) such that
Fs (A(S), e A(S)) = A(S).
Proof. From Proposition 15 and the hypotheses we get
h(fiu(K1, ..o Km), fr(Hy, ... Hy)) < gp(m?X h(K;, Hj)), Vk=T1,n.

J=Lim
We also have:
h(Fs(Kq,...,Kp), Fs(H1,..., Hp))

— h(U fk(Kla ce ,Km), U fk(Hla <o 7Hm))
k=1 k=1

S m?l h(fk(K17 cee )Km)ufk(Hla o 7Hm))
j=1m

< p(max h(Hj, K;)),VK1,..., Ky € K(X), VHy,...,Hy € K(X).

j=1m
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An estimate for the difference between the p-norm and
the ¢g-norm

DUMITRU Popal)

Abstract. Let 0 < ¢ < p < oo and p > 1. We prove that:
(i) If p < 2q then for all a,b € [0, 00) the following relation holds

1

0 < (a +b7)7 — (¥ +b")7 < (g) " [max (a,b)] 7 " (ab)' "5 .
(ii) If 2¢ < p then for all a,b € [0, 00) the following relation holds
0< (a4 b7)7 — (a® +b°)7 < (25 - 2)% [max (a,0)]"" % (ab)7 .
We give similar estimates for (a® + bs)% — (a+b) when 0 < s < 1. These

estimates are used to give a solution of a problem given at the Cambridge
mathematical tripos examination and which asserts that

1
lim ﬂ/ \/a2(1+96)2n+b2(1fx)2"dx:2(a+b), a>0,b>0.
-1

n—oo 27

Keywords: Inequalities for sums, series and integrals; the limit of se-
quences of integrals

MSC: Primary 26D15; Secondary 28A20.

INTRODUCTION AND NOTATION

The main purpose of this paper is to prove the estimates stated in the
Abstract. We obtained these estimates in an attempt to solve the following
problem given at the Cambridge mathematical tripos: prove that

n—oo 2N

1
lim n/ \/a2(1+:v)2"+b2(1—x)2ndx:2(a+b), a>0,b>0;
-1

see [2, Problem 1891, page 323]. Latter we have discovered that G. Bennett
in [3, Lemma 1] has proved some different type of inequalities. Our notation
and notions are standard, see [1].

1. THE RESULTS

We need the following well-known result. For the sake of completeness
we include its proof.

Lemma 1. Let f : [0,00) — R be a differentiable function on [0,00) and
twice differentiable on (0, 00).

(i) If f" (z) > 0, Vz € (0,00), then for all x € [0,1]
f@) = f0) < (f(1) = f(0)z.

1>Department of Mathematics, Ovidius University of Constanta, Bd. Mamaia 124,
900527 Constanta, Romania, dpopa@univ-ovidius.ro
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(ii) If f" (z) <0, Va € (0,00), then for all z € [0, 1]
fa) = f(0) < f(0)a.
Proof. Let g : [0,1] — R be defined by
{ f(z)=f(0) = (0 1]
g :B — ) b )

£1(0), z = 0.
Clearly, g is continuous. Further, for all z € (0,1), ¢’ (z) = %, where
h:[0,00) = R, h(z) = af'(z) — [f(z) — f(0)]. Also h'(z) = zf" (),

Vz € (0,00).

(i) Since f” (x) > 0, Vx € (0, 00), it follows that b’ (z) > 0, Vz € (0, c0),
that is ¢’ (z) > 0, Vz € (0,1], and thus g is increasing on [0,1]. Then
g(x) < g(1), Vo € (0,1], which gives us f () — £(0) < (f (1) — £ (0)),
Vx € (0, 1]. Note that for z = 0 the inequality holds trivially.

(ii) Since f”(x) < 0, Vx € (0,00), it follows that A/ (x) < 0, Vz
(0,00) , that is ¢’ (x) <0, Vz € (0,1), and thus g is decreasing on [0, 1]. The
g (z) < g¢(0), Vz € (0,1], which gives us f (x) — f(0) < f/(0)z, Vz € (0,1
Note that for = 0 the inequality holds trivially. O

Proposition 2. (i) If 1 < p < 2 then for all x € [0,1] it holds
0<(1+42xz)—(1+2P) < pz.
(i) If 2 < p < oo then for all x € [0,1] the following relation holds
0<(1+z)P—(1+2P)< (2P -2)z.

Proof. For 1 < p < oo let fp : [0,00) = R be defined by f, (z) = (14 z)" —
(14 aP). Then f, is differentiable on (0, 00) and by I'Hépital rule,

T R O B o ) el € o) ( p—1_ p—1>_
B O= i : ol PO ) =
Let us note that since 1 < p < oo, (1+z)? — (1+2P) > 0, Vz > 0. Also
b (@) =pp-1) |1+ z)P? - xp_ﬂ, Vx > 0. Apply now Lemma 1. O

Proposition 3. (i) If 1 < p < 2 then, for all a,b € [0,00) the following
relation holds

0 < (a+b)f — (a? + ) < p[max (a,b)]* P (ab)’~".
(i) If 2 < p < oo then, for all a,b € [0,00) the following relation holds
0 < (a+b)f — (aP + ) < (2P — 2) [max (a, b)) 2 (ab) .

Proof. If a = 0 or b = 0 the inequalities are trivial. So, let us suppose that
a > 0 and b > 0. By symmetry reasons, in both (i) and (ii) it suffices to
consider only the case when a < b.
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) If @ < b then, for z = ¢ € [0,1], by Proposition 2(i), we have
"‘%) (1+ )<p 7, that is, since p < 2,

(a+b)P — (aP? +bP) < pbP~La = p (ab)’ "' a®>P < p[max (a,b)]* ? (ab)P .
(ii) If @ < b then, for 2 = ¢ € [0, 1], by Proposition 2(ii), we have

0<(1+5) - <1+bb> <(@-2)-,

that is, since p > 2,
(a+b)P — (aP +bP) < (2P — 2) bP~2ab = (2P — 2) [max (a, b)]P 2 (ab) .

(i
0<(1

Proposition 4. Let 0 < g<p < oo andp > 1.
(i) If ¢ < p < 2q then, for all a,b € [0,00) the following relation holds

1

0< (a?+b9)7 — (a? + 1¥)7 < (5) max (a, b)) 7~ (ab)'~

(ii) If 2q < p then, for all a,b € [0,00) the following relation holds
1
0 < (a7 + 7)1 — (a7 + )5 < (2% —2)" [max(a, B (ab)? .

Proof. (i) Since 1 < g < 2, from Proposition 3(i) applied for %, a? and b?
instead of p, @ and b we have

0 < (a +b9)5 — (aP + b°) < g [max (a, b)]27 P (ab)?~4

B =

1
+yr, Vo >0, y > 0, we deduce

1

[max (a, b)]*47P (ab)pq> ’

1
Then, since for p > 1, (x +y)r < x

(a9 + b1 < <ap+bp+p
q

2

(aP + bP)» + <§> " lmax (a,0)] 7 " (ab)'~

(ii) Since 2 < % < 00, from Proposition 3(ii) applied for g, a? and b?
instead of p, @ and b we have

0< (a%+b9)7 — (aP + bP) < (25 - 2) [max (a, b)P~27 (ab)? .

IN

1
xP —|—y%, Ve >0, y > 0, we deduce

Sk

Then, since for p > 1, (x + y)

1

(@ +0071 < ((@"+0)+ (25 —2) [max (a, b))~ (ab)") "

< (@ +W)r + (20 - 2)7 [max (a,b)]"" 7 (ab)?
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Taking ¢ = 1 in Proposition 4 we get the following proposition.

Proposition 5. (i) If 1 < p < 2 then, for all a,b € [0,00), the following
relation holds

0<a+b—(a’+ bp)% < p% (ab)pTTl [max (a, b)]
(i) If 2 < p < oo then, for all a,b € [0,00), the following relation holds

2—-p
P

0<a+b—(a+0)% < (2P — 2)¥ (ab)¥ [max (a,b)] 7
Next we find similar estimates for the difference (a®+ bs)é
when 0 < s < 1.
Proposition 6. (i) If 0 < s < % then, for all a,b € [0,00), the following
relation holds

0< (a®+b%)% — (a+b) < (25 — 2) [max (a, b))~ (ab)®.

(ii) If% < s < 1 then, for all a,b € [0,00), the following relation holds

— (a+0b)

0< (" +b)F —(a+b) < % max (a, )2~ (ab)'~* .

Proof. Write p = %
(i) Since 0 < s < 3 we have 2 < p < co. Replacing in Proposition 3(ii)
1 1
a with ar and b with br we get

p—
P

0< (a®+b°)% — (a+b) < (25 —2) [max (a,b)] 7 (ab)¥
= (2¢ — 2) [max (a,b)]""%* (ab)®.
(i) Since § < s < 1, we have 1 < p < 2. Replacing in Proposition 3(i)

1 1
a with a» and b with br we get

0< (a®+b°)7 — (a+0) < é max (a,b)] 7" (ab)"7
= é [max (a, b)]2871 (ab)lis :

The next result is the missing part in Proposition 3.

Proposition 7. (i) If 0 < s < % then, for all a,b € [0,00), the following
relation holds

0<a®+b° —(a+b)° < (2% . 2)3 [max (a, b)]" 729 (ab)*” .
(ii) If & < s <1 then, for all a,b € [0,00), the following relation holds

L tma (a, )% (ab)"1=9) |

55

0<a’+b"—(a+b)°<
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Proof. Write p = %
(i) Since 0 < s < %, 2 < p < co. Replacing in Proposition 5(ii) a with
1 1
a? and b with br we get

p—2

0<a®+b" —(a+b)° < (2% - 2)8 (ab)p% [max (a, b)] »7
= (2% — 2)5 (ab)s2 fmax (a, b)]s(l—zs) .

(ii) Since % < s < 1,1 < p< 2. Replacing in Proposition 5(i) a with
a% and b with b% we get
s 1 p=1 2-p
0<a®+0b°—(a+b)° < — (ab)»? [max(a,b)|»»
s
1
= — (ab)s(l_s) [max (a, b)]8(28_1) .

88

2. THE LIMIT OF A SEQUENCE OF INTEGRALS

Proposition 8. Let 0 < p < oo and f,g : [0,1] — [0,00) be continuous
functions. Then

1
fim [ (7 (O 4 (/L= 07)Fdt = £ (1) +9.(0).
n oo 0

Proof. The case 1 < p < oo. Let n € N. From Proposition 5 for all ¢ € [0, 1]
we have

0 <)+ (1=0)"g(t) = (P +g7 (1) (1- £y .
<pr (fOgOt" (1 =)") 7 [max (t"f (6), (L= 1)" g ()] 7

1 p—1 1 Z—p .
<pr (Myg) v - —pgy [max (Mg, M) » , if1<p<2,
4

respectively
0 < " (B)+ 1 —10"g(t) — (PO +g" (1) (1 — 1))
< (@ -2 (f(Dg()
< (27— 2)r (My,)

3 =

p—2

L n n
" (1=1)")7 [max (" (t), (1 —¢)" g (1))] 7
]. PpP—=
C— [max(Mf,Mg)]pP2 , if2<p<oo.
4
We have used that ¢ (1 —¢) < %, Vvt € R. Above and in the sequel, if h :

P
[0,1] — [0,00) is a continuous function, then M}, := sup h(z) € [0,00). By
xz€[0,1]

RS

integration, we deduce

1 1
ogn/o t”f(t)dt+n/0 (1—t)"g(t)dt—
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1
o [ @) (1)
0
1 p=1 n 2-p
<pr (Mysg) 7 - — g Imax (Mp, M)l 7, if1<p<2,
4 »p
respectively

1 1
ogn/O t”f(t)dt—i—n/o (1= 1) g (1) dt
1 1
0 [ O 00— ar

Sl

-2
< (2P =27 (Myy)7 - — [max (M, M,)]'7 ,  if2<p< oo,
p

Now using the well-known result that if ¢ : [0,1] — R is a continuous
function, lim nfol t"p (t)dt = (1), passing to the limit for n — oo in the
n—oo

above relations, we get the desired result.
The case 0 < p < 1. Let n € N. From Proposition 6, for all ¢ € [0, 1] we
have
1 n
0 (fP O+ g7 @) (L=1)")r = (" f (1) + (1 = )" g (1))
1 n n n -
< (27 =2)(f (g (1= 6)") [max (" f (¢), (1= 8)" g (£))]' "

1 1 1
< (20 —2) (M) i max (M, Mp)]' 7 if0<p < 7,

IN

A

)
(
respectively

0 <

P+ P (1) (1= 1)")r — (1" (1) + (1= )" g (1))
(f (8) g ()" (1= )")" " [max (£ f (1) , (1 — )" g (1))

(f
1
< =
p
1

IN

_ _ o1
(Mfg) p-m[max(Mf,Mg)]l 2p’ 1f§ <p<L

3 |

By integration we deduce

1 ) 1
0<n / (P ()" + g7 (1) (1 — )"™)F dt —n / (7 (1) + (1 — )" g ()
0 0

1
< (20 = 2) (My,)" - o max (M, M), it0<p< 5.
respectively
1 1
0<n / P ()" + g7 (1) (1 — )"™)F dt —n / (7 (£) + (1 — )" g (1))
0
1 M n Me M 1-2p fl 1
];( o) m[max( 7 My)] g <p<l
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Passing to the limit for n — oo in the above relations we get the state-
ment. a

To obtain the problem at the Cambridge mathematical tripos, note that

1
;/1 \/a2 (14 2)*" +b2(1 — 2)*"dx

1 1 2n 1 2n
:n/ \/(12( +$> +62<1— +$> dx
_1 2 2
1
— Qn/ \/a2t2” + b2 (1 —t)*"dt.
0

We have made the change of variable HTQC = t. Apply now Proposition 8.
In the end we reproduce the following nice elementary proof of the
problem at the Cambridge mathematical tripos shown to us by the reviewer

of this paper. From the well known equality

/11h(a:)d:c—/Olh(x)dw—i-/olh(—w)dx

1
n 2 (1 12 (1 — )2
2n/_1\/a( +z)" + 0% (1 —z)dx

we obtain

1
= 2% ; \/@2 (14 2)*" 402 (1 — 2)*"dz

1
+ 2% /0 \/b2 (14 2)*" +a2 (1 — z)*"d.

Now from the obvious inequalities u < vu2 +v2 < u + v, u,v > 0, we
deduce a (1+2)" < /a2 (1+ )™+ (1 -2)*" < a(l+2)" +b(1 - 2)",
Vx € [0, 1], and by integration we obtain that for every natural number n we
have

an 2n+1_1 1

anre T2 2 2n 2 o 2n

o il §n2”/0 \/a (I+2)" +b2(1 —2x)"dx
an 2n1 1 b n

< —. —
AL n+1 +n+1 n

Passing to the limit we obtain lim & fol \/&2 (14 2)* +02(1 —2)"dz =
n—oo

2a and similarly lim 2% I \/ b2 (1 +2)* + a2 (1 — 2)*"da = 2b.
n o

Acknowledgement. We thank the reviewer for his/her very useful
remarks and suggestions which improved the first version of this paper.
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About Kubik mean value theorem and its stability
MIHAT MONEAY, DAN STEFAN MARINESCU?)

Abstract. In this paper we investigate Kubik Theorem. We present a new
proof, without using Weierstrass and Fermat Theorem. Also, we establish
some conditions for the stability of the intermediary point arising from this
theorem.

Keywords: Kubik Theorem, continuous function, both-sided differen-
tiable function, stability.

MSC: Primary 39B82; Secondary 37C25.

INTRODUCTION

The mean value theorems represent some of the most useful mathema-
tical analysis tools. Starting from Rolle or Lagrange Theorem, we can find
more results, generalizations or extensions. One of the less known result is

due to Kubik [6].

Theorem 1. Let f : [a,b] — R be a continuous function on [a,b] and both-
sided differentiable, for any x € (a,b). If f(a) = f(b) then there exists c €
(a,b) such that

fL(e)- fi (o) 0, (1)

where f' and f, denote the respective one-sided derivatives of the function f.

The previous theorem represents a generalization of Rolle Theorem.
Indeed, if f is differentiable, the relation (1) leads to (f'(c))? < 0. Since
f'(c) € R, we obtain f'(¢) = 0. As a consequences of this result, Kubik
obtained some generalizations for Lagrange and Cauchy Theorems. We can
find similar theorems in [5] and [10]. Moreover, in [11] it is proven the
equivalence between Kubik’s result and Karamata or Vuckovié¢ results.

The aim this paper is to investigate Kubik Theorem. In the following
section we present a new proof of this theorem. We mention that this proof
does not use Weierstrass and Fermat theorem. Also, we establish conditions

DUniversity Politehnica of Bucharest and National College Decebal of Deva, Romania,
mihaimonea@yahoo.com
2)National College Iancu de Hunedoara, Hunedoara, Romania, marinescuds@gmail . com
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for the stability of the intermediary point arising from this mean value theo-
rem (see Theorem 4 from Section 2). We provide an example which explains
why the hypothesis from Theorem 4 cannot be weakened.

1. A NEW PROOF FOR KUBIK’S THEOREM

It is known the following chain of implications in the proof of some
classical theorems: Weierstrass = Rolle = Lagrange.

Several mathematicians considered this way too long and tried to
shorten it. For example, D. Pompeiu (see [8]) proved Lagrange theorem
by using convergent sequences. Motivated by Pompeiu’s proof and using an
idea from [1], we present a new proof of Kubik Theorem. First, we need the
following lemma.

Lemma 2. Let a,b € R, a < b. Let f : [a,b] = R be a continuous function
such that f(a) = f(b). Then there exist x € (a,b) and two sequences (an),cy
and (by), e with the following properties:

(i) a < ap < by, <b for any n € N;

(ii) the sequence (an),cy i increasing and the sequence (by), cx 5 de-
creasing;

(iii) lim a, = lim b, = x;

(iv) F(am) = £(ba), for anyn € N.

Proof. We claim that for any ¢ > 0 there exists ¢ € [a,b] such that f is
noninjective on (¢ —¢e,c+¢) N [a,b]. We prove this claim by contradiction.
Suppose to the contrary that there exists € > 0 such that, for any ¢ € [a, b],
the function f is injective on (¢ — €,c+ €) NJa,b]. Due to its continuity, f is
strictly monotone on (¢ —e,c¢+¢) Na,b].

The interval [a,b] is compact and [a,b] C %Jb] (c—e,c+¢€). Then,
cela,

there exist n € N* and ¢p,c¢o,...,¢, € [a,b], 1 < ¢a < -++ < ¢, such
that [a,b] C 1<U< (¢; —e,ci+¢). Hence (¢c;—e,ci+¢) N (ciy1 —&,¢Cix1 +€)
n

is an open nonempty interval, f has the same type of monotonicity on
(ci—e,ci +¢e)N[a,b] and (¢ir1 — €, ¢ip1 +€)N[a, b], wherei € {1,2,...,n—1}.
We obtain that f is strictly monotone on [a, b]. This contradicts the equality
f (a) = f(b) and our assumption fails.

Now, we choose ¢ = bfTa. There exists ¢ € [a, b] such that f is noninjec-
tive on (¢ —e,c+¢) Na,b]. We find 1,22 € (c—¢,c+¢) Na,b],z1 < x2,
such that f(z1) = f(x2). If we suppose that f is injective on (z1,z2), we
obtain that f is strictly monotone on (z1,z2). Using its continuity, we have
f(x1) # f (x2), which is not true. Thus, we find z3,24 € (x1,22), 23 < 24,

with f(z3) = f (24).
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Now, we choose ag = a, by = b, a1 = x3 and by = x4. We have ag < a1 <
b—a by —a
br < bo, f(ao) = f(bo), f(a1) = f(b1) and by —ay < 2- =20
We repeat the same reasoning, but starting from the interval [ag, b1].
We obtain two sequences (an),cn, (bn)pey such that f(an) = f (bn)

and a < ap, < b, < b, for any n € N. Moreover, the sequence (an),cy is
increasing, the sequence (b;,), .y is decreasing, and

bn—1 — Gn—1 e bo — agp
2 AL
for any n € N. Then, these sequences are convergent and have the same
limit. There exists z € (a,b) such that lim a, = lim b, =  and the proof
n—oo n—oo

0<b, —a, <

is complete. O
Now, we are in position to present a new proof of Kubik Theorem.
We suppose that f_ (¢)- f1 (¢) > 0 for any ¢ € (a,b) . The function f is

continuous on [a.b] , so we consider = € (a,b) and the sequences (an),,cy and
(bn)pen given by the previous Lemma. We have

/ flan) = f(2)
f_ (x) B nh—{go ap — T
and
fi ) = Jim LT

Since an, < x < b, and f(a,) — f(z) = f(bn) — f (x), we obtain f’ (z) -
fi () < 0. This contradicts our supposition and concludes the proof of
Theorem 1.

In the next section we study the stability of Kubik points, defined as
any c € (a,b) which is satisfying (1).

2. THE STABILITY OF KUBIK POINTS

The parents of the stability concept are considered the mathematicians
S. Ulam and D. Hyers (see [9] and [4]). This notion is associated now with
functional equations, differential equations or linear recurrences. Starting
with the reference [2], a new direction was created. It is about the stability
of the point arising from the mean value theorems. The references [3] or [7]
are relevant in this respect.

In this section, we establish some conditions for stability of Kubik
points. We shall use the following result (see Theorem 4 from [7]).

Proposition 3. Let f : [a,b] — R be a continuous function which admits a
unique minimum point o € (a,b). Then, for any € > 0, there exists § > 0
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with the following property: Any continuous function g : [a,b] — R satisfying
the following relation for every x € [a,b]

lg (x) = f (2)] <6,

admits a minimum point B € (a,b) such that | — of < e.

To avoid repetitions, we denote by K the set of all functions f : [a,b] —
R, continuous on [a, b] and both-sided differentiable for any x € (a,b).

Theorem 4. Let f € K with f(a) = f(b) and having a unique Kubik point
c € (a,b). Then for every e > 0 there exists § > 0 with the following property:
Every function g € K with g(a) = g(b) and satisfying

lg(x) — f ()] <d for every x € [a,b]
admits a Kubik point d € (a,b) such that |d — ¢| < e.

Proof. The function f is continuous, so there exists u € (a,b) an extremum
point. Suppose that it is a minimum point. Then

/ - lmf(x)_f(u)

f_(u)—i/u T —u =0
and

fi(u) = limM > 0.

T\ rT—U
We obtain f7 (u)- f1 (u) <0, so u is a Kubik point for f. The uniqueness of
Kubik point leads to the conclusion ¢ = u.
Let € > 0. We choose § > 0 defined by Proposition 3. Let g € K with
g(a) = g(b) be such that |g (z) — f (z)|] < 0 for any = € [a,b]. Proposition 3
gives us a point d € (a,b) which is a minimum point of g and |d —¢| < «.
Hence

! ) = L 18 — 9 (W)
gi(u)ii/‘u r—Uu <0
and
J (u):hmg(w)—g(U) >0,

T\ U r—U
whence we obtain ¢’ (u) - ¢/, (u) < 0, so d is a Kubik point for g and the
proof is complete. O

In fact, the conclusion of the previous theorem remains valid if the
Kubik point of f is unique on a neighborhood.

We conclude this paper with the following example which shows that
the hypothesis of Theorem 4 cannot be weakened.

First, we consider the function f : [0,3] — R defined by

1—z, z€]0,1],
f(z) = 0, ze€(1,2),
r—2, z€]l2,3].
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We have f(0) = f(3) = 1. Further, li/‘mlf (x) =0, li\nif (x)=0and f(1) =
0, so f is continuous in = = 1. Similarly, li/%f () =0, li\rréf () = 0 and

f(2) =0, so fis continuous in x = 2 too. By its definition, f is continuous

n [0,3]. On the other hand, f/ (1) = —1, fi. (1) = 0, f (2) = 0 and
fi(2) = 1. Hence f is differentiable on (0,3)\ {1,2}, so that f € K and f
is satisfying the hypothesis of Kubik Theorem. For any x € (0,1) we have
f'(z) = =1 and, for z € (2,3), we have f’(z) = 1. The previous reasoning
and the fact that f’(0) = 0 for any = € (1,2) leads to the conclusion that
the Kubik point set of f is [1,2].

For example, let 6 € (0,2). We define a function ¢ : [0,3] — R by

0—2
5 x+1, z€]0,1],
1@ =1 Levs zeq),

r—2, z€]l2,3].

This function is continuous on [0, 3]\ {1, 2} and differentiable on (0, 3)\ {1, 2}.

But, il/(nig (x) = i,ii\mlg (x) = 3 and g (1) = 37809 is continuous in x =
1. On the other hand, limg(xz) = 0,limg(xz) = 0 and ¢ (2) = 0, so g is
z 2 N\2
§—2

and

continuous in z = 2, so g is continuous on [0, 3] . Further, ¢’ (1) =
4
g, (1) = — but ¢’ (1) - ¢/, (1) > 0 and = 1 is not a Kubik point of g.

Since ¢’ (2) = —g and ¢/ (2) =1, we obtain ¢’ (2)-¢/, (2) <0and z =21is
a Kubik point of g. We observe that ¢’ (x) < 0 for any z € (0,1) U (1,2) and
g (z) > 0 for any x € (2,3) . On the other hand, g (0) = g(3) =1, so g is
satisfying the hypothesis of Kubik theorem. Previous reasoning shows that
x = 2 is the only Kubik point of g.

Now, let = € [0,1]. Then |g(z) — f (x)| = ‘

0
2

)
—T
2
< 6. Since g (x) = f (z),

<

1)
3 < 4. For any

z € (1,2), we have |g (z) — f (z)] = ’—gx+5' <

for any = € [2, 3] we obtain

g (z) = f(2)] <6,
so this inequality holds for any x € [0, 3] .
Finally, we observe that x = 1 is a Kubik point of f , but if we choose

€=, we cannot find any Kubik point of g on the interval (1 —e,1 + ¢).
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Europei, SEEMOUS 2017

IoaNA Luca?, ALEXANDRU NEGRESCU®)

Abstract. The 11*" South Eastern European Mathematical Olympiad
for University Students, SEEMOUS 2017, was hosted by the Union of
Mathematicians of Macedonia in Ohrid, Republic of Macedonia, between
February 28 and March 5. We present the competition problems and their
solutions as given by the corresponding authors. Solutions to Problem 1
provided by some of the competing students, as well as a solution to Prob-
lem 2 given by a member of the jury, are also included here.

Keywords: diagonalizable matrix, rank, change of variable, integrals, se-
ries

MSC: Primary 15A03; Secondary 15A21, 26D15..

INTRODUCTION

SEEMOUS (South Eastern European Mathematical Olympiad for Uni-
versity Students) este o competitie anuald de matematica, adresata studen-
tilor din anii I gi IT ai universitatilor din sud-estul Europei. A 11-a editie
a acestei competitii a fost gizduita intre 28 februarie gi 5 martie 2017 in
Ohrid, FYR Macedonia, de catre Uniunea Matematicienilor din Macedonia.
Au participat 84 de studenti de la 18 universitati din Argentina, Bulgaria,
FYR Macedonia, Grecia, Roméania, Turkmenistan.

A existat o singura proba de concurs, cu 5 ore ca timp de lucru pentru
rezolvarea a patru probleme (problemele 1-4 de mai jos). Acestea au fost
selectate de juriu dintre cele 35 de probleme propuse si au fost considerate ca
avand diverse grade de dificultate: Problema 1 — grad redus de dificultate,
Problemele 2, 3 — dificultate medie, Problema 4 — grad ridicat de dificultate.
Pentru studenti, insd, Problema 3 s-a dovedit a fi cea cu grad ridicat de
dificultate.

Au fost acordate 9 medalii de aur, 18 medalii de argint, 29 de medalii
de bronz gi o mentiune. Trei studenti medaliati cu aur au obtinut punctajul
maxim, doi dintre acestia fiind din Romania: Bogdan Daniel Moldovan —
Universitatea Babes-Bolyai din Cluj-Napoca si Emanuel Necula®) — Univer-
sitatea Politehnica din Bucuresti (UPB). Cei 6 studenti care au reprezentat
UPB au obtinut 3 medalii de aur gi 3 de argint, cu acestea clasand UPB pe
primul loc intre universitatile participante la competitie.

Dhttp://www.seemous2017.smm.com.mk/index.php/welcome

2)Universitatea Politehnica din Bucuresti, str. Splaiul Independentei, nr. 313, Bu-
curesti, Romania, ioana.luca@mathem.pub.ro

3)Universitatea Politehnica din Bucuregti, str. Splaiul Independentei, nr. 313, Bu-
curesti, Romania, alex.negrescu@mathem.pub.ro

Y Emanuel Necula a realizat aceeasi performants la SEEMOUS 2016.
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Prezentam, in continuare, problemele de concurs si solutiile acestora,
aga cum au fost indicate de autorii lor. Avand acces la lucrarile studentilor
pe care i-am insotit la competitie, pentru Problema 1 prezentam si solutiile
date de trei dintre acesti studenti, diferite de solutia autorului. De aseme-
nea, includem in prezentare rezolvarea data Problemei 2 de profesorul Cornel
Baetica, membru in juriul competitiei.

Problema 1. Consideram A € M2(R),

a b
A= <C d> .
Presupunem cd elementele matricei A satisfac inegalitatea a® +b* +c> +d? <

%. Sa se arate cd matricea Io + A este inversabild.

Cornel Baetica, Universitatea din Bucuresgti, Romania

Observatia autorului. Rezultatul din aceasta problema este caz particular al
unui rezultat cunoscut din teoria matricelor: daca || - || este o norma submul-
tiplicativa de matrice si [|A|| < 1, unde A € M,,(R), atunci matricea I, + A
este inversabila.

Solutia 1 (a autorului). Avem
det(lo+ A)=(a+1)(d+1)—bc=ad+a+d+1—bc.
Folosim inegalitatea
2zy| < 2?4942, Va,y€R,
sub forma echivalenta
+ay > —% (x2 —|—y2) , Vx,yeR,

si deducem

1 1
det(Iy + A) > 1+a+d—§(a2—|—b2+02+d2) >1ta+d=— 1.
Apoi, deoarece a? d? < 1/5 implica |a|, |d| < 1/v/5, obtinem
2v/5 1
@ﬂb+A)>1—j{—ﬁﬂ>0,

deci matricea I + A este inversabila.

Solutia 2 (Tustin Sirbu, student, Universitatea Politehnica din Bucuresti).
Matricea Io+ A este inversabila daca gi numai daca rang(lo+A) = 2. Evident,
rang(ly + A) < 2. Vom arata ca rangul matricei Is + A nu poate fi 0 sau 1,
deci rang(lo + A) = 2.

Daca rang(ls + A) = 0, rezulta Is + A = Oy, deci

-1 0
A:_b:(o —J’
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insa elementele matricei A nu verifica inegalitatea din enunt. Acum, daca
rang(ls + A) =1, exista matricele inversabile P, Q € My(R) astfel incat

1 0
Ihb +A=P <0 0) Q.
pP1 P2 . q1 Q2
P = =
<P3 p4> Eh Q <Q3 Q4>

A_ (-1 g
psqi p3g2—1)°

Astfel, inegalitatea pe care trebuie sa o verifice elementele lui A se rescrie ca

rezulta

(a1 — 1> + (p1a2)* + (p301)* + (P32 — 1)* <

)

| =

echivalent,

9
(p% +P§) (Q% + q%) —2(p1q1 + p3g2) + £ < 0.

Ins&, conform inegalitatii Cauchy-Buniakowski-Schwarz avem

(P11 +p3CI2)2 < (p% +p§) (Q% + q%) )

si astfel deducem

9
(p1q1 + p3g2)* — 2 (P11 + Pagz) + 5 < 0,

echivalent,
9 4
(p1q1 +p3gz —1)" + =<0
ceea ce este absurd, deci rang(Ia + A)#1.

Solutia 3 (Alexandru Bratei, student, Universitatea Politehnica din Bu-
curesti). Matricea I + A este inversabila daca aratam ca toate valorile sale
proprii sunt nenule. Vom folosi urmatorul rezultat din algebra liniara: daca
A € C este valoare proprie pentru matricea A € M,,(C), iar p este un poli-
nom cu coeficienti complecsi, atunci p(\) este valoare proprie pentru matricea
p(A). Avem Iy + A = p(A), unde p = 1 + X. Astfel, daca A € C este va-
loare proprie pentru A, 1+ A este valoare proprie pentru Is + A. Vom arita
cal+ X\ # 0, adica A # —1. Pentru aceasta consideram un vector propriu
v = (v, ’Ug)T € M3 1(C) al matricei A, corespunzator valorii proprii A. Din
egalitatea Av = Av rezulta

[Av1] = |avy + bua], |Ave| = |cv1 + duval,
de unde

(Mfoi] < lal [or] [0l 2|, [A|va| < lef Jor] + |d] [v2].
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Cum |al, |b], |¢|, |d| < v/5/5, obtinem

V5 V5
Nforl < %2 (el + Jeal) - N ool < % (fen] + )

ceea ce, prin Insumare, conduce la

2v5

N (ol + Jeal) < 25 (fr] + o))

Dar, ca vector propriu, v este diferit de vectorul nul, deci |v1| + |va| # 0.

Astfel,
24/5
Al < ‘! <1,

de unde rezulta A # —1.

Solutia 4 (Cristian Pavel, student, Universitatea Politehnica din Bu-
curesti). Pe baza rationamentului din solutia precedenta, matricea Iy + A
este inversabila daca valorile proprii A1, A9 ale lui A sunt diferite de —1. Pre-
supunem, prin absurd, cad cel putin o valoare proprie, fie aceasta A\, este
egala cu —1. Atunci, Ao € R, iar urma gi determinantul lui A sunt dati de

TrA=—1+Xy, detA=—N.

Acum,

2
| Tr A = |a+d]<|a\+]d|<i

deci

2\f
A2 —1] <

ceea ce implica Ay > &5‘/5 Pe de alta parte, daca aq,as € R sunt valorile
proprii ale matricei (simetrice) AAT, avem

ar+ay=Tr (AAT) =®> +P* + P+ d* < 5
aray = det(AAT) = (det A)? = A2,

De aici? rezultd ai,as > 0 gi, mai mult, utilizind inegalitatea mediilor,

Varag < (ag + ag)/2, conchidem ca

1 5—2\/5
Ao| < — < ———,
10 5

in contradictie cu Ay > %@ Aceasta arata ca presupunerea A\ = —1 este
falsa.

Observatie. La aceasta problema 51 de studenti au obtinut punctaj maxim.

D Orice matrice simetrici pozitiv semidefinitd din M, (R) are toate valorile proprii reale,
mai mari sau egale decit zero. Matricea AAT este o astfel de matrice, deci oy, a2 > 0.
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Problema 2. Se considera matricele A, B € M,(R).
a) Sa se arate ca eristd a >0, asa incdt, Ve € (—a,a), € # 0, ecuafia
matriceala

AX +eX =B, X e M,R),

are solutie unicd, X (g) € My, (R).
b) Dacd B? = I,, si A este matrice diagonalizabild, sd se arate cd

lim e Tr (B X (e)) =n —rang A,
e—0

unde Tr reprezinta aplicatia urma a unei matrice.
Radu Strugariu, Universitatea Tehnica ,,Gh. Asachi”, lagi, Roméania

Solutia 1 (a autorului). a) Ecuatia matriceala data se scrie (A+¢l,)X =
B. Ea are solutie unica, X = X(g), daca si numai dacd matricea A + eI,
este inversabild. Notam cu Ay, ..., A, € C valorile proprii ale lui A. Atunci,
A1+ &, ..., Ay + € sunt valorile proprii ale lui A + ¢I,,. Alegand

a=min{|\ : xe{\, ..., W} \{0}},
pentru orice € # 0, € € (—a,a), avem
det(A+el,) =N +¢) (A +¢) #0.

b) Deoarece matricea A este diagonalizabila, A + eI, este diagonali-
zabila. Prin urmare, existd o matrice inversabila P € M, (R) astfel incat
A+¢el, = PD.P~! unde

Al +e 0 0
0 Ao +e ... 0
D, =
0 0 oo Ante

Pentru € # 0, € € (—a, a), cu constanta a indicata la punctul a) de mai sus,
matricea A + e, este inversabila, inversa ei fiind data de

1

0
A1 +e
1
0 0
(A+€In)_1 :P )\2+€ P_l.
1
0 0

A+ €
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Deoarece X (¢) = (A +¢el,) "' B, rezulta

9
0
A+ €
S < 0
eX(e) =P 2te PB.
3
0 0
A+ €

Astfel, cu B? = I,, si proprietatea Tr(AB) = Tr(BA) a aplicatiei urma,
obtinem
€ €

eTr (BX(e)) =Tr(eX(e) B) =Tr (e(A+el,) ) = - 4t pap

)

ceea ce implica

ii_r)r(l) e Tr(B X(g)) = numarul de valori proprii ale lui A egale cu zero.

Daca acest numar este egal cu zero (adica, toate valorile proprii ale lui
A sunt nenule), matricea A este inversabila. Astfel, rang A = n si cerinta
problemei este justificata. Dacda A = 0 este valoare proprie pentru A, limita
de mai sus este egala cu multiplicitatea algebrica a acestei valori proprii; cu
A matrice diagonalizabila, multiplicitatea algebrica si cea geometrica ale lui
A = 0 coincid. Cum multiplicitatea geometrica a valorii proprii A = 0 este
dim KerA, Teorema dimensiunii (dim KerA + rang A = n) justifica cerinta
problemei.

Solutia 2 (Cornel Baetica, Universitatea din Bucuresti). b) Cu e # 0,
e € (—a,a), avem X(¢) = (A +¢l,)"'B. Folosind B? = I,, si proprietatea
Tr(AB) = Tr(BA) deducem

eTr(BX(e)) = eTr(X(e)B) =eTr ((A+cl,) ' =)

=€ ! +-+ !
N M +e A t+e)’

In continuare urmeaza rationamentul din cazul solutiei autorului.

Observatii. (1) In enuntul problemei conditia ca matricea A sa fie diagona-
lizabila poate fi inlocuita cu cerinta, mai putin restrictiva, ca valoarea proprie
A = 0 (dacé exista) a matricei A sa aiba multiplicitatea algebrica egala cu
cea geometrica.

(2) La aceasta problema 31 de studenti au obtinut punctaj maxim (10 punc-
te), un student a obtinut 9 puncte, un altul 8 puncte, iar restul studentilor
au obtinut intre 0 gi 6 puncte.
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Problema 3. Fie f : R — R o functie continuda. Sa se arate ca

4 3
/ fla(z— 3)2) dr = 2/ f(z(z - 3)2) dz.
0 1

Vasile Pop, Universitatea Tehnica din Cluj-Napoca, Romania
TIoan Serdean, Colegiul National ,,Aurel Vlaicu”, Oragtie, Romania

Solutia autorilor. Definim functia
g:[0,4 =R, g(z)=xz(x—3)>%
Avem ¢'(z) = 3(x — 1)(x — 3) si comportarea functiei g redatd in urméatorul
tablou:
z 0 1 3 4
g(z) | + + 0 - 0 + +
gz) | 0 4 N 0 4

Notam cu g1, g2, g3 restrictiile lui g la intervalele (0, 1), (1,3) si, respec-
tiv, (3,4), si fie hi, ho, hs inversele acestor restrictii. Astfel,

hi:(0,4) — (0,1), ho:(0,4) — (1,3), hs:(0,4) — (3,4)
si, pentru orice ¢ in (0,4),
x1 = hy(t) este solutia din (0,

a ecuatiei z(r — 3)2 =1t

0,1) ,
mo = ha(t) este solutia din (1,3) a ecuatiei z(x — 3)? =,
x3 = h3(t) este solutia din (3,4) a ecuatiei x(x — 3)? = t.

Utilizand schimbarile de variabile x = h;(t), i = 1,2, 3, obtinem

4 3
/ f(CC(CU - 3)2) dr — 2/ f(x(x — 3)2) dr =
0

1
1 3 4
= [ ftgnds = [ flo@nds+ [ flgo)do =
0 1 3
4 0 4
= [ [Crambwdes [ ramed-
0 4 0

4
:Afmmwwwwwww»m

Deoarece suma radacinilor ecuatiei z(z — 3)? = t este 6, rezulta
hi(t) + ha(t) + h3(t) =6 pentru orice t € (0,4),
deci
Ry (t) + ho(t) + h(t) =0  pentru orice t € (0,4),
ceea ce justifica egalitatea din enuntul problemei.
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Observatia autorilor. Deoarece ¢'(1) = ¢'(3) = 0, rezultd ca h)(4), h%(0),
h%(4) si h%(0) sunt infinite, deci integralele

4 4 4
Afwwwﬂ,éﬂmwmw,éﬂmwmw

sunt improprii, dar convergente pentru ca au fost obtinute din integrale pro-
prii prin schimbari de variabile.

Observatie. La aceasta problema 5 studenti au obtinut punctaj maxim (10
puncte), 2 studenti au obtinut 9 puncte, 1 student — 6 puncte, iar restul
studentilor au obtinut intre 0 si 5 puncte. Conform baremului de corectare,
un punct s-a acordat pentru remarca faptului ca integralele in raport cu
variabila ¢ sunt improprii convergente.

1
Problema 4. a) Sa se calculeze / (1 — t)™e" dt, unde n este un numdr
0

natural.
b) Fie k un numar natural fixat si consideram sirul (x,)n,>k definit de

n .
{ 1 1 1
i=k
Sa se arate cd sirul (zn)n>k este convergent si sa se afle limita sa.

Ovidiu Furdui, Universitatea Tehnica din Cluj-Napoca, Romania

Solutia autorului. a) Notam cu I,,, n € N, integrala din enuntul problemei.
Avem Iy = e — 1, iar pentru n > 1, integrand prin parti obtinem relatia de

recurenta I, = —1 4+ nl,_1, care implica
Iﬂ — _i + L , n > 1.
n! n! (n—1)!

De aici deducem

1, 1 1 1
n!:IO_ﬁ_a_ ol nzl
si astfel
1 1 1
—nl 1 - = _
In—n<e 1 1 3 n!)’ VneN.

b) Pentru a stabili convergenta sirului (z,,),>% aratam ca (zp)n>k este
monoton gi marginit. Obtinem imediat

_(n+1 oL 1 0
S ' A\ TR TR o b B
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deci sirul este strict crescator. Apoi, conform formulei Taylor cu restul La-
grange, avem

1 1 1 e?
=l4+—4—4- = — 9 (0,1
R TR TR B g DT €01,
ceea ce implica
1 1 1 e
0<e—1——=— = —...— — < .
¢ 12 nl = (n+ 1)
Astfel,

8

3

IN
1 3
ES
N\
T .
~__
—~

~.
+la
—_
=

IN
T| o
(]

—

e (1 N 1 . 1 < e?
kN0 (n—k)!) ~ kU
deci sirul este marginit. In consecinta, (zp),>k este convergent. Pentru cal-
culul limitei folosim rezultatul obtinut la punctul a), adica,

I -
Asadar,
noog. 1 1 n i—k
_ i) 1 it g L k.t (1-t)
i=k i=k
Cum . ' . -
. (-t~ 1—t (L—1t)" 1—t
1 = <
nir%o;_; G-kl > z_; G-k ¢ >
invocand teorema lui Lebesgue de convergenta dominata obtinem
. 1! ket 1—t e
nlingoxn—]d/o(l—t)ee dt_(k'Jrl)!'
Observatii. (1) O formulare echivalenta a cerintei punctului b) este urma-
toarea: Sd se arate cd
>~ (i 11 1 e
S (Y (et Lo SURE ) I
— k 12! i! (k+1)!
1=

(2) Pentru Problema 4 punctajul maxim (10 puncte) a fost obtinut de 9
dintre studenti, iar 6 studenti au obtinut cate 9 puncte.



PROPOSED PROBLEMS 33

PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of May 2018.

PROPOSED PROBLEMS

455. Let n > 2 be an integer. Determine the largest number of real solutions
the equation a1v/x + b1 + -+ - + apv/x + b, = 0 can have. Here ay,...,a, are
real numbers, not all zero, and b1, ..., b, are mutually distinct numbers.

Proposed by Marius Cavachi, Ovidius University, Constanta,
Romania.

456. Let f, g, h be non-negative continuous functions on [0, 1] satisfying the
inequality f(tz+(1—1t)y) > g'(z)h'~(y) for all z,y € [0, 1] and some (fixed)
1 1

t € (0,1). If, in additon, we have / g(x)dz —/ h(z)dxz = 1, prove that

n 0 0
/ f(x)dz > 1.
0

Proposed by George Stoica, University of New Brunswick, Saint
John, New Brunswick, Canada.

457. Let A,B € M,, (C) so that A2+ B>+ A— B =2(AB + I,,) . Prove the
following equalities:

a) Tr((A—B)(A—B+1,)) =2n,
b) det (A— B)(A—B+1,)) =2".

Proposed by Vasile Pop, Tehnical University of Cluj-Napoca,
Cluj-Napoca, Romania.

458. For a continuous and non-negative function f on [0, 1] we define the
Hausdorff moments

1
un::/ 2" f(x)de, n=0,1,2,....
0
Prove that
P2 10+ ot - B3 > 2pimgr g g n=10,1,2,....

Proposed by Cezar Lupu, University of Pittsburgh, Pittsburgh,
PA, USA.
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459. The faces of an icosahedron are colored with blue or white such that a
blue face cannot be adjacent to more than two other blue faces. What is the
largest number of blue faces that can be obtained following this rule?

(Two faces are considered adjacent if they share an edge.)

Proposed by Eugen J. Ionagcu, Columbus State University, Colum-
bus, GA, USA.

460. Let X be a set with at least two elements, and fix a,b € X, a # b. We
define the function f: X3 — X by

_Joaifz,y,z#a,
@y, 2) = { bifa € {z,y, z}.

Is there a binary operation * : X2 — X such that f(z,y,2) = (z *y) * 2 for
all z,y, 2z € X7

Proposed by George Stoica, University of New Brunswick, Saint
John, New Brunswick, Canada.

461. Let A, B € M, (R) so that A> = A, B> = B, and det (24 + B) = 0.
Prove that det (A +2B) = 0.

Proposed by Vasile Pop, Tehnical University of Cluj-Napoca,
Cluj-Napoca, Romania.

462. If f : [0,1] — R is a convex function with f(0) = 0 then prove that
1 1 1/2 1/2
= f(z)dx — f(x)dz | > / xf(x)dz.
6\ Ji2 0 0

Proposed by Florin Stanescu, Serban Cioculescu School, Gaesti,
Dambovita, Romania.

463. Prove that there exists ng € N such that Vn > ng the equation

1
+ 4+ 4
1+ 2+ n+x

has a unique solution in the interval (0, c0), denoted by x,, and that

=Inn

lim x, = a,
n—oo

where a € (0,1) is the unique solution in the interval (0, 1) of the equation

oo
x Zl @ = v, where + is the Euler constant.
1=

Proposed by Dumitru Popa, Ovidius University, Constanta,
Romania.
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SOLUTIONS

439. For every n > 1 let

L day dxidzs dxq---dz,
S, = + — 4.4 — " _Inn.
o r1+1 [0,1]2 VT172 + 2 [0,1]" V/T1 " Tn +n
Prove that the sequence (Sy),~, is convergent and, if S = h_)m S, € R, find
— n o

the value of the limit lim n (S, — 5).
n—0o0

Proposed by Dumitru Popa, Department of Mathematics, Ovidius
University, Constanta, Romania.

. . 1 2

Solution by the author. Let ¢ > 0. From the equality m—(l —q) = lq—ﬂ
we deduce
1

0< — —1+q¢<d¢ 1

S 14q 7=4q (1)
Let n > 1. For every (x1,...,2,) € [0,1]" by (1) it follows that
2
1 ATREEE ™ (C/xlfﬂn)
< ———1 <
0 - 1+ YTy Tn T n - n2 ’

n

and from (z1,...,z,) € [0,1]" we deduce

0 < 1 14 "ac1~--xn<1
T g MEra n ~ n?
n

Then, by integration,

1 Yxy- Ty, 1
Og/ ————dz;---dx —1+/ Y dxy---dx, < —
1" 1 4 ! 0,1 n oo

and, since by Fubini’s theorem,

1 n
L/ Gﬁh-~amdx1~-dxn=:</ﬂ'W5d$> Z:A“lrww
0.1]" 0 (1+3)

n
we obtain

0< — dzy-dy - -+ ——— < —,
_/[0,1]n Yy x, +n ! "o 2 (1_1_%)7