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Abstract. In this note we are concerned with the equation u”(t) =
= Vo(u(t)), t € [0,00), in a real Hilbert space H, subject to u(0) = uo,
sup,s |lu(t)|| < oo, where ¢ : H — R is assumed to be a differentiable
pseudoconvex function. Using a strategy based on an existence result for
the Cauchy problem associated with the above equation, we discuss in de-
tail two examples. A conjecture on existence and uniqueness for the above
problem is also formulated.
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1. INTRODUCTION

Let H be a real Hilbert space with scalar product (-,-) and norm || - ||.
Let ¢ : H — R be a (Fréchet) differentiable function, whose gradient at any
x € H is denoted V¢(x). Consider the problem

u’(t) = Vo(u(t)), te|0,00), (1.1)
u(0) =wuo, sup fu(®)] < oo,

where ug € H is a given vector. A vector function u : [0,00) — H is said
to be a solution of this problem if u is twice differentiable and satisfies (1.1)
(for all ¢ > 0) and (1.2).

In the case when ¢ is a convex function problem (1.1), (1.2) has been
solved long ago by V. Barbu in a more general context (see [1, p. 315]; see also
[2], [3] and the references therein for more general equations); more precisely,
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in this case, for all ug € H there exists a unique solution of this problem.
Recently, my colleague H. Khatibzadeh inquired me whether existence for
problem (1.1), (1.2) still holds if ¢ is a pseudoconvex function. To the best
of my knowledge this is an open problem even in the case H = R.

In this note we discuss some examples in the case H = R which confirm
the conjecture and might be appealing to people interested in differential
equations.

Let us first recall the definition of a pseudoconvex function: a differen-
tiable function ¢ : H — R is said to be pseudoconvez if

Vr,y € H, (Vo(z),y —2) 20 = ¢(z) < ¢(2), Vz € [,9],

where [z,y] is the segment connecting z and y (ie., [z,y] = {azx +
(I—a)y : a € [0,1]}). In other words, ¢ is increasing in any direction where its
derivative (gradient) is positive. It is easily seen that any convex differentiable
function ¢ : H — R is pseudoconvex (since ¢(z) —p(x) > (Vo(z), z—x)), but
the converse implication is not true in general. A nice property of any dif-
ferentiable pseudoconvex function ¢ is the following: * is a local minimizer
of ¢ <= V¢(z*) = 0. This property is very useful in optimization.

2. THE CAUCHY PROBLEM ASSOCIATED WITH EQUATION (1.1)

In order to discuss problem (1.1), (1.2) we need the following

Proposition 1. Assume that ¢ : H — R is differentiable and V¢ is a
Lipschitz operator on H. Then for all ug, vg € H there exists a unique
function u € C?%([0,00); H) satisfying (1.1) and u(0) = ug, u'(0) = vp.

Proof. As usual the Cauchy problem
u'(t) = Vo(u(t), te[0,00), (2.3)
u(0) = ug, u'(0) = vy, (2.4)

can be expressed as a Cauchy problem for a first-order differential system as
follows

< ,0) = (v, Vo(w). 25
(u,v)(O) = (UO,U()), (26)

where the operator in the right-hand side of (2.5) is Lipschitz on the product
space H x H. So for any T > 0 it follows by the Banach Fixed Point Principle
that there exists a unique solution (u,v) € C*([0,T]; H x H) of (2.5) on [0, T
satisfying (2.6). Since T' was arbitrarily chosen, we infer that problem (2.5),
(2.6) has a unique solution (u,v) € C([0,00); H x H). Therefore, the first
component u belongs to C2([0,00); H) and is the unique solution of problem
(2.3), (2.4). O
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In order to solve problem (1.1), (1.2) one can fix up € H and look for
some appropriate vg so that the corresponding Cauchy problem (2.3), (2.4)
have a bounded solution. This idea will be exploited in the next section.

3. EXAMPLES

We illustrate the previous considerations with the following two exam-

ples.
Example 1. Let ¢: H=R — R, ¢(r) = 2(%12) We have
, r I 1—3r2

Obviously, ¢ is not convex, but is pseudoconvex. In this case, problem (1.1),
(1.2) reads

P )
u'(t) = A u(D? t €[0,00), (3.7)
u(0) = uo, il>110) lu(t)] < oco. (3.8)

In what follows we will prove the following result.

Proposition 2. For all ug € R problem (3.7), (3.8) has a unique solution
u € C*®[0,00) := C*([0,00); R).

Proof. First of all, note that ¢ € C°(R) and ¢’ is a Lipschitz continuous
function. Therefore Proposition 1 is applicable to (3.7) and every solution of
this equation belongs to C*°[0,c0). Note also that if u is a solution of (3.7)
then —u is also a solution of (3.7). So we can assume ug > 0. In what follows
we discuss all possible cases.

Case 1: ug = 0, v/(0) =: v9 = 0. Obviously, the null function is
a solution to problem (3.7), (3.8). According to Proposition 1, this is the
unique solution.

Case 2: ug =0, vg > 0. Since vg > 0, it follows that the derivative of
corresponding solution w is positive in a small interval [0, 6], hence u(d) > 0,
u’(0) > 0. Since the equation (3.7) is autonomous, one can consider that
these conditions are satisfied at t = 0 and so Case 2 is similar to Case 5
below.

Case 3: uy = 0, vg < 0. Substituting u with —u we obtain Case 2
(hence Case 5).

Case 4: ug > 0, vg = 0. Since ug > 0 it follows from (3.7) that
u”’(0) > 0. So w” > 0 on a small interval [0,d] and hence v’ is strictly
increasing in [0,0]. Therefore, u(d) > 0, v/(6) > 0. This case is similar to
Case 5 below (since the equation (3.7) is autonomous).
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Case 5: ugp > 0, vg > 0. Let [0,a) be the maximal interval where
u > 0. By (2.5) it follows that «” > 0 in [0, a), hence v’ is strictly increasing
in [0,a). In particular,

u'(t) > u/'(0) = vy, Vte|0,a). (3.9)
Integrating (3.9) over [0, ¢] leads to
u(t) > up +vot, Vte[0,a). (3.10)

Note that a cannot be finite. Indeed, if we assume by contradiction that
a < oo, we derive from (3.10) u(a) > ug + voa > 0, hence v > 0 in [0,a + €]
for a small € > 0. This contradicts the maximality of a, so a = oo. Then,
it follows from (3.10) that u(t) — 400, as t — +o00, i.e., the boundedness
condition on w fails to hold.

Case 6: uy > 0, vp < 0. Note that if we multiply (1.1) by «/(¢), we
obtain

9 d
L@ = Lo, t20 (3.11)
Integrating (3.11) over [0, ¢] leads to
I ()1F = 26(u(t)) + [[voll* — 26(uo), > 0. (3.12)

In our specific case (3.12) reads

u2

"2
(u)* = 1+u2+C’ t>0, (3.13)
where C' := v —u3/(1 + u). In what follows we will discuss three subcases
of Case 6.
Subcase 6.1: uy > 0, vg < 0, C > 0. Let [0,a) be the maximal
interval where u > 0. Since C > 0, it follows from (3.13) that «' cannot
vanish, so u/(t) < 0, Vt € [0,a). We derive from (3.13)

o u?
u = - \/1+u2+C vt € [0,a), (3.14)

1472
1+C)r2+C
Since u(t) > 0, Vt € [O,a), we deduce from (3.15) that a < oo. It follows

that u(a) = 0, hence (cf. (3.13)) v/(a)? = C = u/(a) = —v/C < 0. So we
are in the case u(a) = 0, «/(a) < 0, which is similar to Case 3, hence u(t) is
unbounded.

which yields

dr=t, Vte|0,a). (3.15)

Subcase 6.2: uy > 0, vg < 0, C' < 0. Consider again the maximal
interval [0,a) where v > 0. Assume that u’ vanishes at some point t = b €
€ (0,a). Since (cf. (3.7)) v” > 01in (0, a), hence v’ is strictly increasing in this
interval, we have u(b+d) > 0, «/(b+ ) > 0 for a small 6 > 0. This implies
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that u(t) is unbounded (cf. Case 5). Because we are looking for a bounded
solution of (3.7), we need to see what happens if v/(t) < 0, V¢ € [0,a). Now,
if we suppose that a is finite, then u(a) = 0. u'(a) cannot be zero, because
u would be the null solution of equation (3.7), which is not the case since
u(0) = up # 0. Hence u/(a) < 0 and hence u(t) is unbounded (see Cases 3
and 5).

So we need to investigate the situation a = oo and v > 0,4 < 0
n [0,00). Note first that C > —u3/(1 + u3), hence C + 1 > 0. Since
u’ < 0 in [0, o), it follows from (3.13) that C + u?/(1 + u?) > 0, hence
u? > —-C/(1+C) > 0in [0 oo) Integrating over [0,¢] the equation (3.14)
(which is now valid in [0, 00)), we infer that

1+ 72 1472
t= \ A d t > 0.
/ 1+Cr2+c / V=C/(1+0) 1+0)r2+C r, vtz0

This is impossible since the last integral is finite.
It remains to investigate the following

Subcase 6.3: ug > 0, vg < 0, C' = 0. It follows from (3.13) that

u(t)

u'(t) = BN EYOT 0

(3.16)

for ¢ in the maximal interval [0, a) where u > 0. In fact a = 400, otherwise
u(a) = 0 and so u would be the null solution, which is impossible since
u(0) = up # 0. Since v’ < 0 in [0, 00), it follows that u is strictly decreasing
and therefore 0 < u(t) < ug for all ¢ € (0, 00).

Summarizing, we see that only in Case 1 and Subcase 6.3 we obtain
bounded solutions. More precisely, problem (3.7), (3.8) admits a unique
positive solution u for each ug > 0 and (changing u to —u) the same result
holds true for each ug < 0, while for ug = 0 the unique solution is the null
function. O

Remark 1. Moreover, for every ug > 0 (up < 0) the corresponding solution
u of problem (3.7), (3.8) strictly decreases (respectively increases) to zero
as t — oo. It suffices to examine the case up > 0 (the conclusion in the
case ug < 0 follows by changing u to —u). We already know that w(t) is
strictly decreasing and its values belong to (0,ug). Therefore, there exists
limy_,oo u(t) = wx, with u* € [0,up). In general, if this is the case for a
solution of the equation v’ = f(u), where f : R — R is continuous, then
f(u*) = 0. Indeed, by the mean value theorem, u(n + 1) — u(n) = u/(t,) =
= f(u(tn)), tn € (n,n+ 1), which implies the assertion. In our specific case,
see (3.16), f(u*) = 0 implies u* = 0. One can also derive this result by
integrating (3.16) and then analyzing the solution starting from .



6 ARTICOLE

Example 2. Let ¢ : H =R — R,

2
r>0
_ 2(1 2)’ -
o(r) = ¢ 214
5, r <0
We have
r >0,

r
)= T+rP
T, r < 0.
Obviously, ¢ is pseudoconvex, but not convex. In this case problem (1.1),
(1.2) reads

u’(t) = ¢’ (u(t)), te€l0,00), (3.17)
u(0) = uo, igg lu(t)| < 0. (3.18)

We have

Proposition 3. For all up € R problem (3.17), (3.18) has a unique solution
u € C*0,00) := C*([0,00); R).

Proof. Tt is easily seen that ¢ € C3(R) and sup,cp |¢"(7)| < 0o, hence ¢’ is a
Lipschitz continuous function. Therefore Proposition 1 is applicable to this
problem.

Denote again vg = u/(0). Assume that ug < 0. Then, for any vy € R,
the equation (3.17) with the initial conditions u(0) = ug and u/(0) = vy has
a unique solution u, which is given by

U + Vo
u(t) = 5 (¢!

where [0, a) is the maximal interval where u < 0. We also have
ug+vg 4 Vo — uoe_t

/
u(t) = e
In what follows we discuss three cases corresponding to ug < 0.

Case I: up < 0, up +vg < 0. The function u given by (3.19) satisfies
u =u" < 0in [0,00). So a = oo and u is the unique solution of (3.17)
satisfying uo(0) = ug, v/ (0) = vg. Obviously, u(t) = —oo as t — co.

Case IT: ug < 0, ug +v9 > 0. We have vg > 0 and u’ given by (3.20)
is positive in [0, 00), so u given by (3.19) is strictly increasing and u(t) — oo
as t — oo. It follows that there exists an a € (0, 00) such that u(a) = 0 and
u'(a) > 0. Therefore u(t) > 0, v/(t) > 0 in a small interval (a,a + ), where
u satisfies now the equation (3.7) (see Example 1). According to Case 5 of
Example 1 above, u(t) — oo, as t — oc.

—e ) +uget, Vte|0,a), (3.19)

. Vteo,a). (3.20)

Case III: ug < 0, ug + vg = 0. In this case the corresponding solution
is u(t) = upe™t < 0, t € [0,00), which is bounded (so this is a favorable case).
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Next we discuss all the other possible cases.
Case IV: ug = 0, v9 = 0. u(t) = 0, Vt > 0 (so this case is also
favorable).

Case V: ug =0, vy > 0. For a small § > 0 we have u(d) > 0, v/(§) > 0,
so u is unbounded (cf. Case 5, Example 1).

Case VI: ug = 0, vg < 0. For a small § > 0 we have u(d) < 0 and
u'(§) < 0, so u is unbounded (cf. Case I above).

Case VII: uy > 0, vg > 0. u is unbounded (cf. Case 5, Example 1).

Case VIII: ug > 0, vg = 0. Since u” > 0 is positive in a neighbourhood
of t = 0, v is strictly increasing in this neighbourhood, so u/(§) > 0, u(d§) > 0
for a small § > 0. Therefore, again v is unbounded (see Case VII or Case 5,
Example 1).

Case IX: ug > 0, vg < 0. This case is also a favorable one: the
corresponding (unique) solution u is bounded (cf. Case 6, Example 1).

The fact that v € C*°[0,00) for all ugp € R is obvious from what we
have done so far. a

Remark 2. From the above proof it follows that for ug > 0 (ug < 0) the
unique solution of problem (3.17), (3.18) strictly decreases (exponentially
increases, respectively) to zero.

It seems that problem (1.1), (1.2) has a (unique?) solution, provided
that ¢ : H — R is differentiable, pseudoconvex (not convex) and satisfies
reasonable additional conditions (e.g., the Lipschitz condition for V).
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Determining upper and lower bounds of a series of numbers
that involve arithmetic functions

Ovipiu Buicil)

Abstract. In this article we determine bounds for series written as Euler
products along verticals * = o + it, 0 = constant. Use of a form of
Kronecker’s theorem will be decisive.

Keywords: Arithmetic functions, series and products of numbers, uniform
convergence

MSC: 30B30, 11A25, 11M06

INTRODUCTION

Many series in which appear arithmetic functions can be written as
Euler products. This article aims to determine the lower and upper bounds of
such series (see Theorems 6-8). Another result of this article, viz., Theorem 9,
helps us to determine a lower bound for the Riemann zeta function ((s) with
Res > 1 (see Proposition 10). Some inequalities are derived from previous
results in Theorems 12 and 13.

The arithmetic functions that occur are:

e Mobius function
1, n=1

u(n) = (_1)k, n = pip2---Pk; P1,P2, " , Pk distinct primes
0, otherwise

e Riemann zeta function

=1 1
n=1 p prime p?

e sums of divisors
o(n) = Zd; oa(n) = Zda; T(n) = Z 1; o real or complex
dln dln din

e Fuler totient function

n
o(n) = Z’l; (" indicates that the sum is extended over those k
k=1

relatively p;ime to n)
e Liouville’s function
1, n=1
) ={ Cypensesssal] g

D Alexandru Mocioni High School, Str. T. Vladimirescu, No. 23, 307110 Ciacova, Jud.
Timis, Romania, ovidiu_julieta@yahoo.com
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e Dirichlet L-functions

oo
s, X) = Z XT(;L), o > 1, where x is a Dirichlet character.

1. PRELIMINARIES
In the proof of main results we will use the following lemmas:

Lemma 1. ([1]) If Res > 1 then

Z/J

n>1 prlmc
y- luir(n) u(n IT >
n>1 p prlme

¢P(s) = Z
n>1
Lemma 2. ([1]) If Res > 2 then

S (-

n>1 p prime
1
Z lu(n ’U <1+p-|; >
n>1 p prime p
o(n)
() Cls—1) =3 T2
n>1

Lemma 3. ([1]) If Res > 2 then

Z N(n};f(n) _ H (1 B pp—31> ,

n>1 p prime

3 [u(n)lp(n) 11 —1
ns | ps ’

n>1 p prime

Lemma 4. ([2]) We have the following Euler products:

—S

5‘1 IR ) [
p p

n>1

C(s)(s—a) = Z = H i —ps)gl — sy if o > max{1,1+Rea}.
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¢(2s) An) 1 .
¢(s) _Z ns _1;[1—1—17—8’ if o > 1.

X g
L(s, )—n>1 e _gl—x(p)ps’ if o > 1.

Lemma 5. ([3])(Kronecker) If 01,02, ... ,0, are linearly independent, a1, az,
.o,y are arbitrary and T and € are positive, then there exist a real number
t and integers hi, hs, ..., h, such thatt > T and

[tO, — hy — | <e, fork=1,2,... n.
2. MAIN RESULTS
Theorem 6. If o > 1 is a constant and s = o + it, then

aup |57 10T | _ g[S~ IO Ty

teR n® teR

n>1 n>1 p prime

and

g |57 70| _ e[S O] T gy

teR

n>1 n>1 p prime

Proof. From Lemma 1,

Zﬂ(n’i:(n) — H |1_2p75”

n>1 p prime
with

1— prs -1 propfit -1 2p70'efitlnp =14 2pfaei(ftlnp+7r).

We choose the numbers 6, = —% Inpg, k=1,2,...,n, where p1,po,...,
pp, are the first n primes. It is well-known that 6 are linearly independent
over the integers. If ¢ € (0, %), we take a1 = g = - = a = —%. From
Lemma 5 it follows that there exist a real ¢t and integers hq, ho, ..., h, such
that

’t@k — hg —Ozk‘ < %, k=1,n,
that is,

| —tlnpg + 7 — 2whi| < e. (2.1)
For this ¢ we have
1-2p,° =1+ 2p,;"ei(_“npk+”) =1+ 2p, 7 cos(—tInpy + 7)+
+2p, “isin(—tInpy + ),
so that
|1 —2p.°| > |14 2p; 7 cos(—tlnpy + )| = 14 2p, ° cos(—tInpy, + 7).
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The inequality (2.1) implies
cos| —tlnpg + 7| = cos| — tlnpy + ™ — 2mhy| > cose,
o)
’1 - 2p,;3| > 1+ 2p, 7 cose.
For a given € and n there exists a real ¢ (depending on ¢ and on n) such
that

n n
IT11 - 2% = T] (1 + 2p,° cose). (2.2)
k=1 k=1
As > 2p, 7 cose <2) n~7 = 2((0), the series converges uniformly on
[0, 5], hence the product [] (1 + 2p,“ cose) converges uniformly on this set.

E>1
Since ) 2p,* converges absolutely, it follows that the product [] (1—2p, )
E>1 E>1
converges. Hence, the product [] |1—2p, | converges. By Cauchy condition
E>1

for convergent products, there is a positive integer ng such that for n > ng
one has

l—e< ] n—2p%l<1+e,
k>n+1
and considering (2.2) we obtain

ZM ﬁ|1—2p‘5\ H 1-2p. %> (1—¢) ﬁ (142p, 7 cose).
kel k=1

n>1 k>n+1
(2.3)
It follows sup | > W > (1—¢) ]I (14 2p, 7 cose), and since the
teR |n>1 k>1
product [] (14 2p, “ cose) converges uniformly on [0, 5], we can let ¢ — 0

E>1
and pass to the limit term by term to obtain

sup ZM r(n) >H1+2p (2.4)
teR |737
Lemma 1 gives

> u(nz:(n) “TI1

n>1 p

From (2.4) and (2.5) we find

K —o
sup ———==|1+2p7).
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On the other hand, Lemma 1 also yields

[u(n)|7(n)
Y=o+ <[Ja+27). (2.6)
n>1 p p
We choose the numbers 0, = —5= Inpy, k = I, n, linearly independent
over the integers and € € (O, %), a; = a = -+ = a, = 0. From Lemma

5 it follows that there exist a real ¢ and integers hi, ho,...,h, such that
|t9k — hy — ak| < %, that is,

| —tlnpy — 27h| <e, k=1,n. (2.7)
For this ¢, we have
14+2p.° =1+ Qp;”efit npe — 1 4 2p, 7 cos(—tInpy) + 2p, “isin(—tInpy),
114 2p,°| > |14 2p, 7 cos(—tInpy)| = 1+ 2p, 7 cos(—tInpy).
Note that (2.7) implies cos | — tInpg| = cos | —tInpy — 2wh| > cose, so
n n
H |14+ 2p,.°| > H(1—|—2p;"cos5). (2.8)
k=1 k=1
By Cauchy condition for the product []|1 + 2p~*|, there is an ng such
p
that n > ng implies

l—e< ] n+2p%l<1+e,
k>n+1

and considering (2.8) we obtain

5 et H|1+2pk T 1+ 2% >

n>1 k>n+1

> (1—¢) H (1+2p,. 7 cose),

k>n+1
whence, just like above,
[p(n)|7(n) .
sup ZT >[[a+2). (2.9)
teR n>1 p

From (2.6) and (2.9) it results

sup Z lu(ir(n) = H(l +2p77).

teR ns
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From ||z1| — |22]|| < |21 — 22| and Lemma 1 it follows
p(n)r(n) 2 ’ 2 < 2 )
E —| = 1——|> 1—-—| = 1-—
n>1 ne lpT PPl 1;[ p? 1;[ pe
Hence
2 2
inf |3 #0)7(0) :ian'l— 2H<1— >
teR | = ns teR . ps . p°

The last product is obtained for s = o, so

. p(n)7(n) 2
(ST AT T (- 2 )
mt)> = =15
n>1 p
From ||z1| — |22]|| < |21 + 22| and Lemma 1 it follows

s 2l -2l-0-2)

n>1 p

2
1-—
p
hence

wpe () e

n>1
We retain from the equalities
14 2p,°] = |1+ 2p; % itpe| = |1 - 2peil-tlup—m)| —
= |1 —2p,° cos(—tInpy — m) — 2p, “isin(—tlnp, — )| =

= \/1 —4p, 7 cos(—tlnp, — ) + 4p,;2"

that one has

11+ 2p,°| = \/1 — 4p; % cos(—tInpy — ) + 4p; > (2.11)
Considering again the numbers 0, = —5-Inp; (k = 1,n), € € (0,3),
Q=g == qQp = %, from Lemma 5 it follows that there exist a real ¢

and integers hi, ha, ..., h, such that | — tlnpy — m — 27hg| < € (k = 1,n),
and cos | —tlnpy — 7| = cos | — tlnpy — m — 2mhy| > cose. From this relation
and (2.11), we have

114 2p, 7] < \/1 —4pl;‘7coss+4p,;2", k=1,n,
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whence
lu(n)|7(n) 2
D Al § L= =
n2l P (2.12)
- 2
gH\/1—4p,;"coss+4p];2" H 1+ —.
k=1 E>n+1 Py

Just like above we find that the product [] |1+ 2p~%| converges. By
P

Cauchy condition, there is an ng such that n > ng implies

1—-e< H 1—i—p2S <l+e.
k>n+1 k
From here and (2.12) it results
n
; W < kli[l (1 —4p; " cose +4p; > ) (1 +¢). (2.13)

Since | — 4p,? cose + 4p,;2"] =4p, 7| —cose +p,. 7| < 8p, 7, we have

> (—4pp7cose +4p )| <8 " p7 < 8¢(0),
k>1 k>1

so the series ) (—4p, 7 cose + 4p,:2”) converges uniformly on [0, 5], hence
E>1

n
the product [ (1—4p,“ cose+4p; *7) converges uniformly on this set. From
k=1

(2.13) it results

n

inf Z |u(n71]:(n) < H (1 —4p, 7 cose + 4p,;20)(1 +¢€).

teR
n>1 k=1

We can let € — 0 and pass to the limits term by term to obtain

inf > W = \/W: [T - 20, (2.14)
nz1 k>1 k>1

From (2.10) and (2.14) we find

) DAL I R
n>1 p
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Theorem 7. If 0 > 2 is a constant and s = o + it, then

ap [ A0 _ 50000000 T (221,

teR n>1 teR n>1 p prime

and

. u(n)o(n)| . un)lo(n)| p+1
imf > | =miy === (1‘ % )

n>1 n>1 p prime

Proof. Since
p+1
+

Zp: etl s absolutely convergent. It results that [ (1 + %) as well as

1
ps—l

5>

p

= 1_1+Zp{,s<<a—1>+<<a>,

1
S g
p p >

P E>1
I (1 — p’;—f) converge, hence [] ‘1 + p’;—fl‘ and [] [1- p’;—jl‘ converge,
E>1 k E>1 k E>1 k
too.
Taking into account these observations, the proof proceeds analogously
to the previous one. O

Similarly one can show the following

Theorem 8. If 0 > 2 is a constant and s = o + it, then

sup Zu(nz:f(n) =sup |y u(nzb\sp(n) -1 <1+pp—a 1>,

teR |37 teR |75

and

. pn)o(n)| . lw(n)|o(n)| p—1
D e i ) D e R U | (1‘ P >

n>1 n>1 p prime

Theorem 9. If (ap)n>1 is an infinite sequence of coprime integers larger
than 1, and s = o +it, P(s) = [[ (1 —a;®), with o constant, o > 1, then

E>1
inf |P(s)|™! = o)L
inf |P(s)| 7 = T+ ")
E>1

Proof. We choose the numbers 6, = —%lnak, k= 1,2,...,n. Since ay
are pairwise coprime, #; are linearly independent over the integers. For any
€€ (0, %), we take o1 = a9 = - = o, = % From Lemma 5 it follows that
there exist a real ¢ and integers hi, ha, ..., h, such that

3

10— — | < —,
t0r — a, — hy 5

k=1,n,
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that is, | — tlnay — m — 27hg| < e.
Since

1 a};s —1_ a;o—zt -1 alzaa;zt —1_ a};oe—ztlnak =1+ alzaez(—tlnak—w)’

one has
1 —a.® =|1+a;°cos(—tlnay — )+ ia, ° sin(—tInas — )|
> |1+a;%cos(—tlna, — )| =14 a7 cos(—tInay, — 7 — 2why)
>1+a, 7 cose,
so that
|1 —a.®|>1+a,“cose (2.15)
and

Zalzs < Z\agﬂ :Zalza < Zk_o =((0), o>1.

k>1 k>1 k>1 k>1
It results that kgl a;.” is absolutely convergent, therefore kl;[l(l —a,”) is

convergent. Hence the product [] |1 —a, ®| converges. By Cauchy condition
k>1
for convergent products, there is an ng such that n > ng implies

H 1—a. % —1| <e,

k>n+1

which is equivalent to

l—e< H 1—a®|<1+e.
k>n+1

Taking into accoount (2.15), we obtain

n n
[T1-a’l=T]=a;®- T] 1—a;®l = (1—e) [J(1+a;7 cose). (2.16)
k=1 k=1

k>1 k>n+1

From ) a, 7 cose < ((o) it follows that the series ) a, 7 cose converges
k>1 k>1
n
) %] , hence the product kl;[1(1 +a, 7 cose) converges uniformly

uniformly on [O
on this set. From (2.16) it results
1 1
[ == < ;
11— a;”l

(1—¢) I (14 a,? cose)
k=1




O. BuicA, BOUNDS OF SERIES THAT INVOLVE ARITHMETIC FUNCTIONS 17

for t previously determined. Therefore

1
inf < )

ter |P(s)| — (1—e¢) klill(l + a7 cose)

n
and since the product [] (14a, “ cose) converges uniformly, we can let ¢ — 0

E>1
and pass to the limit term by term to obtain
f 1 < 1
in .
terR [P(s)| = J](1+ a;’)

k>1

On the other hand, |1 —a,*| <1+a;“, so

1
inf > .
terR [P(s)| = J](1+ a;”)
k>1
In conclusion,
i 1
in = )
teR |P(s)] [I(1+a.%)
E>1

Proposition 10. For o = constant, o > 1 one has

: _ ¢(20)

Proof. Consider a; = pg, the kth prime number. So, for ¢ > 1, constant, we
have

[T(1-p.7)

. . 1 1 E>1 ¢(20)
inf |¢(s)| = inf — = — = = oo = .
L A (R R (TR B

O

Remark 11. |[((s)| < ((0), s = o + it and ((s) is obtained for s = o + 0 - ¢,
so sup [((s)| = ((o), where o = constant, o > 1.
teR

Theorem 12. If s = o + it then the following inequalities hold:

C20-2) o |¢=D| _ |y e)| o o-1)io) .
a) Clo—1)C(0) S‘ 40) ‘— |n§1 we | S ey o o> 2

b) §2) . LBo=2Red) < (5)¢(s — )| =

if 0 > max{1,1+ Rea};

Z Oa (Sn)

n>1

< ((0)¢(0 — Rea),




18 ARTICOLE

Co)  _ |¢@9)| _ | s At . .
©) o)) = ‘ | = |2 e | <o) o>
Q) S22 < | ¥ <o), if o> 1,

a@ = |2y

Proof. If we denote m, = }nlf& |¢(0 4 it)| and M, = sup |((o + it)|, for o > 1,
€ teR

o constant, from Proposition 10 we have m, = 45(2;)) and M, = ((0).
For ¢ > 2, arbitrary and fixed,

C(s—1) < My—1 ((oc—1)((0)

(s) | = me ¢(20) 7

and

(s =D)L mos _ (20 ~2))
C(s) |= My ((o—1)(0)
From these inequalities and Lemma 4 it results a).
For o > max{1;1 + Rea} arbitrary and fixed,

IC(s)C(s —a)| < My - My_Rea = C((0)((0 — Rea),

((20) ¢(20 —2Rea)
((@)  ((o—Rea)

‘C(S)C(S - O‘)‘ Z Mg * Mg_Rea =

so from Lemma 4 it results b).
For o > 1, arbitrary and fixed,

‘C(Qs) S Moo _ ((40)

C(s) | =~ My ((20)¢(0)’
¢(2s) My, — ((20) ”
‘as) S e o)) )

hence, from Lemma 4, it results ¢). Moreover, as for fixed o > 1 one has

42(20) —m2
¢%(0) 7

and from Lemma 1 it results d). O

<[C(s)I < M2 = (*(o),

Theorem 13. Ifo > 1 is a constant, s = o +it, and Re x(px) > 0 if k > 1,
then

((20) _ . x(n) 1
¢(o) =i = = 1l 1+p 7 Rex(p)

p prime
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Proof. Tt is known that x(n)?*) = 1 if (n,k) = 1 and x(n) = 0 if (n, k) > 1,
so that |x(n)| =11if (n,k) = 1. From |1 — x(p)p~*| < 1+ p~7 it then results

1 _ ((20)
ZHler“’ (o)

p

1
'1;[ 1 =x(p)p~*

From Lemma 4 it results the left inequality.
As a consequence of

1— Xlg?) —1_ X(p)pfaefitlnp -1+ X(p)pfo'ei(ftlnpfﬂ) _
=1+ Rex(p)p~? cos(—tlnp —7) — Im x(p)p 7 sin(—tlnp — m)+
+ i(Im x(p)p~7 cos(—tInp — 7) + Re x(p)p~ 7 sin(—tInp — 7))
we have
11— x(p)| > ‘1 +p 7 (Re X(p) cos(—tInp — ) — Im x(p) sin(—t1Inp — 7r))| )
Since

| Re x(p) cos(—tlnp — m) — Im x(p) sin(—tlnp — 7)]

< Rex(p)? + Imx(p)? =1

we obtain
[1—x(p)| = 1+p~7 (Re x(p) cos(—t Inp—7) —Im x(p) sin(—tInp—m)). (2.17)
We choose 0, = —5=Inpy, ag, = 5 (k=1,n).
From Lemma 5 it results that there exist a real ¢t and integers hy, ha,. .. ,hy

such that | —tInpy — 7 — 27hy| <efor 0 <e < 7.
Note that cos(—tlnpy — m) = cos(—tIlnpy, — ™ — 2mhy,) > cose and

—sine < sin(—tlnpy —7) =sin(—tlnpy, — 7 — 27hy) < sine

because —§ < —& < —tlnpy — 7 — 2why, < & < §, so it results that

I1—x()p | >1+p 7 (Rex(p)cose — |Im x(p)|sine) >0

and
1 < 1
11— x(p)p=*] — 1+p° (Rex(p) cose — | Im x(p)|sine)
Since ) x(pr)p,° converges absolutely, it follows that [] (1 — X(pk)p;;s)
k>1 k>1

converges, so [] |1—x(px)p;,°| converges, too. It results that [] ——+——
E>1 1 [1=x(pi)p}, °|

converges. By Cauchy condition, there is an ng such that n > ng implies

1
l—e< —_— < 1+e.
kll 1= x(p; |
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We obtain, for n and e given, a ¢ such that

i

n

S | e

- 1
<(1+¢) — —

kl;[l 1+ p, 7 (Re x(px) cose — [ Im x(py )| sine)

so that
1 - 1
inf ——— 1 < (1+4¢) — —.
teR I};[l 1 —x(pr)py,° k;l_[l 1+ p, ?[Re x(pr) cose — | Im x(py )| sin €]
From

S 17 (Re x(py) cose — | Im x(py,)| sine) | <
k>1

< VI Rex(pR)P + [Tmx(p)2 = > pp” <C(o

k>1 k>1

it results that the product [] (14 p. 7 (Re x(px) cose — | Im x(py)|sine) con-
k>1

verges uniformly on [0, 2] We can let ¢ — 0 and pass to the limit term by
term to obtain

1
inf H P —— < = .
teR ior L= x| sy T py” Rex(pr)

|

Remark 14. y is completely multiplicative, therefore x”* is completely mul-
tiplicative, so, from [2, Theorem 11.7] it results that for o > 1 one has

X"(n) 1
o Vi T

n>1 p prime

Just like before it results that, when k£ > 1 and m is positive integer
such that Re x"(px) > 0, one has

with o constant.
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Twice Fréchet differentiability of some functions on R”
DuMITRU Popal)

Abstract. We give necessary and sufficient conditions for the function
f:R™ — R defined by
2l gon .
— if (z1,...,2n) # (0,...,0)
) N\ i
fzy,... zn) = H (xfﬁz +...+xiﬁl)

- 0 if (z1,...,20) = (0,...,0)
to be twice Fréchet differentiable at (0,...,0).
Keywords: twice Fréchet differentiable, mixed partial derivative
MSC: Primary 26B05; Secondary 54C30.

The Fréchet differentiability is a fundamental concept in analysis, see
[1]. There are standard examples of functions f : ]R2 —-R Which are continu-
ous at (0, 0), for which there exist the derlvatlves (0 0) (0 0), but which
are not Fréchet differentiable at (0,0). As the author knows in the literature
there does not seem to exist a standard example of function f:R? =R for
which the derivatives 8—f (0,0), aa;gy (0,0) = ayaj; (0,0), 3 f (0,0) exist but
f is not twice Fréchet differentiable at (0,0). For dlﬁerent examples see [2].
The main purpose of this paper is to find necessary and sufficient conditions
for some functions on R™ to be twice Fréchet differentiable at 0.

1. PRELIMINARY RESULTS
Let n be a positive integer. If z = (z1,...,2,) € R” and 1 < p < o0,
1
we consider [|z|, = (|z1" + -+ [|2,[")? and |z]|,, = ax |z;]. We will

use sometimes the notation 0 to denote the vector (0,...,0) € R". By defi-
nition, a function f : R” — R is twice Fréchet diﬁerentlable at 0 if and only

if there exist 8f —y e 8x : R” — R and the mapping f’ : R™ — R™ defined
by f'(z) = (%, cee %) is Fréchet differentiable at 0, which is equivalent

02 .o
0O 8J;j (O)a 1 S 2] S n, and

1)Department of Mathematics, Ovidius University of Constanta, Bd. Mamaia 124,
900527 Constanta, Romania, dpopa@univ-ovidius.ro
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lim Hf/(x)_f,(‘o)_f”(o)(x)lb = 0, where f”(0) = ( oy (0)) is the
1<i,j<n

20 Eis Ox;0x

Hessian matrix, see [1]. All notations used in this paper are standard, see [1].

Proposition 1. Let n > 2, m be positive integers, 1 < pi,...,pm < 00 and
a, ai, ..., Gy be real numbers. If a > ay + -+ + am + 1, then
(el - 2l )™
im an =0
w=0 [zl - -l [l

Proof. Let x € R", x # 0. We have

a

(el -l )"

2l - - Nl 1l

a al am
_ <Hx”p1 |l ||pm> " ]| [EdIP | —(a14-+am+1)
2zl [l 11, 11y, ?

But, for 1 < p < oo there exist Ay, (p), B (p) > 0 such that A, (p) < ”xnp <
2
< By (p) (this is a standard result, see [1]; this follows from the well known

(0%
result that on R"™ two norms are equivalent). Then (Hrllp) < Cp (o, p),

llllo
where
[Bn, (p)]* ifa>0
Cy (a,p) = lifa=0
[A, (p)]* ifa<0
Then

(H-’E||p1||:6||pm>m s a (a1 +am+1)
oo o < |11 Cn (m) Cn (anp) | 2l
P

i=1
(1.1)
Since a > aj + - -+ + ap + 1 it follows that hm |5~ (ar+-tamtl) _ 0, which
combined to (1.1) proves Proposition 1. O
Proposition 2. Let n, m, aq, ..., apn, B1, ..., Bm, n > 2 b positive
integers, Y1, ..., Ym be positive real numbers, ; : R - R (1 <i <n)
Vi (21,0 @) = 2t T 1:02??11 R

Then
al+-Fan—1
s @1, o)l < (ellag, - ollas,,)
Proof. Let x = (z1,...,2,) € R". We have

Vi (z1, - @n)| = o[ o [ \iﬂi\ai_l @i |
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and let us note that |z1] < ||zflgg,, -, [a] < [[2]lgg,- If @i —1 # 0 we have
that

. 1 . ot vy —
(Wi (21, - )| < Jaflga T Qb g oy etan =]

andifa; —1=0

Wi (z1, @)l = o™ i M g [ ]
< ”xHgéé;i‘"'+ai—l+04i+l+“‘+an
= lallog,
us |V (x1,...,Zn)| < ||z "7, Similarly we obtain
Th < Jl)|gaF ! Similarl b
i (1, )| < llSg T s (s )| < 5T

which by multiplication gives us

aljt+-Fan—1
m

i )l < (olys, - las,)

2. THE MAIN RESULTS

The next proposition is the main result of this paper. It is a natural
addition to Proposition 2 in [3].

Proposition 3. Let n, m, a1, ..., apn, B1, ..., Bm, n > 2 be positive
integers, Y1, - .., Ym be positive real numbers and let f : R™ — R be defined
by
(L'al e l'a’ﬂ .
— L = if (x1,...,2n) #(0,...,0)

] A\ Vi
=1
0 if (x1,...,2y) =(0,...,0)

Then:
(i) f is continuous at (0,...,0) if and only if
a4t > 2817 + -+ 28mme
(i1) f is Fréchet differentiable at (0,...,0) if and only if
g+t an > 267+ 4 200 m + 1
(iii) f is twice Fréchet differentiable at (0,...,0) if and only if
a1+t an > 267+ 4 20 m + 2.
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Proof. (i) and (ii) were proved in [3, Proposition 2]. Moreover, f’(0) = 0.
(iii) Let & = (z1,...,7,) € R" and define Sy = 277 + -+ + ;% = [[]35"
for 1 <k <m. Let 1 <i<mn. For all (z1,...,z,) # (0,...,0) we have
Of _ iz, an) (i1 Sm — 2T5)
ox; SlH"Vl e S%:"’Vm ’

(2.2)

where

. _ ar QG —1 Oél—l 057,+1”. Qo
Vi (71, 7)) = 27 Tio1 Ty Tigg Tn's

T; = ﬁmxfﬁlSz oSy + ﬁ2’¥2$?625153 oS+ 5m’ymm2ﬁm51 St

ifmZZandTi:Byhx?ﬁl fm=1

Let us suppose that f is twice Fréchet differentiable at (0,...,0). We
prove that 5 f (0) =0,1<14,7<n.

Case n = 2. In this case for (x1,z2) # (0,0) we have

Of @ T ad? (0SS —2T0) O a'af ! (0SS — 2Th)

Ox1 Sl+"/1 o Sl+’Ym ’ Oxs Sl-&-% . _Sl+'Ym

and (O 0) = 8:c (0,0) = 0. Then 2 M L (21,0) =0,Vz; €R; 8:02 (0,z2) =0,
Vs € 'R which gives us % (0,0) = 4 (0,0) = 0.

Ifa;—1+#0 then 2 d (0 x9) = O Vajg € R from where aaaxl (0,0) = 0.

If a; —1 =0 then 2 6 L (0,29) = 252~ (@Bryat+2mym), VJ: E R.
If iy — 1 # 0 then 2 872 (1,0) = 0, V1 € R from where ax 8@, (0,0) = 0.

If ag — 1 =0 then 6671]"2 (CU]_,O) — x?l_(25171+~..+25m7m)’ \V/'T]_ cR.

We have the following cases:

a) a1 —17# 0 and ag —1 # 0. In this case 5~ afx (0,0) = amaml (0,0) = 0.
b) a3 —1 # 0 and a2 — 1 = 0 (respectively a3 — 1 = O and ag — 1 # 0).
In this case we have 8zgdm1 (0,0) = 0 (respectively d 8902 (0,0) = 0). Since
f is twice Fréchet dlfferentlable at (0,0) by Schwarz’s symmetry theorem,

8x1812 (0 0) 8:02(9931 (0 0) 0.
c)ag —1 =0 and ag — 1 = 0. In this case we have W(O x9) =
— wé_(261’71+"'+25m"/7n)’ 8f (m 0) 1 (26171+ +2ﬁ'm'77n) d

7 (0,0) = 1m b Om) 55 00) L _
8:(}26.’131 ’ xro—0 ) zg—)() :L,2:81’71+ “+2BmYm
of
82f (0,0) = lim Oz (21,0) - dzz (0,0) = lim L =00
(93318562 ’ zr1—0 Tq ;(:2—)0 x25171+ “+2Bmym

so this case is impossible.
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Case n >3. Let 1 <i<n. Fort € R we have

of
5 (000, 0,0,0) =0
which gives us gi{ (0,...,0) =0. Also
of
520 5,0, t 0,...,0)=0
J

for j # i (since n > 3 there exist 1 < k < n with k # 7 and k # j
such that the kth position of the vector (0,...,0, t ,0,...,0) is 0, so

J
¥;(0,...,0, t ,0,...,0) = 0) which gives us that 82_2(;; (0,...,0) = 0.
J
Since f is twice Fréchet differentiable at (0, ...,0),

o I @)= £0) = 7" (0) @),

2—0 [l

=0,

where f”(0) = ( o1 (O)) Thus, lir% Lr @l _ g,
T—

dz;0z; [zl
: o 1@l -

Since |||l < Il £ V-]l we deduce J}E)W = 0 and this

implies, in particular,
"ty

fi 1o B)llee _
t—0 |t]

Let 1 <7 < n. From (2.2) for each t € R, ¢t # 0, we have

8f (t t) _ no; — (251’)/1 4+t 2ﬂm'}/m> ,tOC1+"'+Oén—251%—"'—25m’ym—1
8$i ooy n1+71+"'+7m .

We show there exists 1 < i < n such that na; — (26171 + -+ + 2B8mym) # 0.
Otherwise, if na; — (26171 + -+ + 2B8mym) = 0 for all 1 < i < n we get, by
summing up, that a; +- -4+ a, = 26171 + - - + 28mYm which contradicts (i).
(We supposed f is twice Fréchet differentiable at 0, hence f is continuous at
0.)

Let I = {1<i<n|na;— (26171 + "+ 2Bm¥m) # 0} which, as we
proved is non-empty. Since

of
81‘1'

(t,...,t)=0,Vie{l,...,n}\ I,
we deduce

Hf’ (t,...,t)HOO = max

" 1<i<n

gf (t, o ,t)' =M ’t|0£1+---+06n*2,81’71*"'*Qﬁm’ym—l :
L
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where M = —bees max [na; — (28171 + -+ + 2BmYm)| > 0. Then,
3

||f/ (ta ‘t‘ 7t) Hoo - M ‘t‘a1+~~'+an—251’yl—"'—25m7m—2
so lim || T Fen=20m = =20mym=2 _ (which implies
t—0

ot o >20m -+ 20mm + 2.

Conversely, let us suppose that a1 +- - -+ ay > 26171+ - -+ 28mYm + 2.
Let = (1,...,2,) € R", 2 # 0. For all 1 < i < n from (2.2) we deduce

< ‘wl ("171,...,15”)’

ox; S%'Ml . S}n""y” '
. 2 2 2Bm 2Bm 2 2Bm
Since 27" < ||z[l350, ..., 27 < [|lz]30m we get Ty < L [|z[l535! - |2 [15357

where L, = B171 + Boy2 + - - - + BmYm. From Proposition 2 we obtain

_ (@t 2Ln) (el - 2],

— 2 2
[ [ i

of
8([31'

Then

aj+-tap—1

17 @ = Olly (2l s, )

= Hm- 2 2
EP [ [ e [E 8

m

n 3

where K, = (Z (i + 2Lm)) .
i=1

Since a; + -+, — 1> 28171 + -+ + 28 ym + 1 from Proposition 1

we have
ay+-Fan—1

(hellag, -+ olas,, )

im 5 G =
w20 - lallgan ™ Nl
and thus lin% W = 0, i.e. f is twice Fréchet differentiable at
xr— 2
(0,...,0) and f”(0) = 0. O

From Proposition 3 we obtain the next corollary which is an additional
result to [3, Corollary 4].

Corollary 4. Let n > 2 be a positive integer and f : R™ — R defined by

L1T2 " Ty .
Flan,. . a)= (a2 + - +a2) (af +- +ab) (@) # 0,50
0if (x1,...,2n) =(0,...,0)

Then:
(i) f is continuous at (0,...,0) if and only if n > 7.
(ii) f is Fréchet differentiable at (0,...,0) if and only if n > 8.
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(iii) f is twice Fréchet differentiable at (0,...,0) if and only if n > 9.
Another particular case of Proposition 3 is the following

Corollary 5. Let o, B be positive integers and let f : R? — R,

zoyB
0 if (z,y) =(0,0)
Then:
(i) f is continuous at (0,0).
(ii) f is Fréchet differentiable at (0,0) if and only if a + 8 > 3.
(iii) f is twice Fréchet differentiable at (0,0) if and only if o+ B > 4.
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We present in the sequel the statements and solutions of the problems
pertaining to Sections A and B of the contest.

Section A

Problem 1. Let n > 2 be an integer. Prove the equivalence of the following
statements:

i) Every element of Z, can be written as a product of an idempotent
element and an invertible one.

ii) n is squarefree.

Cornel Baetica

Solution. ,,=”: Suppose n is not squarefree. Then there is a prime p such
that p? | n. Suppose we have p = @ - é in Z,, 4 being invertible and é
idempotent. Let © = @~'. Then (vp)? = vp, and thus p? | n | vp(vp — 1).
Since ¢ is invertible, (n,v) =1, so p{wv. Thus, p | vp — 1, contradiction.
,,<=" If n is squarefree, it can be written as p; - - - ps, where py,..., ps

are pairwise distinct primes. We then have the ring isomorphism
0Ly = L, X+ XLy, ola+nZl)=(a+piZ,...,a+psZ),
and for each a + nZ € Z, we may write
a+nZ = Y by +piZ,,...,bs + L) ter + DT, ... e5 + psZ),

a ifpita 1 ifpita
1 ifpila and & = 0 ifpi|a
of the product is invertible and the second is idempotent, we are done.

where b; = . Since the first factor

Problem 2. a) Let p > 3 be a prime number and let A € M,(C) be such
that tr(A) = 0 and det(A — Ip) # 0. Show that AP # I,.

b) Show that for every composite number n > 4 there is A € M,,(C)
such that tr(A4) =0, det(A — I,) # 0, and A" = I,.

Moldovan Bogdan, Vasile Pop
Solution. a) Let us denote by 4 the minimal polynomial of A and by Py

the characteristic polynomial of A. Suppose AP = I,. Then puy | X? — 1.
Since det(A—1I,) # 0, pa | XP~1+XP~2+...+1. Since p4 and P4 have the

p—1

same roots, we derive that P4 = H(X — ") where € = cos 2?” + ¢sin 2?”,
k=1
p—1 p—1

ap € N, and Zak = p. Then Zakgk = tr(A) = 0, and therefore ¢ is a
k=1 k=1

root of Zz;i ap Xk 1 But f = XP~1 4 XP=2 ... 4+ 1 is irreducible over Q,
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p—1

so it is the minimal polynomial of € over Q. We derive that f | Z ap Xt
k=1

whence oy = ag = -+ - = a1 = 0, contradiction.

b) Let n > 4 be composite. Let p be a prime factor of n, and ¢ = %
Since n is composite, ¢ > 1. Let & = cos 2% "+ isin 2%, § = cos X + isin 2?”,
and

el, 0 ... 0
0 odel, ... 0

A= la € M,(C).
0 0 ... deP7lI,

We then have:
tr(A) = (1464 + 6P 1)ge = 0,

det(I, — A) =[(1 - 5)(1 —6g)--- (1= 5p—18)]q

pq(p

=0 (5—1)(6—5_1)---(5—51_p)

P(I(P 1)

=46 2z ( P — 1) 7é 07
and, obviously, A" = I,,.
Remark. In the particular case when n = 5 the problem was given at
the final stage of the National Olympiad, XI-th class, 2015, problem 2 (see
onm2015.ssmr.ro/subiecte).

Problem 3. Show that the least positive constant C' such that the inequality

/oa I Froa® / Fa

holds for every a > 0 and every continuous function f : [0,00) — (0,00) is
C=2

Eugen Paltanea

Solution. Let a > 0. We first notice that

x 1
lim — = e R,
2NO [ f()dt f(0)

so the integral fo T f 74z is convergent.

For every z > 0 the Cauchy-Schwarz inequality yields

2
1'4 T t x T t2
=l (i) ] = (f row)- () )

and thus
e 4 ( Wdt>
fo ft)dt = z? f(®)
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: ot/ fdt g Jo 2/ f(®)dt
Since il{f(l] - = 370 € R Jo

thus write

[ et = [ (L g) o= ([ o)
:2/0“ft(2)< —a>dt /(1tdt

Therefore, the required constant is at most 2.
On the other hand, let C' > 0 be a constant such that the inequality in
the statement holds. Using the given inequality for f(z) =z + 1, we get

fO Jo( tj—l)dt de

dx is convergent. We may

— 9 lim log(a +2) —log2

C > i
= a5 dz a—oco  log(a+1)

a—0o0

pr— 2’
f(] T+1
and this completes the solution.

Problem 4. Let m,n be positive integers and let K be a field. Prove that:
a) There are nonzero ring homomorphisms from M,,(K) to M, (K) if and
only if m <mn.
b) There are unitary ring homomorphisms from M,,(K) to M, (K) if and
only if m | n.

Cornel Baetica

Solution. Let f : M, (K) — M, (K) be a ring homomorphism. We denote
by FE;; the m x n matrix which has as its only nonzero entry a 1 on the ith
row and j* column. Let us start with a few remarks:

1. For every ¢,j € {1 2,... ,m} we have f(EZ])f(E]J)f(E]Z) = f(E“),
so rank f(Ej;) < rank f(Ej;).

Swappmg roles for i and J, we get rank f(Ej;) = rank f(Ej; ).

2. f(Ey),i€{1,2,...,m}, and f(I,,) are idempotent, thus they are
diagonalizable, and they only have eigenvalues equal to 0 or 1.

3. f(Eu),i€{1,2,...,m}, and f(I,,) commute pariwise, so there is a
basis with respect to which all of them are diagonal.

Let us denote by A\ix, k € {1,2,...,n}, the eigenvalues of f(F;;) and
with g1, pa, . .., iy, the eigenvalues of f(I,,).

m

a) “=" We have Zf(E”) = f(In). Switching to diagonal forms, we
i=1
get
> diag(Ait - -, Ain) = diag(p, - .., fin).- (0.1)

Since all the A’s and the u’s are in {0,1}, we derive that for every
k€ {1,2,...,n} all the numbers g, Aok, . . ., Api are zero, with one possible
exception which is then equal to 1. Since f # 0, f(I,,) # 0, the (common)
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rank of the matrices E;; cannot be zero. Thus, each term in the left hand
side of relation (0.1) is at least 1. Therefore, m < rank f(I,,) < n.

“<” Let m < n. Then f : My (K) — Mn(K), f(A) = ( oy )

obviously a nonzero ring homomorphism.

b) “=” If f is unitary, then Zf(E”) = I,. Switching to diago-
i=1

m
nal forms, we get Zdiag()\ﬂ,...,/\m) = I,. Reasoning like above, we
i=1

m
get for each k € {1,2,...,n} the relation Z/\Z-k = 1, which yields mr =

i=1
m n
g g ik, = n, so m | n.

i=1 j=1
“<” Let m | n. Then f: My, (K) — M, (K) defined by

)
A o ... 0
=] O A 0
0 o ... A

is obviously a unitary ring homomorphism.

Section B

Problem 1. Determine the minimal value of the integral I( f f r))%dx
on the set of polynomials f of degree at most 2 for which f ( )= 1.

X 3k ok

Although this was considered an easy problem, it turned out to be a suitable
one since it contains ideas from three domains which are taught in the first
year of university classes: mathematical analysis, analytic geometry (conics
and quadratics), linear algebra (the distance from a vector to a linear variety
in an euclidean space). We present four solutions to this problem. In the
first three of them, we let f(z) = ax® 4+ bx + c,a,b,c € R with f(1) = 1, that
is a + b+ c=1. Note that we have that

2
/f2 2+ bz—i-c + ab+3ac—|—bc

Solution 1. A first analysis of the problem leads to a problem of conditional
extremum, the minimum of the function

1 1 1 2
¢:R> =R, ¢la,b,c)= ga2+§bz+62+§ab—l— gac—l-bc,
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with the condition a + b+ ¢ = 1. We apply Lagrange multipliers method by
considering the function
d:R* =R, ®(a,b,c,\)=o¢la,bc) = Na+b+c—1),
for which we determine its stationary points from the relations
8@_8@_8@_8@_0
da  Ob  Oc  ON
which leads to the system of equations

2 1, 2
a4+ b+ Zc—A=0,

po3 8

fa—i-gb—i—C—)\:O,

§a+b+20—)\20,
a+b+c—1=0.

\
This system has a unique solution

10 8 1 2
= — b = — — = — )\ = —.
“=3 373" 9
The calculation of the second differential of the function ® shows that the

10,.2__ 8

polynomial fo(z) = 5 2°— 3 10_8

z+ %, with the condition 5 — 35+ % = 1, realizes
the minimum of the function ® and the minimal value is fol( fo(z))?dz = 3.

Remark. The geometrical interpretation of this method is the following;:
the quadratic form ¢(z,y,z) = %1‘2 + %yz +22 4 %:Uy + %mz + yz is positively
defined. This can be verified using the Sylvester criterion for the matrix

1 1 1
R
A, = = = =
e
|
3 2

For any m > 0, large enough, the surface S : ¢(z,y,2) = m is an
ellipsoid with center 1(0,0,0) which intersects the plane P:x+y+2 =1 at
an ellipse. The problem asks for finding m such that the surface .S is tangent

to the plane P, that is, the ellipse reduces to a point. The condition of being
9¢

oy

9
tangent is grad o L P or %ﬁ == % and x +y + z = 1, that is the same
system obtained by the method of conditioned extremum.
Solution 2. The condition a + b+ ¢ = 1 allows passing to a problem of free
extremum with two variables by replacing ¢ =1 —a — b. We have

1
8 1 5 4
I(f) = 2hbr+1—a—bPdr= —a’+ b’ +Zab—-a—b+1
(f) /O(aa: + bx + a—b)*dx 50 —|—3 +6a 30 +1,

so we have to determine the minimum of the function g : R> — R, g(a +b) =

I(f). The critical points verify the system % = % =0, that is
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16 5 4
ERCE ]
%a + §b =1,
with the unique solution a = %, b= —%. The second differential for function
g is
d?g = faguaf +2 (,f gbdadb + g;(db) 6(da)2 fdadb + = (db)
which is positively defined (because A= (%)2 -¥.2c O) It follows that

the polynomial fo(z) = 2% — 22+ 1 is a point of minimum for the function

g and the minimal value is I(fy) = El).
Remark. The geometrical interpretation of this method is the following:
the quadratic form

1 5
U
(x,y) = IR +Sy + ey

is positively defined. The equation

i —i—l +5x —%x— +1=
150 T3Y Tt Tt YT

is an ellipse with center at (zo,y0) = (&, —%) for m large enough, a point if

m = my, and the empty set if m < mg. The problem asks to determine my.

Solution 8. Similarly to the previous solution we have to determine the
minimum of the function

8 1 ) 4
h:R* =R, hz,y)=—2*+ ¢+ -ay— -z —y+ 1.

15 3 6 3
We apply Gauss method for reducing to canonical form of a conic h(x,y) = m.
We have

M) = 8 (pi 2 52+1 +82+1 1

T 9,2 il 2 z

KT 32 7 4) T 198 5) To g

and the eqt;ahty is obtained for Y—|—3—Oand x—|—32y—7—0 that 1s:v—§
and y = —3.

Solution 4. We consider the euclidean space R[z] with the inner product

1
mzéfwmwm

Vi = {f € Rla] | gradf <2, f(1) = 1}

is a linear variety:
Vi={a(x—1)2+bx—1)+1|abeR}=1+1j,
where Vy = Span{z — 1, (z — 1)?}. The problem asks for finding the minimum

of the norm )
HfWZAJW@M

in which the set
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for f € V1, which represents the square of the distance from 0 to V1. We have
Gla—1@-1%-1) G
Cla-1L@-17 G

where by G we denoted the Gram determinants. A calculation shows that

d*(0,V1) = d*(0,1 + Vo) = d*(-1, V) =

1 1 1
s 7 5 11
o S 04 A 1 |3 1|1
! 4 5 3| 3.5.16 2= 11 3.5.16’
1 _1 1 4 5
2 3
and%:%

Problem 2. Let A € M3(R) be a matrix with the property that A3 = A+1T;.

(a) Show that the matrix A is invertible and determine its real eigenvalues
with one exact decimal.

(b) Show that det A and det(A — I3) have the same sign.

(c) Show that the function f : R? = M3(R) — R, f(X) = det(AXA™!),
is differentiable and determine its critical points.

Alina Nita

A version of this problem was given at International Mathematical Con-
test for University Students, Budapest, 1999, problem 1, day 1, and the prob-
lem was about proving the existence of a real matrix of order n > 2 which
verifies the given relation and showing that such matrices have strictly posi-
tive determinant (see www.imc-math.org.uk).

Solution. (a) The given relation is equivalent to A(A? — I3) = I3, which
shows that det A # 0 and A™! = A2 — I3. The eigenvalues of A verify the
equation A> = A\ + 1. The polynomial g(x) = 23 — x — 1 has one real root
and two conjugate complex roots. We have g(1) < 0 and g(2) > 0, hence
the real root is between 1 and 2. We deduce that it is between % and
%, so r1 = 1.3. Since the characteristic polynomial has degree three, the
eigenvalues are \; = Ao = A3 = x1 or A\; = 1 and A9, A3 are the other two
nonreal roots of the polynomial g.

(b) Let A1, A2, A3 be the eigenvalues of A. We have det A = A; - Aa - Aa.
It A1 = Ao = A3 = 21 > 0 it follows that det A = :z:‘rf >0 If \{ = a1
and A3 = Ao we have det A = x1 - A\g - A2 > 0. The matrix A — I3 has the
eigenvalues \; — 1, A9 — 1, A3 — 1.

When A\; = A2 = A3 = 21 we have det A = (21 — 1) > 0 and, when
Al =21, A3 = )\72 we have det(A — I3) = (.%'1 — 1)()\2 — 1)()\2 — 1) > 0.

A different method is writing the relation in the equivalent form
(A —I3)(A% + A+ I3) = A, whence

det(A — I3) - det(A? + A+ I3) = det A.
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Since
det(A? + A+ I3) = det(A — el3)(A — EI3) = | det(A — eI3)|* > 0,

where €2 + ¢ + 1 = 0, we obtain the conclusion.
(c) We have f(X) = det A-det X - det(A~!) = det X, hence

T11 T12 T13
f(z11, 212, 713, 21, T2z, T23, T31, T32, T33) = | T21 Te T23
T31 32 33
The critical points are defined by the relations % =0,ij € {1,2,3}.
By differentiation we get % = A;j. The critical points are the matrices X
ij
for which A;; = 0,4,7 € {1,2,3}, hence the matrices which have rank zero
or one.

Problem 3. Let n > 0 be an integer, let 75, be the Taylor polynomial
associated to the cosine function at 0

ntl oy w2
T2n($)=;(—1) @k —2)

and let

© Ton(x) — cosx
In = /(; —w2n+2 dz.

1
(2n+1)(2n)

(b) Calculate I,, using that / ST G = g
0 T

(a) Prove that I,, = — I,_1,n>1.

Ovidiu Furdui
Solution. (a) We integrate by parts twice and we get that

I _ Ton(w) —cosw |~ 1 /°° T (z) + sinxdx
" (2n + 1)z2ntl 2n+1 /g p2ntl
_ 1 /°° Tén(x)+sin:17d$
2n+1 0 l’2n+1
_ T3,(z) +sinz 1 /°° Ty (x) + cosT \
C (2n+1)(2n)z?* |, (2n+1)(2n) x2n
1 /Oo Ty, (x) + cosx
= dx.
(2n+1)(2n) Jo x2n
A calculation shows that
n+l 2k—3

Th(e) = > (D" g

k=2
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and
, ntl 1 p2k—4 n ., 2
T = - == 1) =T, — .
o) = U gy = D gy = ~Tanale)
Thus
I —_ 1 /°° Ty _o(x) — cosT . _ 1 I
(2n+1)(2n) Jy x2n (2n +1)(2n)
(b) The integral equals iw
22n +1)!
We have, based on the recurrence formula, that
I, = ) Iy = Y / OPT da.
2n+1)(2n)---3-2 2n+1)! Jo x?

We calculate the preceding integral by parts and we have

/Ool—cosx 1—cosx | /°° sinx T

- - + dr = —,

0 0 0 X 2
(="

5 dz =
")

Remark. Similarly, one can prove that, if n € N* and
n p2k—1

Ton—1(z) = Z(—l)k_lm

k=1
is the Taylor polynomial associated to the sine function at 0 and

I - /OO Ton—1(z) — Sinxdx,
0

T xT

from which it follows that

22+l
then:
1

L, =——1,_ >1

(2) I 2n(2n — 1) n=l, = 5
(_1)n—1

b) I, =—"2—
) b=

Problem 4. Identical with Problem 2 from section A.
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NOTE MATEMATICE

Asymptotic expansion of an integral considered in a problem
of IMC 2015

ULrIcH ABELY

Abstract. We derive a complete asymptotic expansion of the integral

A
/ AY*dg
0

as the parameter A tends to infinity. This integral was considered in a
Problem of IMC 2015, Blagoevgrad, Bulgaria.

Keywords: One-variable calculus, asymptotic expansions
MSC: Primary 26A06; Secondary 41A60.

1. INTRODUCTION

In this note we derive a complete asymptotic expansion of the integral

A
/ AYrdg
0

as the parameter A tends to infinity. It originates from the Problem 7 of Day
2 of IMC 2015, Blagoevgrad, Bulgaria, proposed by Jan Sustek, University
of Ostrava: Calculate the limit

1 A
lim / AVPde =1, (1.1)
Astoo A 0

Two official solutions of this problem can be found online on the site of the
competition at http://www.imc-math.org.uk. Recently, Ovidiu Furdui [1]
gave a further solution by application of I’Hospital’s rule. We are going to
show that

A e !
/11/0 AY®dg ~ kzzo a()gkA)k (A= +00). (1.2)
This means that, for every q € Ny,
1/AA1/$da::ik!+o((logA)_q) (A — +00).
A Jo = (log A)*

A direct consequence of (1.2) is

1[4 I
lim (log A)?H / APz =Y —=— ) =(¢+1)! (¢=0,1,...).
(log A) <Ao Z(logA)k (@+1)! (g )

A—+
> k=0

DTechnische Hochschule Mittelhessen, Fachbereich MND, Wilhelm-Leuschner-Strafie
13, 61169 Friedberg, Germany, Ulrich.Abel@mnd. thm.de
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The special case ¢ =0, i.e.,

. 1 A 1/z
Agrfoo(logA) <A/0 AY*dx — 1) =1

is a stronger form of the equation (1.1).
)

If we put a = log A the limit (1.1) is equivalent to

lim g¢(a)=1,

a—+00

where

g(a) = e_“/ c¥*dz (a>0).
1

In the following we study the function g. The change of variable ¢t = a/x
yields

g(a)= ae_“/ eft2dt (a>0).

e—a

We split the integral into three parts:

a a/2 .t _ 1—t¢ a/2 1 1 a
/ e't?dt = / LV +/ ( + 2> dt +/ c't~2dt
ae™@ ae™@ t ae—e \ 't t a/2
= —[1 + -[2 + I37

say. We take advantage of the fact that (et -1- t) t~2 is bounded on each
interval [0,a]. It is a matter of calculus to show that e’ — 1 — ¢ < t2e!, for
t > 0. It can be directly seen by power series expansion:

. OOtI/ 0 tl/+2 w
e—l—t:ZE: (V+2)!§te for ¢ > 0.
v=2 v=0

Therefore, the first term I; can be estimated by

a/2
I < / etdt < e®/?2 — 1.
a

e—a

The second term I is easily evaluated to be

1 a/2
Ir = (logt — t)

As regards the third term I3, the change of variable replacing ¢ with a (1 — t)
leads to

=a—log2— — + —e.
ae— @ a a

Combining the latter relations we obtain

1/2
gla)=1+0 (aefa/Q) +/ e (1—t)2dt (a — +00).
0
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The Laplace integral can be treated by application of Watson’s lemma (see,
e.g., [2, p. 106f]). This standard result states

b . kleg
/ e SUf (t)dt ~ T (s = +00),
0 k=0 "
provided that f is bounded on [0,b] and admits a power series expansion
o0
f () =3 cxt* in a neighborhood of ¢ = 0. Noting that
k=0

(1—t)72% = iktk_l (Jt| < 1)
k=1

yields the complete asymptotic expansion
a) ~ 1 — a — +00).
s~ )

Substituting a = log A we obtain the equation (1.2).

REFERENCES

[1] O. Furdui, A note on problem 7 of day 2 of IMC 2015, Gazeta Matematica, Seria A,
33(CXII)(2015), 41-44.

[2] A. Kratzer and W. Franz, Transzendente Funktionen, Akademische Verlagsgesellschaft
Geest & Portig K.-G., Leipzig 1963.

A Putnam problem revisited and a formula in disguise
Ovipiu Furput!)), ALINA SINTAMARIAN?)

Abstract. In this note we bring into light and discuss a Putnam problem
involving the calculation of an improper integral over the interval [0, c0).

Keywords: Gamma function, improper integral, integral formula, Put-
nam problem

MSC: Primary 26A42; Secondary 33B15.

It is a Putnam problem (see [2, p. 2]) to calculate the improper integral

o
/ 5o 1985(t41) qr.
0

In this short note we give a new method for calculating this integral,

which is based on splitting the interval [0, c0) into two intervals and then by
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using two special substitutions. This solution is then generalized to obtain an
integral formula involving a generic function of a special form. For the sake
of completeness we record below the solution of this problem as it appears
n [2, pp. 62-63].

o0
Solution 1. Let a > 0 and let I(a) = / t=3e~(t+%) dt. We have
0

1
:/ T G dt+/ t—re-o(t+1) 4t
0

2T e s [Tt a
u 1

- [ ()b

v=vi-7; > 219 2a [ 2
=" 2 e oW +2) qy = 2~ a/ e dy
0 0

ay2::v e_Qa Oov*%eiv dv — ﬂr <1> — \/?GQQ,
\/a 0 \/ZL 2 a

since I' (3) = /7. When a = 1985 it follows that

(o]
—1o-1085(t+1) 40 T 3970
t2 t)dt =/ ——
/0 ¢ 1985°

and the problem is solved. O
Now we give a new solution of this problem which is based on a com-
pletely different technique.

Solution 2. We have
1 oo
I(a):/ t—iea(t+1)dt+/ tm2e~a(t+1) 4.
0 1
Vy2-4

Using the substitution ¢ + l =yweputt= y_f in the first integral and

y+” — in the second integral, and we get that
) / \/y— y - / \/y+ Y2 —
a) =
e T
/ _ay\/y— y? — +\/Z/+vy -
: NN

One can check that

\/yiT \/y—|—2 \/—2
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It follows that

and the problem is solved. O
It is worth mentioning that one can prove, by using the same technique
as in Solution 2, that the following integral formula holds

Ooi 1 _ o0 9
/0 \/Ef(t—i—t)dt 2/0 f (" +2) dt,

where f is a function for which both integrals exist.

Solution 3. The third solution of this problem is based on making the
substitution ¢ = 22 and then by using the formula [1, Problem 2314, p. 171]

/Ooof<x+i) dx:/owf(M) da,

where f is a function for which both integrals exist. This integral formula,
which is left as an exercise to the interested reader, can be proved by using
a technique similar to that in Solution 2.
0

In closing this note we collect below two problems which can be solved
by the method that was discussed above, and we leave them as exercises to
the interested reader.

An exponential integral. Let a,b > 0. Prove that

o
1 b T o/
T 2e (‘”Jrz)dx: Ze2Vab,
0 a

A Fresnel integral. Let a,b be real numbers such that ab > 0. Prove

that
>* 1 b
/0 ﬁcos(ax—i-x) da::\/jcos<2\/ab+1).
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PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of December 2016.

PROPOSED PROBLEMS
439. For every n > 1 let

LAy dxidzo dzq---dx,
S, = + . — " _ _Inn.
o 1+1 (0,12 V/T1T2 +2 [0,1]n ¥/T1" " Tn +n
Prove that the sequence (Sy),~; is convergent and, if S = li_)m Sn € R, find
- n—oo
the value of the limit lim n (S, — 5).
n—oo

Proposed by Dumitru Popa, Department of Mathematics, Ovidius
University, Constanta, Romania.

440. Let V be a linear space with finite dimension and let T': V' — V be an
endomorphism.

a) Prove that there exist an endomorphism P : V' — V and a positive
integer k such that

P?2=P XKerP=KerT*, ImP=ImT".
b) Is the assertion a) true when V' does not have finite dimension?

Proposed by Vasile Pop, Technical University of Cluj-Napoca,
Romania.

441. Let F be a field of characeristic 2 and let F? := {a® | a € A}. We
denote by e the image of X in the quotion ring F[X]/(X?). Prove that
R := F? + Fe is a subring of F[e] and define an operation B : R x R — R
such that (R,H,-) is a ring which is not isomorphic to (R, +, ).

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

442. Let f: [0,1] — R be a function with the following properties:
a) f is convex.
b) £1(0) > £(0) and f{(1) < (1),
c) For any x € (0,1) N Q we have (f/(z) — f(z))(f.(z) — f(x)) > 0.
Prove that there is ¢ € (0,1) such that f is differentiable at ¢ and
f'(e) = f(o).
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Here f/(x) and f/(z) denote the left and right derivatives of f at x.

Proposed by Florin Stanescu, Jerban Cioculescu School, Gaesgti,
Démbovita, Romania.

443. Let F be the set of continuous functions on [0,27] that satisfy the
equalities
27 27
(x) coskxdx = (r)sinkxdr =7, forall k=1,2,...,n.
0 0

Prove that there exists a function fy € F such that

2 2
fe(z)da < f2(z)dz, forall f e F,
0 0
and find such a function.
Remark. The problem is true in a more general case, considering the
equalities
2w 2
() cos kx dz = aj, and (x)sinkxdx = by, forall k=1,2,...,n,
0 0

with ay, by arbitrary real numbers.

Proposed by Vasile Pop, Technical University of Cluj-Napoca,
Romania.

444. Let A, B € M,(R) such that A? + B? = ¢(AB — BA).
Prove that AB — BA ¢ GL,(R).

Proposed by Luigi-Ionut Catand, University of Bucharest,
Romania.

A question from the editor. For a given n > 2 try to determine all
values of & € R such that there are A, B € M,(R) with the property that
A% + B? = o(AB — BA) and AB — BA € GL,(R).

445. Prove that

lim 7* [ (9”;”)” (\”/1+x”y" - 1) dedy = 4102 — 16 + 27 + 8K,

n—oo
(0,1

S -1
where K = ) ((;nl)_ 2 is the Catalan constant.
n=1

Proposed by Dumitru Popa, Department of Mathematics, Ovidius
University, Constanta, Romania.

446. Let A € My (Z). Prove that e* € Mo (Z) if and only if A% = Os.

Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca,
Romania.
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//log (1+2x)— log(1+y)d dy.
)

Proposed by Ovidiu Furdui Technical University of Cluj-Napoca,

417. Calculate

Romania and Cornel Valean, Teremia Mare, Timisg, Romania.

Solution by the authors. The integral equals ¢(2) — 21n?% 2.
First we note that

lo(l—l—:c)—lo(l—i—)—/l( T Y >dt—/1 S A—
& SETY= Ut 1+ty)" " Jy U+ta)( +ty)

Thus,

//log 1og( +ydd /// 1+i§dy1dj—ty):
:/o </0 1+ tx )(/ thdy> /0 (m“ﬁ) dt.

We calculate the preceding integral by parts, with f(¢) = In?(1+¢) and
g (t) = t%’ and we get

In?(1 =1 Un(1
I:_M +2/ In(l+1) ,, _
o t(1+1%)
In(1 (1
2242 ul H ul +t>>dt:
0 1+t
1
In(1
_ om2oyo [ I H
0
1 tnh— 1
= —2In 2+2/ Z(—l) -1 dt =
0 n=1 n
o0
=—2In°2+2) (-
n=1
=((2) —2In%2.
The problem is solved. O

418. (i) Let R = k[X,Y]/(XY?), k a field. Denote by z, respectively y, the
residue classes of X, respectively Y, modulo the ideal (XY?). Show that the
elements x and z(1 + y) are associates, that is, zR = z(1 + y) R, but there is
no invertible element u € R such that vz = z(1 + y).
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(ii) Show that we can’t find such elements in Z/nZ.

Proposed by Cornel Baetica, Faculty of Mathematics and Informa-
tics, University of Bucharest, Romania.

Solution by the author. (i) The elements x and z(1 + y) are associates
since z = (1 +y)(1 —y).

Suppose there is an invertible element u € R such that uz = z(1 + y).
This means that in k¥[X,Y] we have U(X,Y)X — X(1+Y) € (XY?), that
is, U(X,Y)— (1+Y) € (Y?) and therefore we can write U(X,Y) =1+Y +
Y2V (X,Y). Since xy? = 0 in R, we may assume that V is a polynomial only
inY,sou=1+y+7y%v(y). But u can’t be invertible in R because it lies
in a maximal ideal: consider an irreducible polynomial f € K[Y] such that
fY) [ 1+Y +Y2V(Y), and let m = (z, f(y)).

(ii) By Chinese Remainder Theorem it suffices to consider the case
n = p¥ is a prime power. Every ideal of Z/p*Z is of the form p"Z/p*Z for
some n = 0,...,k. Then one can easily check that p” + p*¥Z and p™ + p*Z
are associates if and only if n = m. O

419. Suppose that n > 1 and f : R®™ — R" is a function such that the image
under f of the interior of any sphere of codimension 1 is the interior of a
sphere of codimension 1 of the same radius. Prove that f is an isometry.

Proposed by Marius Cavachi, Ovidius University of Constanta,
Romania.

Solution by the author. We denote by S(x,r) the sphere of center zz € R"
and radius r and by B(z,r) its interior.

For any z,y € R and any ¢ > 0 we have x,y € B(O, |zt —y|/2+¢), where
O is the midpoint of the segment xy, O = (z +y)/2. Then f(x), f(y) belong
to f(B(O, |z —y|/2+ ¢)), which, by hypothesis, is the interior of a sphere of
radius |z — y|/2 + . Then |f(z) — f(y)| is smaller than the diameter of this
sphere, which is |z — y| 4 2e. Since |f(z) — f(y)| < |z —y| + 2¢ for any £ > 0,
we have |f(z) — f(y)| < | — y|. In particular, if a € R™, r > 0 then for any
x € B(a,r) we have |f(x) — f(a)| < |z —a|] <r, so f(x) € B(f(a),r). Thus
f(B(a,r)) € B(f(a),r). Hence f(B(a,r)) is the interior of a sphere of radius
r which is contained in B(f(a),r). It follows that f(B(a,r)) = B(f(a),r).

For any a € R and any neighborhood B(f(a),r) of f(a) the neighbor-
hood B(a,r) of a is contained in f~'(B(f(a),r)). Thus f is continuous.

Since f is continuous, for any a € R, r > 0 we have

f(B(a,r)) € f(B(a,r)) € f(B(a,7)),

i.e.,

B(f(a),r) € f(B(a,r)) € B(f(a), 7).

But B(a,r) is compact, so f(B(a,r)) is compact and therefore closed. It
follows that f(B(a,r)) = B(f(a),r).
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In particular, for any y € S(f(a),r) there is some z, € B(a,r) such
that f(xy) = y. We cannot have z, € B(a,r) since this would imply
y = f(zy) € f(B(a,r)) = B(f(a),r). Hence z, € S(a,r). We obtained
a function g : S(f(a),r) — S(a,r), given by y — x,. It has the proper-
ty that f(g(y)) = f(zy) = y, ie, fog = lgi)- Note that for any
5,9’ € 5(f(a), ) we have ly/ — y| = |/(9(s)) — Fg()] < lo(¥/) — (v

Let y1,y2 € S(f(a),r) and let y; € S(f(a),r) be the antipodal point of
y1. Then [g(yy) — g(y1)| > [y — y1| = 2r. Since g(y1),g(y}) € S(a,7), we
must have |g(y]) — g(y1)| = 2r, so g(v}), g(y1) are antipodal on S(a,r). By
Pythagora’s theorem we have |y; — vyo|? + |y} — 2|> = |y} — v1]? = 4r? and
9(y1) —g(v2)>+19(v1) = 9(y2)]* = |g(41) —g(y1)|* = 4r. Tt follows that both
inequalities |g(y1) — g(y2)| = ly1 — y2| and |g(y1) — g(y2)| = [y} — y2| must be
in fact equalities. Since [g(y1) — g9(y2)| = |v1 — y2| Vy1,y2 € S(f(a),r), the
map g : S(f(a),r) — S(a,r) is an isometry. In particular, it is a bijection.
Since f(g(y)) = y, the inverse of g is the restriction of f to S(a,r). Hence,
f(S(a,r)) = S(f(a),r).

If a,b € R", a # b, then b € S(a,|b— al), so f(b) € f(S(a,|b—al)) =
S(f(a),|b—al). It follows that |f(b) — f(a)| = |b—a|. Thus f is an isometry.

420. Let a,b,c,d € R, +cb7é 0, d # 0, such that ¢ < g. We consider the
Maclaurin expansion ec=+d = > a,2".
n>0
(i) Find an exact formula as a finite sum for a,.
(ii) Determine the asymptotic behaviour of a,, as n — oo.

Try to solve (ii) without using the result from (i).

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

az+b

Solution by the author. (i) Let f = f,4.cq be given by z — ee=+d. Since

Si8 = 0 etay» we have
y bz~ 1 ((ad — be)z\ "
f(z):eded( +d) :edzkl<d(cz+d)> .
k>0
From
-k\ (k) (=k—=1)---(=k—=1+1) B
1) ! a
(k+1—-1)---k k+1—-1
= (e ey (T
we obtain

(W)k - <add_2bc>kzk (1+ §z>_k =
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_<ad bc> k;< >( >z:
() () )

k
It follows that, for any n > 0, 2" appears in ((g(i ;_bﬁ;)z ) with the

coefficient
n—1 ad — bc k(_(:)n—k_ n—1 ad be (_E>n
n—k d? d - \n—k Ced d
if £ < n and with the coefficient 0 otherwise. It follows that the coeflicient
of 2" in f is
AN~ 1/n—1 ad — be\ "
(_8> Zkz'(n—kz) <_ cd )

(ii) One may find an asymptotic formula for a, by using the exact
formula from (i) and the Stirling formula n! ~ v/27n"+t1/2¢=". We must

n
evaluate Z: %(Z:i)ak, where o = —% = % —2>0, forn>0.
_ —1)! .
Let by = %(2_,1)0/“ = %ak We want to determine the
monotony of the sequence by, . .., b,. We have by /b, = k+f)) S0 bry1 > by

iff a(n —k) > k(k+ 1), ie., iff k2 + (o + 1)k —na < 0. Since T =

—— 2
oIyt ) Hne 4 e only non-negative root of X2 + (o + 1)X — na,

this is eq2uivalent to k < C. Thus by increases on [0, [C] 4 1] and decreases
n [[C] + 1,n]|. Thus by reaches its maximum at k = [C] + 1.
Since C' 2 y/na, we want to estimate by for k in the vicinity of v/na. If
both k£ and n — k are large then

nla® k 2 t1/2en k
Tk2(n — k) TN 9pkZhlg—2k /2m(n — k)n—k+1/2e-n-tk o

nn—l/Qekk—Qk(n _ k)—n-‘rk—l/Qak:

k
n
1
2
—n+k—1/2
:i 120 k ( ) - Hk—1/2 <”_k> kY o
27
1
2

n
" <rna) )
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Suppose now that k = y/na + x with |z| < /n. Thenn —k =m — z,
where m = n — v/na. Hence,

log (\/%>% = —2(v/na + ) log <1 + \/%a>

= —2(/na + z) <\/% - 2376; +0 <n€j2>>

T

2 23
= —2x — ol— ).
v vno + ( n )
Next we evaluate

n—k —n+k—1/2 ma —m-+z—1/2 m— o —m+z—1/2
log < ) = log ( ) + log < > .
m

n n

We have
—m+z—1/2 \/
log<m> =—(m—x+1/2)log (1—2a>

= (n—Vna -2 +1/2) <\/§+§ﬁ0<nl/>>

= na—%+o(1).

(Recall that z < /n, so % =o(1).) Also

m— o —m+z—1/2 x
log< - > :—(m—m—l—l/Q)log(l—%)

:(m—m+1/2)<:1+0(:;>>

2

:x+o<fn> =2+ o(1).

(We have m = n — /na ~ n, so 22 < n ~ m.)
From the three relations above, together with loge* = k = /na + z,
we get

k PN el T
loge (M) < n ) 2vn 2 \/@4—0(”)4—0(1),

SO

1 _a_ a® 2?
. e%/na 3 m—i—O( - )—1—0(1) — Ay,

z2 3
where A = %egm_% and ¢, = efﬁJrO( " >+O(1) when |z| < /n.

™™
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n n—[v/na]
For every i € Z let k; = i + [/na]. Then > ¢, = > ¢, For
k=0 i=—[v/na]

every i we have k; = y/na + x;, where x; = i + [\/na] — y/na € (i — 1,i].

Hence ¢i, = e MJFO( )+0(1) when z; < /n, i.e., when |i| < \/n.

Let now j = —[B] — 1, | = [B] + 2, where B = (na)%/*\/2logn. For
J < i <lwehave |k| < y/n, so the above estimate for ¢, holds. Also for such
i we have —[B]—2 < z; < [B]+2 (recall, x; € (i—1, z]) so z; = O(n'/*\/Togn),

3 7
which impliesthatO(%") =o0(1). Hence ¢, = ¢ \/WJF o) e, cp ~e Ve,

Notethat:vl>l—1:[B]+1>Bandxj <j=-[B]-1<-B. It

x4

2 J
] B2 _ - —2logn _ 1
x/ﬁ’\/@> m—2logn. Then Cp; ~ e Vre e = -3,

socy, =0 (n ). Similarly ¢, = O (#) Recall that by increases on [0, [C]+1]
and decreases on [[C]+1,n] and so does ¢;, = %bk. But the difference between

[C]+1= [_O‘_1+ (§+1)2+4m] and y/na is bounded, while B — 0o as n — 00.

So for n large we have

ki =+vna+z;<yna—B<[Cl+1<yna+B<Vna+z=Fk.

It follows that for i < j we have k; < kJ, so ¢x; < ¢k;, and for ¢ > [ we have

ki > ki, so ci; < cg,. In both cases ck = ( 2) Since the number of these
terms is < n, their contribution to » ¢ is O ( )
k=0
(B]+1
We now evaluate the rest of the sum, that is, > ¢,, which is
i=—[B]
[Bl+1 a2 | [Bl+1 a2 (Bl+1
N'Z e W.Lettiz(mfﬁ. Then'z e Vi = >oeh.
i=—[B] i=—[B] i=—[B]
Bl+1 |
But t; € (W, W] It follows that o )1/4 Z[ ]e_ti is a Riemann
-[B
sum with intervals of lenght W for the interval [ (n[f)]l /i, (Ei];/l‘i]‘
But ([B];/l4 > (naf);l/‘l = /2logn, which — oo when n — oco. So the

limit of the Riemann sum when n — oo is ffooo et dt = V. Tt follows that

(B+1
S g ~ (na)1/4ﬁ. Together with < oo+ > >Cki = O(%)a

i=—[B] i<—[B]-1 i>[B]+2
this implies

n n—[y/nal

ch = Z cr, ~ (na)/4/x.

F=0 i=—[y/nd]
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k=0
anwe% <_E)n 1 e2\/75 5 (na)%\/%:ia‘lln 462‘/TTQ+%_% (_E)n’
d 2mn d

421. (i) Let f : R®> — R be a continuous function. Find the value of the

limit

. 9 2+ y?+z !

nlLrgOn JII — f(z,y, z)dzdydz.
22+92<1, 0<2<1

(ii) Let f : R* — R be a continuous function. Find the value of the limit

lim n? //// (\/xQ Tyt t2>n [ (z,y, z,t) dedydzdt.

n—00 2
r249y2<1, 22+2<1

Proposed by Dumitru Popa, Universitatea Ovidius, Constanta,

Constanta, Romania.

Solution by the author. (i) By Fubini’s theorem

G P

22 4y?<1, 0<z<1

[

2
( v +y —i—z) f(z,y,2)dzdy | dz.
2+y2<1

Let z € [0,1]. By the change of variable in the polar coordinates x = pcos#,
y = psin @ we obtain

()

r24y2<1

- H (’);”) pf (pcosd, psind, z) dpdo.

[0,1]x[0,27]

z,y, 2) dedy =
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Then again by Fubini’s theorem we get

fff (352+2y?+z>n f(z,y,2)dzdydz =

r2+y?<1, 0<z<1

1 n
:/ jf <P;Z> pf (pcosb, psing, z)dpdf | dz =
0
]

[0,1]%[0,27

n 2
- H (p—2m> (/ Pf(06089,psin0,z)d9>dpdz:
0

[0,1]x[0,1]

+2\"
= ﬂ <p2 > g (p,z)dpdz,
[0,1]x[0,1]

where g : [0,1> = R, g(p, 2) = f027r pf (pcosB, psinb, z) db.
By Corollary 7 (ii) in [1] we deduce

n
. 22 +y?+2
HIL%O n? ffj <2> f(z,y, z)dedydz

z2+92<1, 0<2<1

n— o0

[0,1]x[0,1]

2w
=4 f(cos@,sinf,1)d6.
0

(ii) By Fubini’s theorem

//// <\/x2+y2;\/22+t2>nf(93vy,2,t)dxdydzdt

x24+y2<1, 22+12<1

= jf jf <\/$2 +y? Vet t2>n f(z,y,2z,t)dzdt | dady.

2
r24y2<1 \224+12<1

Let (z,y) € R? be such that 2> + y? < 1. By the change of variable in the
polar coordinates z = pg cosfa, t = pa sin fs we obtain

ff <\/:c2 +y2 + /22 +t2>nf(x’yjz’t) o

2
22412<1

21 2 "
(W) o (

x, Yy, p2 cos Oz, pa sin fz) dpadfs.
[0,1]x[0,27]
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Again by Fubini’s theorem

//// (\/1:2+y2;\/Z2+t2>nf(x,y,z,t)d:cdydzdt:

x24+9y2<1, 224+12<1

21,2 n
_ﬂ H W) paof (z,y, pa cos Bz, pa sinfy) dpadfs | dzdy=

x2+y2<1\[0,1] X [0,27]

/2
fj P2 ff ( ey +p2> [ (x,y, p2 cosba, pasinbfy) dedy | dpadbs.

[0,1]x[0,27] x2+92<1

Let (p2,62) € [0,1] x [0,260]. By the change of variable in the polar
coordinates x = pj cos 1, t = pysinf; we obtain

I (mm) £

x, Yy, p2 cos by, pa sin fy) dedy =

z24y2<1
+ " ' '
- fj (’01 2 pz) p1f (p1cos by, p1sinby, pa cos s, pa sinbz) dpidos.
[0,1]%[0,27]
Thus
2 2 2 t2 n

x24y2<1, 224+42<1

+p2\" . :
= ff <p12p2> p1p2 f f(p1cos By, p1sin 01, pacos Oz, pa sin Oz) df1dbs2|dp1dpe=
[0,1] [0,27]?

- jj < 1+p2> g (p1, p2) dp1dpa,

0.1
where ¢ : [0, 1]2 — R,
g (p1,p2) = p1p2 f f (p1cos by, pysinby, pa cos b, ppsinfa) dfidbs.

[0,27]?
By Corollary 7 (ii) in [1] we deduce

2. .2 o 2\"
i [[[] (W TV ﬂ) [ (2,2, t) dedydzdt =

224y2<1, 22 412<1

n—o0

. +p2\"
= lim n? || <p1 5 p2> 9 (p1.p2) dprdps = 4g (1,1) =
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=4 Jj f (cosBy,sin 0, cos b, sin O2) df1dbs.
[0,27)?

REFERENCES

[1] D. Popa, The limit of some sequences of double integrals on the unit square, G.M.A.,
32 (2014), Nr. 1-2, 19-26.

422. Find a sequence (xy)n,>1 with the following properties: z, “\, 0,
Vvn/(z1 + -+ xn) = 0 and 2z /7, — 1, where [\/n] denotes the inte-
ger part of \/n.

Can you find a sequence with the above properties, in which /n is
replaced by Inn?

Proposed by George Stoica, University of New Brunswick, Saint
John, Canada.

Solution by the author. If it weren’t for the last property (which means
that (zy,)n>1 is varying very slowly), any simple sequence such as z, = ¢[(n+
1)3/ 4_pd/ 4] with ¢ > 0, fulfills the requirements. Hence it remains to modify
(x],)n>1 to satisfy the last property. For this purpose choose ¢ > 0 such that
xl, < 1forn > 1, and define y), > 0 through ¢} +---+y,, = —Inz, for n > 1.

o0
Put 2z, = y;2"*1—1 + -+ Yhon_,. Then 21 zy, = lim(=Inziyn ,) = +oo.
=

Therefore, one can choose a sequence (z,),>1 with the following properties:

(a) 0 < z, < 21,

(b) z, — 0,

o
(c) > zn = +o0.
n=1

Moreover, by property (a), for each n > 1, one can choose nonnegative
real numbers yon-1_, < y;w,l_l, cev s Yoen _g < Yoo, such that yom—1 | +
< 4 Ypon o = 2,,. Finally, put z,, = e~ W1tFu) It follows that (Tn)n>1 18
decreasing, 0 < 2/, < z,, < 1 (we have 2/, = e~ %¥)) and, by property
(¢), we have zgon o = e~ (B1H+20) 5 0 hence x, \, 0. As z1 +--- + 1z, >
) + -+, we have \/n/(x1 + -+ +x,) — 0 as yn/(z) +---+2}) = 0.
Finally, by property (b) we have z,,n-1_,/%o2n 5 = e** — 1. But this implies
that x[\/ﬁ]/xn — 1. Indeed, for n > 0 let t,, = x92n 5. So t,—1/t, — 1. For
any n > 1 there is a unique m > 1 such that 22" 1 <y o< 22" 2
Moreover m — oo as n — oo. Then [/n] > [\/22" ' —1] = 2277 — 1.
(For any positive integer a we have [va? —1] = a — 1.) Since z, \ 0,
we have x, > x,m_o = t, and T/m S Togm—2_o = lm—2. It follows that
1 < l‘[\/m/wn < tm_g/tm. But tm_g/tm = tm_g/tm_l . tm—l/tm — 1, so
T )/ Tn — 1.
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The problem is now solved. We invite the readers to answer the question
of replacing [/n] by Inn. O

423. Determine all differentiable functions f : [0,00) — R with f(0) =
such that

a) f’ is strictly positive and increasing.

b) JE (1)t > f(o+ f(x)) — f(z) Vo € [0,00)

Florin Stanescu, Serban Cioculescu School, Gaesgti, Dambovita,
Romania.

Solution by the author. From f’ increasing we get that f’ is continuous.
(By Darboux’s theorem f” has the intermediate value property.) Also f/(z) >
f(0) > 0 and f(x) > 0 when z > 0.

By Lagrange’s theorem, for any x > 0 there is some ¢, € (z,z + f(x))
such that f(x+f(z))—f(z) = f(x )f'(ca,) Since f(z) > 0 and f’ is increasing

we get f(z+ f(x)) — F(2) > f(@)f'(x), s0 [2(F(1)?dt > f(z)f'(x) and
/() < f(@))?
f) ~ Pz =

i.e., ¢'(z) > 0, where ¢ : (0,00) — R, ¢(x) = log f(x) — log( [y (f'(t))*dt).

Since ¢ is increasing, so is 1 = e?, i.e., ¥(x) % Then by I'Hospital
f'(z) 1

rule we have ill)% Y(x) = il_)na T@E = 70O Since 1 is increasing, this

implies that for any x > 0 we have T (f (z)

1
Torora = (@) 2 g, whence

F(@)1(0) = /0 (P2t > F@)f(a),

so f'(0) > f'(x). As f’ is increasing, we must have f'(z) = f'(0) V. If
1/(0) =a > 0 then f(x) = ax+b for some b € R. But f(0) =0, so f(z) = ax
with ¢ > 0. Obviously the functions of this type satisfy all the required
conditions. O

424. Let f,g € C[X] be monic polynomials of the same degree with the
property that |f(z)| = |g(z)| = 1 for an infinity of values of z € C. Prove
that f =g.

Proposed by Marius Cavachi, Universitatea Ovidius, Constanta,
Romania.

Solution by the author. Let f,g be the polynomials obtained from f, g
by conjugating the coefficients. Let M be the infinite set of all z € C sat-
isfying |f(2)] = |g(2)| = 1. Then for any z € M we have f(2)f(z) — 1 =
9(2)g(2) — 1 = 0. Then the polynomials f(z)f(Y) —1,9(2)g(Y) — 1 € C[Y]
have Z as a common root, so their resultant is zero. But this resultant is a
polynomial in the variable z. Since it has an infinity of roots (all z € M), it
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must be zero for any z € C. Therefore for any z € C with f(2)g(z) # 0 there

is some y, € C such that f(2)f(y.) — 1 = g(2)g(y.) — 1 = 0.
Let a be a root of f. Then li_r>n fly.) = li_r)n ﬁ = % = oo. It follows

that 3, — oo. It follows that g(a) = lim g(z) = lim =+~ = L =0. Soa is a
z—a

2a 9(y2) S
root of g. So every root of f is also a root of g. Similarly every root of g is

also a root of f.

Let a be a root of f and ¢ and let m and n be the multiplicity of a
for f and g, respectively. We prove that m = n. Assume that, say, m > n.
Write £(X) = (X — )™ f1(X), (X) = (X —a)"gy(X) with f1(a), gu(a) # 0.

Then taking limit for z — @ in the equality % = % = % one

gets 0 = 1. (f and g are monic of the same degree and 3, — oo as z — a.)
Contradiction.

Since f,g are unitary and have the same roots, with the same multi-
plicities, we have f = g. O

Note from the editor. If we remove the condition that f, g are
monic and we denote by « the leading coefficient of g divided by the leading
coefficient of f then by the same proof we have that f and ¢ have the same
roots with the same multiplicities. (The only difference is that when we take

limit in % = ;8 = % one gets 0 = @ # 0 instead of 0 = 1.) It

follows that ¢ = af, from which we conclude that |a] = 1. So f, g must
differ by a factor which has the absolute value 1.

If we drop the condition that f, g have the same degree then let m =
deg f, n = degg. We have m = m'd, n = n’d, where d = (m,n) and
(m/,n’) = 1. We consider the polynomials F = "', G = g™ . Then deg F =
deg G = m/n’d = [m,n] and there are an infinity of z € C with |F(z)| =
|G(z)] = 1. It follows that F' and G have the same roots, with the same
multiplicities. If mg, is the multiplicity of @ in F and G, since F = f",
G = g™, we have m’,n' | mq, so m'n’ | my. As seen above, we have
F=a][(X —a)™ and G = B[[(X — a)™=, where «, 5 € C* with |a| = |f].

a a

Ifh=][(X- a)% then h is monic, of degree [2,:,] = d, and we have
a
¥ =F =ah™" and ¢™ = G = SR™™ . Tt follows that f = yh™, g = 6h"
with v = a, 6™ = . In particular, |y|*" = |6|"".
So in the general case the condition is that f = yhm/, g = dh™ for some
monic polynomial h of degree d and some v, € C* with |y|[" = [5]". O

425. Let n > 2and ay,...,a, > 0beintegers and let by, . .., b, and A be posi-
tive real numbers. Find the necessary and sufficient condition for the function
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zfl.gdn
f:R™{(0,...,0)} = R defined by f(x1,...,zn) = (|a:1|b1—1+-~~+|xn|b”)A to have

a finite limit at (0,...,0).

Proposed by Dumitru Popa, Universitatea Ovidius, Constanta,
Romania.

Solution by the author. We use in the sequel, without supplementary
explanations, the following well-known result: Let o € R. Then

Difa<O
lim k% = lifa=0.
koo oo ifa>0

We use the well-known characterization for the existence of the limit of a
function defined on R™: A function f : R\ {(0,...,0)} — R has the limit [ €
R at the point (0, ..., 0) if and only if for all sequences (.CC}C, e ,xﬁ)keN C R™\

l{(o, ...,0)} with lergO (zf,...,2}) = (0,...,0) we have klirgo flx},....2a}) =
Let us suppose that there exists lim f(z1,...,zn) =1 €R.

(#1,0020)—(0,...,0)
1
Since by >0, ..., by > 0, lim (k:‘ﬁ, N .,k*i) — (0,...,0) (the limit in R”
— 00

1
is taken on components), it follows that klim f (lfﬁ, e ,k,‘_i) ={. From
—00
(... yon " Y
b ) ALl
O

(91 . . an
we obtain klim n%-k:A (”1+ +b") =[lecR.
—00

Then we deduce: l:n%if%+--'+g—:—)\20,orl:Oif‘;—ll—i—-‘-—i—
—A>0.
We show that the situation Z—ll—i-'~+‘g—: — A =0 is not possible.

2 1
Since n > 2, lim (k:_q,k:_g, .. .,kfﬁ) = (0,...,0), and thus

k—oo

I I T I
bn = [ = —.

Jm (KT k) = 1=

By simple calculation

f(k_%,k‘%,...,kfﬁ) = _
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. by Ty
from where we get lim £ : < =1,
k—o0 (E—&—n—l) n
)\,<2a71+0‘72+.,.+‘17n) )\,<2L+0‘72+4..+M) 1 A
F k by b2 bn )k by b bn (;-i—n—l) .
rom < = a < . — it follows that
(n—1) (3+n-1) (n—1)
2a1 , a9 an
AL 2444
im k (bl °2 b”>_i 2a; | ay an _ )\ — — 1
kl;ngo T =580 G+ 4+ —A=0and Y

which is impossible.
Thus, if f has finite limit at (0,...,0), then > A
Conversely, let us suppose that 2‘—11 4+ ‘g—: > A
Let (z1,...,2,) € R™. For any i we have 0 < |z;]” < |z1|" +- - 4|2,

and since 31 > 0, we deduce 0 < [z;|* = (]:cl\b’> %< <|x1]b1 +- |xn|b”>b7.
Multiplying these inequalities for 1 < i < n we get

71+...+ZT711

|ZE1|¢11 - |$n|a" < <|."L‘1|b1 4t |l‘n|bn) Zl

Hence, for all (z1,...,z,) € R™\ {(0,...,0)} we obtain

21| g [ 94490
£zl = I ()T
(loa "+ -+ [l
Since ( 1i)rn 0.0 <|331|b1 N |xn|bn) = 0 (recall that by >0, ..., b, >
T1se5Zn )7 (Useey
0) and 2—11 + o+ 32— A >0, it follows that
A 44 an )
11m <‘£L‘1|b1 ++|$n|bn> by bn :0
(z1,e-xn)—(0,...,0)
and therefore o mh)lg(o 0 f(x1,...,zn) = 0.
In conclusion, the function f has finite limit at (0,...,0) if and only if
one has g +--- 4 72 > A, O

426. Find all functions f : R — R, continuous in at least one point, and that
satisfy the following inequalities: f(z—1) < f(z)—1, f(z+v/2) < f(z)+V2
for z € R.

Proposed by George Stoica, Department of Mathematical Sciences,
University of New Brunswick, Canada

Solution by Viktor Makanin, Sankt Petersburg, Russia. The functions
f of the form f(z) = z + ¢ (with ¢ some real number) satisfy (obviously)
the conditions of the enounce, and we prove below that these are the only
solutions to our problem.
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Inductively we get f(z —n) < f(z) —n for all z € R and all n € N*,
and, also, f(x +mv/2) < f(x) + mV/2, again for all € R, and all m € N*.
Consequently,

flx+mv2—n) < flz+mvV2) —n < f(z) +mvV2—n
for all x € R, and all positive integers m and n.

Now, let f be continuous at z¢. Because the set {mv/2—n |m,n € N*} is
dense in R, there is a sequence (my, —ngV/2)x>1 such that klim (mg —npV2) =
- —00
xg — x. If we pass to the limit for k£ tending to oo in
Fla+mpv2 —ng) < fx) +mpv2 — ny
(and use the continuity of f at zp) we get
flzo) < f(@) + w0 —a & flao) — w0 < flz) -2
for all x € R.
On the other hand, if we replace x by x + 1 in the first of the given
inequalities satisfied by f, we get f(x+1) > f(x)+1, for all z; and, similarly,
from the second inequality, by plugging = — v/2 in place of z, we get f(z —

V2) > f(x) for all . Consequently, f(z +m — nv/2) > f(z) +m — ny/2 for
all z € R, and all m,n € N*. The same reasoning as above leads to

f(@o) 2 f(x) + 20—z & flzo) =20 2 f(2) — 2
for every real z. Combining the above two inequalities, we get f(z) —x =

f(xg) — xg for every z, thus the function x — f(x) — z is constant, providing
the desired result. O

427. Let F be a field of characteristic # 2 and let E/F be a finite mul-
tiquadratic extension so that G := Gal(E/F) = Zj. Let a € E* with the
property that a*~! € E*? Vs € G. Prove that there are b, € E* with s € G

such that a*~1 = b2 Vs € G and byuby blby bebiby, = b5 VY Vst u € G.

How many (bs)seq € (E*)¢ with the properties above exist?
Here we use the exponential notation, if ¢ € E* and z = ) ngs € ZG

seG
then ¢* := [] s(c)™.
seG
Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of

Mathematics of the Romanian Academy, Bucharest, Romania.

Solution by the author. If ¢ € E* and s,t € G = Gal(E/F) then
()t = t(s(c)) = c'*. More generally, (c*)Y = ¢¥* for any z,y € ZG. Since G
is abelian, we have (¢*)¥ = ¢™V.

If £ = F(\/x1,...,4/Ty) then a basis of G as a Z/2Z-vector space is
81,...,8n, Where s; is given by \/zr; = —/z; and /z; = /T; for j # i.
For convenience, for every subset I = {iy,... it} of {1,...,n} we denote
Sp = 8 "S- (sp := 1.) Then every s € G writes uniquely as s = sy
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for some I C {1,...,n}. Obviouslys; is given by \/z; = —/x; if i € I and
\Vx; = \/x; otherwise.

Note that if bs are chosen arbitrarily with the property that b2 = a*~
for every s € G then

1

(bstubs—tlbgulbt—ulbsbtbu)Q _ astuflaf(stfl)af(sufl)af(tufl)asflatflaufl

— gStu—st—su—tutstitu—1 _ a(s—l)(t—l)(u—l) _ (au—l)(s—l)(t—l) _ bi(s_l)(t_l).

It follows that beuby, bolby bbby = £b5 V™Y The problem is to find

(bs)sec such that the + sign is + Vs, t,u € G.
Note that if (bs) satisfies the required conditions then b; = 1. Indeed, if

we put s =t = u = 1 in the relation byybg btby bsbiby = b we get

by = b} = 1. Assuming that b; = 1, if one of s,¢,u is 1 then one checks that
betuby botby bbby = by = 1, while b V™Y = pls=DUE= 1 4p 4y — 1 and

u
=0b) = 1if s or t = 1. Therefore b; can be ignored. Thus we have to find

bs for s € G\ {1} such that »2 = a*~! and beuby, bylby, bebsby, = bt V™Y
Vs, t,u € G\ {1}.
Note that the condition by, brtby bsbiby = b ™Y implies that

u

bst, 18 uniquely determined by b, with z = s,t,u,st, su,tu. Moreover,
assuming that b2 = a®"! for x = s,t,u,st,su,tu, we also have b2, =

a®™~1  This can be obtained immediately by simply squaring the relation
bstubs_tlb;}b;}bsbtbu = bq(f_l)(t_l). As a consequence, given that bs, = b; for
1 <i < nand bss; =bi; for 1 <i < j < n, where b;,b;; € E* satisty
b? = a*~ ! and bgj = %% 1, then (bs)seaq1 satisfying the required condi-
tions are uniquely determined (if they exist). Indeed we know by, for |I| =1
or 2. The remaining elements of G \ {1} can be written as sy with |I| > 3.
To show the unicity of bs,, we use induction on I. Assume that the
statement is true for |I| < k, where k > 3. Let I with |I| = k. Let i,j € I,
i < j. Then s; = s;sjs; where J = I\ {i,j}. Then by taking s = s;, t = s;
u = sy in the relation byuby btby bbby = bV we get b, in terms
of by with @ = s;,55, 57, 8i55, Sju(i}, Squfzy- But bs, = b, bs; = bj, bss; =
b; ; and bSJ,stU{i},bSJU{j} are uniquely determined. (We have |J| = k — 2
and |J U {i}| = |JU{j}| = k —1.) Therefore b, is uniquely determined
as well. We also prove by the same induction on |I| that b, constructed
this way satisfy the condition bgl = a*~1. Since v? = a*7!, one also has

bstubay bt by bsbiby, = 55D,

To prove the existence one must show that the & sign is always +. How-
ever, this is technically very difficult. Therefore we will restate the required
conditions in a more convenient way.

Let 7 be the subgroup of ZG generated by s — 1, s € G. In fact
{s—1|seG,s#1}isabasisforZ. Now (s— 1)t =(st—1)—(t—1) €T
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Vs,t € G. It follows that Z is an ideal in ZG. (s — 1 generates Z and t
generates ZG.)

Note that for any s € G, ¢ € F* we have ¢*~! = 1. More generally, by
the linearity of x +— ¢*, we have ¢ = 1 Vx € Z. We are only interested in
the fact that (£1)* =1 Vz € 7.

Given bs € E* for s € G \ {1} we define the function f : Z — E*
by f( >, mns(s—1))= ][] b2, ie., fis the linear function satisfying

seG\{1} seG\{1}

f(s—1) = bs. Obviously this gives a bijection between the linear functions f :
T — E* and the elements (bs)eq\ (1} of (E*)GM1} . (We have by = f(s —1).)

Now the first required condition, b? = a*~!, writes as f(s —1)? = a1
The mappings from Z to E* defined by = + f(z)? and z + a®, respectively,
are both linear and coincide on elements of the form x = s — 1. Since s — 1
covers a base of Z, the two maps are equal, i.e., f(x)?> = a®. So the first
condition is equivalent to f(x)? = a® Vz € Z. Since f(z)? = f(2z) (f is
linear), this can be also written as f(2x) = a*.

For the second condition note that bsmb;tl bk b;ul bsbiby, = f(stu—1)f(st—
D7 f(su—1)" f(tu=1) " (s = 1) f(t=1) flu—1) = f((stu—1) = (st = 1) —
(su—1)—(tu—1D)+(s—D+(t—1)+u—1)= f((s—1)(t—1)(u—1)). We also
have b~V = f(u—1)6=DE=1 86 the second condition means that the
functions from 72 x 7 to E* defined by (z,y) — f(zy) and (2y) — f(y)Z, re-
spectively, coincide on elements (z,y) € Z?xZ of the form ((s—1)(t—1),u—1).
But both functions are bilinear, (s — 1)(¢ — 1) covers a system of generators
of Z?, and u — 1 covers a basis of Z. It follows that the two functions must
coincide. So the second condition is equivalent to f(zy) = f(y)® Va € I?,
yel.

We now prove that for any b; with 1 <i <nandb; ; with1 <i<j<n
satisfying b% = ¢*~! and b%j = @*%~! there is a unique linear function
f : T — E* satisfying the conditions f(x)? = a® Vz € T, f(zy) = f(y)*
Va € T2, y € T such that f(s; —1) = b; and f(s;s; — 1) = b; j. To do this we
need some convenient bases for ZG, T and Z2.

Let t; = s; — 1. Similarly for sy, for any I C {1,...,n} we denote
tr = ] ti (tp := 1.). Now for any I we have sy = [[s;i = [[(ti+1) = >_ tJ.

i€l icl i€l JCI
It follows that the set {¢; | I C {1,...,n}} is a system of generators for ZG.
Since this set has 2" elements and the rank of ZG is 2™, it is in fact a basis.

Now t; = s; —1 € Z. It follow that Z contains also the products t; with

I #0. But 7 is generated by sy —1= > t;—1= > t;. It follows that
JCI 0£JCI
t; with |I| > 1 form a basis for Z
The relation s? = 1 writes as (t; + 1)? = 1, i.e., t2 = —2t;. More
generally, t7 = (=2)lt;. As a consequence, if I,.J C {1,...,n} then t; =
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t[mJtI\J and t; = tingtg- It follows that

trty = tinstratas = (=2 stp gt = (—=2)1 .

In particular, if ¢ € I then t;t; = —2t;.

Since Z contains t; for all 4, Z? will contain t; for all I with |I| > 2. Tt
also contains 2t; = —t?. Thus Z? contains the Z-module M generated by 2t;
and t; with |I| > 2. Since Z is generated by t; with |I| > 1, Z? is generated
by trt; with |I],|J| > 1. If [[UJ| > 2 then t;t; = (=2)"lt;; € M. If
|[TUJ| =1then I = J = {i} for some i, so t;jt; = t? = —2t; € M. Hence
72 = M, i.e., 2t; and t; with |I| > 2 form a basis for Z2.

We now prove the existence and unicity of the linear function f : Z —
with the required properties. Since t; with |I| > 1 are a basis for Z,
it suffices to define f on this basis. We have f(t;) = f(s; — 1) = b;. Also
f(sisj — 1) = b; j writes as f(tit; +t; +t;) = b ;. Together with f(t;) = b;,
f(t;) = bj, this implies by linearity that f(t; tj) = b; ;b; 1b . For |I| > 3 we
take i € I arbitrary and we have tp\(;} € 72 (|I\ {i}| > 2) and t; € Z. It

follows that f(t;) = f(tp\ (iyti) = ft)ine = bil\{’}. So we have proven the
unicity.

Note that the formula for f(¢;) for |I| > 3 is independent of the choice of
i € I. Indeed, if i, j € I then b = a®~1 = a'i, so (b?)2 = a%%, and, similarly,
(b)? = a''. Tt follows that b = £b7". But tp ;3 € Z (I1\{i,j} > 1), so

(£1)1\65) = 1. Tt follows that (b)) = (B5)inea) fe., b, = b\,

We now prove that f defined this way satisfies all the required condi-
tions. We have f(Sl — 1) f(tz) = b; and f(SiSj — 1) = f(titj +t; + tj) =
F(titg) (1) ] (85) = (bisbi by bibs = bi

For the first condltlon since both mappings = — f(z)?,z + a® from
7 to E* are linear, we only need to prove that the two functions are equal
for x in the basis of Z, i.e., that f(t)? = a*’ when \I[ > 1. If I = {}
then f(t;)? = b? = a5l — gt TF [ = {i,j} then f(tit;)? = (bi;b; 'b;")? =
aSisi—1g—(si— 1)CL (sj=1) — gsisj—si—sj+1 — tit;

*

For the second condition, since both mappings (z,y) — f(zy), (z,y) —
f(y)* from T2 x T to E* are bilinear, it is enough to prove that f(zy) = f(y)*
when x and y belong to the basis of Z? and I, respectively, i.e., when x = 2t;
or ty with |I| > 2 and y = ¢y with |J| > 1. Since we have already proved the
first condition, f(2z) = f(z)? = a®, we can use it in the proof of the second
one.

If z = 2t; then f(2t;t;) = a'' and f(t;)* = (f(t;)?)" = (a")t =
f(2t;ts). So we may assume that x = t; with |I| > 2. We have two cases.

If INJ # () then let i € I NJ. We have t;t; = —2t;, so that

fltrty) = f(tngaytits) = f(=2tpqats) = a” N,
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Note also that f(t;)%% = (f(t;)?)% = a®% = a=2!7 hence f(t;)% = +a=!.
But tpy € Z (we have |1\ {i}| > 1), so ((£1)!\3 = 1. Tt follows that

(f(t)E)N = (a7 W) e, f(tg)T = a "N = f(trty).

Suppose now that I NJ = . If J = {j} then f(trt;) = f(t;ug;). But
[TU{j}| >3 and j € I U{j}, so by definition f(t;t;) = b = f(t;)". If J =
{j1,j2} then by definition f(t;,t5,tr) = f(tiug o)) = b;jlu{h}. On the other
hand f(t,t,)> = a2 and (f(¢;,)42)% = (f(tj,)?)%2 = alnli2. It follows
that f(tj tj,) = £f(t;,)52 = j:b?f. But t; € Z and therefore (£1)% = 1. It
follows that f(tj,t;,) = (b72)t = b5}, Finally, if [J] > 3 then let j € J.
We also have j € I U J, so by definition f(trt;) = f(tius) = bjlu‘]\{j} and

t .
f(tJ)t[ — (ij\{J})t[ — f(tItJ)

Now for any i there are two values of b; such that b? = a* and if
t < j there are two values of b; ; such that b%j = a®%. Hence there are

gntn(n=1)/2 — on(n+1)/2 ways of choosing the b;’s and the b; ;’s. So there are
2n(n+1)/2 gequences (bs)sec satisfying the required conditions.

Note. One may obtain an explicit formula for b, in terms of b; and
b; ;. We have

bsI = f(SI - 1) = f( Z tJ) = HbZ H b@jb;lb;l H br{l\li[lrng}

PAICT i€l i,jeli<j JCI|11>3

(For any J with |J]| > 3 we use the formula b; = b‘j]\{j} with j = minJ.)

But, for every 1, b;l appears in the product ] biyjb-*lb;1 exactly [I| —1

(2

i,j€l,i<j
times. Thus
11 2—|1|
[To: TI besti'e; =110 II b
iel  ijeli<j icl i,j€l,i<j
. . J\{minJ} _ .
Also, for every i € I, b; appears in the product  [[ b, .. with the
JCIL|I1>3
exponent Y.ty where ; ={jel|j>i}. But ) t;=sp, so
JCI; | J|>2 JCI;
Z tJ:S[i—th—lz H S; — Z(Sj—l)—l.
JCI;,|J|[>2 j€el; JEILj>1 Jjel,j>1

Therefore,

= 3 (=Dl

T s
_ . jelj>i  jelj>i
b= JI b I]0

1,5€1,i<j el
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This formula can also be obtained by induction on |I| if we use the formula
bq(f_l)(t_l) = bsmb;tlb;ulb;}bsbtbu with s = s7,t = sj,u = s;, where we choose
i=minl, j=minl\ {i} and J = I\ {i,j}. As seen before, this gives by, in
terms of b, with = = s;, 85, 57, 855, Sjufi}s STU{j}-

One may try to obtain the formula by by, bolby bebeby = bV for
arbitrary s, t,u by writing s = sy, t = sy u = si forsome I, J, K C {1,...,n}
and using the above formula for b,,. However this would imply some messy

calculations.

428. Show that f(x) = 2*" — 323" 4 422" — 22" + 1 is irreducible in Z[z] for
all integers n > 1.

Proposed by Cornel Baetica, University of Bucharest, Romania.

Solution by the author. We have f(x) = g(z"), where g(z) = z* — 323 +
4z% — 22 + 1. Note that g(z + 1) = 2* + 23 + 22 + 2 + 1 = ®5(z). Since P5
is irreducible, so is g. Since the roots of ®5 are ¢* with 1 < k < 4, where
¢ = (5 = exp(2mi/5), the roots of g are a, = ¢F 4+ 1, with 1 < k < 4.

We have o € K := Q(¢). We denote by O the ring of integers in K,
i.e., O = Z[(]. The torsion of K* is u(K) = p1o = {£(® | s € Z}. Since K is
a totally imaginary quartic field, the unit group O* has rank 1, so it admits
a fundamental unit.

Now «y, are algebraic integers of norm 1, so o € O*. We claim that oy,
are fundamental units. Note that ay = (3% (¢72F +¢73%) = GR(¢%F +(2F) =
(3% -2 cos(4km /5). Hence ap = 2cos(4km/5) in O* /u(K), so it is enough to
prove that ay = 2 cos(4km/5) is a fundamental unit of K. But 2 cos(27/5) =
2cos(8m/5) = 71%\/5 = ¢! and 2cos(47/5) = 2cos(67/5) = 71%\/5 = —0o,
where ¢ = 1 2‘/5. (Note that ¢* is a solution of 0 = 22 + x4+ 14271+ 272 =
(x+ 272+ (z 4+ 271 — 1, so 2cos(2kn/5) = ¢¥ 4+ ¢7F is a solution of
2?2+ 2 —1=0.) Hence it is enough to prove that ¢ is a fundamental unit
of K. Suppose the contrary and let 5 be a fundamental unit of K. Then
¢ = eB* for some integer k with |k| > 2 and some ¢ € u(K).

We have ¢ = ¢ and |¢| = 1, so that # = ¢~!. It follows that

_0__ (ﬂ)
¢ epk p
Hence (3/B8)* = e? € w(K), so B/B € u(K), ie., /B = ¢ for some | € Z.
If v = ¢33 then ~ too is a fundamental unit and we have 7/y = (~53/3 =
+(7% = 41. Suppose that the =+ sign is —, that is we have ¥ = —v. We
write 7 in the basis ¢, ¢?,¢3,¢* of Z[¢], v = aC + bC? + 3 + d¢*, with
a,b,c,d € Z. Then ¥ = al" ' +b( 2+ 3 +d¢* = d¢ + % + bC3 + al?,
so the relation ¥ = —~ is equivalent to d = —a, ¢ = —b. It follows that
v =al + bC% — b — al*, so v is divisible in O by ¢ — 1. But ¢ — 1 ¢ O*.
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(In fact ¢ — 1 is a prime element of O lying over the prime 5 of Z.) It follows
that v ¢ O, contradiction. So the + sign is + and we have 7 = ~, that is
v € R.

Let v/ = %7 be such that v/ > 0. We have 8 = £( 739/, so ¢ =
e(£¢3Nk~k . As B+ are both real and positive, so is e(£¢(3)*. But
e(£¢3Nk € p(K), so we must have e(¢™3)* = 1. Tt follows that 8 = 4%,
But v/ € K NR = Q(cos(27/5)) = Q(+/5). Since 7' is an algebraic integer,

we actually have v/ € Z[HT\/g] But then the equality ¢ = +'* is impossible,
since ¢ = 1‘*'2—‘/5 is the fundamental unit of Z[H—Q‘/g] This contradiction shows

that ¢ is a fundamental unit of O.

It follows that o with 1 < k < 4 are fundamental units of O. It follows
that oy and —qy cannot be powers in K. From this it follows that x" — ay
is irreducible in K[z]|. (Otherwise, by Vahlen-Capelli theorem we have either
p | n and ai = t? for some prime p or 4 | n and —ay, = 4t* = (2t2)2))

Suppose now that f is reducible, f(z) = fi(z)f2(x) for some monic,
nonconstant fi(z), fo(x) € Qz]. In K[z] we have fi(z)fa(z) = f(x) =
g(a") = (z"—aq) - - (z"—ay). But 2™ —ay, are irreducible in K [x], so we must

have fi(z) = [] (2" — ag), fo(x) = [] (" — ag), where I, J form a partition
kel keJ
of {1,2,3,4} with I,J # 0. If gi(z) = [ (z — ), g2(z) = [ (z — ax)
kel keJ
then g1(z)g2(z) = (x — 1) -+ (z — as) = g(x). But g(z) is irreducible, so
we cannot have g1(z),g2(x) € Q[z]. Since fi(z) = g;(«™), we cannot have
fi(x), fa(z) € Qlx] either. Contradiction. Hence f is irreducible. O



