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Abstract. The paper deals with convergence of some iterative processes.
We prove a generalisation of Hillam’s theorem and derive thereby conver-
gence for a class of ‘convex’ iterative processes.
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1. Introduction

In this paper we prove some new results on a class of iterative processes.
Barone’s lemma below is one of the first results on the subject [1].

Lemma 1. Let f be a continuous function of an interval I C R into itself,

let xo be a point of I, and define the sequence (Tn),cy bY Tnt1 = f(2n),

n € N. If lim (zpq1 —x,) = 0, then the sequence (Ty,),cy is convergent on
n—oo

the extended line R.

Under the additional assumption that the interval I in Barone’s lemma
is compact, we get Hillam’s theorem [4]:

Theorem 2. Let f be a continuous function of the closed unit interval [0, 1]

into itself, let xo be a point of [0,1], and define the sequence (x,), .y by

Tny1 = f(zn), n € N If lim (2,41 — 2,) = 0, then the sequence (xy), oy
n—oo

s convergent to a fixed point of f.
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We refer to [4, 6] for a proof of this theorem. Our purpose here is to
derive Hillam’s theorem above from the two propositions in the next section.
The first generalises Barone’s lemma, and the second Hillam’s theorem. In
the final section, our results are applied to derive convergence for a class of
‘convex’ iterative processes.

2. Main results

We begin with an extension of Barone’s lemma.

Proposition 3. Let f be a continuous real-valued function on an interval
I CR, and let (z,),cy be a sequence in I. If

(a) lim (zp41 —xn) =0, and
n—o0

(b) (xnt+1 — zn) (f (xn) — xn) > 0 for all indices n,
then the sequence (xy,),cy is convergent on the extended line R.

Proof. Let a = liminfz, and b = limsupx,. Under the assumption that
n—00 n—00

a < b, since [ is an interval, and (z,,),,cy is a sequence in I that is frequently in
every neighbourhood of a, respectively b, the open interval (a, b) is contained
in I, so f is defined on (a,b), and the idea is to show that f fixes each
point in (a,b). Condition (b) then forces the x,, outside (a,b). To reach a
contradiction, we may now either recall that the limit points of a sequence
satisfying condition (a) form a compact interval of the extended line — in
this case, the closed interval [a,b] C R — or simply notice that (zy,),,cy must
be frequently in every neighbourhood of a, respectively b, to contradict (a)
and conclude that a = b.

To prove that f fixes each point in the open interval (a,b), suppose, if
possible, that f(c) # ¢, say f(c) > ¢, for some c in (a, b); the case f(c) < ¢ is
dealt with similarly. By continuity, f(z) > z for all z in some neighbourhood
(c—e,c+€) C (a,b), where e > 0. By (a) and the definition of b, |z, 11 — zp| <
€ and x,, > c for infinitely many indices n. Fix such an index m. If x,,, > c+e,
then 11 > Ty — € > ¢; and if ¢ < x, < ¢+ ¢, then f(x,,) > T, so
Tyl > Ty > ¢ by (b). It follows that z,, > ¢ for all n > m, so the sequence
(%n),ey is eventually away from a — a contradiction. O

The following generalisation of Hillam’s theorem is a corollary to the
previous proposition.
Proposition 4. Let f be a continuous real-valued function on a compact in-
terval I C R, and let (x,),cy be a sequence in I. If lim (2,41 — 2,) = 0 and
n—o0

(Tny1 — x0) (f (#0) — o) > 0 for all indices n, then the sequence (xy,), oy 15
convergent to a point in I.
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Proof. Compactness of I and Proposition 3 imply the conclusion. O

Proposition 4 yields the following straightforward proof of Hillam’s
theorem: If f fixes some term of the sequence (z,),cy, then the latter is
eventually constant, hence convergent to a fixed point of f. Otherwise,
(Zns1 — 2n) (f (2n) — ) = (f (zn) — 2n)? > 0 for all indices n, and Proposi-
tion 4 applies to show (), .y converges to a point in I. Since 1 = f(2n),
the conclusion follows by continuity.

3. Consequences

In this section, our results are applied to ‘convex’ iterative processes.
We begin with an extension of a result in [2].

Corollary 5. Let f be a continuous function of an interval I C R into
itself, and let (tp)nen be a sequence in the closed unit interval [0, 1] such that

lim ¢, = 0. Given a point xy in I, define the sequence (xy)nen of points of
n—oo

I by
Tn+l = (1 - tn) Ty + tnf(l‘n);

the definition makes sense for f takes on values in I, and the latter is convex.

(a) If the sequence (f(wn) — xn),cy @5 bounded (e.g., if I is bounded),
then the sequence (Tn)nen is convergent on the extended line R (if I is

bounded, then (xp)nen 45 convergent in the compact I, the closure of I
inR).

(b) If the sequence (Tp)nen is bounded in I (e.g., if I is compact [2]),
then it is convergent to a point in I.

And if, in addition, the series Y t, is divergent (e.g., ift, = 1/(n+a),
neN
a > 0), then the sequence (x,)nen is convergent to a fixed point of f.

Proof. (a) If f fixes some x, or t, = 0 for all but finitely many indices n,
then (z,,)nen is eventually constant, hence convergent in I C R.

Next, write ©p4+1 — Tpn = tn(f () — ), refer to the boundedness of the
f(zn) — zp, and recall that hm t, = 0, to deduce that hm (an xn) = 0.

Assume henceforth that f fixes no x,, and t, # 0 for infinitely many
indices n. Label the elements of the set {n: ¢, # 0} increasingly, ng <
ny < - <ng < -, set yp = Tpp1 and ug = by, kK € N, and notice
that yg41 — Yk = Tngi+1 — Tngyy, SiNCE Ty = Yg, N + 1 < n < ngyy,
SO klggo (yk+1 — yr) = 0, by the preceding paragraph. Moreover, one has

1 = (L—ug)ye+urf(yr)s 50 (e —ye) (F (k) —yi) = ui (F () — y)* > 0
for all indices k.
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Hence, (yk)ken sgtisﬁes both conditions in Proposition 3, so it coverges
on the extended line R. Finally, since x, = yi, nx +1 < n < ngqq, k € N,
the conclusion follows.

(b) With minor changes, the proof of the first part goes along the same
lines. This time, the idea is to apply Proposition 4 on a suitable compact
interval K C I.

Since (2, )nen is bounded in I, it is a sequence in some compact interval
K C I, the images f(x,) form a sequence in the compact interval f(K) C I,
50 (f(xn))nen is also bounded in I, and the f(x,)—x, are therefore bounded.
Proceed now as in the proof of (a) to complete the proof of the first part.

To prove the second part, let x = li_}rn Ty, T € I. Suppose, if possible,
n o

that f(z) # z and separate the two by e-neighbourhoods contained in I,
0<e<3|f(z)—zl, to get | f(zn) — zn| > | f(x) — 2| — 2€ for all but finitely
many indices n, say all n > m, where m is a fixed positive integer. Write again

n—1
Tn1— Ty = to(f(zn) —2p), to deduce that |x, — x| > (|f(z)—x|—2¢€) > t
k=m

for all n > m, and reach thereby a contradiction by recalling divergence of

> t, and boundedness of (xy,)nen-. O
neN

Remarks. Since a sequence in a closed interval is bounded if and only if
it is bounded in that interval, if I in Corollary 5 is closed, and (xy)nen is
bounded, then the latter is convergent in I, by Corollary 5 (b). In this case,
(f(zn)—2pn)nen is also bounded. However, boundedness of the latter does not
necessarily imply that of the former. For instance, if I = [0,00), f: [ — I,
f(z)=2z+1,and t, =1/(n+1),n €N, then x, =x0+1+1/2+---+1/n,
n € N*, is unbounded, whereas f(z,) —x, =1, n € N.

It is worth noticing that divergence of the series >_ t,, is essential for
neN
the conclusion in the second half of Corollary 5(b) to hold in general, as

the following example shows. Let I be the closed unit interval [0, 1], let
f:I =1, f(z) = 2% let t, = 27" n € N, and start at a point z in the
open interval (1/2, 1), to obtain a strictly decreasing sequence (x,)nen in the
closed interval [zg — 1/2,20] C (0,1):

n—1 n—1
1>x9> 2, =20+ Z(ka —xp) =x0 + ZQ‘kxk(xk -1)
k=0 k=0
n—1
>z0— Y 27" >a0-1/2>0, neN
k=0

Since f fixes only 0 and 1, the limit of (x,)nen is not a fixed point of f.

Corollary 5 applies to the ‘weighted’ iterative processes below — see
[3, 5] for special cases.
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Corollary 6. Let f be a continuous function of an interval I C R into itself,
and let (wp)nen be a sequence of positive real numbers such that

. Wn,
lim —— =0;
n—>oow0—|—---—|—wn
e.g., all w, = 1. Given two points xo and yo in I, define the sequences

(Zn)nen and (Yn)nen of points of I by

(Yn)
wof(wo) + -+ - + wn f(n)
wo + -+ wy

Tn+1 =

and yat = f (woyo+...+wnyn>.

wo + -+ + w,

(a) If the sequence (f(xyn) — xn)nen is bounded (e.g., if I is bounded),
then the sequence (xp)nen 45 convergent on the extended line R (if I is
bounded, then (z,)nen is convergent in the compact I, the closure of T
inR).

If the limit of f exists at each end-point of I, then boundedness of the
sequence (Yn+1 — Yn)nen, where Pn = (woYo + - + Wnyn)/(wo + -+ - + wp),
implies convergence of (yn)nen on the extended line R.

(b) If the sequence (zy)nen, respectively (yn)nen, is bounded in I (e.g.,
if I is compact), then it is convergent to a point in I.

And if, in addition, the series Y wy/(wo+ -+ wy) is divergent (e.g.,
neN
if all w, = 1), then the sequence (xy)nen, respectively (Yn)nen, s convergent

to a fixed point of f.

Proof. To deal with (z,,)nen, notice that

Wn Wn
= 1—— _—
Tn+1 < w0+"'+wn>xn+w0+'” f(xn)y

and let ¢, = w,/(wo + --- 4+ wy) in Corollary 5.
To deal with (yp)nen, notice that y,4+1 = f(gn),

_ Wn+1 _ Wn+1 _
—(1- + ,
Yot ( wo +--~+wn+1> In o Tt wg ) )

and min{yx: k=0,...,n} <y, <max{yx: k=0,...,n}, and let

Wn+1
wo + -+ Wp1

tn =

in Corollary 5 to get the desired conclusions for (¥, )nen, whence also for the
sequence (Yn+1)nen = (f(Yn))nen. O
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Remarks. A well-kown sufficient condition for Y w,/(wo + -+ + wy) to

neN
diverge is that )  w, be divergent — this follows from the inequality
neN
Z”: W4k S U e
wo ot Wk Wot Wi

If > w, diverges, then the conclusion in the second half of Corollary 6 (b)
neN
also follows from the Stolz-Cesaro theorem.
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An infinite family of inequalities involving cosecant sums
MIRCEA MERCAY)

Abstract. A very special case of a Ramus’s identity is used in this note to
derive an infinite family of inequalities involving finite sums with cosecant
function. As a corollary of this result, we obtain the Wallis’s formula.

Keywords: inequalities, cosine power sum, cosecant sums, Wallis’s for-
mula

MSC: 05A10, 26D20, 33B10

1. Introduction

Let n and p be two positive integers and let r be a nonnegative integer
such that r» < n. The following identity was proved by Ramus [4] in 1834:

kz:;o (7“ + k:n) ZW (1+wf)P = fgcosp (T) cos <(p - QT)IZT>

where w is the primitive nth root of unity e>™/™ = cos(2r/n) + isin(27/n).
By this relation, with n replaced by 2n + 1, p replaced by 2p, and r replaced
by p, we obtain:

1 2n+1/2
ZCOS <2 +1> —2+22p+1<p>, p < 2n+ 1. (11)

In this paper, we will use this finite sum of powers of cosines to prove:

Theorem 1. Let p and n be two nonnegative integers such that p < 2n + 1.
Then

2+ 1 P 2+ 1 2 +1
B LS (3 e (B 1) <
P (2n—|—1)< ) =0 "

P

We note that the inequality

3< 3 cse il 1 csc 37 <1 >0
- — — n
4 " 4n+2 dn + 2 dn + 2 dn + 2 ’ ’

is the case p = 1 in this theorem.
Taking into account that

lim x csc(x) = 1,
z—0

1>Department of Mathematics, University of Craiova, Craiova, 200585 Romania
mircea.merca@profinfo.edu.ro
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the inequality
P

2p+1 =« 1 (-1) 2p+1 T

— =< < = 1.2

2p+2 2 <2p>]z;2]+1< 2 (12)
p

is the limiting case n — oo of Theorem 1. Because

1 (1) /2p+1
T o iy (g I
p—00 (2p> = 2j+1\p—1 2
p

it is natural to ask about the sum

i (—1)d <2p—|— 1>
= 2J+1\p—17J
Theorem 2. Let p be a positive integers. Then

:02j+1 p—7 2p+ !

As usual, n!! denotes the product of all the odd integers up to some
positive integer n.

As a consequence of these theorems, we derive in the last section of this
note the well-known Wallis’s representation of the constant m

2. Proof of Theorem 1
According to Jeffrey and Dai [2, eq. 9, p. 130]

-1
3 1 % 2p —1
cos?? 1(96):2217—22( k )COS((%—%—U%)’ p=12...,
k=0

we obtain
1 & /2p+1 25 +1

2p+1 k). 2.4
o8 <2n—|—1> 21’;( ) <2n+1 i (24)

The following identity

n . y .
25 +1 1 (—1)] 2 +1 =

k) == - = 2.5
ZCOS(an ”) 2T 2 CSC<2n+1 2 (25)

k=1

is a very special case in [2, eq. 14, p. 129]

zn:cos(k‘q:) _ sin(nz +x/2) 1

2sin(z/2) 2
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Taking into account (2.4) and (2.5), we have

n
z:cos2er1
pt 2n—|—1
1 /2941 & 2j 41
=22<“.)zcos<“ -kw)
2pj:0 p—7 — 2n+1
- 22p+1 = 22p+1 CsC mt+1 2
2p+1 27+1 =«
- 22p+1 Z < ) e8¢ <2n +1 2) ’ (2.6)

where the last line follows from

p
<2p + 1> = 9%,

j=

Considering the inequality

2p+2 2p+1

T
z < cos?P O<az<§7

COSs xr < CoS

the cosine power sum (1.1) and the identity (2.6), we get

2n+1(2p+2 2p—|—1 27+1 w 2n+1(2p
22p+3 \ p+1 22p+1 Z ese m4+1 ) < 221 \ p
for p < 2n 4+ 1. Noting that

<2p—|—2> _2(2p+1) <2p>
p+1 p+1 p)’

Theorem 1 is proved. ([l

3. Proof of Theorem 2
By Merca and Tanriverdi [3, Theorem 2.1], we have

n
s (2p+ 1) — 2n+1 ™ (2p+ )N

It is clear that

- 2p)!!
lim — z:cos,21”+1 wm = (2p) . (3.7)
n—oo 2n 4 1 £~ 2n+1 (2p+ 1!
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On the other hand, by (2.6) we obtain

lim

zc i
n—00 2n +1 2n +1

Theorem 2 is proved.

4. Concluding remarks

An infinite family of inequalities involving cosecant sums and a new
combinatorial identity have been introduce in this note as applications of a
Ramus’s identity. Moreover, considering the inequality (1.2), Theorem 2 and

the fact that

(2p> _ 5% (2p—1 !!’
p (2p)!

(2p)!!

we get the inequality
2p+1 =« (2p)!!

)

™
2w+2 2 2p—DI 2p+ DI 2

<

and then the well-known Wallis’s formula [1, p. 68§]

ﬁ < 2p 2p
sy 2p—1 2p+1
On the other hand, we found a nice limit

p—>oo 22p

Is it possible to have another proof for it?
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Again on passing to the limit under the integral sign
TiBERIU TRIFY

Abstract. We prove a Dominated Convergence Theorem for the im-
proper Riemann integral. It enables us to provide rigorous arguments at
the undergraduate level for the solutions of some contest problems (and
not only).

Keywords: improper Riemann integral, Dominated Convergence Theo-
rem, Bounded Convergence Theorem

MSC: 26A42

1. Introduction

The Dominated Convergence Theorem is one of the main results in Real
Analysis. Its correspondent in the context of Riemann integral is the Bounded
Convergence Theorem, discovered in 1885 by C. Arzela [2] and independently
in 1897 by W. F. Osgood [10]. For different proofs and historical aspects
concerning the Bounded Convergence Theorem the reader is referred to the
papers [3, 5, 8,9, 11, 12].

Theorem 1 (Bounded Convergence Theorem). Let f : [a,b] — R, and let
fn i [a,b] = R (n € N) be a sequence of functions such that the following
conditions are satisfied:

(i) fn is Riemann integrable on [a,b] for all n € N;
(ii) ILm fn(z) = f(x) for all x € [a,b];

(iii) f is Riemann integrable on [a,b];
(

iv) there exists a positive constant M such that |f,(z)] < M for all
n € N and all z € [a,b].

b b
Then li_>m fn(x)dx:/ f(x)dz.

The aim of the present note is to show that the Bounded Convergence
Theorem easily implies a Dominated Convergence Theorem for the improper
Riemann integral. Thus we are able to provide rigorous arguments at the
undergraduate level (i.e., without referring to measure theory or Lebesgue
integral) for the solutions of the following contest problems.

) " arctan £ T
Problem 1. a) Prove that lim n [ ———dz= .
n—oo  Jo x(x?+1) 2

1>Babe§—Bolyai University, Faculty of Mathematics and Computer Science, Str.
Kogalniceanu no. 1, 400084 Cluj-Napoca, Romania, ttrif@math.ubbcluj.ro
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) . " arctan £ T
b) Find lim n n/ ———dx— = |.
n—00 o z(x2+1) 2
SEEMOUS 2014

. : NAEEAY
Problem 2. o) Find lim n dz
0

n—00 1+2x

1 1— n
b) Given any k € N, find  lim nkH/ zF ( :c) dx.
0

n—o00 1+=x

SEEMOUS 2012

Problem 3. Compute

0 m3 .%'5 .737
/0 (x_2+2-4_ 4-6+"'> 8

9.
z? zt x5
<1+22+22.42+22.42.62+'”)dx'

Putnam 1997, problem A3

It should be remarked that all solutions to Problem 3 published in
[1, 6, 7] make use of the Monotone Convergence Theorem for the Lebesgue
integral. We notice also that many problems from section 1.2 in the recent
interesting book by O. Furdui [4] can be tackled by using the Dominated
Convergence Theorem for the improper Riemann integral established in the
next section. Among them we merely mention here the following two.

Problem 4. Let a > 0 and b > 1 be real numbers, and let f : [0,1] — R be

1
a continuous function. Calculate — lim n®/b / L)bdx
n—00 o 1+ no

Problem 1.44 in [4]

n—00 n

n 2R\ "
Problem 5. Let k € N. Calculate lim <1 - > dz.
0

Problem 1.57 in [4]

2. The Dominated Convergence Theorem for the improper
Riemann integral

Recall first that given any non-degenerate interval I of the real axis, a
function f : I — Ris said to be locally Riemann integrable (on I) if its restric-
tion to every compact subinterval [u,v] of I is Riemann integrable. Further,
let —co < a < b<oo,andlet f:[a,b) = R be a locally Riemann integrable
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function. The improper integral of f on [a,b), denoted by f:f f(x)dz, is
defined by

b— v
) f(x)dxqujl;rz/a f(z)de, (2.9)

provided that the limit exists in R. If the limit in (2.9) is finite, then one
says that the improper integral fab* f(z)dx converges.

Theorem 2 (Dominated Convergence Theorem). Let —0o < a < b < oo, let
f:la,b) = R, and let f, : [a,b) — R (n € N) be a sequence of functions such
that the following conditions are satisfied:

(i) fn is locally Riemann integrable on [a,b) for all n € N;
(ii) le fn(z) = f(x) for all x € [a,]);
(iii) f is locally Riemann integrable on |a,b);
(iv) there exists a function g : [a,b) — [0, 00) which is locally Riemann
integrable on [a,b) such that fab* g(x)dz converges and |fn(x)| < g(x)
for alln € N and all x € [a,b).
Then all the improper integrals fab* f(z)dz and fabf fo(z)dz (n € N) are
b— b—
convergent and li_)m fn(z)da = f(z)dz.
Proof. Letting n — oo in |fy(z)] < g(x) we find that |f(z)] < g(x) for all
x € [a,b). By virtue of the majorant test we conclude that all the improper
integrals fab* f(z)dx and fab* fo(z)dz (n € N) are absolutely convergent,
hence convergent. Set
b— b—
I:= (x)dz and I, := fa(z)dz (n eN).
In order to prove that the sequence (I,,) converges to I, let € > 0 be arbitrarily
chosen. Select by € (a,b) such that

b- €
/ g(x)dz < -
bo 3

0, it is bounded on this interval. Setting

Since g is Riemann integrable on [a, b
| < M for all n € N and all = € [a, bg]. By

M = sup g(x), we have |f,(z)
z€la,bo]
Theorem 1 it follows that

bo bO
fim [ fu(e)de = [ oz,
hence there exists ng € N such that
bo bo c
fn(x)dz — f(z)dz| < 3 for all n > nyg.
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Then for all n > ng we have

bo b— bo b—
o —1I| = Jn(z)dz + fn(x)dz — f(z)dz — f(z)dz
a bo a b()
bo bo b— b—
< | o= [T p@acl+ [ ip@e+ [ @)
a a 0 0
€ b-
< +2/ g(x)dz < e.
3 bo
Therefore, (I,,) converges to I. O

Remark 3. It is obvious that similar versions of Theorem 2 hold for func-
tions f, fn 1 (a,b] — R with —oc0 < a < b < o0, as well as for functions
[y fn i (a,b) = R with —oo < a < b < 0.

Remark 4. Although the only ingredient used in the proof of the Dominated
Convergence Theorem is Arzeld’s Bounded Convergence Theorem, we were
not able to localize in the literature the result for the improper Riemann in-
tegral as stated in Theorem 2.

3. Solutions to Problems 1-5

Solution to Problem 1. a) The sequence of functions f, : (0,00) — R (n € N),
defined by
narctan

fa(z) == 2+ 1) “X(0,m) (T,

converges pointwise on (0,00) to f(x) := =

1+a? -
0 < fu(z) < f(z) forallm €N and all z € (0, 00)
because arctant < t for all ¢ € (0,00). By Theorem 2 it follows that

I ”arctan%d _ o do — > d o
nl_g)lon/o @211 z = lim ; fn(x)x—/o f(x)x—§

Moreover, we have

arctan T
dz —n —, we have z, = y, — zn,

b) Letti ni=n? ——
) Letting = n/o z(x? +1) 2

where

5 [ arctan " odex *  dx
Yn =N 27dx—n —— and z,:=n —_.
0o z(x?2+1) 0 2+1 n T2+1

Since z, = n (% — arctan n), it follows immediately that lim z, = 1. We
n—oo

/” n? arctan = — nx d
= z.
Yn 0 z(z? +1)

also have
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Substituting z/n = t yields

- /1 arctant —t n2t2
Yn = ) 3 1+ n2e2

The sequence of functions gy, : (0,1] - R (n € N), defined by

arctant — ¢ n2t?
)= = T
converges pointwise on (0, 1] to g(t) := %{;t—t. In addition, we have
lgn(t)] < —g(t) for all n € N and all ¢t € (0,1]. Since tlirgl+g(t) = —1, by

Theorem 2 (or even by Theorem 1) we get

1
e = i f, e di= / <>d
t — arctant ‘ 1 T
= — = arctant - — —
o2 T2 4

l\.’)h—l
ﬂk\ﬂ

Consequently, hm Tp = lim y, — lim 2z, = —
n—oo n—oo

Solution to Problem 2. We solve directly part b) under the assumption that
k is a nonnegative integer. Letting

e [k (1—2\"
I,:=n S s dz (neN),
0 X

k+1
we have I, = <L> Jn, where

n+1

T, = /Ol(n +1) G:;)n ((n+1)z)"de.

n+1
Substituting <1+m) =t, we have

1

1—z\" -2 1 —tn+t
(n—l—l)( :U) : sdz=dt and z=———,
1+2 (1+2) 1+ttt

whence
0 1 1o\ )"
— {nt — tn+
1 1+ ot 1+ tn+t
1 1 \\k 1
(1+¢77)
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The sequence of functions f, : (0,1] - R (n € N), defined by

1\ 1
fut) = ((n 1) (1 - 477)) o
(1+177)
converges pointwise on (0, 1] to f(t) = W (—Int)k. Moreover, the well

known inequality Int <t — 1 implies
(n+1) (1 - tn%l) < —Int forallte(0,1],

whence 0 < f,,(t) < (—Int)* for all n € N and all ¢ € (0,1]. Tt is proved
below that fol(— Int)* dt converges. Then by Theorem 2 it follows that

lim I, = lim J, =2 lim fn dt—2/f

n—oo n—o0 n—oo

1 1 )
= — (—Int)"de.
2k+1 /0

Letting L; := fol(—lnt)k dt, an integration by parts yields Lp = kLg_1.

Since Ly = 1, an inductive argument shows that all improper integrals Ly

are convergent and L = k! for all £ > 0. Consequently, lim I, = % )
n—oo

Solution to Problem 3. Denote by I the value of the integral. Since the first
bracket equals ze~*/2 , it follows that

_ —x2/2
I/O re /Zg%kl /f
The sequence of functions f, : [0,00) = R (n € N), defined by
n 2k
o —x2/2 x
fn(x) = xe / Z 22k(k')2 )
k=0

converges pointwise on [0, 00) to f. Moreover, we have

_12 22
0< fule) < /QZz%k.ﬂe = g(o)

for all n € N and all 2 € [0,00). Since [;° g(z)dz converges, Theorem 2
ensures that

00 n 1 00 2/9 okt
T T —z
I = lim Jn(z)de = nlg{.lo kE_O 22k(k!)2/0 e x dz.

n—o0 0
Substituting 22/2 = t we get

e} 9 o0
/ e 2 dy = Qk/ e 'thdt = 2" (k + 1) = 2"k,
0 0
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o0

1
whence I = Z% —el/2 = Ve.
k=0 ’

1
Solution to Problem 4. Set I, := na/b/ L)b dz (n € N). The substi-
o 1+n%x

tution n%® =t leads to

a 1
_rm by t
Y r=n

The sequence of functions f, : (0,00) — R (n € N), defined by

Jalt) o= f (/0 /nol") =

converges pointwise on (0,00) to f(¢) := f(0 ) . In addition, we have

1
i1

|fn(t)] < M 1 for all n € N and all ¢ € (0, 00),
here M := i
where Omg?é(l] f(z)|. Since

o 431 1 1 1 1 T
/0 t+1 (b’ b) (b) < b> sin %

by Theorem 2 we deduce that le I, = f(0) =

bsin® -
bsin 7

Solution to Problem 5. More generally, let (a,) be an arbitrary sequence in
(0, 00) such that a, < {/n for all n € N and lim a,, = oo, and let
n—oo

an kN
I, := / <1 — x) dzx.
0 mn

The sequence of functions f, : [0,00) = R (n € N), defined by
k

@)= (122 Noan@)

converges pointwise on [0,00) to f(z) := —z*  Moreover, the inequality

el >1 +t for all t € R ensures that 0 < fu(z) < f(z) for all n € N and all
x € [0,00). Using the substitution 2* = ¢ we find that

1 . 1./1 1
—t = 47—1 _ = - — -
/f d:z—/ Lt dt_kr<k> r<1+k).

By virtue of Theorem 2 we conclude that lim I, =T (1 + %)
n—oo
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The limit of some sequences of double integrals on the unit
square

DuMITRU Popral)

Abstract. We show that under natural hypotheses on the sequence
of continuous functions h, : [0,1]> — R, for all continuous functions
f:10,1)> = R the following equality holds

lim jf ho (2,y) f (z,y)dzdy = f(1,1) nhl& jj hrn (z,y) dzdy.

n—o0
[0,1]2 [0,1]2

Keywords: Riemann integral, double Riemann integral, Fubini theorem,
limit of sequences of integral

MSC: 26B15; 28A35.

1. Introduction

The starting point for this paper was very natural: how can we extend
some well known results about the limits of Riemann integrable functions on
the closed interval [0, 1] to the case of double Riemann integrable functions?
A first question which appears is the following: with what could we replace
the interval [0, 1] in the case of double integrals? It is obvious that in the
case of double integrals, the natural analog of the interval [0, 1] is the unit
square [0, 1}2, and not only! The main purpose of this paper is to indicate
a way to calculate the limits of double Riemann integrable functions on the
unit square. The notation and notions used and not defined in this paper are
standard. For details regarding the multiple Riemann integral we recommend
the reader the excellent treatment of this concept in the textbook of Nicu
Boboc, see [1].

2. Preliminary results
We recall a well known result, see [2, Ex. 3.13, p. 53-54].

Lemma 1. Let v, : [0,1] — R be a sequence of continuous functions such
that the sequence (f01 |vp ()] dx) N is bounded and for all 0 < u < 1,
ne

lim |, (z)|dx = 0.

n—oo
0
(i) For each continuous function f :[0,1] — R the following equality holds

lim </01vn(x)f(x)dx—f(l)/olvn(x)dx> ~0.

n—oo

1>Department of Mathematics Ovidius University of Constanta, Bd. Mamaia 124,
900527 Constanta, Romania, dpopa@univ-ovidius.ro
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(i) If hm fo vp (x)de = L € R, then for each continuous function

f:00,1] — R the followmg equality holds
1

lim vp(z)f(x)de = Lf(1).

n—oo 0

Now we indicate a natural way to construct examples of sequences which
satisfy the hypotheses in Lemma 1.

Proposition 2. (i) The sequence vy, : [0,1] = R, v, (x) = naz™f (x™), where
f:0,1] = R is a continuous function, satisfies the hypotheses from Lemma 1

. 1
and nh_)rrgo fO vp () dz = fO x)dz.
(ii) The sequence vy, : [0,1] = R, v, (z) = —ma"_ satisfies the

hypotheses from Lemma 1 and li_)rn fol vp (z)do = .
Proof. (i) see [2, Ex. 3.13(b), p. 54]. (ii) see [2, Ex. 3.34(ii), p. 65]. O

Proposition 3. Let h,, : [0, 1]2 — R be a sequence of continuous functions

such that the sequence I |hn (2,y)| dady s bounded and for all
[0, 1] neN
0<u<l,
Jim H |7 (2, )| dzdy = 0.
[0,u] x [0, 1]
We define v, : [0,1] — R, v, ( fo (z,y)dy. Then the functions v,

are continuous for all natural numbers n, the sequence ( fo lun, ()| da:) 18
neN

bounded and for all 0 < u <1, li_>m Jo [vn (@) dz = 0.

Proof. Since the functions h,, are continuous, by a well-known result, v,, are
also continuous. For every natural number n we have

1
|, (2)] < / | (z,9)| dy, Yz € [0,1]. (2.1)
From (2.1) and Fubini’s theorem we deduce
/|vn |dx</ (/ 1S xy]dy)dx—fj\h (z,y)| dzdy
[0,1)
and by the boundedness of the sequence H | (z,y)| dedy , the
[0.1 neN

boundedness of the sequence ( fol |vn, ()] d:r) N follows.
ne
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Let 0 < u < 1. By (2.1) and Fubini’s theorem we have
u U 1

[ @iae < [ [ alas)as= [ Gl dsay
0 0 \Jo [0,u] % [0,1]

Since lim II' |hn(z,y)|dzdy = 0, this shows that indeed one has

0 10,u] % [0,1]

7}1—>H§o Jo |vn ()] dz = 0. O

3. The main results

We first prove an ‘asymmetric’ result.

Lemma 4. Let hy, : [0,1]* = R be a sequence of continuous functions such

that the sequence | [ |hn(z,y)|dzdy is bounded and for all0 < v < 1,
0.1 neN
Jim J] | (2, y)| dedy = 0.
[0,1]x[0,v]

(i) For each continuous function ¢ : [0, 1]2 — R with the property that
e (z,1) =0, Yz € [0,1] the following equality holds

lim ff hn (z,y) ¢ (z,y) dedy = 0.

n—o0
[0,1)?

(ii) For each continuous function f : [0,1]> = R the following equality holds

im (] hn(w,y)f(:n,y)dxdy—/ol (/Olhn (w,y)dy)f(:n,l)dx ~0.

n—oo
[0,1]

Proof. (i) By hypothesis there exists A > 0 such that

{[ 1hn (@, p)| dedy < 4,90 € N, (3.2)
0.1

Since ¢ is continuous on the compact set [0, 1]2, from the Weierstrass theorem,
 is bounded, i.e., there exists M > 0 such that

(2, y)| < M,V (z,y) € [0,1]%. (3.3)

Moreover, ¢ being continuous and [0, 1]2 being a compact set, ¢ is uniformly
continuous.
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Let € > 0. By the uniform continuity of the function ¢, there exists d. €
(0,1) such that V (z1,11) € [0,1]* and V (x2,y2) € [0,1]* with the property
that |z1 — z2| < d: and |y; — y2| < d. one has

o (z1,91) — ¢ (22, Y2) (3.4)

< 2A
Let us put v = 1 — 6. € (0,1) and note that the relations y € [0,1] and
ly — 1] < d. are equivalent to ve =1 — . <y < 1. By using this observation
from (3.4) we deduce

|<p(x,y)—90($ 1)’< A,Vace[O,l},Vye[vg,l]
or, since by hypothesis ¢ (z, 1) =0, Vz € [0,1]
Va € [0,1], Vy € [ve, 1]. (3.5)

o (2, y)| < 2A

Let n € N. From Fubini’s theorem we have

{] hnl@9) ¢ (2, y) dedy = /01 (/o
0,17

From this we deduce

[ o (2.) (2, ) ddy s/ol (/Olwhnm,y)rw(x,y)\dy) da
[0,1]?
[ ([ meatiowita)ars [ ([ b ollotwlan) ar

(3.6)

1
b (2, y) ¢ (7,9) dy) da.

By using (3.3) and Fubini’s theorem we have

/01(/O”E|hn($,y>||¢(x,y)|dy)d$ < M/ (/ xy>|dy>dx

_ H \h (2, )| dzdy. (3.7)
[0,1]x[0,ve]
From (3.5), (3.2) and Fubini’s theorem we deduce

[ ([ meapeaiw)a < 5 ([ e

15
< — .
< QA[j{Qm (2,y)|dady < 7. (3.8)
0,1

From the hypothesis there exists n. € N such that Vn > n. we have

H \hn (2,)] dody < — 2M (3.9)
[0,1]x[0,v¢]
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By using (3.7), (3.8) and (3.9), from (3.6) it follows that Vn > n. the following
inequality holds

ﬂ ho (2,y) ¢ (2, y) dzdy| < e.
[0,1]?

This ends the proof of (i).

(i) Let ¢ : [0,1]> = R be defined by ¢ (z,y) = f (z,y) — f (x,1). Note
that ¢ is continuous and has the property that ¢ (z,1) =0, V2 € [0,1]. From
(i) we have
lim jf hy, (z,y) ¢(x,y)dzdy = 0. (3.10)

n—oo
[0,1]?

From the linearity of the integral and Fubini’s theorem, for each natural
number n we have

[f . y)e(w,y) dudy

[0.1]?
= | @) f@y)dzdy — (] ha(z,y)f(@,1)dzdy
[0,1]? [0,1]?
1/ 1
= ] a9 f (2, y)dwdy —/ (/ hn(x,y)dy) f(z, 1)d. (3.11)
Oa? o \Jo
Replacing (3.11) in (3.10) we obtain the conclusion of (ii). O

In the following we state and prove the main result of this paper. As
is expected, the “symmetry of variables” is clearly highlighted. Let us note
that this result is an extension to the double integrals on the unit square of
Lemma 1.

Theorem 5. Let h,, : [0, 1]2 — R be a sequence of continuous functions such

that the sequence I |hn (z,y)| dzdy is bounded and the following
[0.17? neN
symmetric conditions are satisfied:
forall0 <u <1, nlggo jf |, (,y)|dzdy =0 (3.12)
[0,u]x[0,1]
and
forall0 <v <1, nh_)ng() ff |, (z,y)|dz dy = 0. (3.13)

[0,1]x[0,v]
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(i) For each continuous function f : [0, 1]2 — R the following equality holds

lim ff by (z,y) f (xz,y)dedy — f(1,1) jf hy (z,y)dxdy | =0.

n—oo
[0,1]? (0,1

(ii) If lim || hp(z,y)dedy = A € R, then for each continuous function

n—oo
[0,1]

£ 110,11 = R the following equality holds

im [ hof(@y)f(@y)dedy = AF(1,1).

n—oo
[0,1]?

Proof. (i) From condition (3.13) and Lemma 4 (ii) it follows that

lim ff hn(z,y) f(x,y)dedy — /01 vp(x)g(z)de | =0, (3.14)

n—o0
[0,1]

where vy, : [0,1] = R, v, (z) = fol hy (z,y)dy, g : [0,1] = R, g(x) = f(x,1).
By using condition (3.12), from Proposition 3 it follows that the sequence
(Vn),en satisfies the conditions from Lemma 1. Then, by Lemma 1 we deduce
that

lim </Olvn (@) g (z) do — g(l)/olvn () d:v) —0. (315

n—oo

From (3.14) and (3.15) we obtain

lim ff ho(z,y) f(x,yt)dedy — f(1,1) /01 vp(x)de | =0,

n—oo
[0,1)?

which, because by Fubini’s theorem, fol vp(x)de = || hp(z,y) dzdy, gives
[0,1]?
us the conclusion of (i).
(ii) It follows from (i) and hypothesis. O

4. Some applications

In the sequel we give examples of sequences of functions which satisfy
the hypotheses in Theorem 5.

Proposition 6. (i) Let ay, b, : [0,1] — R be two sequences of continuous
functions which satisfy the hypotheses in Lemma 1. Then the sequence of
continuous functions hy : (0,12 = R, hy (2,y) = an () by (), Yz, y € [0,1],
satisfies the hypotheses in Theorem 5.
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(ii) Let a > 0, b > 0. The sequence of continuous functions

b n
s 07 S R o) = () vy € o),
satisfies the hypotheses in Theorem 5.
Moreover,
., azx + by \" _ (a+b)?
nhﬁrngn fj(a—kb) dzdy = 0
[0.1]

Proof. 1t is left as an exercise to the reader. O

From Proposition 6 and Theorem 5 we can give some concrete examples.
We state such an example and leave to the reader to state other possible
examples.

Corollary 7. (i) For each continuous function f : [0, 1]2 — R the following

limit
xnyn
L dzd

[0,1)
is equal to g—ﬁf(l, 1).

(ii) For each a >0, b> 0 and each continuous function f : [0,1]* — R
the following equality holds

n 2
lim 7n? jf <az::-_2y) f(z,y)dzdy = (al—bb) f(1,1).

n—o0
[0,1]2

Proof. (i) From Proposition 2 (ii) the sequence of functions vy, : [0,1] — R,
2

v () = %, satisfies the hypotheses required in Lemma 1 and
lim fo vp (z)dz = %. From Proposition 6 (i) the sequence of functions

n—oo
h 2 [0,1)% = R, hy (x,y) = v (2) v, (y), satisfies the hypotheses in Theo-
rem 5 and by Fubini’s theorem

1 2 4
. T
i ] hoteasy = (Jim [Con@ae) = G
[0,1)°
From Theorem 5 (ii) we obtain the statement.
(ii) From Proposition 6 (i) the sequence of functions h,, : [0,1]* — R,
n

by (2,y) = n? (M) , satisfies the hypotheses in Theorem 5. From Theo-

a+b
rem 5 (ii) we get the statement. O
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Olimpiada de Matematica a Studentilor din Sud-Estul
Europei, SEEMOUS 2014

MARCEL RoMANY, RADU STRUGARIU?)

Abstract. This note deals with the problems of the 8th South Eastern
European Mathematical Olympiad for University Students, SEEMOUS
2014, organized in Tagi, Romania, by the Gheorghe Asachi Technical
University of Iagi, the Mathematical Society of South Eastern Europe
(MASSEE), and the Romanian Mathematical Society, between March 5
and March 9, 2014.

Keywords: Similar matrices, normal matrix, Hermitian matrix, determi-
nants, eigenvalues, eigenvectors, sequences of real numbers, integral con-
vergence, Taylor series, continuous functions

MSC: 1C20; 15A16; 15A18; 15A24; 33D05; 40A30; 51D20.

1. Introducere

Editia a 8-a a Olimpiadei de Matematica pentru Studenti, SEEMOUS
2014, a fost gazduitda de Universitatea Tehnicd ,,Gheorghe Asachi” din Iasi
si a reunit 104 studenti reprezentand 23 de echipe din sase tari (Bulgaria,
Grecia, Iran, Roméania, Rusia, si Turkmenistan).

Studentii au avut de rezolvat in 5 ore un numéar de 4 probleme. In
cele ce urmeaza vom prezenta problemele propuse in concurs §i vom comenta
solutiile. Alte detalii despre desfagurarea olimpiadei pot fi gasite pe site-ul
SEEMOUS 2014: http://math.etti.tuiasi.ro/seemous/

2. Probleme, solutii, comentarii

Problema 1. Fie n un numar natural nenul iar f : R — R\{0} o functjie sat-
isfacand relatia f(2014) = 1 — f(2013). Fie z1, ..., z, numere reale distincte

DUniversitatea Tehnica ,,Gheorghe Asachi” din ITagi, Departamentul de Matematica si
Informatica, marcelroman@tuiasi.ro

2)Universitatea Tehnici ,Gheorghe Asachi” din Iasi, Departamentul de Matematica si
Informatica, rstrugariu@tuiasi.ro
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doua cate doua. Daca

Lt f@)  flea) fla) ... fla)
f)  1rfG) flam) . flo
f(z1) flza) 1+ f(zs) ... flza) |=o,
f@)  fe) fles) ... 14 flaw)

sa se demonstreze ca functia f nu este continua.

Dimitris Georgiou, Grecia

Consideratd de catre juriu ca problemd cu un grad de dificultate mediu
spre usor, problema 1 a fost rezolvata in intregime de catre 27 de participanti.
Diversele solutii oferite de catre candidati au fost diferite doar in ceea ce
priveste calculul determinantulus.

Solutie. Adunéand toate coloanele la prima si scotand factor comun,

Lt f@n)  flea) flas) ... fla)
fl) 14 fle)  fles) . fle)
fo)  f) 1S . fle) |-
f)  fle) f) o 14 fla)
= (14 flan) + flaz) + flas) + o+ flan)

1 f(x2) flxs) ... f(zn)
L14f(e) fles) o fle)
L flea) 14 fles) .. o)
L fle) @) ... 1+ f(a)

Ultimul determinant fiind 1 (lucru ce se vede scazdnd prima linie din cele-
lalte), relatia data devine

L+ f(z1) + fz2) + f(z3) + -+ f(2n) =0,
F(2014) + £(2013) + f(21) + f(x2) + f(z3) + -+ flan) =0. (2.1

Presupunem ca f ar fi continua. Daca ar exista numerele reale distincte
¢,d (cuc < d) astfel incat f(c)f(d) < 0, atunci, conform teoremei lui Bolzano,
ar exista cel putin un e € (c,d) astfel incat f(e) = 0, contradictie. Asadar,
valorile lui f sunt fie toate pozitive, fie toate negative.

Daca toate valorile lui f sunt pozitive, obtinem

f(2014) + £(2013) + f(x1) + f(22) + f(23) + -+ + f(zn) >0,
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iar daca toate valorile lui f sunt negative,
f(2014) + f(2013) + f(x1) + f(@2) + f(xs) + -+ flan) <O.

Ultimele doua relatii obtinute sunt in contradictie cu relatia (2.1).
In concluzie, f nu este functie continua. O

Problema 2. Se considera sirul (z,) dat prin

:::n+1+\/a2:%+2:cn+5, w1,

T =2, Tpil =

n
Sa se arate ca sirul y, = E —
Ty —
k=1

, n > 1, este convergent si sa se gaseasca

limita sa.

Pirmyrat Gurbanov, Turkmenistan

Aceastd problemad a fost consideratd o problemd medie spre usoard de
catre juriu. Cu toate acestea, la problema 2 au fost doar patru rezolvari
complete, toate in spiritul solutiei data de juriu. Ideea de rezolvare, aceeast

. Aratand

la toti cei patru studenti, a fost de a utiliza relatia y, = - —
3 z,+1

apoi ca sirul (zy), are limita oo rezulta convergenta si limita sirului (Yn)n.

Solutie. Mai Intai, se arata usor prin inductie ca x,, > 0, Vn € N*. Apoi,
folosind relatia de recurenta din enunt;:

R R I RS R RS J A

Tn+l =

Asadar, sirul (x,), este strict crescator. Presupunand ca sirul ar fi conver-

gent, fie L = lim z,. Din inegalitatea de mai sus, prin trecere la limita s-ar
n— o0
obtine L > L + 1, contradictie. Rezulta ca lim x, = oc.
n—oo
Pornind tot de la recurenta din enunt, avem succesiv

(2Tp41 — T — 1)2 = 1‘% + 2z, +5
si
221 — (T + Dapp1 — 1= 0.
Se obtine
1 1
xfl_H -1 zppi(x, +1)
Avem
Tntl 1 :xn—lz Tn 1
a2, -1 wp+1 22-1 22-1 22-1’
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de unde putem scrie ¥, ca suma telescopica:

1 u T Tt ) Tt
ynzzx2—122<x2—1_ T 1 1

2 2
el 1 Tiyq — 1 Tyl —
21
3 oz, 41
In concluzie, cum sirul (), are limita oo, sirul (y,), este convergent
si lim y, = —. Il
n—00 3

Problema 3. Fie A € M,,(C) si a € C, a # 0, astfel incat A — A* = 2al,,
unde A* = (A)! iar A este conjugata matricei A.
(a) Sa se arate c& |det A| > |a|".

(b) S& se arate ca daca |det A| = |a|" atunci A = al,.

Vasile Pop, Romaénia

Juriul a considerat problema drept o problema de dificultate medie. Au fost 8
studenti care au rezolvat complet problema, toti avand abordari asemandtoare
celei din solutia 1, care este si solutia oficiald.

Solutia 1. (a) Din relatia data in enunt se obtine A* — A = 2al,; adunand
aceasta relatie la prima, se obtine a + @ = 0. Prin urmare, exista b € R*
astfel incat a = ib.

Putem scrie relatia din enunt in forma A — al, = A* + al, sau
A —al, = (A - al,)*, de unde matricea B = A — al, € M,(C) este o
matrice hermitiana, deci are toate valorile proprii numere reale \ig = aq,

ey )\nB = Qlip.
Valorile proprii ale matricei A sunt \jgq = a1 +1b,..., Apa = ay + b sl
avem
|det A| = |A1al- - [Anal = y/af + b2 y/a2 + b2 > |b|" = |a|™
(b) Pentru egalitate trebuie sa avem a1 = - -+ = a,, = 0 §i cum matricea

hermitiand B este diagonalizabila rezultda B = 0 si in consecinta A = al,,. U
Abordarea din solufia ce urmeaza a fost propusa tn juriu de Dmitro

Mitin.

Solutia 2. Din relatia din enunt deducem AA* = A% —2aA = A*A, deci ma-

tricea A e normala. Prin urmare, exista U € M,,(C) unitara gi A1,..., A\, € C

astfel incat, notand D = diag(\y,...,\), si avem A = UDU . Obtinem

2al, =U AU ~U'A*'U=D - U*A*(U 'Y =D-D*=D - D,
de unde A\, — A\, = 2a, deci a este de forma ib, b € R, si existd numerele

reale av, ..., o, astfel incat A\, = ay, +1ib, k € {1,...,n}. Se finalizeaza ca la
solutia 1. O
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Problema 4. (a) Aratati ca
" arctg £
lim % dz = Z.
n—oo Jo x(x? 4 1) 2

(b) Gasiti valoarea limitei

n t Z
lim n n/ %dx _ ).
n—oo o z(z?+1) 2
Vladimir Babev, Bulgaria

Problema a fost considerata de catre juriu drept o problema dificila, iar
rezultatele au confirmat acest lucru, un singur candidat obtinand punctajul
mazxim. Prezentam pentru inceput solufia autorului.

Solutia 1. (b) (Punctul (a) este o parte a solutiei). Observam ca

x
n arctg — 1 t

/2 n d:c:/ _ 08T e =1,
0 x(x2+1) 0 z(n?x?2+1)

Pentru orice p € N i orice 2 € (0, 1] au loc relatiile

FAR (=1)Fz?k arctgx 2 (—1)ka2k
S U wtar g

— 2k+1 — x _k:O 2k +1
Rezulta
2p+1 k 2p k
(-1) (-1)
Z Jp < I, < Z Jk,
— 2k +1 — 2k +1
unde
1 2k
T
J d
k /0 n2z2 41
Avem
Jo = arctgn <1,
n

1 2
x 1 1 arctgn
Ji = ————dze = - (1—Jy)= <5 |1— )
! /0n2x2+1 g n2( 0) n2< n )

iar pentru k > 2

b ot r oy
T2 \2%k—1 n2\2k—3 %))
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Cum 0 < J,, < Jg <1 pentru orice m € N, relatia anterioara conduce

la
(—1)F (—1)k 1 1 2
2% +1°"  2k+1 2k—1 n2| = nt
In concluzie,
N N
(=1F 1 (=" 4
Jp — — < — pentru N € {2n, 2n+1}.
kZ_Q2k+1 k n2;(2k—1)(2k+1) < 3 pentru N € {2n, 2n1}
Atunci
4 T 9 n2g R (—1)k T
A <n(nl, - 7)
PR R R +§(2k—1)(2k+1)—""” 2
si
T T n2Jy on (—1)F 4
I ——) < —n— 2Jo — —.
”("” ) = gt +;(2k—1)(2k‘+1)+n
Deoarece
2
. ™ 9 _nJ1 L B l_} _arctgn B
nlggo( n2—|—nJ0 3 >—nlggo( narctgn 3(1 - ))-
4
=—3

iar

G (—1)* I 1 1 B
g(2%-1)(2k+1) _52(_1)k (2k—1_2k+1> -
1

k=2 k=2
1 (=D 1 = (=1)k 1
st - ) e
2 2k—1 3 2k + 1 6
k=2 k=0
_5_
6 4’
avem in final ca
t X
n arctg — - 1
li M - — | ==L, 0
vl n/o x(x2+1) v 2 2 4

Urmdatoarea solutie, destul de apropiatd de baremul de corectare, a fost
propusd de catre Ovidiu Furdui de la Universitatea Tehnica din Cluj-Napoca.
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Solutia 2. (a) Notam
arctg —
n_dq
o x(z?2 4+ 1) v
Avem
/OO arctg =~ d /Oo arctgy g
Ty = ———"_dx — :
" 0 %(IQ + 1) 1 y n2y2 + 1 y
Pe de alta parte,
0</°°arctgy n <1/°°arctgyd m [Fdy  w
1 y n?y? +1 y=0 1 y3 ™ Y3 4n’
de unde rezulta
) > arctgy n
nh_>m e dy = 0.
> J1 Yy ney* +
Fie
arctg z
n
Observam ca nh_)n;)lo fo(z) = Rl fulz) < o] pentru orice x > 0.

Aceasta implica, In baza teoremei de convergenta dominata a lui Lebesgue,

ca
co arctg — ©
lim T N dx = / 5 = E.
n—oo Jq 7(.%.2 + 1) 0o IT°+ 1 2
n

© arctg =  arct > 1
:n</ T an dI—/ arcgy' 2? dy—/ 2dﬂ§'>:
0o »@*+1) 1 (0 nfy® +1 o *°+1
X arctg L — £ o0 t
:n/ ng”"dx—nQ/ agcifydy:
0o p(@*+1) 1 y(nfy*+1)
B Ooarctgy—yd ° arctgy 1 du —
- o2 1y T 2, 1 W=
o Y2+ -3) 1 y o oyt
/1arctgy—y /°° dy
prn _— y— =
o Y+ ) 1P+ S
_/1afctg:u—y y—n (% arctgn)
0 ?J@Q‘i‘n%) 2
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Cum
y—arctgy y— arctgy

y(y? + %) y?
care este o functie integrabila pe [0, 1], obtinem, in baza teoremei de conver-
genta dominata a lui Lebesgue, ca

)

. 1arctgy—y 1aulfctgy—y 1 =
llm ﬁdx: 73dy:7_7,
n=oo Jo y(y* + ;7) 0 Yy 2 4
ultima integrala fiind calculata prin parti.
Deci ! !
7r 7 7
lim n(on—2)=5—-F-1=-3-7 O
noe '\ T 3) T2 2 4

Urmatoarea solutie, cu diverse variatiuni, a fost propusd de cdtre mai
mults membri ai juriului.

Solutia 3. (a) Se observa ca, printr-o schimbare de variabila, prima limita

devine .

) narctgy
lim —
n—o Jo y(n’y* +1)
Cum )
t
1L <28 o vy e (0,1,
3 y
rezulta

1 2 1 1
n Y narctgy n
- (1 —= ) dy < —————dy < ————d
/o n2y2+1< 3) y_/o y(n?y? +1) y_/o 2?1

de unde

1 t ! t
arc gn</ narctgy dy < arctgn.
oY

t -
areten = 5 T a2 (n?y? +1)

Limita de la (a) se obtine acum prin aplicarea criteriului ,,clestelui”.
(b) Folosind (a), scriem limita sub forma

" arctg

n/ LS

/— lim 0 xz(z?2+1) 2
n—oo l

n
si aplicam o regula de tip L’Hopital. Obtinem ca aceasta este egala cu

n arctgﬁ n 1 1 . %

—__nq . e+ —4
) | st (s e w we )
111

n—yoo 1
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Facand din nou o schimbare de variabila, rezulta

1
t 1 1
(=" im <arc BY _ 5 > T dy.
0 Yy y©+1 y2+p

n—o0

Cum

arct 1 1 1 [arct 1
0<< 2 2 ) 24 1 <2< 2 2 >’
(] v+l v+ Yy y=+1

rezulta folosind teorema de convergenta dominata a lui Lebesgue ca

) L Zarctgy 1 1 11 [arctgy 1
lim - 51 dy=[| — - dy.
n=00 Jo y v 1)y + 5 0Y y y*+1

Se observa ca
1 (arctgy 1 ) _arctgy —y 1

v\ oy i+l v y 1
. . . . 1 m 7 13 .

de unde (vezi gi Solutia 2), integrala este egala cu s 1t1= 3 In concluzie,

T 1
(=————.

4 2 .

1 t 1
O alta metoda de calcul pentru integrala / — <arc EY _ 5 ) dy
0Y Y y=+1

este urmatoarea: observam ca

1 [arctgy 1 B ad n 1 2n—9
y2< " —yQH)—Z(—l) (QnH—l)y . Yy €(0,1).

n=1

Seria din membrul drept este uniform convergenta pe compactii din [0, 1);
integrand termen cu termen si aplicand teorema lui Abel, rezulta

1 o0
1 [arctgy 1 —2n 1
[ -y =3 -
0y y y?+1 —~ 2n—-1)2n+1) 2

Pentru urmatoarea solutie, studentul Eduard Valentin Curcd a primit
premiul special al juriului.

Solutia 4. incepem prin a proba urmatoarea
Lema. Fie f :]0,1] — R continua. Atunci

1 1
lim f(x)arctgnzdr = 72r/ f(z)d.
0 0

n—oo
Demonstratie. Notdm M = sup |f(z)|. Pentru e > 0, § = min {35, 1} si
z€[0,1]
n > %ctg 557 avem

é
5 [ s [ uesnea) < [ (5 - wctwne) 1) o
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1
+/ (E—arctgnm) |f(3:)|d:c<§+§:€. O
s \2 22
(a) Avem
" arctg T L narctgy
o z(z®+1) o y(n?y*+1)
1 1 !
arctgy arctgy
= - arctg ny —/ < ) arctgny dy =
Y 0 0 Y

1 /
t
=T arctg n — / <arc gy> arctg ny dy.
4 0 Y

Conform lemei,

L /arct ! 7w (! [arct !
lim (gy) arctgny dy = / ( gy) dy =
n—=o0 Jo Y 2 Jo Y
_m [arctgy 1 _
=3 ;
Limita ceruta rezulta imediat.
(b) Notam
" arctg & T
= ———2_dr — —.
in n/o z(xz? +1) T

. VT . a . N
Trebuie calculata limita lim Tn Vom face acest lucru folosind teorema Cesa-
n—oo =
n

s
0o 2

ro-Stolz. Din (a), avem

T ! T
an =7 arctgn — / fly) arctgny dy —
0

57
arctgy\’ )
unde f(y) = . Obtinem
M =n(n+1) <E (arctgn — arctg(n + 1)) —
PES . 4
1
—/ f(y) (arctg ny — arctg(n + 1)y) dy) ,
0
Dar
arctg =1
n(n—i—l)I (arctgn — arctg(n + 1)) = Ew L, _T pentru 1 — oo.
! 4 n(n+1) 4

Observam ca

f(y) _ 1 - n y2n ,_ - n 2n 2n—2
y—y<z(‘1> 2n+1> =LV g

n=0 n—=




36 ARTICOLE

iar seria din membrul drept este uniform convergenta pe compactii din inter-

valul (—1,1), de unde 1) este continua pe (—1,1).
Y

Notand
L= hmnn+1 / fly) (arctgny — arctg(n + 1)y) dy
si tinand cont ca pentru t > 0 avem ¢t — & 0 < arctgt < t, obtinem
1
— 1 1
lim ﬂw7mzknld——Mn/) —fy) _ n(n+ 1)y dy < L
n—o0 J, 1+ n(n+ 1)y2 =00 1+n(n+1) ?)?
si
1_
0 Y
Dar
n(n +1)y* .
t 0,1
(ETCES I < e pentru orice y € [0, 1],
deci "
) —f(y n(n+1
1 dy = 0.
HEEO/ 1+n(n—|—1) 2)3 Y
Pe de alta parte, dati ﬁmd e>0si A€ (0,1), exista N € N astfel incat
2
% > 1 — ¢ pentru orice y > A gi orice n > N. Asadar,

. ! —n(n+1)y f
RN ARAC ey el 1‘5/

f(

Din aceasta relai;le si din continuitatea functiei y > obtinem

, —n(n+ 1)y -
nl;rrgo ; f( )mdy> 1—5/

Cum ¢ a fost luat arbitrar, din cele de mai sus reiese ca

lim n(n + 1) / f(y) (arctgny — arctg(n + 1)y) dy = / fw)

n—oo
Pe de alta parte, folosind dezvoltarea lui @ de mai sus rezulta, integrand
Yy
termen cu termen (vezi si Solutia 3), ca
OO
2 1
/ 10y =Sy 2=
— (2n—1)2n+1) 2

o e o e . o o T 1
de unde urmeaza concluzia ca limita cautata are valoarea 137 O
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NOTE MATEMATICE

An exotic limit with fractional parts.
A note on the problem GMB-26856

Ovipu Furput?)

Abstract. In this note we generalize a problem of Mihai Piticari and Sorin
Radulescu published in Gazeta Matematica B which is about calculating
the exotic limit

b (G () b ()

Keywords: fractional parts, limits, Riemann zeta function
MSC: 40A05, 11M06

1. Introduction and the result

In [2, Problem 26856, p. 587] Mihai Piticari and Sorin Radulescu have
proposed the calculation of the following limit

e ()L L ()

where {a} denotes the fractional part of a.
In what follows we solve a more general problem and show that, if p > 2
is an integer then

i () gy o)+ * L)) =190

where ¢ denotes the Riemann zeta function and {a} stands for the fractional
part of a.
In particular, when p = 2 we get that

i3 (5} ()b L) o

Recall, the Riemann zeta function is defined by

=1 1 1 1
<(Z):n:1E21+?+37+”.+E+“.7 %(Z)>1‘

Let (xy)n>1 be the sequence defined by
1 i n
== )

1>Department of Mathematics, Technical University of Cluj-Napoca, 400114, Romania,
Ovidiu.Furdui@math.utcluj.ro
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We hayve,

1 L1 1 &
- = [”J (L1)

where |a| denotes the floor of a.
A calculation shows, and the reader is invited to check, that

b LS L (1.2)
ngﬁolonp_l;{'/%_p—ll '

On the other hand,

> (1.3)
n nP nP
:np< +2—p+3ip+ +(ni1)p_(n—|—11)p_l>

({FH-{ww)

1=

Now we consider separately the cases when p =2 and p > 3.
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The case p = 2. We have, based on (1.3), that

iét%J:n<Lkl+;+ ‘*min‘min>

() -{ew))

) 11 1 1
=n' {1+ 545+ + —

= =

L)
n? 4 1+1 '
i=1
Letting n — oo in the preceding equality we get that
. 1 < n 2 1 1 1 1 2
S b R R o e A E e
Combining (1.1), (1.2) and (1.4) we have that

R ERE e B

It is worth mentioning that

1
1 1-—
/x{ Q}dx—fy,
0 x 2

and other exotic fractional part integrals as well as open problems can be
found in [1]. (Here 7 denotes the Euler-Mascheroni constant.)

M

2k
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The case p > 3. We have, based on (1.3), that
L~ n | _(, PRE TS S 1
n? = | Yk N 20 = 3P (n+1)P (n+1)p-1

w2 ({FH- )

(2

Passing to the limit when n — oo in the preceding equality we get that

Jim nlkz PR (15)

We used that

1 — np np 1 n+1
- ; SR QU S — < = 2 =
so (T - ezt

which implies, since p > 3, that
. 1 . n? nP
may ({7 -{ewh) -

Combining (1.1), (1.2) and (1.5) we have

i () (b Lo () -2

and the problem is solved.

We close this note with the following problem which is left as an exercise
to the interested reader.

Problem. Let p > 2 be an integer. Prove that

o s ({3 ) o)) -
27~ [%—C(p)
o s (P} 5 L)) -

2P~1 (pfl - C(p)>-

?

N—
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A note on equal sums of fifth powers
SusiL KuMAR JENAY)

Abstract. In this note, we study two Diophantine equations: X7 + X35 +
X542X2 = Y24+ Y9 +YP+2Y) and X2+ X5 +2X2 = YO+ Y9+ Y2 4+2Y7,
and give two parametric solutions related to them.

Keywords: Diophantine equations, equal sums of fifth powers.

MSC: 11D41, 11D72.

1. Introduction

We are concerned in this note with the Diophantine equations
XP + X5+ X5 +2X0 = Y0 + V) + YD 4 2Y), (1.1)
and
X2+ X3 +2X2 =YD+ Y9 + Y7 +2Y9, (1.2)

where X;,1 <7 < 7, and Y, 1 < j < 8, are the integer variables. Many
papers (see [1]-[6]) relating to equal sums of fifth powers have been publis-
hed, but none of them has considered these two equations which we want to
discuss. The parametric solutions of (1.1) and (1.2) are given in Table 2.1
and Table 2.2 respectively, followed by some numerical examples.

2. The parametric solutions

We can easily verify the polynomial identity
nd {(m+1)° + (m — 1) — 10m — 2m°}
= (mn +1)% + (mn — 1)> — 10mn — 2(mn)®

for any real values of m and n by expanding and simplifying the LHS and
RHS of (2.1). Using this identity, we find two parametric solutions of (1.1)
and (1.2).

(2.1)

2.1. Parametric solution of (1.1). In (2.1) take n = p> and m = 10%¢® to
get

p15 {(104q5 4 1)5 + (104(]5 . 1)5 - 105q5 . 2(104q5)5}
5 5 5
— (104p5q5 + 1) 4 (104p5q5 o 1) o 105p5q5 -9 (104p5q5) :
= p15(104q5 4 1)5 +p15(104q5 o 1)5 _ 105p15q5 o 2p15(104q5)5 —
— (104p5q5 + 1)5 + (104p5q5 _ 1)5 _ 105p5q5 _ 2(104p5q5)5;
= (P*(10'¢° +1))° + (p*(10'¢° — 1))° — (10p%¢)” — 2(10"p’¢°)* =

1>Professor, Department of Electronics and Telecommunication Engineering, KIIT
University, Bhubaneswar 751024, Odisha, India, susil_kumar@yahoo.co.uk
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= (10'p°¢° + 1)° + (10%p°¢° = 1)° — (10pq)° — 2(10"p°¢")";
= (p*(10%¢° +1))° + (p*(10%¢° — 1))° + (10pq)° + 2(10%p°¢°)°
= (10%p°¢° +1)° + (10*p°¢° — 1)° + (10p°q)° + 2(10%p°¢°)°.
Comparing (1.1) and (2.2) we get a parametric solution of (1.1) as
Table 2.1

(2.2)

X1 =p3(10%° + 1), Xo=p3(10%° — 1),

X3 = 10pq, X4 =10"¢°,
Y1 = (10%°¢° + 1), Ys = (10%°¢° — 1),
Y3 = 10p3q, Yy = 10"p%¢°.

Example 1.
(p,q) = (2,1) 1 80008° + 799925 + 20° + 2 x 320000°
= 320001° 4 319999° + 805 + 2 x 80000°;
(p,q) = (3,2) 1 86400275 + 86399735 + 60° + 2 x 77760000°
= 77760001° 4 777599995 + 540° 4 2 x 8640000°.

2.2. Parametric solution of (1.2). From (2.1) we get
(m 4 1)°n® 4 (m — 1)°n® — 10mn® — 2m°n?
= (mn 4 1)° + (mn — 1)°> — 10mn — 2(mn)°;
= (m+1)°n3 + (m — 1)°n® 4 2(mn)®
= (mn 4 1)° + (mn — 1)° + 10mn® — 10mn + 2m5n?;
= (m+1)°n® + (m — 1)5n® 4+ 2(mn)® (2.3)
= (mn + 1) + (mn — 1)° + 10m(n® — n) 4+ 2m5n>.
Taking m = 10*(n® — n)* in (2.3) gives
(10*(n3 = n)* +1)°n3 + (10*(n® — n)* — 1)°n? (2.4)
+2(10%(n3 — n)*n)®
= (104 (n® —n)n +1)° + (10*(n® — n)*n — 1)°
+ (10(n® — n))® + 2(10(n> — n))*n.
Now, in (2.4) put n = 7° to get
(104 (1% — #5)4 4 1)515 4 (104 (15 — 154 — 1)515 4 2(104(#15 — 15)45)5
— (104(r15 — 1945 4 1)5 4 (104(r15 — 1)1 — 1)
+(10(r' — 5))5 + 2(10(r15 — 15)) 20215,



Susi, KUMAR JENA, A NOTE ON EQUAL SUMS OF FIFTH POWERS 43

= {(10%(r15 — 75)4 + 1)r315 + {(10* (> — r2)% — 1)r3 )P+
+ 2{104(7“15 _ 7“5)47‘5}5
— {104(7,15 _ T5)47’5 4 1}5 4 {104(7,15 _ 7,5)47,5 _ 1}5
+{10(r" — r5)}5 4+ 2{10%(r1® — 5)4p3}5.
Comparing (1.2) and (2.5) we get a parametric solution of (1.2) as
Table 2.2

(2.5)

X5 =104 =)t + )3, Xg = (104 —r5)* = 1)r3,
X7 = 10*(r® — r2)45, Ys = (104(r1® — r9)45 4 1),
Y = (104 (r1® — r2)4p® — 1), Y7 = 10(r!® — 19),

Yo = 104(r15 — 15)4p3,

Example 2. r=2: 91873959820425953280008°
+91873959820425953279992°
+2 x 367495839281703813120000°
= 367495839281703813120001°
+367495839281703813119999°
+327360° + 2 x 91873959820425953280000°.

3. Conclusion

The method used for getting the main results of this note is elementary,
reminding one of the good old days. We hope there are still many easily
understood, yet, difficult problems in the domain of Number Theory that
can be probed with elementary methods and arguments.
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Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of November 2014.

PROPOSED PROBLEMS

405. Let f € C*([0,1]) such that f(0)+2/()+2f(2)+---+2f (52 +f(1) =
0, where p > 2 is an integer. Prove that

</olf(x)dx>2 = 12(1]p4 /Ol(f"(w))2dx.

Proposed by Cristian Chiser, Craiova, Romania.

406. Let d be a positive integer. Define a 2d x 2d matrix M(d) with entries
in {—1,0,1} as follows: For 1 <a <2d and 1 <b <d,

1 if a = 2b, 1 ifa=2b—1,
Ma72b71 =< -1 ifa=2b+2, Ma,Qb: -1 ifa=0b-1,
0, otherwise 0, otherwise.

Prove that det M(d) = (—1)%.
Proposed by Angel Plaza, Universidad de Las Palmas de Gran Cana-
ria, Spain.

407. (i) Let i,n be two integers with 2 < i < n — 2 and let x,y; € R for
k=1,...,nsuch that x1 > --- > xz,, y1 > -+ > y,. Prove that

1—1 n n n
n ijyj + TiYit1 + Tiv1Yi + Z Tiy; | 2 Zl“j Zyj-
j=1 j=i+2 j=1  j=1
(ii) As an application, prove that if ag, by, € R for k = 1,2, 3,4 such that
a1ZaQ2a32a4andb12b22b32b4then
ayagb1by + agazbabs + azasbsby + asa1byby - @102 + azaz + azas + aga
4 - 4
" b1ba + babs + b3bg + byby
4

Proposed by 0Ovidiu Pop, Satu Mare, Romania.
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408. Let p be a prime and let n > 2 be an integer with p { n. Prove that
Zp| X" N Zp| X™ + XP) = Zp.

Proposed by Victor Alexandru, University of Bucharest, Romania.

409. Let n, k be two integers with n > 3 and 0 < k < n. We have n distinct
points on a circle. Determine how many ways we can choose out of these n
points k£ mutually disjoint pairs of consecutive points.

Proposed by Ionel Popescu, Simion Stoilow Institute of Mathema-
tics of the Romanian Academy, Bucharest, Romania.

410. Let a,b € (0,1) and let (an)n>0, (bn)n>0 be two sequences such that
ap = a, bp = b and for any n > 0 we have either a,1 = a3”, by41 = b5 for
some v, > 1 or ant1 = A\pan + (1 — An), bps1 = Apbp + (1 — \,) for some
An € 10, 1].

Prove the following.

(i) (ay) is convergent iff (b,) is convergent.

(ii) We have lim a, =0 or 1 iff lim b, = 0 or 1 accordingly.
n—oo n—o0

(iii) If (ap), (by) are divergent then li_>m (an, —by) = 0.

Proposed by Liviu Paunescu and Co?lstogntin—Nicolae Beli, Simion
Stoilow Institute of Mathematics of the Romanian Academy, Bucharest,
Romania.

411. Consider the function f: R — R,
r 1
f(z) = / COS — COS 3 coS > oS Zdt.
0 tt ot ot

Prove that f is well defined, differentiable and f/(0) = 3.
Proposed by Eugen J. Ionagcu, Department of Mathematics,
Columbus State University, Columbus, Georgia, U.S.A.

412. Let [A, B,C, D] be an equifacial tetrahedron with the lengths of the
sides a, b, ¢ and the length of the heights h. Prove that h > % max{a, b, c}
and bis o
a“b“c > o7,
(2h2 — a2)(2h2 — b2)(2h2 — 2)
Proposed by Marius Olteanu, S.C. Hidroconstructia S.A., sucursa-
la Muntenia, Ramnicu Vdlcea, Roménia.

°° cosx — cos(tx)

413. Prove that dz = In|t| for any ¢ # 0.

0,
Proposed by George Stoica, Department of Mathematical Sciences,
University of New Brunswick, Canada.
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414. Does there exist a sequence (an)nzl whose terms are greater or equal
than 1 such that the following conditions are satisfied:

n
(i) H ap <n", foralln>1,
k=1
(ii) the sequence (zy)n>1 given by

n

1
$":Zl—|—ai’

i=1
is bounded for all n > 17
Proposed by Cezar Lupu, University of Pittsburgh, USA.

415. For any positive integer n we define the polynomial

P, = Z Xk,

1<k<n
(k,n)=1

Prove that P, is divisible by the cyclotomic polynomial ®,, if and only if n
is not squarefree.

Proposed by Filip-Andrei Chindea, student, University of
Bucharest.

416. Let M, be the set consisting of () and all non-equivalent expressions in
n variables X1, ..., X,, which are sets, that can be obtained by using only
U and N. Two expressions E1, Ey € M, are considered to be equivalent if
Ei(A1,..., Ap) = Ey(Aq, ..., Ay) for any sets Ay, ..., A,.

E.g. My = {@, X1, X0, X1 U Xy, X1 N X}

(i) Describe all elements of M,.

(i) Prove that 2(n/2) < || < 22",
Open problem. By Stirling’s formula we have ([n%]) ~ \/E %, SO

V2 75 () = ot <2

Try to determine how fast log, | M,,| grows or at least find tighter bounds for
it.

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.



SOLUTIONS 47

SOLUTIONS

379. For any prime p we denote by |- |, : @ — R the p-adic norm given by |0] =0
and |p'a/bl, = 1/p' if a,b € Z, p { ab. The p-adic field Q, is the completion of
Q1 1p)-

Prove that for every prime p and every a1, ...,a, € Q, we have

max min a; —a;) — (ar — )|, > 1/4" Y min|a; — a;l,.
s min[(a; —aj) ~ (0 — )l > 1/4" minla; oy,

Proposed by Alexandru Zaharescu, University of Illinois at Urba-
na-Champaign, USA.

Solution by C.-N. Beli. Let N =n? and let {1,...,n} x {1,...,n} = {(i1, /1),

..., (in,Jn)}. For every t let (K¢, 1) # (i, jt) such that

|(ait, - ajt,) - (akt - alt)|p = (k,l)rgi(g,jt) |(a’it, - ajt) - (ak - al)|P'
We must prove that max; |(a;, — aj,) — (ag, — ai,)|p > 1/4" " min,»; |a; — ajl,, ie.,
that 4"~ max; |(a;, — aj,) — (ar, — ai,)|p > |a; — ajl, for some i # j.

We denote by (R™)* the dual of R™ and for any subspaces V. C R™, U C (R™)*
we denote by VO C (R™)* and U C R" their annihilators, V° = {f € (R")* |
flx)=0Vzr € V} and U° = {z € R" | f(z) = 0Vf € U}. We have V% =V and
U%=0.

For 1 <t < N and i # j we consider the linear functions f;,g;; € (R")*
given by fi(z1,...,2n) = (@, — x;,) — (xr, — x1,) and g, ;(z1,...,2,) = z; — ;.
Let V =Y Rf;. We claim that V° C U;£;(Rg; ;)". Assume the contrary. Then let

7

r = (T1,...,%,) € VO\ Uix;(Rg; ;)°. We have z; — z; = g;;(z) # 0if i # j and
(@i, — x5,) — (xk, —x1,) = fe(x) = 0 Vt. Since z; are mutually distinct there are
unique indices ¢max and imin such that z; = max; z; and z; , = min; x;. We have
i < Ty 0 # dmax and x; > @, i # imin. Let ¢ be the index for which (i, j:) =
(Ymax; tmin). We have z;, — xg, > 0 and 7, — z;, > 0 with equalities iff k; = ¢, and
ly = ji, respectively. Then from (z;, —xx, ) + (21, —5,) = (25, —x;,) — (xk, —21,) =0
we get ky = i; and Iy = jy, ie. (kt, 1) = (it, ). Contradiction.

From V? C U;;(Rg; ;)° we obtain that V° C (Rg; ;)° for some i # j. (Other-
wise V0 could be written as a finite union of subspaces of smaller dimensions, V0 =
Uiz (VO N (Rg;;)Y).) By taking annihilators we get V = V% D (Rg; ;)" = Rg; ;,
ie., Gij € V.

Let e1,...,e, be the canonical basis of R™ and let ef,...,e’ be the dual
basis of (R™)*. We have ej(e;) = 0k, so that ef(x1,...,2,) = xp. Then f; =
(ef, —e€5) — (ep, —€,) = zk:ak,tez and g;; = ef —ef = Xk:bkez, with a;x, b, €

Z. Note that > |ar x| < 4. (In fact > |ar x| = 4, with the exception of the case
%

k
{ita lt} N {jta kt} # Q)
Now f1,..., fn belong to the subspace of (R™)* spanned by e —ej, ..., e; —ef,
of dimension n — 1, so d :=dimV <n—1. Let 1 < §; < ... < 3 < N such that
f81,---, fs, is a basis for V. In particular, they are linearly independent, so the

vectors (a1 6,,...,an,)! with s=1,...,d are linearly independent. It follows that

*7
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the n x d matrix (ag, g, )x,s has rank d and hence it has a nonzero d x d minor, i.e.,
there are 1 < oy < ... < ag < n such that det(aq,. g,)rs 7 0.
Since g; ; € V, there are unique ci,...,¢cq € R with g, ; = > ¢sf3,. When we

S
write this relation in the basis e}, ... e} we get by = > agp.cs for 1 <k <n. In
S
particular, b,, = Y aa, g.cs. Hence X = (c1,...,cq)T is a solution of the equation
S

AX = b, where A = (aqa, g,)rs and b = (bay,-..,ba,)T. Since A is non-degenerate

we get ¢ = Ag/A, where A = det A and Ag is the determinant of the matrix

obtained by replacing the sth column of A by b. Since A, b have integer entries we

have A, Ay € Z. Since for any s it holds ) |aq, 8,] < D |ak,g,| < 4, we have the
r k

estimate |A| <] (Z |aar,55|> <44 < gn-l
S

po

We now consider the linear functions f; and g; ; € (Qp)* given by fi(21,..., )

= (z;, —x;,) — (xk, —x1,) and §; j(z1,...,2,) = 2; — ;. Since fi, §; ; have the same

integer coefficients as f;,g;; and ¢, € Q, from g; ; = > csf3, we get the similar
S

relation g; ; = > csfgs.
S
Let a = (ai,...,a,). From above we get g; ;(a) = > csf3,(a), which implies
S

19i,5(a)lp < maX8‘08|p|st(a)lp~ But |csf, = |AS/~A|p < |A] < 4771 Tt follows
that [g; j(a)|, < 4" ' max;|fs,(a)l, < 4" ! max;|f:(a)|p, or, to put it differently,
la; — ajlp < 4" max; [(a;, — a;,) — (ak, — ai,)lp- 0

380. Let p be a prime and let A € M,,(Z) be a matrix such that p | tr A* for all
integers k > 1.

(i) Prove that if n < p then there is some integer m > 1 such that A™ €
PM,(Z).

(ii) Prove that if n = p then AP — (det A)I, € pM,(Z).

Proposed by Vlad Matei, student, University of Wisconsin, Madi-
son, USA.

Solution by Victor Makanin, Sankt Petersburg, Russia. Let A € M,,(Z,) be the
reduced modulo p of matrix A (obtained by replacing each and every entry of A with

the corresponding class of residues from Z,). Let z1,...,, be the eigenvalues of A
(possibly in a field extension of Z,) and let o; = > 1 - - - x; be the symmetric sums of
T1,...,%,. The characteristic equation of A is then 2" —oy2" "t +---+(-1)"0,, = 0,

and, by hypothesis, we have

Gztrzk:x’f—i—--wi—xk

n
in Zy, for all positive integers k.
(i) Further we use Newton’s formulee to infer that jo; = 0 for all 1 < j < n.
As n < p, this implies 0; = 0 for all 1 < j < n, thus A" = Oy, O, being the zero

matrix from M, (Z,) (because A satisfies its characteristic equation). Clearly, this
means that A™ € pM,,(Z).
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(ii) In this case, again by Newton’s formulee, we get o, =0 forall 1 < j < p—1.
Consequently the characteristic equation of A is 2P 4 (=1)Po, = 0; since o, = det A,
and (—1)? = —1 in Z,, (check this separately for p = 2 and for odd p), we find that
A7 — det Al, = O, in M,(Z,). This leads to the desired conclusion. O

381. Prove or disprove: for any unital ring A there exists a map f: A — Z(A) such
that f(1) =1 and f(a +b) = f(a) + f(b) for all a,b € A. Here Z(A) denotes the
center of A, Z(A) ={r € A:ra=ar,Va € A}.

Proposed by Filip-Andrei Chindea, student, University of Buchar-
est, Bucharest, Romania.

Solution by the author. There is a large class of rings for which the property
holds, e.g., commutative rings (trivially) and rings that are k-algebras over a field k
(when we can choose f to be even k-linear); however, the general statement is false
because of the following counterexample.

Let p be a prime and let Cp,~ denote the following subring of Q:

Coe ::{;:aez,kzo}c@.

Now take A = Cox X Q X C3. Define addition componentwise and multipli-

cation by
P, q, 7)) = (pp',pd" + ar’,rr).

It is a straightforward exercise that the two operations thus defined make A
into a ring with unit 14 = (1,0,1). We claim that A is a counterexample to our
statement.

First, note that if (p,q,r) € Z(A), then (p,q,7)(1,0,0) = (1,0,0)(p, g, ) gives
(p,0,0) = (p,q,0), so that ¢ = 0, and (p,q,7)(0,1,0) = (0,1,0)(p,q,7) yields
(0,p,0) = (0,7,0), whence p = r. Write p = a/2%, r = /3™, a,b € Z. From
p = r it follows a - 3™ = b-2* hence 3™ | b-2* and thus 3™ | b. This shows that
r € Z, so that (p,q,7) = (r,0,r) with » € Z. The converse is clear, and this gives
Z(A) = {(m,0,m) :m € Z}.

By contradiction, assume that f : A — Z(A) verifies the given conditions.
Let £(1,0,0) = (m,0,m). For 2% > |m|, we also have (m,0,m) = 2¥f(1/2%,0,0) =
(2%s,0,2%s), where f(1/2%,0,0) = (s,0,s), since f is additive. This gives 2% |
m, and so m = 0. Similarly f(0,0,1) = (0,0,0), whence f(14) = f(1,0,1) =
f(1,0,0)+ £(0,0,1) = (0,0,0), which contradicts f(14) = 14. This shows that A is
a counterexample, completing the proof. O

Remarks. The ring structure defined on A is not artificial, A being isomorphic
to one of the so-called triangular rings of 2 x 2 matrices

<§ Ag>_{<6 T):reR,meM,seS},

whose usual matrix operations indeed define a ring whenever R, S are rings and
M an (R, S)-bimodule, as in our example with Q and (Cas,C3~). These rings
were used to produce many counterexamples in ring theory, taking into account
that their ideals are relatively easy to identify (see T. Y. Lam, A First Course in
Noncommutative Rings, Springer,1991, pp. 18-19).
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Note that our required properties for f, akin to those of the trace map on rings
of matrices, are usually met by some numerical structure embedded in R, whence
the relative difficulty of answering in the negative.

382. Let a1,by,...as,bs € Zo and let f : 725 — Zy,
FX Y1, X Ye) =) (X + X0+ biY).
i=1

Determine |f~1(0)|.

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

Solution by the author. For 1 <t < s we consider the functions f; : Z%t — Zo

t
and g; : Z% — Za, given by fi(X1,Y1,..., X, Yy) = > (a; X2 + X;Y; + b;Y?) and
i=1

9:(X,Y) = a; X%+ XY +b,Y?. In particular, f = f,. We also denote k; = | f;*(0)],
I = |f7 ), 7 = |97 1(0)] and s, = |g; *(1)|. Note that f,(X1,Y1,...,X;,Y;) =
frot (X1, Y1, X1, Yeo) + gi(Xe, Ya), so f7H(0) = £,24(0) x g7 H(0) U £ (1) x
g7 (1) and f7H(1) = £25(0) x g, (1) U 74 (1) x g7 H(0). Tt follows that &k, =
ki_1re +li—15¢ and Iy = ky_q18¢ + L1174

Note that f; = g implies k1 = r; and [; = s1, so the above recurrence
relations also hold at ¢ = 1 if we define kg = 1, [p = 0.

We have k; — I = (kt—1 — l1—1)(r¢ — s¢), so, by induction,

¢ t
kt - lt = (ko - lo) H(’f‘i - Si) = H(’/‘i - Si).
i=1 i=1

It is easy to see that if a; = b; = 1 then g; '(0) = {(0,0)}, whence |g; ' (0)| = 1, and
if a; or b; = 0 then |g;1(0)\ = 3. It follows that r; —s;, =1—-3=—2ifa; =b; =0
and 7; —s; = 3 — 1 = 2 otherwise. For short, r; — s; = (—1)%%2. (The value of
(—=1)* depends only on 2 mod 2 so x — (—1)* can be defined on Z.)

In conclusion, ks — Iy = [](=1)%%2 = (-1)°2%, where S = _ a;b;. On the

i=1 =1
other hand ky + Iy = |Z3%| = 2%°. Hence |f~1(0)| = ky = 2271 4+ (—-1)%2571. O

Editors’ note. An even dimensional non-degenerate quadratic form over a

2s
field K of characteristic two can be written in the form f = 3~ (a; X2+ X;Y; +b;Y?).
i=1

S
When K = Zs the sum ) a;b; which appears in the answer to our problem, is

called the Arf invariant of Zf ,1Arf f. The mathematician William Browder called this
invariant the democratic invariant because it is the value which is taken most often
by the quadratic form. (If Arff = 0 then |f~1(0)] = 2251 42571 > 2251 _ 251 =
|f~1(1)], while if Arff = 1 then |f~1(1)| = 22571 42571 > 225=1 _25=1 — | f=1(0)])

The invariant Arff = > a;b; can be defined when K is an arbitrary field of

characteristic two, but it takes value not in K, but in K/p(K), where p: K — K is
the Artin-Schreier map, p(z) = 2%2+x. (The map p is additive, i.e., (z+y)>+(z+y) =
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(22 +2)+(y?+y), so p(K) is a subgroup of (K, +) and we may consider the quotient
group K/p(K).)

If K is finite, i.e., K = F, with ¢ = 2", then the invariant Arf determines
uniquely f up to an isometry. We now generalize our problem to arbitrary finite
fields of characteristic two, i.e., we will determine |f~!(«)| for any o € K. Our
result will be in terms of Arff.

First note that kerp = {z € K | 22 + 2 = 0} = {0,1}, so that |p(K)| =
| K|/ ker p| = |K|/2. It follows that |K/p(K)| = 2. So there is an isomorphism x
between (K/p(K),+) and ({£1},-}. We have x(a) = 1iff a = 0 in K/p(K), that
is iff a = p(z) = 2% + 2 for some x € K. Otherwise x(a) = —1.

For any a € K we have f(aXy,aYy,...,aX,, oY) =a?f(X1, Y, .., X, Ys).
If a € K* we have @ = a? = (a?/?)?. Hence the mapping (X1,Y1,..., X, Y:) —
(a9?2X1,a9?Y7, ..., a??X,,a9?Y,) is a bijection between f~'(a) and f~'(1), so
74 = £ and ¢ = (K] = 17740 = 15701+ (= DIF ().

Lemma 1. Keep the above notation. If g(X,Y) = aX? + XY +bY? then:

(i) If x(ab) =1 then |g71(0)] =2¢ — 1 and |g7*(1)| = ¢ — 1.

(ii) If x(ab) = =1 then |[g71(0)| =1 and |g~*(1)] = ¢ + 1.

() lg™(0)] ~ g7 (1)] = x(ab)g
Proof. Note that [¢g71(0)[+(¢—1)|¢1(1)| = ¢?, s0if |g71(0)| = 2¢—1 then |g~1(1)| =
q—1, and if |[g71(0)] = 1 then |[¢g71(1)| = ¢+1. So it is enough to determine |g~1(0)|.

(i) If x(ab) = 1 then ab = p(t) = t* + t for some t € K. We assume first that
a # 0. We have t2 4+t +ab = 0 so the roots of T? + T +ab € K|[T)] are t,t+ 1. Hence
T?>+T+ab= (T +t)(T+t+1).

Assume first that a # 0. Then ag(X,Y) = a?X? + aXY + abY? = (aX +
tY)(aX + (t +1)Y), so g7 1(0) = A; U Ay, where A; = {(2,y) | ax + ty = 0} =
{(ty,y) |y € K}, Ay = {(z,9) | az +ty = 0} = {(*y,y) | y € K}. We have
1] = | 4s] = g and |4, 01 A = [{(0,0)} = 1, 50

l971(0)] = [A1 U Az| = |A1| + |As] — A1 N Az = 2¢ — 1.

Similarly when b # 0. If a = b =0 then g(X,Y) = XY, so g71(0) = A; U A,
where A; = {(0,y) |y € K}, Ay = {(2,0) | y € K}. Again A1 N Az = {(0,0)}, so
lg7H(0)] = [A1 U Az| = [A1] +|A2| — |[A1 N Ag| = 2¢ — L.

(ii) If x(ab) = —1 then ab cannot be written as t>+¢ with t € K. In particular,
ab # 0. Let (z,y) € g71(0). We have ax?® + zy + by? = 0. If y = 0 then az? = 0,
sox =0. If y# 0 then 0 = % (ax? + 2y + by?) = t> +t + ab, so ab = t? + t with

y2
t = <% Contradiction. It remains g 1(0) = {(0,0)} and |g~1(0)| = 1.
(iii) follows imediately from (i) and (ii). O

We now use the notation f;, g¢, k¢, I, 7, S¢ with the meaning from the
case K = Z. Note that for any a € K* we have |f, (a)] = |f,*(1)| = I; and
lg7 Y(a)| = |g; 1 (1)] = s;. Also by (iii) of Lemma 1 we have r; — s; = x(asb;).

From ft(Xla Yi, N ,Xt,}/t) = ft—l(XhYla AN 7Xt—17)/t—1) + gt(XnY't) we get
f710) = Uaer £ (a) x g7 H(a) and f7 (1) = Uaex fii(a) X g; '(a + 1), so that
ke = EZK|f;11(a)\ lg; Y(a)| and I; = EZK|f;11(a)\ “lgr @+ 1)|. If @ # 0 then
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fit(a) x g; *(a) = l;_15¢, while if a = 0 then f,"}(a) x g; *(a) = ki_17:. Hence
ke = (¢ — 1)lt—18¢t + ke—1re. If a # 0,1 then ft__ll(a) X gt_l(a +1)=1l_18,ifa=0
then f; Y (a) x g; *(a+1) = ky_15;, and if @ = 1 then f % (a) x g; *(a+1) = l;_17.
Hence k: = (¢ — 2)lt—18t + kt—18¢ + L1714

Like in the case K = Zo, we have ki = r1, [{ = s1, so the relations above hold
at t = 1if we put kg = 1, l[j = 0. It follows that

ke =l =li—18; + ke—1re — ke—18¢ — L1 = (kt—l - lt—l)(rt—l - St—l)a

from which we conclude
s t

ks —1s = (ko — lo) H(Tz —si) = H(X(aibi)Q) = X(Z aibi)q® = x(Arff)q".
i=0 i=1 i=1
Together with (¢ — 1)l5 + ks = ¢*%, this implies that |f~1(0)] = ks = ¢! +
x(Arff)(g—1)g*~! and for a # 0 we have |f~1(a)| = s = ¢* 1 — x(Arff)¢*~t. O

383. Let C = R? x Ry be the parameter space of all plane circles. Let n > 0 and
denote by Hj, the subset of C™ parameterizing the configurations of n plane circles
whose interiors contain a fixed point ), such that any two circles intersect and no k
circles pass through the same point. Show that H, is path connected.

Proposed by Marius Cavachi, Ovidius University of Constanta,
Constanta, Romania.

Solution by the author. Consider two configurations A;, B; (i € {1,...,n})
from H, as in the hypothesis and assume that all of them contain ) as an interior
point. The aim is to deform A; continuously into B;, preserving the H, configuration.

We make several steps.

Step 1. We reduce to the case when every two circles intersect in two points,
i.e., no two circles are tangent to each other and no two circles coincide. If two circles
are tangent to each other they can only be tangent internally, for both contain the
point () inside. Suppose that there are two circles A; and A; that are tangent to
each other and, moreover, A; has minimal radius among all circles with this property.
When we increase slightly the radius of A; the Hy configuration will be preserved,
but A; and A; will no longer be tangent to each other. By repeating this procedure,
we eventually ensure no tangencies between circles. If two circles A; and A; coincide
then we translate slightly A; in some direction. We do so till no two circles coincide.

We do the same thing with the circles B;.

The reduction from Step I ensures that any small perturbations of the circles
A; and B; preserve the H, structure.

Consider a sphere S of center O, tangent to the plane P of the two config-
urations at @, and let P be the antipodal of Q. Denote by 7 : S\ {P} — P the
stereographic projection from P and denote by C; and D; the inverse images via 7
of A; and B;, respectively. Let O; and O} be the centers of C; and D;.

Step 2. By slightly moving C;’s and D;’s (so A4;’s and the B;’s) we may assume
that:

(a) No three of the centers O; and O} lie in the same plane with O.

In particular, O # O;, O} Vi and no two of the O;’s and O}’s are colinear with
0.
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(b) The intersection of any four of the planes containing four of the circles A;
or four of the circles B; is empty.

Note that the condition that A; contain @ inside is equivalent to the fact that
PQ intersects the interior of A; and also to the fact that P and @Q lie in the opposite
calottes separated by A;. In particular, the plane supporting A; is not parallel to
PQ. Similarly for B;’s.

Step 3. We move the circles C; on the sphere by translating the supporting
planes along the vectors m More precisely, for ¢ € [0,1] we define C;(t) as the
circle on the sphere lying on a plan parallel to that of C; and centered at O;(t)
defined by OO} = (1 — t)O—Oz In particular, O;(1) = O, so C;(1) is a big circle. We
define A;(t) = 7(C;(¢)). Similarly we define O}(¢), D;(t) and B;(t).

We prove that A;(t) form an Hy configuration for ¢ € [0, 1).

Note that all the planes supporting C;(t) are parallel to the plane of C;, which
is not parallel to PQ. In particular, the big circle C;(1) will not contain P and Q.
Hence P and @ lie in the opposite open hemispheres separated by C;(1). Also P
and @ lie in the opposite calottes separated by C;. Since C;(t) lies in the segment
of sphere bounded by C; and C;(1), it will have the same property. It follows that
A;(t) = m(C;i(t)) contains @ inside.

For t € [0, 1) the plane supporting C;(t) is obtained from the plane supporting
C; through a homothety of center O and ratio 1 —t. Since by Step 2 (b) any four of
the planes supporting circles C; have an empty intersection, the intersection of any
four planes containing circles C;(t) is empty as well. It follows that any four circles
C;(t) are disjoint. It follows that any four circles A;(¢) are disjoint.

For any ¢ # j we have |A; N A;| =2, so |C;NC}| = 2. It follows that if £ is the
intersection of the planes supporting C; and C; then £ N S| = |C; N Cj| = 2, so the
distance d(O,¢) is smaller than the radius R of S. The intersection of the planes
supporting C;(t) and C;(¢) is the line £(t) obtained from ¢ by a homothety of center
O and ratio 1 —¢. It follows that d(O,£(t)) = (1 —t)d(0,¥¢) < R, which implies that
|C;(t) N Cj(t)| = [£(t) NS| = 2, so that |A;(t) N A;(t)] = 2.

In conclusion, A;(t) form an Hy structure for ¢t € [0,1). Similarly for B;(t).
So we are left to prove that there is a path in Hy between (A;(1)) and (B;(1)).

Suppose that Ey,...,FE, are big circles of S not containing P,Q and OO}
is perpendicular on the plane containing E;. For any i we have P,Q ¢ E;, so
m(E;) contains @ inside. Also for any indices i # j we have E; N E; # 0, so
n(E;) Nw(E;) # 0. Hence w(E;) satisfy two of the conditions of H,. Assume that
w(E;)N- - -N7w(E;, ) is non-empty. Then E;, N---NE;, #0. If S € E;,N---NE;, then
the planes supporting E;,, ..., E;, contain the line OS. It follows that OOZ 1 0S8
for all j. Hence O and Of ,...,0/ lie in the plane perpendicular to OS passing
through O. Hence in order that w(E;) are an Hy configuration it is sufficient that
no four of O} lie in the same plane with O.

Let 0 <1 < n. Let E;(t) with t € [0,1] be a continuous deformation of Cj(1)
into D;(1) through big circles on S not containing P and Q. If we put F;(t) = C;(1)
for i < I and E;(t) = D;(1) for ¢ > I then (Ey(t),...,E,(t)) is a continuous de-
formation of (Ci(1),...,Ci(1), Di41(1),...,Dy(1)) into (Cy(1),...,Ci—1(1), Di(1),

.., D,(1)) and so (w(E1(t)),...,m(En(t))) is a continuous path from (A;(1),...,
Ai(1), Bi41(1),...,Bn(1)) to (A1(1),..., A41—1(1), Bi(1),...,B,(1)). Fix ¢t € [0,1].
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Let OO be perpendicular on the plane of E;(t). For i < [ we may take O} = O; and
for ¢ > | we may take O] = Oj. By Step 2 (a) there are no three of O} with ¢ # [ that
lie in the same plane with O. It follows that there are no four of O with 1 <i<mn
that lie in the same plane with O. Therefore (w(E1(t)),...,m(Ey(t))) € Hy.

So we have found a path in Hy between (A;(1),...,4;(1), Bi11(1),..., B,(1))
and (A1(1),...,A;-1(1), B;(1),..., Bn(1)). By putting together these paths for [ =
n,n—1,...,1 we get apath in Hy between (A1(1),...,A4,(1)) and (B1(1),..., B,(1)).
This completes the proof. O

384. Let M € M5(C) be an invertible matrix and let & > 1 be an integer.

a) Show that if M is not scalar, then for any two matrices A, B € M3(C) with
A¥ = B¥ = M there exists E € M3(C) such that B = AE = EA, E*¥ = I, and
[tr(E)| < 2.

b) Is the converse of a) true?

Proposed by Cornel Baetica, University of Bucharest, Bucharest,
Romania

Solution by the author. a) Let J4 and Jp be the Jordan canonical forms of A
and B respectively, and U,V € GLy(C) such that A = UJoU ! and B =V JgV 1L
Since M is not scalar, we have to investigate two cases:

Case I. M has two distinct eigenvalues. Then so do A and B. Let Jy =
diag(\1, A2). Then, diag(A\¥,\5) = Jur = Jgk, so there exist £1,e0 € C, ef =
ek = 1, such that Jp = diag(\ie1, \ag2). Therefore, Jg = E'J4 = J4E', where
E’' = diag(eq, &2).

Since A* = B*, we get UJoU ™ = VgVl so UJKUL = VJEV L and
therefore V-1UJk = JKV~1U. Consequently, there exist a,b € C such that V=1U =
diag(a, b). (Diagonal matrices with distinct elements on the diagonal only commute
with diagonal matrices.) We thus obtain A = V -diag(a,b)-Ja -diag(a=1,b71)- V1
which means A = VJ,V L

Let E=VE'V~™L Then B=VJgV ! =VEJ,V! =VEV IV, =
EAand B=VJgV ! =VJ E'V ! =VJ,V-IVE'V~! = AE. Since AE = EA,
we get B¥ = EF A% so EF = I,; obviously, tr(E) = tr(E'), so [tr(E)| = |e1 +&2| < 2.

Case II. M is not diagonalizable. Then neither of A and B is diagonalizable.
Therefore, there exist a,e € C\{0}, ¢¥ = 1, such that

JA:<Lll 2) andJB:<al6 c?s)'

Then Jg = E'J4 = JoE’, where

0
E:(fs )
a 3

Since A¥ = B¥, we derive UJKU 1 = VJEV =L ie. VIUJE = VIEV~IU, so

_ ak 0 ak 0 _
Vv 1U( kak—1 gk ) = ( kek—1gk—1 gk )V U
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IfV-U = (i g) then the equation above is equivalent to 8 = 0 and a = &4, so
there exist z,t € C, t # 0, such that

V1U=(€t O),orU:V(Et 0).
z t z t

We get A =UJ U = V(VIU)J4(V-IU)~IV L, e,

A=V et 0 a 0 é V_IZV a 0 V_l.
z t 1 a = % a

Therefore, A = V(éJB)V_1 = %VJBV_1 = %B. We put E = el; it is clear that

B = AE = FEA, EF = I, and |tr(E)| = |2¢| < 2 (in fact, the last inequality is an
equality in this case).

*l= O

b) The converse of a) is also true:
Suppose M was a scalar matrix, i.e., M = zIs for some z € C*. Let also

w1, we € C* such that wy # ws and w’f =wh =2,

A= " 1 and B = w0 .
0 ws 1w

Now the eigenvalues of both A and B are wi,wy and from w; # ws it follows
A ~ B =~ diag(w;,wsz). (Here ~ means similar.) This in turn implies that A* =~
BF ~ diag(w},w) = 215,50 A¥ = B¥ = 21, = M
We also note that
2 2
o wi+1l we wy w1 o
AB_( Wy w§>7é<w1 w§—|—1>_BA'

In conclusion, A* = B¥ = M but AB # BA. If there is E with the desired properties
then A='B = E = BA™!, whence AB = BA, a contradiction.

1

tanx
George Stoica, Department of Mathematical Sciences, University

of New Brunswick, Canada

1
385. Let = € (0,m) and f(z) = - Prove that (™ (z) < 0forn=0,1,...

Solution by the author. Consider Euler’s product formula:

00 2
T
ne=a[[[1- (=) | f .
s x l’k=1|: (k’ﬂ)] or any x

Take logarithms on both sides and differentiate the resulting equation, to obtain

1 1« 1 1
== - , € (0,m).
tanx x+;(kw+x kw—x) ve(0,m

Each of the functions in the right hand side brackets can be expressed as a geometric
series, and the order of summation can be interchanged. We deduce that

11 N
f@)= g~ =2 ™ e Om),
k=0

tanx x
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where
) 1\ 2k 2
ak:Z<W> 5 k:(),].,
m=1
Asap > 0for k=0,1,...,all derivatives f(™)(z), n =0, 1,..., can be obtained from
the above series representation, and will be strictly negative for x € (0, 7). |

Solution by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain.

1 1
For € (0,7) one has < tanz and therefore " — — < 0, which proves the
anr

property for n = 0.
The conclusion of the problem follows inmediately by considering the Laurent
expansion at x = 0 of cot x:

1 1 2 2. (—1)"22" B,
tr=— — = _73_75_“.: N ) e Fan 2n-—1
B T A VT kz:% el
where B,, are the Bernoulli numbers. All the coefficients, except the first one, are
non-positive.
Let us define function g(x) as g(z) = f(z) for  # 0, with g(0) = 0. Then

the Taylor expansion of g at x = 0 has its coefficients all non-positive because

g(x) = =3z — za° — G2=a° —

- g(n+k)(0) k
For z € (0,7) and n > 1, £ () = g™ (z) = Zn!im‘ <0. O

Editors’ note. We have (#)2]€+2 Cgﬁf) Hence in his solution the
m>1

author basically proves and uses the formula tam = % -2y %x%_l, which is
k>1

well known.
On the other hand, Angel Plaza’s solution uses the formula

v Z U B
anx

and the fact that the sign of Ba, is (—1)""! when n > 1. But the sign of Bs, is

deduced form the formula B, = (—1)""! (22(7332); (2n) when n > 1, which in turn

no22n
follows form the relation %x%_l =L = 2 Y Clng2n-1,
n>0 n>1

as the author.

So, indirectly, Angel Plaza uses the same formula for P

386. Let n > 1 be an integer. Find the minimum of

floy="Y o)+ > o ')

1<i<n/2 n>i>n/2

taken over all permutations o € S,. Determine an explicit permutation o that
realizes this minimum.

Proposed by Filip-Andrei Chindea, student, University of
Bucharest, Bucharest, Romania.
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Solution by the author. The answer is | (3n? +4n +4)/8]. Examples of o that
realize this minimum will appear during the proof. The idea is to make changes in
the decomposition in disjoint cycles of o which do not increase the value of f.

Let A=[1,n/2]NZ and B = (n/2,n]NZ, so f(o)= > o(i)+ > o~ 1(i). We

i€A i€B
have |A| = |n/2] and |B| =n — |n/2] = |[(n+1)/2], so that 0 < |B| — |A] < L.

A permutation o can be written as a product of mutually disjoint cycles such
that every element from {1,...,n} is involved in one cycle, i.e., the fixed points of
o will be considered as cycles of length 1.

Note that there are two types of cycles. The first is of the form (aq,...,as)
with all a; in A or all in B. The second type are the cycles (c1, ..., ¢,) with some of
the ¢;’s in A and some in B. By rotating the elements of the cycle we may assume
that ¢; € A and ¢,, € B. Then cy,...,¢,, is obtained by putting together some

sequences of the form aq,...,as,b1,...,b;, with a; € A, b; € B. The contribution of
a cycle of the first form to the sum is a; 4+ - - - + as. For the second type of cycles
the contribution of each sequence ay,...,as,b1,...,b; to the sum is

a2+~~-+as,1+2as+2b1+b2+~~—|—bt,1.

Indeed, every a; with 2 < i < s contributes to Y. o(i) and as contributes to

icA
> o7 1(i) as well. Similarly, every b; with 1 < <t — 1 contributes to . o~1(i)
i€B i€B
and by contributes to Y o(i) as well.
icA

(If s =1 the sum ag + -+ - + as—1 + 2as means a;. This is obvious when we
write ag + -+ + as—1 + 2as = (a1 + -+ - + as) + as — ay. Similarly, 2by + by -+ + b1
means by if t =1.)

To simplify, we may remove every cycle (aj,...,as) of the first type from
the decomposition of o, i.e., we care replace it by the product of cycles of length
one (ay)---(as). This change does not affect f(o). Further we may break ev-

ery cycle (cq,...,cn) of the second type into the cycles (aq,...,as,b1,...,b;) from
which the sequence ¢1, ..., ¢, is made of. Again this doesn’t change f(o). Further-
more f(o) is not changed if, whenever s > 3, we replace (aj,...,as,b1,...,b;) by
(aras,b1,...,b)(az) -+ - (as—1) or if, whenever ¢ > 3, we replace (a1, ...,as,b1,...,b:)

by (ay...,as,b1,b:)(b2) - (bi—1). Also if s =t = 1 we may replace the cycle (a1, by)
by (a1)(by).

We end up with a permutation which decomposes as a product of cycles of the
form (a1, az2,b1,b2), (a1,b1,b2), (a1,a2,b1) and cycles of length one. Of all o of this
form that realise the minimum of f we choose one such that it has the maximum
number of cycles of length 4. We make some remarks:

(1) We can ensure that cycles of each type (a1,b1,b2) and (a1, as,b1) are not
simultaneously present. If (aq, by, bs), (a}, ab, b)) are such cycles then we may replace
them by (a1, az, b, b5)(b1)(a}), which doesn’t change f(o).

(2) If there is a cycle of the type (a1, as,b;) then there are no cycles of length
one (b) with b € B. The contribution of these to f(o) is 2az + by + b. But if we
replace them with the cycle of length 4 (aq,aq,b),bs) with {b],05} = {b1,b} and
by < by then we get a new partition ¢’ with f(¢’) < f(¢). (The contribution of
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(a1, az2,by,b5) to f(o') is 2as + 2b] < 2a2 + by +b. Similarly, if there is a cycle of the
type (a1, b1,b2) then there are no cycles of length one (a) with a € A.

(3) If o has cycles of length 3 then it has only one, which is of the type
(a1,b1,b2), and there are no cycles of length one. Indeed, let £ > 0 be the number
of cycles of length 4, I > 0 the number of cycles of length 3 and m > 0 the number
of cycles of length one. By (1) all cycles of length 3 are of the same type. Assume
that they are of type (a1, az2,b1). By (2) all the cycles of length one are of the form
(a) with @ € A. Then |A| = 2k +2l+m > 2k +1 > |B|. Contradiction. So all cycles
of length 3 are of the form (a1, b1, b2) and by (2) they are of the form (b) with b € B.
Then 2k + 2l 4+ m = |B| < |A|+1 =2k +1, ie., | +m < 1 which implies | = 1,
m = 0, as claimed.

(4) If o has no cycles of length 3 then let k£ be the number of cycles of length
4 and [, m the numbers of cycles of the type (a) with a € A and (b) with b € B,
respectively. We claim that 0 <1< m < 1. We have |A| =2k +1 and |B| = 2k +m,
so 0 < |B| — |A] < 1 implies I < m < [+ 1. Suppose that [ > 2. Then ¢ has
some cycles (a1), (az), (b1), (b2) with a; € A, b; € B and a1 > as, by < by. When
we replace (a1), (a2), (b1), (b2) in o by (a1, as,b1,b2) the sum f(o) decreases, which
contradicts the minimality of f(o). (The contribution of (a1), (az), (b1), (b2) in f(o)
is a1 +a2+b1+b2 and the contribution of (a1, az, b1, b2) is 2a3+2by < a1+as+b1+bs.)
Sol <1and m <1+ 1. Suppose that (I,m) = (1,2). Then let (a1), (b1)(b2) be
the cycles of length one of o with a; € A, b1,b0 € B and b; < by. When we
replace (a1), (b1), (b2) in o by (a1, b1,b2) the sum f(o) decreases, which contradicts
the minimality. (The contribution of (a1),(b1), (b2) in f(o) is a1 + b1 + be and
the contribution of (a1,b1,bs) is a1 + 2b2 < a3 + by + by.) Hence we must have
0<lI<m<1.

In conclusion we have 4 possibilities:

o = (a1,a3,b1,b3) - (ay, a3, by, b3),

0= (al,az,b%,bQ) (al,aQ,b )(5)7

0= (alaazab ) (al az,b )( )(0),
0= (a%,a%,b ) (a’f az,bl,bg)(al,bl,bg),

corresponding to n = 4k + r, where r = 0,1, 2, 3, respectively. Note that if r = 0,1
then A = {1,...,2k} and B = {2k+1,...,n},and ifr = 2,3 then A = {1,...,2k+1}
and B={2k+2,...,n}.

When n = 4k we have f( ) =2(al+---+a5)+2(b} +- - -+b}) and the minimum
value possible is 2(1 + -+ - + k) + 2(2k + 1 + - - - + 3k) = 6k + 2k = (3n? + 4n)/8.

When n = 4k+1 we have f(a) =2(al+-- +a2)+2(b1 + -+ %) +b and the
minimum value possible is 2(1+4---+k)+2(2k+1+---+3k) —|—3k—|— 1=6k>+5k+1
= (3n% +4n +1)/8.

When n = 4k + 2 we have f(o) = 2(ad +---+a5) +a+2(bt +---+b¥) +b and
the minimum value possible is 2(1+4---+k)+k+1+2(2k+2+---+3k+1)+3k+2
=6k? + 8k +3= (3n®? +4n +4)/8.

When n = 4k + 3 we have f(o) = 2(ad +---+a5) +a; +2(b} +--- + %) + 20,
and the minimum value possible is 2(1 +---+ k) +k+1+2(2k +2+---+ 3k +2)
=6k*+ 11k +5 = (3n® +4n + 4)/8. O
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387. Let @ > 0 and let (an)n>0 be the sequence defined by ap = 0 and a,41 =
Va+ a, for all n > 1. Prove that the set of all n such that a,, € Q is finite.

Proposed by Marius Cavachi, Ovidius University of Constanta,
Constanta, Romania.

Solution by the author. We have a,, = \/a ++v/a+ -+ +/a, where the num-

ber of radicals is n. Assume that there is some infinite set M C N* such that a,, € Q
Vn € M.

Let ng € M. Then a is a root of the polynomial (... (a2 —X)*—X)?...)? - X,

of degree 2™°, with rational coefficients, so it is algebraic. Then a writes as a = q%,

where ¢ € N* and b is an algebraic integer. If b, = a,q, i.e., a, = %", then b, = Vb
and b,+1 = /b + gb,, so b, is an algebraic integer by induction on n.

If n € M then a, € Q, so b, € Q and since b,, is algebraic we have b,, € Z.
But the sequence (ay),>1 is strictly increasing an bounded and so (b, = qan)nem
is a sequence of integers that is both strictly increasing and bounded. But this is
imposssible. |

388. Let a,b,c € (0,1) real numbers. Prove the following inequality
1 1 1
- — >y
;1_‘14 +;1—a2bc _Szy;nl—a?’b

Proposed by Cezar Lupu, University of Pittsburgh, Pittsburgh,
USA, and Stefan Spataru, International Computer High School of
Bucharest, Bucharest, Romania.

Solution by V. Makanin, Sankt Petersburg, Russia. The inequality

Zaz4+2x2yz > Zx?’y

cyc cyc sym

is well-known as Schur’s fourth degree inequality (it is equivalent to Y 22 (z —y)(z —
cyc

z) > 0, in which form it can be easily proved). Now replace z, y, and z with a™, b",

and c”, respectively, then sum over all integers n > 0. Finally use the development

n_ 1
%t 1t

for every t € (0,1) in order to obtain the desired inequality. O

389. Let F be the real vector space of the continuous functions f : [0,1] — R. We
consider on F the distance d(f, g) = fol |f(z) — g(z)|dx.

a) Show that the intersection of any affine line directed by a nowhere zero
function with any sphere consists of at most two points.

b) Does this property hold for every affine line in F?
Proposed by Gabriel Mincu, University of Bucharest, Bucharest,
Romania.
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Solution by the author. a) Let I = {h — Ag : A € R} C F be the affine line
directed by the nowhere zero function g : [0,1] — R and containing the “point” h.
We may, without loss of generality, consider that g(x) > 0 for all z € [0, 1].

Let S be the sphere {f € F: d(f, ) = r} The intersection [ NS consists of

the functions h — Ag with the property fo — Ag(z)) — p(z)|dx = r; putting
f = h — ¢y, it is enough to prove that fo |f(x) — Ag(x)|dx cannot take the value r
for more than two values of A
Let F: R = R, F(A fol |f(z) — Ag(z)| dz. F is obviously continuous.
Let m = inf £& ndM— sup L) Then for A < m we have
mG[O 1] 9(x) z€[0,1] g(z)”

1 1 1
FO) = [ (@) =dg@nde = [ f@de = [ gla)aa.

so F is strictly decreasing on (—oo, m].
On the other hand, if A > M then

F(A):/Ol(Ag(z) dx—)\/ d:z:—/ Fa

so F is strictly increasing on [M, co).
Moreover, given A, Az € R and « € [0,1],

Flah + (1 —a)r2) / |f(x) — (A1 + (1 — a)A2)g(x)|dx

/ (£ (@) — Aug(@)) + (1 — a)(f(x) — Aagla))] de < aF (A1) + (1 — ) F(Aa),

so F' is convex.
We claim that if m < Ay < Ay < M then the above inequality is strict, so
that F' is strictly convex on [m, M]. To do so it is enough to prove that there is a
subinterval of [0, 1] where f(z) — A1g(x) and f(z) — A2g(x) have opposite signs, so
that the inequality |a(f(x)—A1g(x))+(1—a)(f(x) —Aag(z))| > |a(f(x)—A1g(2))|+
(1 —a)(f(x) — Aag(x))| is strict.
If m = M, we have nothing to prove. If m < M, let m < A\ < Ay < M,
€1[0,1], and A = 31[10p1]{f(a:) —A1g(z)} > 0. (We have Ay < M = sup,¢(o ] %)
xe|0,

Since f — g is continuous, it reaches its bounds on [0,1]. Consequently, there exists
a € [0,1] such that f(a) — A\1g(a) = A > 0. Since A\; € [m, M), there are points
x € [0,1] such that f(z)—A1g(z) = 0. Let us suppose for instance there is > a such
that f(x) — A1g(z) = 0. Let then b = inf{z > a : f(z) — A\1g(x) = 0}. Continuity
implies f(b) — A1g(b) = 0, and we have f(z) — A\1g(z) > 0 for all z € [a, D).

But f(b) — A2g(b) < f(b) — A1g(b) =0, so f(z) — A2g(x) will be negative on a
whole open interval J that contains b. Consequently, f(z)—A1g(z) and f(z)—Xag(z)
have opposite signs on J N [a,b), as desired.

Hence F' is convex on R, strictly deacreasing on (—oo,m], strictly convex on
[m, M] and strictly increasing on [M,00). It follows that F' is strictly decreasing
on the interval (—oo, T] and strictly increasing on the interval [T, 00) for some T €
[m, M]. Therefore, no real value can be taken more than twice by F, and this closes
our argument.
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b) No, it doesn’t. Take for instance the line L passing through the constant
function f(z) =1 and directed by g(z) = sin 2wrz. Then

1 1
/(f(z)f)\g(x))dleJr)\/ sin2rzdez =1 forall Xe[-1,1].
0 0

This means that the intersection of L with the unit sphere S(0, 1) contains the whole
line segment of L corresponding to A € [—1,1]. O

390. Let ag,...,a, € C be pairwise different. Solve the linear system of equations

— 0 ifk=0,...,n—1,
Z“jzﬁ: -
iz 1 ifk=n.

George Stoica, Department of Mathematical Sciences, University
of New Brunswick, Canada

Solution by the author. The vector (zi,...,z,) € C"*! is uniquely deter-
mined since the Vandermonde determinant does not vanish for pairwise different a;.
Furthermore, if

P(z) =[]z~ ay),

§=0
then the residue theorem implies that
n

1 P 0ifk=0,...,n—1
1 / - _1 k:* .l = ’ ’ ’
Jj=0

Hence we have the solution,

Solution by V. Makanin, Sankt Petersburg, Russia. Just apply Cramer’s for-
mulee to write z; as a fraction which has det(a%)oggﬁlgn as a denominator and at
the numerator a determinant which developed after the column (0,...,0,1) gives
(—1)"*7 det(al)kzj1<n—1. We have two Vandermonde determinants of dimensions
n+1xn+1and n X n, respectively. After simplifying one gets

(—1)+d 1 ‘
zj = = , 7=0,...,n.
[I (¢ —ax) II (@ —ay) [I (aj—a)
0<k<j j<i<n 0<i<n, i£j

Or, check that these are the solutions, namely verify that the identities

z”: ak (0, ifk=0,...,n—1,
/ I (aj—a;) |1 if k=n,
I=0 0<icn, iz

hold true, then use the uniqueness of the solution of the system (which has a Van-
dermonde nonzero determinant). For example, one could write down Lagrange’s



62 PROBLEMS

interpolation formula for the polynomial 2* (0 < k < n), namely

n

xr — a;
F=3a ] "
“ —a
j=0  0<i<n,i#j 7 '
then notice that
n Clk-:
J
= (a; — ai)
I=0 0<i<n, i#j

is precisely the coefficient of 2™ in z* (that is, 0 for k < n, and 1 for k = n). Anyway,
the above identities are well-known (sometimes they are called Euler’s identities, if
I am not mistaken). O

391. Let z,, be the sequence defined by x1 = 1, p41 = ps,,, where p,, is the nth
prime number. Determine the assimptotic behaviour of {/z,, i.e., find a function f
such that {/z, ~ f(n) as n — oo.

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

Solution by the author. We first make some easy remarks. Assume that
Qn,b, — 00 asn — oo. If a,, — b, — 0 then %,1 — 0, 80 ap ~ by,. Alsoif a,, ~ by,
ie., if ‘If—: — 1, then log a,, — logb,, = log Z—: — 0, which implies log a,, ~ logb,,.

Obviously the sequence x,, is increasing, so that x, — oo as n — oco. From
Tp41 = Paz, We get x, = w(Tp41), which, by the Prime Number Theorem, im-
plies z, ~ xp+1/logx,+1. By taking logaritms one gets logx, — (logxpt1 —
loglogz,+1) — 0. Hence if y,, := logx, then y,4+1 — y, — logy,+1 — 0. This
implies Y41 — Yn ~ logyns1 and also ypi1 ~ Ynt1 — 10 Yni1 ~ Yn-

Let f(z) = 2. We have f'(z) = - L~ L. By the Mean Value

logz” logz ~ logZx log
Theorem there is some &, € (Yn, Yn+1) such that f(yn+1)—f(Wn) = Wne1—Yn) S (&n)-
But Yn+1 ™~ Yn, SO én € (ynayn—O—l) implies that Yn41 ~ &n and so log Yn41 ~ log &,
In conclusion,

FWns1) = W) = Wnsr — 4)f(€n) ~ 108 Yy - & ~1

n

By the Stolz-Cesaro theorem, from W — 1 we get % — 1,

ie. yn/logy, = f(yn) ~ n. This implies that logy, ~ logy, — loglogy, =
log(yn/logyn) ~ logn. It follows that y,/logn ~ y,/logy, ~n, so y, ~ nlogn.

. . . Yz
We now use the root criterion for sequences to calculate lim nlog"n. We have
n—oo

Van _ o, _ n
Tlogn = /Zn, Where z, = nn lmog”n'
We have
Zntl  Toyl n"™log" n
Zn Ty (n+ 1)+ log"  (n4+1)
As x, ~ 1023::117 it follows m;—:l = log®pt1 = Ynt1 ~ (n+ 1)log(n + 1). Hence

22 () (maein) - But () = L oand Jim (80 ) = f, where

: ogn log(n log(n —logn
L = nh_{r;onlog (h)gl;(iﬂ)). We have % =1+ ¢, where &, = %.
But log(n + 1) — logn = log (1 + %) ~ L soe, ~ Since &, — 0 we have

n’ nlogn”
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log(1+4ep) ~ep ~ nlogn It follows that n log (logl((jizl ) nlog(l+ep) ~ —@.
_ logn_\" _
Thus L = 7L11_>H;onlog (m) = 0, whence (m) — eV =1.
In conclusion,
n/ 1 1
lim Tn lim /z, = lim@:f-lzﬁ
n—oo nlogn  n—oo n—oo  Zp, e e
whence ¥/z,, ~ nlo% ]
392. We consider on R" the following norm
n
z = (21,22, ..., 2n) = ||zl =D |a].
k=1

a) Prove that if n = 2 then the norm || - | has the property
(M)  For all 2,2',d € R?, ||z|| > ||z —d|| and ||| > ||z’ — d|| imply ||z + 2| >
=+ 2 — d.

b) Does the norm || - || have the property (M) if n = 37

Proposed by Gheorghitd Zbadganu, University of Bucharest, Buchar-
est, Romania.

Solution by the author. a) For d € R? we set Hy = {z € R"| ||z > ||z — d|}.

Let z = (z,y) and d = (a,b) € R%2. Then z € Hy < |z| +|y| > |2 —a| + |y —b|.

If b = 0 then z € Hy iff |[x| > |r —a|. When a > 0 this is equivalent to
T € (%, +oo), while if @ < 0 this is equivalent to = € (—oo, %)

If, for instance, a > 0 then z = (z,y),2’ = (2',y) € Hy implies z, 2" > & and
sox+a' >a>G. Hence z +2' € Hy.

The case a < 0 is similar. If @ = 0, then clearly one has Hy = 0.

Thus, (M) holds whenever d = (a,0) with a € R. With a similar proof, (M)
holds when d = (0,b) with b € R.

Assume now that a # 0, b # 0. We write £ = as and y = bt. Then z € Hy iff
|as|+|bt| > |as—a|+|bt —b|, which can be written as |t| — [t — 1|+ A(|s| = |s—1]) > 0,
where A = |%|.

Let f: R = R, f(s) = |s|—|s—1]. Note that f is nondecreasing and | f(s)| < 1
for all s € R.

Set Ay = {(s,t) € R?|f(t) + Af(s) > 0}. Then, z = (as,bt) € H, if and only
if (S,t) € Ay.

Now let z = (z,y),2" = (2/,y') € Hg, x = as,y = bt, 2’ = as’,y’ = bt’. We
then have (s,t), (s',t') € Ax, so f(t) + Af(s) > 0 (thus f(t) > 0 or f(s) > 0) and

FE)+Af(s) >0 (thus f(¢') > 0or f(s') > 0).

Case L f(t) > 0 and f(t') > 0. Then t > 1, ¢ > I, f(t+1t) > f(t)
and f(t+1¢) > f(t'). If s > 0, then f(s+ s') > f(s'). In this case we get
fE+t)+Af(s+5) > ( Y+ Af(s") > 0. Analogously we get f(t+t')+Af(s+s") >
f@&) + Af(s) > 0 for & > 0. In the remaining case s < 0 and s’ < 0 we have
f(s) = f(s') = f(s+s') = —1, and therefore f(t) > A, f(¥') > X. Tt follows now
that f(t+t') > f(t) > A\, so (s+ ¢, t+t') € Ay and consequently z + 2’ € Hy.

Case IL f(s) > 0 and f(s') > 0. We put f(7) + Af(c) = A(f(o) + + (1))
and apply Case I.
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Case III. f(t) > 0 and f(s") > 0. If f(¢') # —1 or f(s) # —1, then ¢’ > 0
or s > 0 and we may again apply the reasoning in Case I to get the conclusion.
If f(t') = =1 = f(s), then f(t) > X and f(s') > %, so f(t)f(s') > 1, which is
impossible.

Case IV. f(s) > 0 and f(#') > 0. This case is similar to Case III.

Thus the relation (M) is now completely proved.

b) The following example shows that relation (M) does not hold on R3.

For w = (1,-1,1),w" = (1,1,-1) and a = (1,1,1) € R?® we clearly have
Jwl =3 >2 = [w—al; 0| =3>2=[w—al, but [w+w] =2<3
= [lw+w —dq]. O



