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Two surprising series with harmonic numbers and
the tail of {(2)
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Abstract. The paper is about evaluating two special series

— Hn — H, ,
B lem-1- o ) =X T,
n=1 n=1
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where H, denotes the nth harmonic number and w is the Digamma func-
tion.
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The celebrated Riemann zeta function ¢ is a function of a complex
variable (see [9, p. 265]) defined by

1 11 1
()= —=ltggtgtt—t, Re)>1

When z = 2, one has that the Riemann zeta function value {(2) is defined
by the series formula
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The polygamma function ¢/ is defined (see [7, p. 22]) by
2

d
W(Z) - dz2 logF(z) = &1#(2)’ z ¢ {07 _L _27 c '}7
or, in terms of the generalized (or Hurwitz) zeta function ((-,-)
1
") =) ——= =((2 0,—1,-2,...}.
¥(2) gmz)g (22), 2¢{0,-1,-2,..}
The nth harmonic number H, is defined, for n > 1, by

1 1
Hy=14 -+ +—.
2 n
A famous sum, due to Euler, in which the nth harmonic number is involved
is given below ([3], [7, p. 103], [8, p. 228]):

00 n—2
22%:(n+2)g(n+1)—Zg@-k)((kﬂ), neN\{1}, (1)
k=1 k=1

where an empty sum is understood to be nil.

For a proof of (1) the reader is referred to [7, pp. 103-105].

Series involving closed form evaluation of Riemann zeta function are
collected in [7] and, more recently, in [8]. Other series, involving the Riemann
zeta function and harmonic numbers, that evaluate to special constants can
be found in [4].

In this paper we evaluate two special series involving the product of the
nth harmonic number H,, and the tail of {(2).

More precisely, we calculate the series

[e.o] oo

H, 1 1 Hy, /
S (@t ) = e,
n=1 n=1

and the quadratic series

> 1 1)? &
St (6 1= gy - ) =S LW )P
n=1 n=1

The main result of this paper is the following theorem.

Theorem 1. Two harmonic series with the tail of ((2).
The following identities hold:

Hy, 1 1 7
W S (et g ) = e
° 2
) St (@ -1- == 1) = e -0,
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We need in our analysis Abel’s summation formula ([1, p. 55|, [4, p.
258]) which states that if (a,),>1 and (b,)n>1 are two sequences of real
n

numbers and 4, = > aj, then
k=1

Z apby, = Anbn+1 + Z Ak(bk — bk+1). (2)
k=1 k=1

We will also be using in our calculations the infinite version of the
preceding formula

kz arbr = lim (Anby1) + kz Ak (b — brs1)- (3)
=1 =1

Before we prove the main result of this paper we need the following
lemmas.

Lemma 2. Let n > 1 be an integer. Then,

n
(i) Y Hi=(n+1)Hp1 — (n+1);
k=1
o= H, ) 1 1
k=1
Proof. Both parts of this lemma can be proved by induction or by an appli-
cation of formula (2). For the sake of completeness we prove only part (ii)
and leave the proof of part (i) to the interested reader.
We use formula (2), with aj = % and by = Hj, and we get that

n n

H, 1 1 1 1\ 1
=1+ =4+ = Hypq — 1 oo =) ——
Zk <+2+ +n> 1 Z<+2 +k>k+1

k=1 k=1

n
1 1
=HpHpi1 — E T (Hk:+1 - >
k:1k+1 k+1

n

Hpqq 1
- Han+1 - + Z )
Lo+l =kt 1)
n+1 n+1
H,, 1
SR SRy
m=2 m m=2 m
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and Lemma 2 is proved. O

Lemma 3. The following equalities hold:

DXz (14get e+ ) = 5

n=1

(ii) If k > 2 is an integer, then

> 1 11 1 1 152
=31 <c<k> e n,c) = TRC(AD) L 3 (i) (),
n=1 =1

where the second sum is missing when k = 2.

Proof. (i) We apply formula (3), with

1 1 1
an:ﬁandbn:1+?++ﬁ,

and we have

14+t 1

o 22 2

§=> "
n=1

lm (et ) (1
— 1m _ _ PR _ _ “ e -
n—oo \ 12 22 n? 22 (n + 1)2
oo 1 1 1
_E:ﬁ+?+”+ﬁ
n=1 (n + 1)2

© lt+gmt+pt+ - tmmr X1
— (2(9) — 2273 (n+1)
¢@-2 CESE P rewy:

n=1 n=1
Zltmtmtots 1
=¢*(2) - Z : 3m2 + Z mA
m=2 m=2
=(*(2) - S +((4)
7
=504) =5

We used that (?(2) = 3((4) since ¢(2) = %2 and ((4) = g—g [6, p. 605].
(ii) We need in the proof of Theorem 1 only the evaluation of s2, however
we calculate s for the sake of completeness. Exactly as in part (i) we use
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formula (3), with a, = 2 and b, = ((k) — & — 55 — -+ — n—lk, and we have

n=1

1 ) 1 _—
:nlfgo<1++ +n>(C(k)—1k ..... (n+1)k>+;( e
& Hey & ' )
_;<n+1)k_;(n+1)k+1 (n+1=m)
OOHm
=D —F—(k+),
m=1

and the result follows based on formula (1).
oo

1 1 1
In particular SQZZH<C(2)—1—22—“'—H2>:C(S). O
n=1

Now we are ready to prove Theorem 1.
Proof. (a) We apply formula (3), with

H, 1 1
an:7andbn:C(2)—1—2f2——$,

combined to part (ii) of Lemma 2 and we have

o0

_1ZH3+1+2%+---+$
B (n+1)2 ’

n=1
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since

1
: 2

+
n—oo
| H,21+1+2%+-~~+#1 i) (c@ -1 1 1
= lim im (n —1l—= - =
n—o00 n-+1 n—00 22 (n—|— 1)
=0.
On the other hand,
1 1 H 1 1
H2 41+ — =2 el
Tttt T T T e T
and this implies that
1
A= li H7%+1 _ Hypq Ittt (n+1)?
2=\ (n+1)? (n+1)3 (n+1)2
fli Hp  gHn 1ot tgs
2 m? m3 m?
m=1
1 /17 ) 7
— (@) —2-2¢a)+ Lea
5 (e -2 Jew + o)
7
~ e
4(( )7
since E fn*g = 2((4) (see formula (1) with n = 3) and Z m2 =1T¢(4).
We mention that the identity mz—:l m—’; = 1I¢(4) was discovered nu-

merically by Enrico Au-Yeung and proved rigorously by David Borwein and
Jonathan Borwein in [2] who used Fourier series techniques combined to
Parseval’s formula for proving it, and a recent proof involving integrals of
polylogarithm functions was given in [5].
(b) We apply formula (3), with b, = (¢(2) -1 — % cee— L)2 and
a

— 5
an, = Hp,, combined with part (i) of Lemma 2 and part (a) of the theorem
and we get, since

bn—bn+1:(n+11)2[2<<(2)_1_212_'”_(n41—1)2>+(ni1)2}’
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that
B-3H 4(2)_1_1_..._1>2
_n:1 n 92 n2
1 1 2
:n]LIEO(Hl—i-HQ—F"‘—I-Hn)<C(2)—1—22—--'—(n+1)2>
~ Hi+ Hy+ -+ Hy 1 1 1
F I et g )
1 1 2
:nli)rglo((n+l)Hn+1—(n—l—l)) (C(2)_1_22 ____ (n—|—1)2>
> (n+1)Hpp1 — (n+1) 1 1 1
D e 2@t ) e
_ - Hpiq—1 B _i_ B 1 1
= o+l [2 <C(2) = (n+1)2> (n+1)2]
> H,, —1 1 1 1
=> - [2<C(2)_1_22_.”_mz>+mQ}
m=2
> H, -1 1 1 1
~Y Pt e (e - 1o = - ) )
m=1
since
, 1 1 2
nh_)rglo((n—l—l)HnJrl—(n—l—l))(((2)—1—22—---—(n+1)2> = 0.
This can be proved by noting that
. 1 1
g (1) (<<2> Tl <n+1>z> -
which implies
2
i (0 + D — (4 1) (62) — 1= = - )

. Hpp—1 2 1 1 2—
= S e () g e ) =
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Thus,
> Hp, 1 1 > Hp,
B=2 — 2)—1— = — - — —
=1 1 1 1
-2 — 2)—1— = — e —
5
=24+ 2C(4) — 252 = (3
7 5
= 204+ ¢() — 2(3) - ¢3)
19
= —2C) - 3(3),
and the theorem is proved. O
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Limits of multiple integrals over hyperbola domains
DuMmITRU PopaY)

Abstract. In this paper we study the asymptotic behav-
ior of some multiple integrals on the hyperbola domains H, =
{(z1,...,2n) ER" |21 >1,...;2pn > 1, 21+ 2n < a}, a> 1.
Keywords: Riemann integral, multiple Riemann integral, limit of sequen-
ces of multiple integrals.

MSC : 26B15, 28A35.

1. INTRODUCTION

For every positive integer n and every real a > 1 we call the set H} =
{(x1,...,2n) ER" |21 > 1,...,2p > 1, 21 - - - 2, < a} a domain limited by
equilateral hyperbolas or a hyperbola domain. Let us note that in the case
n=2weget H> = {(z,y) e R* |z > 1, y > 1, zy < a} which is a domain
limited by = 1, y = 1 and the equilateral hyperbola xy = a. By A\,
we denote the Lebesgue measure on R™. The main purpose of this paper
is to study the asymptotic behavior of some multiple integrals on H]' and
the asymptotic behavior of the n-dimensional Lebesgue measure of the set
H}'. The notation and concepts used in this paper are standard. For details
regarding the multiple Riemann integral we recommend the book [2].

2. PRELIMINARY RESULTS

We begin by proving the following result. For results of different type
we invite the reader to consult [4, Problems 4.1-4.3, page 98].

Proposition 1. Let a > 1 and h : [1,a] — R be a continuous function.
Then:

a/x 1 o
a)/ h(a:t)dt:/ h(u)du for all x > 1.
1 T Je
b) For all positive integers n the following equality holds

1 a
h(zi--mp)day...dey = ——— [ h(z)In" 'zda.
/H}; (1 xy)dry x (n—l)!/1 () In""" zdx

Proof. a) With the change of variables zt = u, dt = %du we get the stated
equality.

b) We prove the result by induction on n. The case n = 1 is clear. Let
us suppose that the equality holds for n > 1 and prove that it holds for n+1.

DDepartment of Mathematics, Ovidius University of Constanta, Bd. Mamaia 124,
900527 Constanta, Romania, dpopa@univ-ovidius.ro
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Since
HTY = {(mla'-wanrl) ER" |21 >1, ., 2p1 > 1, 212y < a}

= {(551,...7$n+1)€Rn+1 | (x].7"'axn) GHga 1§xn+l S L}

X1 Tn

by a well-known result, see [2, Exercise 10, page 247 |, or [3, Theorem 6.45,
page 438], we have

/H”+1 h(zy - zppr1)dey - - dap =

a/(z1xn)
= / / h(z1- - zpi1)deper | deg - - day,.
ar \J1

Now by part a) we have

a/(x1-Tn) 1 a
/ hzy - zpepir)de, = ———— / h(t)ydt =g(xy---xp),
1 T

xl ...xn Lo
where g : [1,a] = R, g(t) = t7! [* h(z)dz. We may write g(t) = t~1u(2),
where v : [1,a] = R, v(t) = [ h(z)dz, and v/(t) = —h(t) for all t € [1,qa], h
being continuous. Now we have

/ h(zy - zpp1)dey - - dapg = / g(x1 - xp)day - - - day,.
HpH! Hp
By the inductive hypothesis, we have

1 a
/ gler---ap)day - -dz, = (n—l)'/l g (z)In" " zda

= O _1 0 /1 % (In"'z) v (z)dx

and this implies

1 @1 _
/I{”+1 h(zy - zpp1)der - dapg = 7)' /1 - (ln” 1 :10) v (x)dz.

(n—1 x

Now integrating by parts

/1@ ! (" 'z)v(z)dz = ! (In" x)v (z)

x n

“ 1

we get

1 [ n
/H"“ h(zy - zpy1)dey -+ dape = n'/1 h(z)In" zdz.
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Corollary 2. For all positive integers n and all a > 1 it holds

n 1 “ n—
)\n(Ha):(n—l)!/l In" ! zdz.

Proof. From Proposition 1 we have

1 a
Ao (HY = [ 1dzy...dz, = —r [ In"lada.
(He) /Hg ' (n—1)! /1

The integral I,,_1 = fla In""! zdz can be calculated based on the recur-

rence formula I,,_1 = aln” 'a — (n — 1)I,,_o starting with the initial value
Ip=a—1. O
3. THE MAIN RESULTS
We need later the following result which is of independent interest.

Proposition 3. (i) Let a > 1 and h : [1,a] — R be a Riemann integrable
function. Then for all positive integers n we have

“h(2) " ad !
fi S0 (E) x:/ h(t) dt.
0

a—00 a(lna)"*

(ii) Let @ > 1 and h : [1,a] — R be a continuous function. Then for all
positive integers n we have

a

a x n—1
lim J{h(%)In ] xdx _ h(l)'
a—1, a>1 (a—1) n
(iii) Let a > 1 and h : [1,a] — R be a continuous function. Then

Sh(£) " ad
lim nJih(3) nn e =ah(1).
n— 00 (ln CL)
Proof. (i) With the change of variables £ =t, dz = adt, we deduce

N B 1 .
/1h(>ln Lede = a/ h(t) [In (ta)]" " dt

a 1
a

= a(lna)”_l/lh(t) <1 + hIt)n_ldt

Ina

ol

and it follows that

Jih(§) " ada — /11 h(t) (1 + lnt>”_1 dt. (3.1)

a(Ina)" Ina

n—1
h(t) (1+ {2L) if a7 l<t<1
F >1let f,:[0,1] = R, f,(¢t) = Ina . )
v et f,: 0.1 R ) = { MO0 i el s<i<h

We prove that for all ¢ € (0, 1], li_>m fa (t) = h(t). Indeed, let 0 < t < 1. Since
a—00
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lim % = 0, there exists a; > 1 such that % <t,Va > a;. Thus for all a > ay

a—00

we have fo (t) = h (t) (1+ ﬁl—é)n_land passing to the limit for a — oo we de-

duce lim fo(t) =h(t). Let a > 1. For all 2 <t <1 we have —1 < 2L <,

0< ( + lnt)nil < 1, and thus |f, (t)| < |h(t)], VYt € [0, 1] By Lebesgue
Dominated Convergence Theorem it follows that hm fo fa(t) fo
ie.,

. 1 Int\"! !

Jim [ (o (”m) at = /0 h(t) dt. (3.2)

From relations (3.1) and (3.2) we get the statement
(ii) Let us define F, : (1,00) = R, Fy, (a) = [{'h (%) In" ' zdz. We
must prove that

Fo(a) _ h(1)

a—>11,Hé>1 (a—1)" on

By the change of variables ¢ = u, dr = adu and the Newton binomial formula
we deduce

F,(a) = /1a h (g) In" 1 zdz = a/ll h(u) In"! (au) du

1

1
= a/ h(u)(Inu+1Ina)"" du

a

n—1 1
= aZCﬁ_l (lna)k/ h(u) (Inw)" " du.
k=0 :
Then
n-1 ko [k (u) (Inw)" " F du
o R@ P et D
a=l,a>1 (a —1)" prt el a>1 (a—1)* (a—1)""
n—1
_ C’rktz—l ( 1)n—k—1 _ l
n—k n’
k=0

Above we have used that if m € NU {0} and h : [0,1] — R is continuous
then, by L’Hopital rule,

) f1 ) (Inw)™ du y Lh(H mH™  Cyma)
e = G =
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n— l

= (— Rl = L follows from the Newton binomial

n
formula (1 — a:)"_l = S Ck_an k=1 (—1)""*"! vz e R, and by integration

1 1
Z )k 1/ x”kldx:/ (1—2)" 'da.
0 0

(iii) With the change of variables }E—i =t, x =a', dv = a'Inadt we deduce

a 1
/1 h (g) In" ! zdz = (In a)"/o " h (a'1) a'dt

and this implies

n i (%) " wde _ n/l "Lk (a'1) atdt.
0

(Ina)"

Since by a well-known result, see, e.g., [6, Exercise 3.4, page 51],

1
lim n/ t"h (a1 a'dt = ah (1),
n—o0 0

we get the statement. O

In the next proposition, which is the main result of this paper, we study
the asymptotic behavior of some multiple integrals on H/'.

Proposition 4. a) Let n be a positive integer. For each Riemann integrable
function h : [0,1] = R the following equality holds

o h (B2 dgq - - - day, 1
lim Ju; ( ) L - )/h(x)da:.
0

b) Let n be a positive integer. For each continuous function h : [0,1] — R
the following equality holds

o h (B2 dgy - - - day,
lim Sy h (2522) do - Lay.

a—1, a>1 (CL — 1)n n!

c) Let a > 1. For each continuous function h : [0,1] — R the following
equality holds

li h{———)dz;---dz, = —=h (1
oo en (Ina)” (lna)" n ( a ) o v V27 W)

where e is the base of the natural logarithm.
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Proof. Let h : [0,1] — R be a continuous function. From Proposition 1
applied to f:[l,a] = R, f(t)=h (é), we have

/Hg h (“aix") day -~ day = (n—ll)' /1ah (g) " lrdz.  (3.3)

a) The case of continuous function. From the relation (3.2) and Propo-
sition 3(i) we deduce

an h (L'f") dzy---dz,
m a =

n—1

li

a—00 a(lna)

1 1 ax 1 1
= lim h(Z)In™ ! zde = / h(x)dx.
(n—l)!aaooa(lna)nl/l (a) (n—=1!Jy ()

The case of Riemann integrable function. Let h : [0,1] — R be a
Riemann integrable function. Let € > 0. From a well-known result, there
exist two continuous functions ¢, : [0,1] — R such that ¢ (z) < h(z) <
Y (x), Yo € [0,1], and fol (¥ (z) — ¢ (x))dx < ¢g; for a proof of this result see
[1, Lemma 1] and for an n-dimensional version see [3, Theorem 6.8.2, page
456]. Then

ng ¥ (%) dzy - --dx, < ng h (rlazn> dzy - --dzy,
a(lna)n—1 - a(lna)n—1

an W (a)l';xn dzy - - - dz,
- a(lna)n—1

Passing to the limit as a — oo and using the preceding case (¢ and
are continuous) we obtain

1 o h (BE2n) dxy - - - day,
1/ p(zr)de < liminf fH“ () —
(n—1)!Jo a—oo a(lna)”
g h (552 day -+,
< limsup —2 —
a—o0 a (ln (I)n
1 1
< .
S o /0 Y(z)dz
Now since
1 1 1 1
/ Y(x)dr < / (¥(z) — o(z))dx +/ p(r)dr < e —{—/ h(z)dz
0 0 0 0

and similarly

/01 o(z)dr > /01 Y(x)dz — /01 (1/1(33) — go(x))d:c > /01 h(z)dz — e,



D. PorA, LIMITS OF MULTIPLE INTEGRALS OVER HYPERBOLA DOMAINS 15

we obtain
1 1 o h () day - - day,
</ h(z)dz — 5> < liminf fHa ( ) —
(n =1\ Jo a—00 a(lna)”
an h (Lazn) dxy - - -dzy,
< limsup — —
a—00 a (ln a)"

(nil)!</01h($)dm+a>_

Since € > 0 is arbitrarily taken, passing to the limit as ¢ — 0, € > 0, we
obtain

nh(%)dmmdxn

lim inf 2 — = limsup
a—00 a(lna)” a—00 a(Ina)

1 1
= — h(x)dx.
o, e
which ends the proof of a).

b) It follows from relation (3.3) and part (ii) of Proposition 3.
¢) From relation (3.3) we deduce

n! fH;l h (%) dxl . dxn B nfla h (%) lnn_l xdx

(Ina)" B (Ina)"

an h (75“1'('1'””") dzy---dz,

a

n—1

for all positive integers n. The limit from the statement follows from Stirling’s
formula n! ~ v27n - ()" and part (iii) of Proposition 3. O

Taking h (z) = 1 in Proposition 4 we get the asymptotic behavior of the
n-dimensional Lebesgue measure of the set H'. For the results of different
type we refer the reader to [4, problems 6.17, page 106 and 6.23, 6.25, page
107] or [5, Example 4, page 229].

Corollary 5. a) Let n be a positive integer. The following evaluations hold:

An(Hg) 1
a—00 ¢ (ln a)n_l (n — 1)‘7
An(Hy) 1

a—1, a>1 (a — 1)" ﬁ

b) Let a > 1. The following evaluation holds

.
00 en (Ina)

() =
T
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Inegalitati de tip Chebyshev-Griiss pentru operatorii
Bernstein-Euler-Jacobi

HEINER GONSKA'), MARIA-DANIELA Rusu?,
ELENA-DORINA STANILX?)

Abstract. The classical form of Griiss’ inequality was first published by
G. Griiss and gives an estimate of the difference between the integral of
the product and the product of the integrals of two functions. In the sub-
sequent years, many variants of this inequality appeared in the literature.
The aim of this paper is to consider some Chebyshev-Griiss-type inequali-
ties and apply them to the Bernstein-Euler-Jacobi (BEJ) operators of first
and second kind. The first and second moments of the operators will be of
great interest.

Keywords: Chebyshev functional, Chebyshev-type inequality, Griiss-type
inequality, Chebyshev-Griiss-type inequalities, Bernstein-Euler-Jacobi
(BEJ) operators of first and second kind, first and second moments.

MSC : 41A17, 41A36, 26D15.

1. INTRODUCERE

In cele ce urmeazd vom prezenta rezultate clasice din literatura.

Inegalitatile de tip Chebyshev-Griiss au fost intens studiate de-a lungul
anilor, mai ales datorita numeroaselor aplicatii. Ele reprezinta legatura intre
functionala lui Chebyshev si inegalitatea lui G. Griiss.

Functionala descrisa de

b b b
T(f,9) =y [ f@g@e— 2 [ e 2 g,
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unde f, g : [a,b] — R sunt functii integrabile, este binecunoscuta in literatura
drept functionala clasica a lui Chebyshev. Pentru detalii, articolul [3] poate
fi de ajutor.

Un prim rezultat pe care il readucem in atentia cititorului este dat de
urmatoarea teorema.

Teorema 1. (vezi [16]) Fie f,g : [a,b] — R doud functic marginite si inte-
grabile, ambele crescatoare sau descrescatoare. Mai mult, fie p : [a,b] — ]R(J)r
o0 functie marginitd si integrabila. Atunci avem

/ 2)dz / 2)da > / () f () / @g@)dr.  (L1)

Daca una din functiile f sau g este crescatoare si cealalta este descrescatoare,
atunci inegalitatea (1.1) se inverseazd.

Remarca 2. Relatia (1.1) a fost introdusa pentru prima oara de citre P. L.
Chebyshev in 1882 (vezi [2]). Din acest motiv, este cunoscuta sub numele de
inegalitatea lui Chebyshev.

In continuare amintim unul din rezultatele esentiale pe care se bazeaza
cercetarea noastrd, si anume inegalitatea lui Griiss pentru functionala lui
Chebyshev.

Teorema 3. (vezi [11]) Fie f, g functii integrabile, definite pe intervalul [a, b]
cu valori in R, astfel incit m < f(x) < M, p < g(x) < P, pentru orice
x € [a,b], unde m, M,p, P € R. Atunci are loc inegalitatea

T(f,9)| < (M m)(P — p). (1.2)
Urmaétoarele inegalitati de tip Chebyshev-Griiss vor fi folosite in con-
tinuare, pentru a introduce rezultatele noastre.

Teorema 4. (vezi [21]) Daca f,g € Cla,b] si x € [a,b] este fizat, atunci are
loc inegalitatea

IT(f,g;:2)| < W(f 2\/6’1——> (g,2 (61—1‘)2;:17)>. (1.3)

Remarca 5. Rezultatul de mai sus implica folosirea celui mai mic majorant
concav w al primului modul de continuitate. O definitie si detalii cu privire
la acesta se gasesc, de exemplu, in [8].

Remarca 6. Scopul nostru este sa aplicam inegalitatea de mai sus in cazul
operatorilor BEJ de tipul I si 11, pentru diferite cazuri, ludnd in considerare
diferitele momente de ordinul doi.

In cazul operatorilor liniari si pozitivi care reproduc functiile constante,
dar nu le reproduc pe cele liniare, avem urmatorul rezultat.
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Teorema 7. (vezi Corolarul 5.1 din [8]) Daca H : Cla,b] — Cla,b] este
un operator liniar $i pozitiv care reproduce functii constante, atunci pentru
f,g € Cla,b] si x € [a,b] fizat, au loc urmdtoarele inegalitati:

T(,0:0)] < 1 (f:2v/Alezs ) — He;27) & (g:20/Hlewi ) — Hler; 2)?)

< 18 (F2VA(e —2%0) 6 (g2VA(e —05n) . (14

Remarca 8. Pentru a aplica inegalitatea de mai sus unora din cazurile ope-
ratorilor BEJ de tipul I sau II, avem in primul rand nevoie de momentele
de ordinul intai. Apoi trebuie sa calculam diferente de tipul T'(eq,e1;x) =
H(eg;x) — H(ey;x)?. Daci operatorul H nu reproduce functiile liniare, se
obtine o imbunéatatire a inegalitatii (1.3).

Operatorii Bernstein-Euler-Jacobi (BEJ) sunt impartiti in doua clase:
BEJ de tip I si BEJ de tip I1. Scopul acestui articol este de a aplica ine-
galititile de tip Chebyshev-Griiss de mai sus acestor tipuri de operatori. In
rezultatele urmatoare momentele de ordinul unu si cele de ordinul doi vor fi
de mare interes.

Operatorii BEJ de tipul I, ca si clasa de operatori pozitivi si liniari, pot
fi definiti dupa cum urmeaza. Pentru mai multe detalii, vezi [23].

Definitia 9. Definim RS+ C[0,1] — C[0,1] ca fiind

R%’,Z’b) = By, 0B’ o By,

pentrur >0, a,b> —1,n,m > 1. In ecuatia de mai sus, B‘;”b este operatorul
Euler-Jacobi-Beta definit in [9] si By, By, sunt operatorii Bernstein de ordin
n st m.

Remarca 10. Operatorii BEJ de tip I reproduc constantele. Pentru anumite
valori ale lui a, respectiv b, si anume pentru a = b = —1, sunt reproduse si
functiile liniare.

A doua clasa de operatori liniari si pozitivi pe care 1i consideram sunt
BEJ de tipul I11. Definitia este data in continuare.

Definitia 11. Pentru r,s > 0, a,b,c,d > —1 sin > 1, definim Ry©4™0 .
C0,1] — C0,1] ca fiind
Rs,c,d;r,a,b _ Bc,d o B. o Ba,b
n - S n r

B?’b st Bg’d sunt operatori de tip Fuler-Jacobi Beta si B, este operatorul
Bernstein de ordin n.

Remarca 12. Operatorii BEJ de tip II reproduc constantele. Pentru an-
umite valori ale lui a,b si ¢,d, i anume pentru a = b = ¢ =d = —1, sunt
reproduse si functiile liniare.
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2. MOMENTELE DE ORDINUL UNU SI DOI

Lema 13. Pentru clasa de operatori BEJ de tipul I momentele de ordinul 1
si 2 sunt date de:

(ra,0) B 1 :a—|—1—$(a+b—|—2) 51
Rm,n ((61 ‘/EGO) 733) rtatbt2 . ( . )

@b () — zeg)?; x) =

22[mn(a® + b? + 5a + 5b + 2ab+ 6 — 1) + r2(1 — m — n)]
mn(r+a+b+2)(r+a+b+3)
z[mn(2a® +2ab+8a +2b+ 6 —r) + r2(1 —m — n) + mr(a — b)] (2:2)
- mn(r+a+b+2)(r+a+b-+3) +
+[mn(a—|—1)(a+2)+m(r(a+1)+ab+a—|—b—|—1)]
mn(r+a+b+2)(r+a+b+3) ’

Pentru detalii in ceea ce priveste demonstratia, vezi [23].

Lema 14. Pentru clasa de operatori BEJ de tipul II momentele de ordinul
1 81 2 sunt date de:

Rq(ls,c,d;r,a,b)((el - .7)60)1; l‘) _

e+ d+2) +(a+b+2)(s+ctd+2)
B (r+a+b+2)(s+c+d+?2) (2.3)
rc+1)+(s+c+d+2)(a+1)
(r+a+b+2)(s+c+d+2)

R%S’C’d;r’a’b)((el . 1'60)2; x) _
_ (n=1)((a+b)?+2ab+5a+5b+6 —r)(sz+c+1)(sz+c+2)
 onlr+a+b+2)(r+a+b+3)(s+c+d+2)(s+c+d+3)
+((a+b)2+5a+5b—|—6—r—n(2ab+2a2+8a+2b+6—r))(sa?+c+1)
nr+a+b+2)(r+a+b+3)(s+c+d+2)
N a® 4+ 3a + 2 (st +c+1)(sz+c+2)
(r+a+b+2)(r+a+b+3) n(s+c+d+2)(s+c+d+3)
st4+c+1 @ +d?+2cd+5c+5d+6—s ,
“n(s+c+d+2)  (ste+d+2)(s+ct+d+3) v
2cd +2c? +8c+2d+6 — s ¢+ 3c+2
Gtetd+2)(stetd+3) (stctdt2)(stetd+d)

_l’_
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N 2r(st+c+1)
n(r+a+b+2)(s+c+d+2)

2r(sz+c+1)(sx+c+2)
n(r+a+b+2)(s+c+d+2)(s+c+d+3

n 2r(st+c+1)(sx+c+2)
(r+a+b+2)(s+c+d+2)(s+c+d+3)
+2(a+1—x(2r+a+b+2))(sm+c+1) . 2(a+ D
(r+a+b+2)(s+c+d+2) r+a-+b+2

+
) (2.4)

+

+ 222,

Pentru detalii in ceea ce priveste demonstratia, vezi [23].

Multi operatori uzuali pot fi regasiti daca particularizam valorile indi-
cilor. Astfel in primele cinci tabele prezentate in Anexa regasim momentele
de ordinul doi, pentru cazurile particulare pe care am reusit sa le localizam
in literatura, determinate pe baza ecuatiilor (2.2) si (2.4), folosind conventia

B, = B% =1d.

3. INEGALITATI CHEBYSHEV-GRUSS PENTRU OPERATORII BEJ
DE TIP I g1 I1

In continuare aplicam inegalitatea de tip Chebyshev-Griiss, data de
(1.3), operatorilor BEJ de tipul I gi IT si obtinem urmétoarele teoreme.

Teorema 15. Daca f,g € Cla,b] si x € [a,b] este fizat, atunci inegalitatea

T(f,g:2)] < 1 <f; 2RSSV (61 — )2 x>) & (g; 2/ R (1 — x)z;m)

are loc, pentrur >0, a,b > —1, n,m > 1.

Teorema 16. Daca f,g € Cla,b] si x € [a,b] este fizat, atunci inegalitatea
1. ¢, d;r,a,b
(00| < 3@ (£i2y REF D (e -2 )
& g2y R (o1 — 0t

are loc, pentrur,s >0, a,b,c,d > —1, n > 1.

Remarca 17. Particularizand valorile indicilor in ecuatiile (2.2) si (2.4),
obtinem inegalitatile Chebyshev-Griiss corespunzatoare operatorilor binecu-
noscuti in literatura. Momentele de ordinul doi in cazurile particulare sunt
prezentate in Tabelele 1 — 5 din Anexa.

Daca aplicam inegalitatea (1.4) operatorilor BEJ de tipul I si II care nu
reproduc functiile liniare, obtinem urmatorul rezultat.
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Teorema 18. Pentru f,g € Cla,b] si x € [a,b] fixat, urmatoarea inegalitate
are loc:

IT(f,g;x)] < i - (f;2 . \/T(€1,€1§£L’)> - <g;2- T(el,el;x)> .

Diferentele de mai sus sunt date de ecuatiile:

T(e1, e1;2) := R4 (e — weo)?; ) — [REEY ((e1 — weo) s 2)]?,

respectiv

T(e1,e1;x) = Rff’c’d”’“’b)((el — $eo)2; x) — [Rff’c’d”’“’b)((el — $eo)1; :B)]2

Remarca 19. Momentele de ordinul intéi si diferentele de tip T'(e1,e1;)
pentru cazurile particulare se regasesc in Tabelele 6 — 7 din Anexa.
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Olimpiada de Matematica a studentilor din sud-estul
Europei, SEEMOUS 2015

CORNEL BAETICAY, GABRIEL MINCU?, RADU STRUGARIU?)

Abstract. This note deals with the problems of the 9th South Eastern Eu-
ropean Mathematical Olympiad for University Students, SEEMOUS 2015,
organized by the Union of Macedonian Mathematicians in Ohrid, Macedo-
nia, between March 3 and March 8, 2015.

Keywords: Determinants, block matrices, Riemann integral, sequences
and series.

MSC : 11C20, 26A42, 40A05

Cea de-a noua editie a Olimpiadei de Matematica a studentilor din
sud-estul Europei, SEEMOUS 2015, a fost organizata de Uniunea Matemati-
cienilor din Macedonia si de Societatea de Matematica din Sud-Estul Europei
in localitatea Ohrid din Macedonia, in perioada 3-8 martie 2015. Au par-
ticipat 91 de studenti de la 20 de universitati din Bulgaria, Grecia, Iran,
Macedonia, Roméania, Slovenia si Turkmenistan.

Concursul a avut o singura proba, care a constat in patru probleme.
Prezentam mai jos aceste probleme insotite de solutii. Unele idei sau solutii
au fost preluate din lucrarile concurentilor. Solutiile oficiale pot fi consultate
pe situl http://www.seemous2015. smm. com.mk.

Problema 1. Sa se arate ca pentru orice x € (0,1) are loc inegalitatea

1
/ V14 cos2ydy > Va2 +sin® z.
0

Pirmyrat Gurbanov, Turkmenistan

Aceasta a fost consideratd de juriu drept o problemd usoarda. Majori-
tatea studentilor care au rezolvat problema au preferat o abordare calculatorie
in spiritul celei de-a doua solutii pe care o prezentam.

Solutia 1. Se observa cia membrul stang al relatiei cerute reprezinta
lungimea graficului functiei f : [0,1] — R, f(z) = sinz, in timp ce membrul
drept reprezinta lungimea coardei ce uneste punctele (0,0) si (z,sinx) de pe
graficul respectiv. In aceasts interpretare, inegalitatea ceruta este evidenta.

0

1)Departmen‘c of Mathematics, University of Bucharest, 14, Academiei str., Bucharest,
Romania, cornel.baetica@fmi.unibuc.ro

2>Departmen'ﬁ of Mathematics, University of Bucharest, 14, Academiei str.,Bucharest,
Romania, gamin@fmi.unibuc.ro

3)Universitatea Tehnici ,Gheorghe Asachi” din Iasi, Departamentul de Matematica si
Informatica, rstrugariu@tuiasi.ro
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Solutia 2. Consideram functia F': [0, 1] — R,
€T
F(z) = / V1 +cos?ydy — Va2 4 sin? z.
0
V1 + cos? g — zdsinzeosz a8 g £ (),

Constatdm ca F'(z) = a2 4sin? x )

0 , daca x = 0.
Tinand cont de inegalitatea (1 + cos®z)(2? + sin® ) > (z + sinx cos z)?, va-
labila pentru orice x € (0, 1], caci pe acest interval avem tgx # x, obtinem

F'(x) > 0 pentru orice z € (0, 1], deci F este strict crescatoare. Prin urmare,
pentru orice z € (0,1] avem F(z) > F(0) = 0, deci [} \/1+cos?ydy >
V2 4+ sin? . Cum insi integrandul este pozitiv,

1 T
/ \/l—i-COSdeyZ/ V' 1+ cos?ydy
0 0

si obtinem inegalitatea ceruta. [l

Observatie. Solutia 2 nu face altceva decat sa concretizeze de o maniera
calculatorie intuitia inegalitatii dintre lungimea curbei si lungimea coardei
pe care am folosit-o la solutia 1.

Problema 2. Consideram functiile f, : R — R, n € N* definite prin
fi(z) =3z — 423 §i fur1(z) = fi(fn(z)). Rezolvati ecuatia f,,(z) = 0.

Problema este una standard. Solutiile date de concurenti au facut prin
urmare uz de idei de acelasi tip. Prezentam mai jos doud solutii, prima in
spiritul celei propuse de autorul problemei, iar a doua, data in concurs de
Andrei Bud, care ilustreaza anumite variatii de abordare.

Solutia 1. Incepem prin a observa ci pentru |z| > 1 avem |f(z)| =
|z||3 — 42?%| > 1. De aici se obtine inductiv faptul ci daci |z| > 1, atunci
| fn(x)| > 1 pentru orice n € N*. In consecintd, ecuatia propusd nu poate avea
solutii decat in intervalul [—1, 1]. Pentrux € [—1,1], fi(z) = fi(sin(arcsinx))
= sin(3arcsinz). Inductiv, f,(z) = sin(3" arcsinz). In consecinti, solutiile
ecuatiei f,(x) = 0 sunt sin ’;—Z{, ke {1_23n,..., 3”;1}. O

Solutia 2. Observam ca fi(z) = —T3(z), T3 fiind al treilea poli-
nom Cebasgev. Prin urmare, pentru x € [—1,1] are loc fi(cos(arccosz)) =

= —cos(3arccosx); inductiv, f,(x) = (—1)"cos(3™arccosz), deci ecuatia
din enunt admite drept solutii numerele
2k + 1)m
—, k 0,1,...,3" —1}. 1
Co8 " e {0,1,..., } (1)

Cum functia cos este strict descrescatoare pe [0, 7], aceste solutii sunt dis-
tincte doua cate doua, deci ele sunt in numar de 3". Pe de alta parte, se
constata inductiv ca f;, este o functie polinomiala de grad 3™, deci ea are cel
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mult 3" ridicini reale. In consecinta, solutiile ecuatiei propuse sunt exact
cele date in (1). O

Problema 3. Fie n > 2 un numar intreg si A, B, C, D € M, (R) matrice
care satisfac urmatoarele relatii:

AC — BD = I,,
AD + BC = 0,,,

unde [,, este matricea unitate iar 0,, este matricea nula din M, (R). Aratati
ca:

(a) CA— DB =1, i DA+ CB =0,,.

(b) det(AC) > 0si (—1)"det(BD) > 0.

Vasile Pop, Romaénia

Prima parte a problemei este standard, bazandu-se pe faptul ca daca
doud matrice patratice X si'Y satisfac XY = I, atunci i YX = I,,. Cea
de-a doua parte insa a pus probleme serioase concurentilor, doar dot dintre
acestia, Andrei Bud si Anca Bdltdriga, ambii de la Facultatea de Matematica
st Informatica a Universitatii din Bucuresti, reusind sa dea solufii complete.
Prezentam mai jos trei solutii, prima folosind matrice bloc iar celelalte doua
date in concurs de catre cei doi studenti.

Solutie. (a) Din AC — BD = I, si AD + BC = 0,, obtinem (AC —
BD)+i(AD + BC) = I, ceea ce este echivalent cu (A +iB)(C +iD) = I,,.
Aceasta ne arata ca matricele A + iB si C' + iD sunt inversabile, fiind una
inversa celeilalte. Astfel (C' +iD)(A + iB) = I, si de aici rezulta (CA —
DB) + i(DA + CB) = I,. Cum CA— DB,DA+ CB € M,(R) obtinem
CA—DB=1,5 DA+CB=0,.

(b) Solutia 1. Incepem prin a observa ci daci A, B € M, (R) atunci

A B
det(_B A)ZO.

Aceasta se demonstreaza astfel:

A B\ _ . (A—iB Btid\ _ 0, Btid)
dEt(—B A>_det( B A )_det<—B+iA A )‘

= det(B+iA)det(B —iA) = det(B +iA)det(B + iA) = | det(B +iA)|* > 0.

Acum trecem la determinanti urméatoarea relatie:

(—AB i)(—% Ocn>:<é: §g>

si obtinem det(AC) = | det(B + iA)|? det(C)? > 0.
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Pentru a arata ca (—1)"det(BD) > 0 folosim o relatie asemanatoare
celei anterioare:

A B c D\ (I, AD
(425 2)-(k )
din care deducem (—1)"det(BD) = | det(B + iA)|? det(D)? > 0.

Solutia 2. S& demonstram mai intai ca det(AC) > 0. Daca det A =
0 sau det C' = 0 nu este nimic de demonstrat. Sa presupunem atunci ca
det(AC) # 0. Din AD = —BC rezulti D = —A~'BC. Inlocuind in AC —
BD = I, obtinem AC + BA™'BC =1, = C + A-'BA™'BC = A™! =
I,+(A™'B)?2 = A"'C~ ' = [I,+ (A7'B)?|CA = I,,. Trecem la determinanti
si avem ci det[l, + (A7'B)?]det(AC) = 1. Cum det[l, + (A71B)?] > 0
conchidem ca det(AC) > 0.

Pentru a arata ca (—1)"det(BD) > 0 procedam asemanator: pre-
supunem det(BD) # 0 si din AD = —BC rezulti A = —BCD™!. Inlocuind
in AC — BD = I,, obtinem BCD'C + BD = -1, = CD™'C + D =
~-B'=I,+(D1'0)? =-D'B! = [I, + (D'C)BD = —1I,. Tre-
cem la determinanti si avem c& det[I,, + (D~'C)?]det(BD) = (—1)". Cum
det[I, + (D~1C)?] > 0 rezults ci (—1)" det(BD) > 0.

Solutia 3. Din (a) stim ca CA — DB = I,,. De aici rezulta A(CA —
DB)C = AC = (AC)? — (AD)(BC) = AC = (AC)? + (AD)? = AC, deci
det(AC) = det[(AC)? + (AD)?]. Pe de alti parte (AD)(AC) = A(DA)C =
A(-~CB)C = —(AC)(BC) = (AC)(AD). Fie X = AC si Y = AD. Din
XY =YX deducem ca X2 +Y? = (X +4Y)(X —iY), deci det(X2 +Y?) =
|det(X +iY)|2 > 0, ceea ce era de demonstrat.

Procedam analog pentru cea de-a doua inegalitate. Din CA— DB = I,
rezultd B(CA — DB)D = BD = (BC)(AD) — (BD)? = BD = (AD)? +
(BD)? = —BD = det[(AD)?+(BD)?] = (—1)"det(BD). Dar (BD)(AD) =
B(DA)D = B(—CB)D = —(BC)(BD) = (AD)(BD), deci putem conchide
ca det[(AD)? + (BD)? > 0. O

Problema 4. Fie I C R un interval deschis, 0 € I iar f : I — R o
functie de clasa C2°6(I) astfel incat

F0) =0, f(0) =1, f(0) = f"(0) =--- = fE(0) =0, FE9(0) <0.
(i) Aritati ci existd 6 > 0 astfel incat
0< f(z) <z, Vze(0,0). (2)
(ii) Cu ¢ dat de (i), definim sirul (ay) prin

4]

a1 = 5, Ay = f(ay), ¥n > 1. (3)
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Studiati convergenta seriei
oo
> ap,
n=1
unde r € R este un parametru arbitrar.
Radu Strugariu, Romania
Problema a fost consideratd de catre juriu drept o problemd dificild,

iar rezultatele au confirmat acest lucru, punctajul mazim obtinut fiind de 7
puncte din 10 posibile. Prezentam pentru inceput solutia autorului.

Solutie. (i) Vom arata ca exista a > 0 astfel incat f(z) > 0 pentru
orice = € (0, a). Pentru aceasta, observam ci, deoarece f este de clasa C' si
f(0) =1 >0, existd a > 0 astfel incat f'(z) > 0 pe (0,«). Cum f(0) =0,
iar f este strict crescatoare pe (0, «), rezulta concluzia dorita.

Demonstram ca exista § > 0 astfel incat f(x) < z pentru orice x din
(0,8). Cum f016)(0) < 0, iar f este de clasi C?16, exista § > 0 astfel incat
fRU6)(#) < 0 pentru orice t € (0, ). Folosind formula lui Taylor, pentru
orice x € (0, 3) exista 6 € [0, 1] astfel incat

o f/(O) f(2015) (0) 2015 f(2016) (01’) 2016
F@)=fO)+ et g oot~ 0 @
deci
FE(02) 5016

Luand ¢ := min {«, 8} > 0, punctul (i) este complet demonstrat.

Observatie. Diverse variante alternative de demonstratie pentru inega-
litatea f(x) < x de la punctul (i) au fost gédsite de multi dintre studentii
participanti. O parte dintre acestea s-au bazat pe faptul ca f (2016)(0) <0
antreneazd, in baza continuititii functiei f(2016) ci f(2016)(z) < 0 pe o
vecindtate a originii. Cuplat cu f(91%)(0) = 0, aceasta implici faptul ci
fR019) (1) < 0 pentru = > 0 dintr-o vecinitate a originii. Inductiv, se ajunge
cad f"(x) < 0 pentru x > 0 dintr-o vecinatate a originii. Cum ecuatia tan-
gentei in (0,0) = (0, f(0)) la graficul functiei f este y = z, iar f este strict
concava pe o vecinatate a originii, rezultd f(z) < z pe un interval (0, 0).

(ii) Solutia 1. Vom arata mai intai ca sirul (a,) definit de (3) converge
la 0. Intr-adevir, datoriti relatiei (2), rezult ci

0 < tnt1 < @y, ¥/n>1,

deci girul (ay,) este strict descrescator si marginit inferior de 0. Rezulta ca (ay,)
este convergent la un ¢ € [O, g) Trecand la limita in relatia de recurenta,
obtinem ca ¢ = f(¢). Avand in vedere (2), rezulta ¢ = 0.

In continuare, calculam
2015

lim na;”°.

n—o0
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Cum a,, | 0, folosind Teorema Stolz-Cesaro, avem ca

. . n . n+1)—n _ 1
lim na?° = lim =1 % = lim T T =
n—00 n—00 —=-¢ N—00 —==r — —5=r N—00 ——=<sre — —s=p
2015 a2015 52015 F(an)2015 — 42015
2015
= lim ! = lim (zf(z))
250 2022015 _ f(1)2015°

F(2)2015 — 32015

Folosind (4), obtinem ca pentru orice x suficient de mic, exista 6 € [0,1]
astfel incat
(:cf(a;))2015 = 74030 | O (58045)
si
f(2016) (9@
2016!
ceea ce arata, folosind si faptul ca f este de clasa C?016, ca lim f (2016)(930) =

z—0
1209 0) s

2215 £()2015 — 9015 #1030 | 0 (56045),

i (wf(@)™® 2016! -0
2022015 — f(1)2015 2015 - f(2016) () :

Aceasta implicd, in baza criteriului de comparatie cu limita pentru serii cu

[e.e] oo
termeni pozitivi, ca seriile E ay sl E — au aceeasgi natura, deci seria
71,2015
n=1 n=1

oo
Zaz este convergenta pentru r > 2015 si divergenta pentru r < 2015. [
n=1

2015

'Y apare natural

Observatie. Ideea de considerare a limitei lim na
— 00

n
atunci cand se incearca aplicarea criteriului de convergenta de tip Gauss:
o S . . . < bngl .

daca seria > b, cu termeni pozitivi are proprietatea ca —3— se poate scrie
n=1 "

sub forma
bn+1 A B(n)

bn, n

: ()

(o)
unde B este o functie marginita, iar p > 1, atunci seria ), b, este convergenta
n=1

npb

o . . < 5 A FP019) (0an)
dacd gi numai daca A > 1. In cazul nostru, notand 3, := 57—, avem

folosind (4) pentru = := a,, ca

r
-1
(an+1> _ (1+Bna31015)r_1+T/8na31015+r(r2 ) 2,4030 4
%9

. L y £(2016)(g o
folosind expresia seriei binomiale si faptul ca 3, — 20716!(), an — 0 implica

Bra2%1® € (—1,1) pentru n suficient de mare. Este clar deci ci se impune cal-

T
culul limitei li_)m na2®’ pentru a putea scrie (“Z“) sub forma (5). Facand
n—0o0 n
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calculele gi demonstrand marginirea functiei B(n), obtinem aceeasi concluzie

ca mai sus, deoarece ne rezulta A = 557=.

Majoritatea studentilor care au dat rezolvari partiale legate de conver-
genta seriei au incercat compararea acesteia cu diverse serii telescopice. Este
si cazul studentului Andrei Bud de la Facultatea de Matematica si Infor-
matica a Universitatii din Bucuresti, care a rezolvat complet cazul r > 2016,
precum si partial cazul » < 2015 prin acest procedeu. Prezentam in continu-
are o solutie a problemei ce porneste de la aceasta idee.

Solutia 2. In primul rand sa observam ca formula lui Taylor asigura
ca pentru orice n > 1,

f(2016)(9nan) 2016

an-&-l:an‘i‘w'an ) (6)

unde 6,, € [0,1]. De asemenea, deoarece exist w astfel incat f(2916)(0) < w <
0 si f(2016) egte continud, avem ci existd T > 0 astfel incat f(2016) ( ) < w
pentru orice z € [0,7]. Mai mult, din Teorema lui Weierstrass,

f(2016)($)
A= " <0,
welor]  2016!
(2016)
B := min fi@ < 0.
zef0,7]  2016!
. f<2016)(9nan) o o .
Notand 3, := g5, observam ca f#, < A < 0, pentru orice n

suficient de mare. Presupunem, fara a restrange generalitatea, ca relatia are
loc pentru orice n > 1. Atunci

2016 2016
_Aan < _/Bnan = Qp — Gn+41,

de unde prin sumare

m
—A E aiow < a1 — Gma1-

n=1

oo
Rezults convergenta seriei Y. a2°'6. Prin intermediul unui criteriu de

n=1
(o)
comparatie, concluzionam ca seria Y al converge pentru orice r > 2016.
n=1
Sa observam acum ca
Gp — An41
+1 ﬁn 2015 < —Ba 2015’ Vn.

an

Prin sumare, rezulta

i Qnp aan-f—l _B Z a2015 (7)

n=m n
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Cum (ay,) este descrescator, avem ca

an — An+1 > Gp — Gn41 v

> ,  Vno2z>m,
an, am
de unde
jiaxg anp — a am — Q
Z n n+1 > dm m-l—p-ﬁ-l7 Vp € N.
n—mm Gnp, A,

Cum sgirul din dreapta converge la 1 pentru p — oo, rezulta
_B a2015 > On 7 Ol o

adica restul de ordin m al seriei Z a2 nu converge la 0. Rezulta ci Z a;,

n=1 n=1
o

este divergenta. Prin aplicarea unui criteriu de comparatie, avem ca » | a/,
n=1

2015

este divergenta pentru orice r < 2015.
Rémane de studiat cazul r € (2015,2016). Observam ca relatia (6)
asigura faptul ca
k
akb = af (1+B,a2")", VkeR,

de unde, folosind expresia seriei binomiale, avem ca, pentru orice n suficient
de mare,

_ kﬁn 2015+k k( )52 2- 2015+k+k(k - 16)(k )/83 32015+k+ ]
Pentru k£ € (0,1), cum S, < O, rezulta ca toti termenii sumei din dreapta
sunt negativi, deci

k
CLn+—

k k 2015+
Upy1 = O < kﬁnan .

Rezulta
—Ak:a,%m‘:’% < _kﬂna721015+k: < a’7k1: _

Sumand, obtinem ca

k
an_,’_l.

m
—Ak Z a2015+k < gk alfnJrl.

n=1

Cum girul din dreapta este convergent, rezultd convergenta seriei

Z 20154k phentru orice k € (0,1). Aceastd afirmatie incheie rezolvarea pro-
n=1

blemei. 0
Nota. Contributia celui de-al treilea autor este sustinuta de proiectul
»oistem integrat de imbunatatire a calitatii cercetarii doctorale si postdoc-
torale din Romania gi de promovare a rolului stiintei in societate®, POS-
DRU/159/1.5/S/133652, finantat prin Fondul Social European, Programul
Operational Sectorial Dezvoltarea Resurselor Umane 2007-2013.
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NOTE MATEMATICE

A multiple sum and the Riemann zeta function
NICOLAE ANGHELY

Abstract. In this short note we express a certain multiple sum as a
linear combination with rational coefficients of values of the Riemann zeta
function.

Keywords: Multiple sum, series, Riemann zeta function.
MSC : 14G10, 40B05, 11M06

The Riemann zeta function is one of the most important functions in all
of mathematics. On its tail rests the last historically great unsolved problem,
the Riemann hypothesis. With only minimal knowledge about convergent
series the beginning undergraduate student or the high school mathematics
teacher can get a glimpse of it, and this short note is certainly written with
this idea in mind.

The Riemann zeta function, ((z), is defined for z € C, Re(z) > 1, as
the sum of the convergent series

() =Y ey
n=1

The series (1) converges because its associated absolute series, Z &, where
n= 1

z = x+1y, converges for x > 1 to a sum not exceeding 1+foo df = = 1, by the

integral test for convergence of series with positive terms. ¢ ( ) extends then
by analytic continuation to the whole complex plane, with only a simple pole

at z = 1 [2]. The Riemann hypothesis asserts that the so-called non-trivial
zeros of ((z) all belong to the critical line Re(z) = 3.

The purpose of this note is to express, for any positive integer p, the
multiple sum

DI ZWW g Re@ce @)

ni=1ng=1

in terms of values of the Riemann zeta function. For a somewhat similar
multiple sum problem, see [1]. Notice first that the multiple sum (2) con-
verges when Re(z) > p. Indeed, by the arithmetic-geometric mean inequality

1>Department of Mathematics, PO Box 311430, University of North Texas, Denton, TX
76203, USA, anghel@unt.edu
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MENIEIN > (g - - - ny) /P, for the absolute multiple sum we have

P
o o0 oo (o.9] oo o 1
< -
;1 mzl npz_l Tbl +ng + -+ np) nlzzl HZZZI npzzl pr(nlng .. .np):r/p

Being absolutely convergent, it is then legitimate to replace the multiple
summation in Sp(z) by a single sum, via the substitution nj + ng +--- +
np, = m, m > p. Notice that there are exactly ( ) possible p-tuples of

positive integers (ni,ng,...,n,) summing up to a fixed m > p. Indeed,
since 1 <ny <ni+nyg <---<ng+ng+---+n,-1 < m— 1, choosing
a p-tuple (ni,n2,...,np), N1 +ng + --- + n, = m, is equivalent to choosing
p — 1 members out of the set with m — 1 elements {1,2,...,m — 1}, which
may then be ordered to yield (n1,n1 +ng,...,n1 +ng+---+np_1), and so
(n1,n2,...,np). As a result,
o0 o
m—1\ 1 (m—1)(m—-2)---(m—p+1) 1
%@:Z<_JW:Z b D) -
m=p p m=p p :
S ) mp ) 1
— (p—1)! m?

1 “m(m—-1)---(m—p+1
_p_l)!z ( )mz-fl p+1)

S 1 P > 1
p—1)! Z mz+1 (p_l)!kzls(Pv’f)T;W
p

f1ﬂ§jdnkxw+1—k»

k=1
where s(p, k) are the Stirling numbers of the first kind. Recall [3] that they
are defined for a positive integer p by the generating function

p

tt—1)(t—2)- (t—p+1) =) s(p k)"

k=1

Alternatively, up to parity signs they are given by the elementary symmetric
functions of the first p — 1 positive integers.
In conclusion, for Re(z) > p,

ﬁis Clz+1—k), (3)

k:l
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and (3) is the linear combination of values of the Riemann zeta function for
our multiple sum we were looking for. In particular, Si(z) = ((2), Sa2(2) =

—((2) +¢(2 = 1), and S3(2) = ¢(2) — 5¢(2 = 1) + 5¢(2 — 2).
Acknowledgment. The paper benefited from the insightful remarks of
the referee.
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Finitely generated modules and a theorem of Orzech
CORNEL BAETICAD

Dedicated to Professor Ion D. Ion

on the occasion of his 80th birthday
Abstract. The aim of this note is to fill a gap in the proof of Orzech’s
theorem (see M. Orzech, Onto Endomorphisms are Isomorphisms, Amer.

Math. Monthly 78 (1971), 357-362), and give some sufficient conditions
on finitely generated modules to be free.

Keywords: Finitely generated modules, free modules.
MSC : 13C10

In [2] M. Orzech proved the following

Theorem 1. Let M be a finitely generated module over the commutative
ring R. Let N be any R-submodule of M. Let f : N — M be an R-module
epimorphism. Then f is an isomorphism.

The proof goes by reduction to the noetherian case. Unfortunately this
part of the proof has a gap in the original paper and the main purpose of
this note is to fix it. For the sake of completeness we give a full proof by
recording the noetherian case as well.

Proof. Step 1. Reduction to the noetherian case.

Let 0 # z, € N. It suffices to prove f(xf) # 0.

Set f(zf) = zo. Let x1,...,2, be a system of generators for M. Then
xy = Y. alx; and xg = >, a;x; with a;,a), € R. Since f is surjective
there is 27 € N such that f(z}) = x; and write 2} = 37, a;;z; with a;; € R
foralli=1,...,n.

Let R = Z[aij,ai,a) : i,j = 1,...,n]. Then R’ is a noetherian subring of

1>Department of Mathematics, University of Bucharest, 14, Academiei str., Bucharest,
Romania, cornel .baetica@fmi.unibuc.ro
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R. Now let N' = R'zy + R'2}y +---+ R'zl,, M' = R'xy + --- + R'zy, and
f': N' — M’ the restriction of f to N’. It’s easily seen that the image of f’
is contained in M’ and f’ is surjective since each generator of M’ is in f(N').
From the noetherian case we get that f’ is injective, and therefore f(z()) # 0.
Step 2. The noetherian case.

We assume that M is a noetherian R-module. Set Ky = ker f and define
K, = f7Y(K,_1) for n > 1. By induction we show that K, ; C K, for
all n > 1. Since N is also noetherian the ascending chain Ko C K7 C ---
of submodules of N is stationary, that is, there exists an index m such that
K., = K41 = ---. Now suppose that f(zg) = 0 for some g € N. By
using the surjectivity of f we find x,, € K,, such that f(x,) = z,_1 for all
n > 1. Since xpy1 € Kpg1 and Ky = Ky we get 41 € Ky, and this
implies z,, € K,,—1. Successively we get x; € K, that is, f(z1) = 0. But
f(z1) = xo hence zo = 0. O

Orzech’s theorem has some interesting applications to finitely generated
free modules.

Corollary 2. Let R be a commutative ring and M a finitely generated
R-module.

(i) If M has n generators then it does not contain a linearly independent set
with n + 1 elements.

(i) If M has n generators and n linearly independent elements, then it is
free of rank n.

Proof. (i) Suppose the contrary and let F' be a submodule of M generated
by n+1 linearly independent elements. We have an isomorphism F — R"t1,
Since M is generated by n elements there exists an R-submodule K of R™
and an isomorphism R"/K — M. Now let p : R®"! — R" be the canonical
projection which sends (aq,...,an+1) to (a1,...,a,). The composition of
these maps gives rise to a surjective homomorphism F' — M. By Theorem 1
this must be an isomorphism. In particular, p is injective, a contradiction.

(ii) Let 0 : R — M be an injective homomorphism, and 7 : R" — M a
surjective homomorphism. Set N = ¢(R") and notice that o : R" — N
is an isomorphism. Now consider mo~! : N — M. This is a surjective
homomorphism, hence by Theorem 1 an isomorphism. O

Remark 3. (i) Here is an alternative proof of Corollary 2(i).

Let z1,...,2m € M be linearly independent over R, and y1,...,yn, € M a
system of generators. Now define an injective homomorphism o : R™ — M
by o(e;) = z; (here (e;)i=1,.. m denotes the canonical basis of R™), and a
surjective homomorphism 7 : R" — M by n(f;) = y; (where (f;)j=1,..n is
the canonical basis of R™). Write z; = Z?Zl a;jy; fori =1,...,m, and define
a homomorphism ¢ : R™ — R" by p(e;) = > 7 aijfj fori=1,....,m. It
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is easily checked that mp = o, so ¢ is injective. Now use the Exercise 2.11
from [1] to conclude that m < n.

(ii) Corollary 2(ii) can be restated as follows: Let R be a commutative
ring and M an R-module. If there is an injective R-module homomorphism
R — M, and a surjective R-module homomorphism R"™ — M then M is
free of rank n.

Corollary 4. Let M be a finitely generated module over a local integral do-
main R. Let k be the residue field of R and K its field of fractions. Then
dimg (M ®pr K) < dimg(M ®gr k), and the equality holds if and only if M is
free.

Proof. Let s = dim(M ®pr k) and ¢t = dimg(M ®pr K). Then s is the
minimum number of a system of generators of M, and ¢ is the maximum
number of linearly independent elements of M. From Corollary 2(i) we have
s <t.

If s =t then from Corollary 2(ii) we get that M is free. a
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A note on problem 7 of day 2 of IMC 2015
Ovipu Furput?)

Abstract. In this note we give a new proof of Problem 7 of Day 2 of IMC
2015, Blagoevgrad, Bulgaria, and we generalize this problem by considering
under the integral sign a function which verifies a certain condition.

Keywords: Integrals, limits, I'Hospital’s rule.
MSC : 26A06, 26A42

1. INTRODUCTION AND THE MAIN RESULT

Problem 7 of Day 2 of IMC 2015, Blagoevgrad, Bulgaria, is about cal-
culating the interesting limit

1
lim — Azdzx.
A—o0 A 1
Two official solutions of this problem can be found online on the site of the
competition at http://www.imc-math.org.uk. The first solution is based

1>Department of Mathematics, Technical University of Cluj-Napoca, 400114, Romania,
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on splitting the interval [1, A] into three intervals and then by estimating the
function under the integral sign on each of these intervals and the second
solution uses a technique based on I’Hospital’s rule.

In the first part of this note we give a new solution of this problem,
which is different than the second official solution, and in the second part of
the paper we generalize the problem by considering under the integral sign a
function which verifies a certain condition.

First we give a new solution of this problem by rewriting the integral
into an equivalent form and then by applying I’'Hospital’s rule twice.

Using the substitution % =t the integral becomes

1[4 1[4 InA [4et
~ | Avdr = = snAqy = —— —dt.
AA . A[ ¢ CTTA Jua P

We calculate the limit by applying ’'Hospital’s rule twice and we have that

InA gt

1 A 1 hlA InA %dt
lim / Azdr = lim —4 —
A—sco A 1 A—o0 A
i 1/MA&&+ 1 na 1-InA
= lim — — —e —_—
ASco \ A A 12 lnA InA
=1 lim ——
+ Agréo A
1 i 1i < 1 lx:AA 1-— h’lA)
= im [ —— —e —
A—oc0 ]n2 A lIl2 A

:1’

and the problem is solved.

Now we solve the following generalization.

A generalization of Problem 7. If f : [1,00) — R is a continuous
function such that xlggo f(x) =L, then

N Y
lim / Az f(z)dz = L.
AJx

A—o0

We will be using in our calculations the limit

A

whose proof was given above.

First recall that, since f has a finite limit at oo one has that f is
bounded, i.e. there exists a positive real number M such that |f(z)| < M,
for all z > 1.
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We have
Ax Az 1
4 / @ / L)dr+ > / dr. (1)
Let € > 0. Since hm f(z) = L there exists § = d(e) > 0 such that

|f(z) — L| < € for all > (5 We distinguish here two cases according to

whether 6 <1 or é > 1.
The case § < 1. We have

1 /4 1 1 (A 1 e (A 1
‘/1 AL (f(x) — L)da gA/l Ax|f(m)—L|d:n<A/1 Atdy

and it follows that

1[4
i — @ — <
Ah_r}réo‘ A/l A=z (f(z) — L)dz |< e

from which we get, since € is arbitrary taken, that

R S ALt
Ah_I)I;OA/l Az (f(x) — L)dz = 0.
This implies, based on (1), that
A

The case § > 1. We have

A 1 6 1 A 1
ix/l Az(f(x)—L)d:z:il/l Az(f(as)—L)da:—i—il/é A% (f(z) — L)d.

On one hand
A A
< E/ Axdz < 6/ A%da:,
A Js Ay

A 1
;/6 AX(f(z) - L)dz
A 1
Xlnio';/é AX(f(z) — D)dz |< e

and it follows that
and since € was arbitrary taken one has that

1[4
lim — A= —L =0. 2
Jim 5 [ ARG @) - Dde =0 @
On the other hand, the substitution 24 = ¢ implies that

1 N M_|_|L‘ N In A InA t
)/ Az(f(x)—L)dx'S y /lAzd = (L) = L
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We have, by applying I’'Hospital’s rule twice, that
InA [l Gdt

o

)
lim 1/ A%d:pz lim
1

A—oo A—oc0 A
) 1 InA et 1 A%
= fm (A /lnéA p T 5AlnA>
=y
, 1 5A3
= A <1n2A B Aln2A>
=0,
which implies that
lim 1 (SA%(f(x) —L)dzx =0 (3)
A—oco A g

and the problem is solved.

Note added to the paper “Functions for which mixed partial
derivatives are distinct”, GMA, 3—4 (2014), 1-10, by D. Popa

DuMITRU Popral)

In the paper mentioned in the title we referred to the function f : R? —
R defined by

) S () £ (0,0)
f,y) = { "0 (z,y) = (0,0)

and which has the property that g:gy (0,0) = 1 and aizaj; (0,0) = —1, as

Dieudonné example. In fact, as we recently found out, this example appears

in the book of A. Genocchi, G. Peano, Cualcolo differenziale e principii di

calcolo integrale, Roma Torino Firenze, Fratelli Boca, 1884, at page 174, so

the correct name for the above function should be Genocchi-Peano example.
The book of A. Genocchi and G. Peano is freely available at

https://1a601406.us.archive.org/17/items/calcolodifferen0Opeangoog.

1>Department of Mathematics, Ovidius University of Constanta, Bd. Mamaia 124,
900527 Constanta, Romania, dpopa@univ-ovidius.ro
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PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of May 2016.

PROPOSED PROBLEMS

429. Let f be a C'-class real valued function on [0, 1], infinitely differentiable
at z = 0. If f(™(0) = 0 for every n € N and, for some C' > 0 one has
lzf'(z)| < C|f(z)| for every = € [0, 1], then f(z) = 0 for every x € [0, 1].

George Stoica, Department of Mathematical Sciences, University of
New Brunswick, Canada.

430. Suppose that 7 € Q and m € Z, m > 0, such that cos™rm € Q.
Determine all possible values of cosrm.

Proposed by Marius Cavachi, Ovidius University, Constanta, Romania.

431. Let f :[0,1]> — R be such that gi, % [0,1]* = R are continuous.
Find the value of the limit

nh_}ngon n? ff Y f (z,y)dady — f(1,1)
[0,1]2

Proposed by Dumitru Popa, Ovidius University Constanta, Romania.

432. Let k£ > 1 be an integer. Find all « € R with the property that there
is a sequence (ap)p>1 such that a; + -+ + apyr < aa, ¥n > 1.

Proposed by Constantin-Nicolae Beli, IMAR, Bucuresti, Romania.

433. Prove that
D k(E+1-¢2)=¢B) = —C(k+1)) =¢(3),

where ¢ denotes the Riemann zeta function.

Proposed by 0Ovidiu Furdui, Technical University of Cluj-Napoca,
Cluj-Napoca, Romania.
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434. If —1 < a < 0, show that the function
fx)=(z+4)*—=3(x+6)*+z(x+3)*—z(x+5)"
is strictly increasing for x > 0.

Proposed by Ioan Tomescu, Faculty of Mathematics and Informatics,
University of Bucharest, Romania.

435. Let f(x) = @, where a, b are two integers with a + b = 1.

(i) Prove that f*)(0) € Z for any k > 0. (Here f(°) = f and for k > 1
f®) is the kth derivative of f.)

(ii) Prove that if p is a prime and « > 1 then for any integers k,1 > 0
with k =1 (mod p®~(p — 1)) we have f®)(0) = £V (0) (mod p®).

Proposed by Constantin-Nicolae Beli, IMAR, Bucuresti, Romania.

436. Calculate

- 1 1
{14+ +-—Inynn+1)—v),
2 n

n=1
where v denotes the Euler—-Mascheroni constant.

Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca,
Cluj-Napoca, Roménia.

437. Let f :[0,1] — R with f(0) € Q. Suppose that for every z € [0,1]
there exists 5 > 0 such that f(x) — f(y) € Q for y € [0,1] and |z — y| < ;.
Prove that f(x) € Q for every x € [0,1].

Proposed by George Stoica, Department of Mathematical Sciences,
University of New Brunswick, Canada.

438. Let f1,..., fn be polynomials with real coefficients with positive leading
coefficients. Suppose that there is M € R and f € R[X] such that f;(z) >0

for 1 <i<nand/fi(z)+ -+ fulz) = f(x) Y& > M. Prove that for
any 1 <i <n we have f; = g? for some g; € R[X].

Proposed by Marius Cavachi, Ovidius University, Constanta, Romania.
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SOLUTIONS

405. Let f € C?([0,1]) such that

s () () o3 (55 00

where p > 2 is an integer. Prove that

</01 f(x)dx>2 < 12(1)]04 /01 (F"(2))? da.

Proposed by Cristian Chiser, Craiova, Romania.

Solution by the author. For 1 < k < p we have:

) s
_ (x . ’“;1) <x - ]’;) F@) - / (2:c —— 1) 7(@)da

b

k
1 k—1 k P
SO o) o
p p p %
By adding these relations we get

S (50 ()
b Q) () o) s o

1
= 2/ f(x)dz
0
Let ¢ : [0,1] — R be given by ¢(z) = (m—%)(x p) when z € [Tl’ %]
for Kk = 1,...,p. Note that ¢ is continuous and it vanishes precisely when

x = % with £ =0,...,p. By the integral Cauchy inequality we get

o 1 f(x)dx)2 -(/ 1 ¢(w)f”(:c)dx>2 <[ ' (6(@)? da / (@) e
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Note that for z € [kT %] we have ¢(x + 21;171) =% - % So, after making

the substitution © = x + Qk L

k 1 2
p 2 o 2p 2_ 1 o 1 5_ 1 3 1

/k_l o(x) d:v—/_21 (ZL‘ 4p2> dz = <5:L' 62" +716p4x B
p P

80p®  24p°

we get

It follows that

which implies the desired inequality.

Since ¢ is continuous and vanishes only on a finite set the inequality
becomes an equality precisely when f” = C¢ for some C' € R and f satisfies
the hypothesis f(0) + 2f(p) -+ 2f(pp1) + f(1) = 0. If we consider

9o : [0,1] — R an arbitrary primitive of a primitive of ¢ then g( = ¢.

If we take fo = go — 35(90(0) + 290(2) + - -+ + 2g0(2+) + go(1)) then,
besides f{/ = ¢, we also have fo(0 )—|—2f0( )+ +2fo(B 1)—i—fo( )=0.If f
is arbitrary the condition f” = C¢ Writes as f" =Cff,so f=Cfo+ax+b
for some a,b € R. Since fy(0) + 2fo(3) +--- + 2f0(p;1) + fo(1) = 0, the
condition f(0) + 2f(}17) +- 4 2f(1%1) + f(1) = 0 writes as

p—1

1
0:b+2<a+b+---+ a+b>+a+b:pa+2pb.

p
Hence we have f = Cfy + Dp(2z — 1) for some D € R. With some work
one can find an explicit function gy with gj = ¢ and the corresponding fo.

Both go and fy are given by polynomial formulas on each of the intervals
{@ E]‘ 0

pp

406. Let d be a positive integer. Define a 2d x 2d matrix M(d) with entries
in {—1,0,1} as follows: For 1 <a <2d and 1 <b <d,

1 if a = 2b, 1 if a =2b—1,
Ma,2b—1 =< -1 ifa=2b+2, Ma,Qb: -1 ifa=0b-1,
0 otherwise 0 otherwise.

Prove that for every positive integer d, det M(d) = (—1).

Proposed by Angel Plaza, Universidad de Las Palmas de Gran Cana-
ria, Spain.
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(1) (1) ] and
det M(1) = —1. For d > 1, we proceed by calculating a 2 x 2 block matrix.
As it is well known, the determinant of an arbitrary square matrix can be
expressed in terms of the determinants of 2 x 2 matrices, via minor expan-
sion [1, 2]. The solution of the problem can be obtained by considering the
following equation

Solution by the author. For d = 1 one has M(1) = [

c D||_-DC I 0 D 1)

where A, B, C, and D are k x k, k x (N — k), (N —k) x k, and (N — k) x
(N — k) matrices, respectively, and I and 0 are the identity and zero matrix,
respectively (taken to be of the appropriate dimension), and it is assumed
that D is invertible.

In our problem let us define

M(d—1) B(d) }

M{(d) = [ Cd D
. 01
so we have A = M(d — 1) in Eq. (1), and D = 1 0o ] and B(d) and
C(d) are the corresponding (2d — 2) x 2 and 2 X (2d — 2) matrices. Since
D! = D, and det D = —1, taking the determinant of Eq. (1) we have that
det (M(d)) = (—1)det (M(d — 1) — B(d)DC(d)).

The conclusion of the problem follows by induction if the product
B(d)DC(d)) is the zero matrix.

Note that the only non null entry of matrix B(d) is Bq_12 = —1. Also
the product B(d)D is equivalent to change the columns of matrix B(d).
Hence the only non null entry of matrix B(d)D is BD4_11 = —1. On the
other hand, the only non null entry of matrix C(d) is C32q—1 = —1. Therefore
B(d)DC(d)) = 0, and the problem is done. O

[A BH I O]:[A—BD‘lc B]’
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407. (i) Let i,n be two integers with 2 < i < n — 2 and let x,y; € R for
k=1,...,nsuch that x1 > ... > z,, y1 > ... > y,. Prove that

i—1 n n n
n Z TjYj + TiYit1 + Tip1Yi + Z Ty | 2 Z T Z Yj-
j=1 j=i+2 j=1  j=1
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(ii) As an application, prove that if ag, b € R for k = 1,2, 3,4 such that
a1 > as > a3 > aq4 > 0and by > by > by > by > 0 then
a1asbiby + asasbabs + asasbsby + aga1byby > ai1a9 + a2a3 + aza4 + a4a1
4 - 4
o b1ba + bobs + b3by + byby
1 .

Proposed by Ovidiu Pop, Satu Mare, Romania.

Solution by the author. (i) Writing the known identity

nYy TRy — (Z xk) <Z yk) = > (@—x) (e —w)
k=1 k=1 k=1 1<k<i<n

for y1,. .., Yi—1,Yi+1, Yi> Yi+2, - - - , Y instead of y1, ..., y,, we see that the in-
equality (i) becomes

Do @e—a) e -+ D (@ — ) (e — yir1) + (@r — 2iv1) (e — v2))

1<k<i<n 1<k<n
kig{i,it1} k¢ {i,i+1}

> (2 — ig1)(Yi — Yiv1)-

We have 1 > z; > xi41 > x, and y1 > Y5 > Yi+1 = Yn, SO all the products
are non-negative. It is enough to find a term in the left hand side of the
inequality which is > (x;—x;+1)(yi—vi+1). One such term is (x1—x,)(y1—Yn)-
This term appears in the sum because 2 < i < n — 2, s0 1,n ¢ {i,i + 1}.
Since 1 —xp > x; — 41 > 0 and y1 — yn > yi — Yi+1 > 0, we also have
(@1 = 2) (W1 — Yn) > (5 — it1) (Yi — Yit1)- O

Remark 1. Inequality (i) is a Chebyshev type inequality in the sense
that z;y;411 + xi11y; replaces x;y; + ;11y;+1. Unfortunately it only works for
consecutive indices 4,7 + 1 with ¢ > 1,1 + 1 < n.

Remark 2. Our result (i) is stronger than Chebyshev’s inequality since

n
Z TeYk = T1Y1 + 0+ Tim1Yi-1 T TiYir1 T Tit1¥i + Tiv2Yir2 + 0+ TpYn-
k=1

Indeed, this inequality is equivalent to (x; — xj+1)(y; — yit1) > 0.

(ii) Let x1,x9, 23,4 be the sequence ajag, asas,asaq,asa; written in
decreasing order. Since a; > ao > as > aq4 > 0 we have that ajas is
the largest of all and asa4 is the smallest. Hence x1 = ajas, x4 = asay
and (x9,x3) = (a2a3,aqa1) or (asai,aszas). Similarly, if yi,y2,ys,ys are
b1ba, babs, b3bg, byby written in decreasing order then y; = biba, y4 = b3by
and (yQ,yg) = (bgbg, b4bl) or (b4b1, bzbg).

In all cases, ajasbibs + asasbobs + azasbsby + agai1bsby writes either as
T1Y1 + Tays + T3Y3 + xT4ys Or as xT1Yy1 + xT2ys + x3y2 + T4y4. In both cases
it holds 4chc aiaiﬂbibiﬂ Z chc A;Ai41 chc bibi+1, either by Chebyshev
inequality or by (i). So we get the desired inequality. O
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Note from the editor. Note that (ii) can be false without the hypoth-
esis aq > 0, by > 0, as the example of the sequences 1,0,0,—1 and 2,1,1,1
shows.

408. Let p be a prime and let n > 2 be an integer with p { n. Prove that
Zo[ X" N Zy[ X" + XP] = Zy.
Proposed by Victor Alexandru, University of Bucharest, Romania.

Solution by the author. Assume that Z,[X"| N Z,[ X" + XP] # Z,.

Then there are nonconstant polynomials P,Q € Z,[X]| such that
P(X™) = Q(X™ + XP). We assume also that P, with this property are
chosen such that deg P is minimum.

By taking derivatives we get n X" 1P/(X") = nX""1Q'(X™ + XP), so
P/(X™) = Q(X™+ XP). We have deg P’ < deg P so, by the minimality of
deg P, P' and )’ are constant, i.e., P = Q' = a, with a € Z,. It follows that
P =aX + f(XP) and @ = aX + g(XP) for some f,g € Z,[X].

If a =0 then P = f(XP) = f(X)? and Q = ¢g(XP) = g(X)P, so
P(X™) = Q(X™ 4+ XP) writes as f(X™)P = g(X™ 4+ XP)P which implies
f(X™) = g(X™+ XP). But this contradicts the minimality of deg P. (We
have deg P = pdeg f, so 0 < deg f < deg P.) We conclude that a # 0, in
which case P(X") = Q(X™ + XP) writes as

aX" + f(X"P) = a(X" + XP) + g(X"P + X7°),

so that one has aX? = g(X™ + X?*) — f(X"P). But this is impossible since,
except the constant term, g(X™ + X?”) — f(X"™) has no monomials of degree
smaller than min{np, p*}. O

409. Let n, k be two integers with n > 3 and 0 < £ < n. Given a convex
polygon with n sides determine how many sets of k sides have the property
that no two sides are adjacent.

Proposed by Ionel Popescu, Simion Stoilow Institute of Mathema-
tics of the Romanian Academy, Bucharest, Romania.

Solution by the author. We first solve the similar problem when the
sides of a polygon are replaced by the segments of a broken line. We don’t
require here that n > 3. Let Aj,..., A, be the consecutive vertices of a
broken line. Let A;;, Aj 41, .., Aiy, Aip+1, with 1 <4y <... <4 <n—1, be
k segments of the broken line. The condition that these pairs are mutually
not adjacent is equivalent to 7;4.1 —7; > 2 for 1 < j <k —1. So we want to
determine |A|, where A = {(i1,...,1;) |1 <i<n-—1, ij41 —i; > 2}

If f(i1,d2,...,9%) = (i1,92—1,...,ig—k-+1) then f is a bijection between
AandB:{(ll,...,lk) ‘ 1< < ...<lk§n—2k}.

Indeed, if (ll,...,lk) = (il,ig —1,...,0 — k+ 1) then [y = 41 and
lp =i, —k+1,s01l <qpiff 1l <ljandip <n-—1iff [ <n—k Also
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lj+1—lj = (ij+1—j)—(ij—j—|—1) = ’ij+1—ij—1, SO ij+1—ij > 2 iff
ljJrl — lj >1,ie., iff lj < lj+1. Hence (il,ig, e ,ik) e Aiff (ll, .. .,lk) € B.

Hence |A| = [B| = (".").

Suppose now that Aip,..., A, are the vertices of a polygon P and let
1 <k < n/2. We want to estimate |S|, where S is the set of all sets of k
mutually not adjacent sides of P.

The set S writes as a disjoint union S =T U U, where

T={MeS|AA ¢ M}, U={MeS|A,A €M}

If M €T then M C {A1As,...,Ay_1A,}. So we are in the case of a broken
line with n vertices. Thus [T = (".*). If M € U then M = {4, 41} U M’,
where M’ is a set with & — 1 mutually non adjacent sides of P which are also
not adjacent to A, A1, so M C {A3A3,...,A,—2A,_1}. So we are in the
case of sets of £ — 1 mutually disjoint segments on a broken line with n — 2

vertices. It follows that |U| = (";ﬁ;l) The formula holds even when k£ = 1,

that is, k —1 = 0. In this case U = {A, A1} and (";ﬁ;l) = (”82) =1=|U|.

In conclusion, |S| = (";k) + (”;f;l) = %(”;ﬁ;l) O
410. Let a,b € (0,1) and let (an)n>0, (bn)n>0 be two sequences such that
ap = a, bp = b and for any n > 0 we have either a, 1 = ay”, by41 = b5 for
some vy > 1 or ant1 = A\pan + (1 — An), bpt1 = Apbp + (1 — \,) for some
An € [0,1].

Prove the following.

(i) (an) is convergent iff (b,,) is convergent.

(ii) We have lim,, o0 @, = 0 or 1 iff lim,,_,oo by, = 0 or 1, respectively.

(iii) If (ap), (by) are divergent then lim, oo (an — by) = 0.

Proposed by Liviu Paunescu and Constantin-Nicolae Beli, Simion
Stoilow Institute of Mathematics of the Romanian Academy, Bucharest,
Romania.

Solution by the authors. In the case ant1 = Mpan + (1 — ),
bnt1 = A\nbn + (1 — A\y) we may assume that A\, # 0 since otherwise
Gnt+1 = bpy1 = 1, which, by an immediate induction, implies a,, = b,,, = 1,
V'm > n and our statements become trivial. Also if a = b then a,, = b, Vn,
so our statements are trivial. So we may assume that a > b. Since both
mappings x — x, where o > 1, and z — Az + (1 — A), where 0 < A\ < 1, are
strictly increasing, we have by induction a, > b, ¥n > 0. Also by induction
we get an, b, € (0,1) Yn > 0.

Let ¢, = 1:2‘:, d, = llgi‘g:. AsO0< b, <a, <1, wehave 0 < ¢, d, < 1.

We claim that both sequences (¢,,) and (d,,) are increasing.

If @1 = Ao+ (1= An), bpst = Anbn+ (1= X) then 1 = 77525 =

1—agm

dn_ . To prove that

1-bpn

l1—an

5 = Cn- If apy1 = alm

n

bp+1 = by then cppq =
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Cnil = Cp = i:‘gz we need the inequality 111“5: > 1111’5:. But this follows
from the fact that the mapping z — 1{_ “: is increasing on (0, 1) when o > 1.
a / _ a—1 _ @
We have (11__@ ) = 1o (1_2()62! D2 and the inequality 1 — az® ! + (a —
1)z® > 0 follows from the fact that the function o — z¢ is strictly convex
when z < 1. (We have za0tl=3)a < L0+ (1= L)ax)
log ar, log an,

If apy1 = a2, bpyr = b2 then dpiq = lgiznﬁ = lgg‘;n =d, If
Unt+1 = Anln+ (1= An), but1 = Anbp + (1 = Ay) then d,, 11 > d,, is equivalent
t log an+1 > logbnt1 log(Anan+(1—Xn)) > log(Anbn+(1—Xn))

0 logan, = logb, ? Le., log an log by,

, which follows

1og(Ax+a—A))

from the fact that the mapping =z — Tog =

0< X< 1. We have

is increasing on (0, 1) when

<log(>\ﬂz +(1- A)))' _ log(Az + (1 — X))
log log =

><< A 1 >
Az + (1=X)log(Az+ (1= N)) zlogz /)’

To prove that this derivative is positive we need the inequality (Ax + (1 —
A))log(Az+(1—X)) < Az log z. But this follows from the fact that (zlogx)” =
% > 0, which shows that the mapping = +— xlogz is strictly convex. (We
have (Az + (1 — A)1)log(Az + (1 — N)1) < Azlogz + (1 — A\)1logl.)

Since (¢p), (dy) are both increasing we have ¢y < ¢, < 1 and dy <
dn < 1,0e,0 < ¢y < i <« 1and0 < dy < f)ii‘;: < 1. The first im-

1=b,
plies that lim, o0 (1 — ay) = 0 iff lim, (1 — b,) = 0, ie., lim, 00 anp =
1 iff limy, oo b, = 1. From the second we get lim, . loga, = —oo iff
lim;, ,o0 logb, = —o0, ie., lim, ,a, = 0 iff lim, ,, b, = 0. Hence we
have (ii).

The monotony of (¢,) and (d,) also implies that lim, ,~ ¢, = ¢ and
limy, 00 d,, = d for some ¢ € [co, 1] C (0,1] and d € [do, 1] C (0,1]. We also
have ¢, < ¢, d, < d Vn.

To complete our proof we will show that

(1) If ¢ =1 then limy, o0 (a, — by) = 0.

(2) If ¢ < 1 then both (a,) and (b,) are convergent.

Obviously (1) implies both (i) and (iii) in the case when ¢ = 1 and (2)
implies (i) and (iii) in the case when ¢ < 1.

If c = 1 then i:zz = ¢, implies a,—b, = (1—¢,)(1=by), 800 < a,—b, <
(1 —¢p). Since limy, o0 (1 —¢,) = (1 —¢) = 0, we have lim,,_,o(a, — by,) = 0.

Hence we have (1). For (2) we need the following lemma.

Lemma. If A := {(z,y) € R? | 0 < y < = < 1} then we have a

diffeomorphism ¢ : A = A given by (z,y) — (122, 1%7).
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Proof. We denote ¢ = (z,t), where z = i— t = igiz From 0 <

y <x <1wegetzte (0,1). The condition t = Ogg writes as y = z/t,

so z = ¢¢(x), where ¢y : (0,1) — R is given by z —

17
1_1/t" Slnce 1 > 1,

L=r " is strictly increasing on (0,1) (see above), so d is

the mapping x —
strictly decreasing.

Now il{‘% ¢¢(z) = 1 and by I’'Hospital’s rule }:% or(z) = il/ml 7%;;1 =1.

Hence ¢, is a decreasing bijection between (0, 1) and (¢, 1).

In conclusion, ¢ is a bijection between A and the set of all (z,t) € (0, 1)?
with 2z € (¢,1), i.e., {(2,t) € R? |0 <t < z < 1} = A. The inverse of ¢ is
given by (z,t) — (z,z"/*), where = ¢; '(2).

If (x,y) € A then one calculates

dz dz
dz CTy -1 1
=zt
dt dt| =7 <($—1)y10gy+(y—1)xlogx
de dy

B zt :nlog:c_ylogy
~ aylogzlogy \ 1 —=x 1—y /)’

We prove that the Jacobian above is negative by showing that mlogw > yllogyy,

which will follow from the fact that u — UIOg“ is decreasmg on (O 1) i.e., that
logu’ _ ul

0> (ulo_guu> — ulo_guu (% + ulggu — ﬁ) = )2 (logu+1—u) Yu € (0,1).

Butife =1—wu € (0,1) thenlogu+1—u=1log(l—¢)+e=— 3 e" <0,

n>2
so we are done.
Since ¢ : A — A is a differentiable bijection and its Jacobian vanishes
nowhere, it is a diffeomorphism. O

Let ¢ : A — A be the inverse of ¢. Then v is differentiable, so contin-
uous.

We now prove (2). We have (¢, d,) = (%:Zz, llgi‘;:) = ¢(an,by) € A,
0 (an,bp) = ¥(cn, byp). We have dy < d,, < ¢, < 1, so, by considering limits,
0 <dy <d<c<1. By hypothesis ¢ < 1.

Assume first that d < ¢. Then (¢,d) € A. Since T}ergo(cn,dn) = (c,d)

and 1 is continuous on A, we have ¥(c,d) = ILm Y(en,dy) = le (an,bn),

which implies that (a,) and (by,) are both convergent.

In the remaining case ¢ = d € (0, 1), we prove that lim a, = lim b, = 1.
n—oo n—oo

dn
We have d,, = 189 ¢4 g, = bin. Hence ¢, = 11__bg; .Mfe=1-10b, € (0,1)

log by, ?
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we get

d
—_ (_1)]€1( n>€k1.
k>1 k

But for any k£ > 1 we have

dn 11
(—1)’“—1< ) = (-1 1ydn(dn — 1) (dy—k+1)
1
Yl
so all the terms in the sum above are positive. It follows that

dn 4\ d,(1—dy) dn(1 — dy)
o () () eI By

d(1 —dyp) -+ (k—1—dy) >0,

so0<1—b,< d(c(" % But lim ?lic(? 2”3 fléi Z;—O whence lim b, =1.

n—oo n—oo
Since b, < a, < 1, we also have lim a, = 1. O
n—oo

Remark. We have 0 < d < ¢ < 1. The only case when (a,) and

(by) can be divergent is when d = ¢ = 1. In all other cases hm an and
lim b, exist and they are uniquely determined by ¢ and d Indeed if
n—oo

d < ¢ < 1 then (¢,d) € A, so(liman,limb):d}(cd) fd=c<1

then lim a, = hm b, =1. We clalm that in the remaining case d < ¢ =1

n—oo
one has hm ap = “lim b, = 0.
n—oo
logan _ _ 1dn d _ 1-a 1-bd
We have Toghy = dpn, 50 Gp = b > b5, Then ¢, = o < o < L

(Recall that b, <1 and d, < d < 1.)
The function f : [0,1) — R, f(z) = ﬂ‘fd is decreasing. We have

xT

fl(x) = w and the inequality 1 — dz?=! — (1 — d)x? < 0 follows

from the strict convexity of the function d + 2 when 2 < 1. (We have
1 = gdd-D+(1-d)d o gpd-1 4 (1—d)z?)
Since ¢, < f(bp) < 1 and li_)m ¢n = ¢ = 1, we have le f(by) = 1.

Since f(0) =1 and f is strictly decreasing and continuous, this implies that
lim b, = 0. We also have lim a, = hm bd" =07 =0. U

n—oo n—oo

411. Consider the function f: R — R,

v 1 3 5 7
flz) = / cos — cos — cos — cos —dt.
o ot Tt Tt
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Prove that f is well defined, differentiable and f/(0) = 1.

Proposed by Eugen J. Ionagcu, Department of Mathematics,
Columbus State University, Columbus, Georgia, U.S.A.

Solution by the author. From the formulas
1 1
cosTCOSY = o (cos(z — y) + cos(z + y)), cos’ z = 5(1 + cos 2x)

it follows that

1 3 ) 7 1 2 n 4\ 1 2 n 12
€OS — COS —COS — CcoS — = — | cos — +cos— | = | cos — + cos —
t t t t 2 t t) 2 t t

1 92 . 2 4 n 2 12 n 4 12
= — | cos” — 4 cos — cos — + €cos — cos — -+ COs — €OS —
4 t t t t t t t

1 14 2 n 4 n 6 n 8 n 10 n 14 n 16
= - €Os — + cos — + cos — 4 cos — + cos — + cos — 4 cos — | .
8 t t t t t t t

Hence, in order to prove our statement is suffices to show that fo(z) =
Jo 1dt is well defined and differentiable with f§(0) = 1, and that if a > 0
then fo(z) = [ cos ¢dt is well defined and differentiable with f;(0) = 0.

The first statement is trivial. For the second statement we note that

if 0 < y < z then, by a substitution and an integration by parts we have
aly 2

fyz cos %dt =a aa/zy 7712 cosudu = a# sinu}zg + afa/ s sinudu.
But from the inequalities
1 2 22 2 2
‘aﬁ sinu‘zg = ‘y;sina/y — Esina/z‘ < % + "
and ; ; ) )
aly 2 aly 2 z
‘a/ SSinudu)Sa/ —Sdu:——y—
a/z u a/z u a a

it follows that ‘ fyZ cos %dt‘ < %
Let now = > 0 then for 0 < y < z < x we have

x x z 9 2
’/ cosadt—/ cosgdt‘ = ’/ cosgdt’ < i.
Y t . t Y t a
z

Since ;2 — 0 as z — 0, the map y — f; cos ¢dt has the Cauchy property at

0, s0 [ cos 4dt = z,lll—% fyx cos ¢dt exists, i.e., fo(z) is defined.

If x > 0 then for any 0 < y < x one has ‘ fyx oS %dt’ < % By taking

limits as y — 0 we get | fq(z)| < % It follows that we have |@] < %x, SO
that f;(x) = lim falo)Jol0) _ iy Jelo) —
T—

z—0 %
Note that so far we only proved our statement on the interval [0, c0).

(And by f!(0) we mean the derivative to the right of f, at 0.) For the interval
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(—00,0] we use the fact that ¢ — cos ¢ is an even function. Then f, will be

defined everywhere and odd. O

A similar solution was given by Moubinool Omarjee, Lycée Henri IV,
Paris, France.

412. Let [A, B,C, D] be an equifacial tetrahedron with the lengths of the
sides a, b, ¢ and the lenght of the heights h. Prove that h > % max{a, b, c}
and
a’b*c?
(2h% — a?)(2h2 — b?)(2h2 — 2)

Proposed by Marius Olteanu, S.C. Hidroconstructia S.A., sucursala

> 27.

Muntenia, Radmnicu Valcea, Romdnia.

Solution by the author. By the geometric mean—harmonic mean inequal-
ity we have

5 a?b?c? - 3
(2h2 — a2)(2h2 — b2)(2h2 — %) — 2h2—a® 2h22—b2 4 2n2—c?

a? c?
3

2p2(L+ 5+ %) — 3

)

that is
a’b?c? < 27
(202 — a?)(2h2 — b?)(2h2 — ) ~ (2h2(L + L + L) —3)%

To complete the proof we show that

27 > 27
2R(H+p+2)—3)3

which is equivalent to 2]12(%2 + b% + C%) —-3<1,ie,to a% + b% + C% < %

Since [A, B, C, D] is an equifacial tetrahedron, we have h = 4r, where
r is the radius of the sphere inscribed in the tetrahedron. The inequality to
prove becomes a% + b% + C% < ﬁ. But by point g) of Consecinte from [1],
page 102, we know that in any tetrahedron [ABCD] we have

1+1+1+1+1+1< 1
c2 m2  n?2 = 42’

where a,b,c,l,m,n are the edges BC, AC, AB, AD, BD, CD of [ABCD)|.
But [ABCD] is equifacial, so a = [, b = m, ¢ = n. Hence the last inequality
writes as (& + g + ) < 722, Which yields the desired result. O

— 42>



58 SOLUTIONS

REFERENCES
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*° cosx — cos(tx
413. Prove that —()dx = In [t| for any t # 0.
0
Proposed by George Stoica, Department of Mathematical Sciences,
University of New Brunswick, Canada.
Solution by Victor Makanin, Sankt Petersburg, Russia. First we prove
the following

Proposition. Let f : [0,00) — R be a continuous function such that

I:O 1@ 4z is convergent for some k£ > 0. Then, for every positive a and b, we
have
& — f(b b
/ Jlaw) = J02) 40— oy 8.
0 X a

Proof. We have, for o, A > 0,

/A —f(aw) — f(b2) dx = . @dx — /Ab de
«a T aa Z ab Z
ab

Ab ab Ab
1
mdx - @dx = f(e) / —dx — @dx
aa x Aa €T aa T Aa x
b Ab
= f(c)ln— — @dm;

a Aa X
we used obvious changes of variables, then the additivity of the integral and
the mean value theorem. Of course, ¢ = ¢(«,a,b) is in the interval [aa, ab]
(we can consider a < b without loss of generality), so it goes to 0 when «
becomes small; consequently, the first term above has limit f(0)In(b/a), b
the continuity of f at the origin. Yet, because fk x @) 4y converges, the

absolute value of the second term is as small as we want if A is big enough.
Thus

* flaz) - f(b) m [T,
/0 . dx li / f(0)In —,

a%O"‘ A—o0 a
as claimed. The formula that we got is known as Frullani’s formula (actually
a variant of it). O

Now for the problem it is enough to consider f(z) = cosz, a = 1, and
b=1 to get

® cosx — costx
/ — dz =Int
0 X
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for t > 0. (If & > 0 then by integration by parts we get fkoo rdr =

Sh:;x ‘20 + fkoo Si;zm dac. = —Sh,;k + koo Si;f dz. The integral |, koo Si;f dx is conver-
gent because [ |35t |dr < [ pdx = § < oo. It follows that [ “SZdz

is convergent as well.)
Because the cosine is an even function, for ¢ < 0 the integral is the same
as for —t, thus it evaluates to In(—¢t) = In|¢| in this case, too. O

Solution by Moubinool Omarjee, Lycée Henri IV, Paris, France. The
integral A(t) converges at 0 because “SZ—CSZ _, () a5 ¢ — (. The con-
vergence at oo follows from the convergence at oo of [ €28Ldy for a = 1,t.
(Integration by parts.) Hence A(t) is defined.

Suppose that ¢ > 0. We have A(t) = lim I, where

e—0t

° cosx — costx
I. = - " dx.
. x

We have

o0 o0 o0 o0
cosx costx cos T cos T
16:/ dx—/ dx:/ da:—/ dz
€ € € x € x te x
b€ cos teq e cosz —1
= dox = —dz + —dx
€ €T € €T € €

te
-1
= lnt+/ %dw.
€

x
. _ . te cosz—
Since % — 0 as ¢ — 0, we have hlrn+ fee%dx =0, so
e—0
A(t) = lim I, = Int.
e—0t

For ¢t < 0 we use the parity of cos, which implies that A(t) = A(—t)
In(—t) = In [¢|.

O

414. Does there exist a sequence (a,)n>1 of terms greater than or equal to
1 such that the following conditions are satisfied:

n
(i) Hak <n",n>1,
k=1
(ii) the sequence (zy)n>1 given by

"1
xnzzl—i-az‘

=1

is bounded for all n > 17
Proposed by Cezar Lupu, University of Pittsburgh, USA.
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Solution by Victor Makanin, Sankt Petersburg, Russia. First we observe
n

that [] ax <n" for n =1 and a; > 1 are in contradiction — but that is not
k=1

a major issue if we accept possibility of equality in (i) — at least for n = 1.
Anyway, such a sequence does not exist. Indeed, assuming the contrary,

we would have that Z

1 . s . .
T7q, Is convergent, and, by Carleman’s inequality,

00
Z\/1+a1 +an Z:ll+an

The inequality implies, of course, that the series from the left is also conver-
gent. But this is not the case, because

1 1
(1+>...(1+> <o
ai Qap,

(according to aj > 1 for all k), therefore (using the above and (i))
1 1 1
>
’{/(1+a1)---(1+an) vV2"ay - --ap n

and

Z >1i1:oo
\/1+a1 (14+a,) ~ 2 n '

O

Remark. Actually one may assume only that a, > 0 and still there
exists no sequence (ay)n>1 satisfying (i) and (ii). Indeed, if there are infinitely
many a, less than 1, then for any such term one has > 2, hence the

1+a

[e.e]
series > 1—1—% is not convergent. Otherwise we have a, > 1 for all n > N,
n=1 "

<1+1>~-(1+1> < A.on N
al (07

foralln > N, with A= (1+1/ay)---(1+ 1/an), thus we obtain
1 1 1
> >
’\1/(1+a1)-~(1+an) Y2"Bay---an, — 2nY/B

hence

&S

for B = A/2N. The series Y
n=1

1 . . .
B being divergent (by comparison test

[&.°]
we see that it behaves like the harmonic series), the divergence of ) H%
n=1 "
follows as well (via Carleman’s inequality), finishing our proof.

Solution by Angel Plaza, Universidad de Las Palmas de Gran

Canaria, Spain. Suppose that such sequence exists. Then j iai — 0, so
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o0 o0

a; — 00 when ¢ — oo. Then, since E converges, g — converges as
— 1+a; — Qi
1= 1=

1

well. (We have lim # =1.)
1— 00 _—

a;
By Carleman’s inequality, we would have

1 1 =1
w-yiey ey len
n=1 n=1 H ak) n=1
(i

contradiction. So the answer is NO. O

A wvery similar solution was given by Moubinool Omarjee, Lycée Henri
1V, Paris, France.

415. For any be a positive integer n we define the polynomial

P, = Z Xk,

1<k<n
(k,n)=1

Prove that P, is divisible by the cyclotomic polynomial ®,, if and only if n
is not squarefree.

Proposed by Filip-Andrei Chindea, student, University of Buchar-
est, Romania.

Solution by Victor Makanin, Sankt Petersburg, Russia. All the roots
of @, are simple, therefore P, is divisible by ®,, if and only if P,(z) = 0
for every z such that ®,,(z) = 0. Such a z is actually a primitive nth root
of unity, thus the condition that P, is divisible by ®,, is equivalent to the
fact that any primitive nth root of unity is also a root of P,. Now, when k
runs over all positive integers relatively prime to n and z is any primitive nth
root of unity, we know that z* runs over all primitive roots of unity of order
n, thus P,(z) is precisely the sum of these roots, which is well-known to be
p(n) (with p the Mobius function). For the last sentence see, for example,
G.H. Hardy and E.M. Wright, Introduction to the Theory of Numbers, Oxford
University Press, 1975, p. 239.

Summarizing the above facts, we see that P, is divisible by &, if and
only if p(n) = 0, which is, on its turn, equivalent to n being not square-free
(by the very definition of u), as desired. O

Note from the editor. The result quoted by V. Makanin is not widely
known. For self-containment we give a short proof. We denote by f(n) the
sum of all primitive nth roots of unity. If F(n) = >_ f(d) then F(n) is the

din
sum of all nth roots of unity. We have F'(1) =1 and if n > 1 and ( is a

primitive nth root of unity then F(n) =1+ +---+ ("1 = CZ__ll =0. By
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Mobius inversion formula, f(n) = F(d)u(%). Since F'(1) = 1 and F(d) =0
dln
if d > 1, we have f(n) = u(n), as claimed.

416. Let M, be the set consisting of ) and all non-equivalent expressions
in n variables X1, ..., X,,, which are sets that can be obtained by using only
U and N. Two expressions F1, F» € M, are considered to be equivalent if
El(Al, e ,An) = EQ(Al, . ,An) for any sets Al, c. ,An.

E.g. My = {@, X1, X9, X1 UXo, X1 N X2}

(i) Describe all elements of M,.

(ii) Prove that 2(1w/2)) < |M,| < 2%".
Open problem By Stirling’s formula we have (U:;? J) ~ \F . \2/—%, SO

V2 2o () ol <2

Try to determine how fast log, | M,,| grows or at least find tighter bounds
for it.

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

Solution by the author. Let I = {1,...,n}. For any set X we denote
P(X)={Y | Y C X} (the parts of X) and P'(X) = P(X) \ {0}. Hence
|P(X)| =2l and |P/(X)| = 21X — 1.

We have M,, C N, where N,, is the set consisting of ) and all expres-
sions that can be obtained by using subtraction together with U and N. For

any S € P'(I) we consider the “elementary set” Ts = () X))\ ( U Xi),
€S i€I\S

i.e., Tg is the set of all elements in X; U---U X, belonging precisely to those

X; with ¢ € S. Obviously the sets Eg are mutually disjoint.

Now 0 = |J Ts and for any ¢ € I we have X; = |J Ts, where
Sep SEd;
o, = {S € P/(I) | i € S}. Also if X = UgeapTs, ¥ = |J Ts then
Sev
XuY = U Ts, XNnY = Y Ts, X\Y = U Ts. (Here we
SEPUD Sednw Sed\
use the fact that the sets Ts are mutually disjoint.) Then, by induction, one
proves that F(X1,...,X,) = U Ts for any E € N,,. In particular,

SEE(‘I)l,...,‘Pn)
every E € N,, can be written as |J Tyg for some ® C P'(I). Let E = |J Tgs,
S5ed S5ed
E' = |J Ts with ® # ®'. Then we may assume that ® ¢ @', so let
Sed’
So € @\ ®'. We consider the sets Ay, ..., A,, where A; = {0} of i € Sy and
A; = 0 otherwise. Then Tg,(A1,...,A4,) = {0} and Ts(Ay,...,A,) =0 for
any S € P'(I), S # Sp. Since Sy € ®, Sy ¢ @', we have F(Aq,...,A,) =
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U Ts(Ay,...,A,) ={0}, E'(Ay,...,An) = U Ts(Aq,...,A,) = 0. Hence
Sed Sed’
E, E’ are not equivalent. In conclusion, the map ® — |J Ts is a bijection
Sed
between P(P'(I)) and N,,. It follows that N, = 22"~1. But M, C N, so
|M,,| < |Ny| and we have the second inequality of (ii).
Now for any S € P'(I) we consider Ug € M,,, Us = [ X;. Note that
ieS
X; = U{z} Also Us NUgr = Ugygr. In particular, if S C S’ then Ug D Ugr.
We claim that any E € M, writes as E = |J Ug for some ® € P(P'(I)).
Sed
Indeed, if E = () then we take ® = (), and if E = X; then we take ® = {{i}}.

For the induction step we note that if E = |J Us, E' = |J Ug then

Sed Sed!
FUFE = |J Usand ENE = { U(UESOU’): UEU where
S S
SedUP! SED S'€D! Sew

Uv={SUs'|Sed, 5 e}
If = |J Us and 51,5 € ® with S; C Sa then Ug, O Ug, so Usg, is
Sed
superfluous in the formula for £ and so it can be removed, i.e., So can be

removed from ®. Hence whenever there are S1, S € ® with S; C Sy we may
remove Se from ® without altering E. By repeating the procedure we may
assume that ® € Q(P’(i)), where

QP'(I)) = {® € P(P'(I)) | S1 & S2VS1, S € B}

Let now E= | Us, E' = |J Us, with ®,® € Q(P'(I)), ® # @'. Let
Sed Sed’
So € (®\®)U(P'\ @) with |Sp| minimal. We may assume that Sy € &\ 9.
Let now S € ®'. If S € ® then S ¢ Sp since Sy, S € ® and ¢ € Q(P'(I)).
If S € @\ ®then S ¢ Sy since otherwise |S| < |Sp|, which contradicts the
minimality of |Sy|. Hence S ¢ Sy VS € ®'. But Sy ¢ @', so in fact S Z Sp.
Let now A; = {0} if i € Spand A; =0 if i € I\ Sp. Then Ug(Ay,...,A,) =
So if S C Sy and Ug(Az,...,A,) = 0 otherwise. Since Sy € ®, we have
E(Ay,...,A,) = U Us = {0}. On the other hand, for any S € @' we
Sed
have S & Sp, so Ug(A1,...,A,) = 0. Hence F'(A1,...,A,) = U Us = 0.
Sed’
Thence F and E’ are not equivalent.
In conclusion, the map ® — |J Ug is a bijection between Q(P’(I)) and
Sed
M,,. Hence |M,| = |Q(P'(I))|. This solves (i).
Unfortunately it is not easy to find assymptotic formulas for |Q(P'(I))].
In order to obtain the first inequality in (ii) we note that Q(P'(I)) 2 R(P'(I)),
so |Q(P'(I))] > |R(P'(I))|, where

R(P'(I)) ={® < P(P'(I)) | |S| = |9'|V¥S,S" € ®}.
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(If ® € R(P'(I)) then for any S, S’ € ® we have |S| = |5’|,s0 S ¢ S’. Hence
¢ € Q(P'(I)).) We have P'(I) = Py(I)U---U P,(I), where

P(I) = {S C 1| || = K},
For any 1 < k < n we have P(Py(I)) C R(P'(I)), so
[B(P(1)] > |P(PL(D)| = 270! = 208,
When we take k = |n/2]| we get the desired result. O

Erratum.

In Remark 2 of the paper Ezistence of a Hamiltonian path in a plane
configuration, GMA, 3-4 (2014), 37-41, by M. Cavachi, the author has made
some statements that are not always true. Namely, the first paragraph holds
only for 1 < k < n — 1. In the remaining cases, k =1 and k € {n — 1,n}, k
odd, ie. k=2 [”T_l] + 1, with the same notation, we have the following.

Of the four segments of circles that meet at S, we consider the one
which is different from S5’ and ST and is not on the same circle with S’.
We denote it by SA. Similarly T'B is the segment in T different from 77"
and T'S and not on the same circle with 7. Then, same as in the case
1<k<n—1,5A and T'B are the only possible candidates to being ¢; and
lr_o. The difference in the case £ = 1 is that there is no F_q so there is
no /_1, which joins F_1 to Fi. Hence we have either SA = ¢; and T is one
end of the hamiltonian path or T'B = ¢; and S is one end of the hamiltonian
path. Similarly, if £ € {n — 1,n} then k + 2 > n so there is no Fj,s and
so no f; which joins Fj to Fj 2. Hence in this case either SA = {;_o and
T is one end of the hamiltonian path or TB = ¢;_» and S is one end of the
hamiltonian path.

As a consequence, in the last paragraph of Remark 2, the statement
that the hamiltonian path is uniquely determined by the edge ST of the
cycle Fj missing from the path holds only when 1 <k <n—1. If k=1 or
2 ["771] + 1 then, in order to have unicity, we also need to know which of .S
and T is an end of the hamiltonian path. Otherwise there are (at most) two
possible hamiltonian paths satisfying the rules and not containing ST

However, this mistake does not affect the rest of the proof.



