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1. INTRODUCTION

In an article [4] recently published in this journal it is shown that in
any triangle one has

a?+ b0+ <4FV3+3((a—b)2*+(b—c)?+(c—a)?), (1.1)

while the stronger inequality Z a? < AFV/342 Z(a—b)2 holds in any acute-
angled triangle. Here and troughout the article the notation is the usual one:
a, b, c denote the length of sides, F' the area, s the semiperimeter, r the
inradius and R the circumradius of triangle ABC. The paper ends with the
question to find the optimal constant k such that in any acute-angled triangle
ABC, the following inequality is valid:

a2+b2+62S4F\/§+k§((a*b)2+(b70)2+(0*a)2). (1.2)
The authors note:
2-V3
— i
3—2v2
optimal and is attained for a right-angled isosceles triangle,
but we do not know if the reverse Finsler-Hadwiger inequality

holds true in this case.”

“In our research we found that the constant k =

The aim of this note is to confirm this observation by proving the fol-
lowing.

DProfessor, Mihai I Railways Technical College Bucharest, aureliacipu@netscape.net
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2 —
Theorem 1.1. Let kg = 32\@2 and k > 0. The inequality (1.2) holds in

any non-obtuse triangle if and only if k > k.

The paper [4] does not address the question of the optimal value of k
for which inequality (1.2) is valid in all triangles. The answer to this natural
question has already been given in [3] (cf. [8]).

Theorem 1.2. Inequality (1.2) holds in any triangle if and only if k > 3.

The proofs are elementary and simple, provided we have the right tools
at our disposal. Relevant results are presented in the next section. Armed
with sufficient knowledge, we proceed to the proof of Theorems 1.1 and 1.2.
The last section of the paper also contains applications of the main result.

2. RESULTS THAT SHOULD BE BETTER KNOWN

The aim of this section is to gather several fundamental results from
the huge literature on triangle inequalities. Their proofs are not difficult
once the statements are properly enunciated. The reader will appreciate the
usefulness of the facts presented below.

We start by recalling a less-familiar form of the fundamental inequality
of a triangle. This characterisation of triples (s,r, R) is due to E. Rouché
(1851).

Lemma 2.1. Three positive real numbers s, v, R are the semiperimeter,
inradius and respectively the circumradius of a triangle ABC' if and only if

s?> ¢~ (r,R) :==2R* + 10Rr — r* — 2(R — 2r)\/R(R — 2r) (2.1)
and
s> < ¢t (r,R) := 2R? + 10Rr — r? + 2(R — 2r)\/R(R — 2r). (2.2)

The equality holds in (2.1) (respectively (2.2)) if and only if ABC is an
isosceles triangle with top-angle greater than (respectively, less than) or equal
to m/3.

A triangle inequality can be treated as a problem of optimization with
restrictions. Both the objective function and restrictions are nonlinear trivari-
ate functions. There are several techniques that allow one to reduce the
problem to a (sequence of) univariate optimization problem(s). This is the
case, for instance, if the triangle is either isosceles or right-angled. The study
of these particular classes of triangles suffices to settle the problem stated in
the introduction, thanks to the following result. It has circulated especially
in the Chinese literature. Our presentation follows [6], which refers to [2] as
the first appearance in the literature.
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Lemma 2.2. For every acute-angled triangle ABC one can find either a
right-angled triangle Ao BoCo such that Ro = R, 1o =1, s9 < s or an acute
1sosceles triangle Ay B1Cy such that Ry = R, r1 = r, 81 < s, and the top-angle
at least /3.

Proof. The desired triangles are obtained quite explicitly, by a construction
that varies according to whether the circumcenter O is contained or not in
incircle.

The circumcenter sits in the interior of the incircle if and only if
R < (v/2 4 1)r. If this is the case, one considers the midpoint A; of the
minor arc BC of the circle circumscribed to AABC and a chord B1Cy pa-
rallel to BC such that the angle B; A;C have measure

1 2
A1:2arcsin§ <1+ 1—;).

Then it is clear that Ay B1Cy is an isosceles triangle with Ry = R, whose
top-angle satisfies

A1 2 1 1
sin — < — [ 14 ,/1— = (14+v2-1)=—,
) 2( \/ ﬁ+1> 2( ) /2

that is, % <A< g On using formula (see, e.g., [5])

B C
r= 4Rsin§sin§sin—,

2

one readily gets

A B A A A
r = 4R, sin%sin2 71 = 2Rsin?1(1 —cos By) = 2Rsin71 1— sin?1

R< ;)(;( ;))§(<;>)

Since A1 B1C1 is an isosceles triangle with top-angle at least 7/3, from
the fundamental triangle inequality stated in Lemma 2.1 one obtains

$2=¢"(Ry,r1) = ¢ (R,r) < 52

In case R > (v/2 + 1)r, the circumcenter O is exterior to the incircle.
A tangent to incircle drawn through O intersects the incircle in M and the
circumcircle in By and Cs, say. The second tangent from Bs to incircle
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intersects the circumcircle again in a point As. Then < By A5Cy = g, Ry =R,
and, denoting by 2« the measure of < A3B5C5, one finds
1
ro = 5(()2 + ¢ — az) = R(sin2a + cos2a — 1) = 2R sin a(cos a — sin v).
From the right-angled triangle OIM one computes

R?—2rR=0I>=IM?+0OM? =+ + (R —rcota)?,

which is readily brought to the equivalent form r = 2R sin a(cos a — sin ).
Thus, ro = 1.

Having in view formula 4R? [Jcos A = s — (2R +7)? and the fact that
AABC' is acute-angled, one gets s > 2R+ r = 2Ro + ro = $o. O

The result just proved has the following handy consequence, whose proof
is easy now.

Lemma 2.3. The inequality s > f(r, R) (respectively, s > f(r,R)) holds for
any non-obtuse triangle if and only if it holds for all right-angled triangles
and all acute isosceles triangles with top-angle greater than or equal to /3.

3. PROOF OF THE MAIN RESULT

Since the inequality of interest is homogeneous, we may select a con-
venient representative for each equivalence class of similar triangles. This
simple yet useful remark will be helpful in the forthcoming proof.

As mentioned in [4], writing inequality (1.2) for a right-angled isosceles
triangle, one gets k > ko. Conversely, in order to verify that (1.2) with k£ = ko
holds in all triangles, rewrite it using the familiar formulse

Za2:2(32—r2—47’R), F = sr, Zab:32+r2+47’R.
One finds successively the equivalent forms
s —r? —4rR < 2573 + ko(s? — 3r2 — 12rR)
and
0 < (ko — 1)s% +2V3rs — (3ko — 1)(r* + 4rR).

Since the quadratic polynomial in s from the right-hand side has positive
leading coefficient and negative free term, we have to prove that inequality

(ko — 1)s > —rv/3 + 1/3r2(3ko — 1)(r2 + 47R) (3.1)

holds in all non-obtuse triangles. By Lemma 2.3, it is sufficient to assume
AABC either right-angled or isosceles, acute, with top-angle at least /3.

Let us first consider the particular case of a right-angled triangle ABC
whose sides have length a = 1, b = sinf, ¢ = cos# for some positive # with
6 < m/4. One readily finds that (3.1) is equivalent to

g(0) > 2 for o<9g%,
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where
g(0) := V/3sin 20 + 2ko(2 — sin @ — cos § — sin § cos h).
A simple computation gives

g (0) = 2(cos @ — sin 0)[(V/3 — ko) (sin 6 + cos ) — kg.
For 6 in the range of interest, the expression within parantheses is non-
negative, while that within brackets is less than or equal to v/2(v/3 — ko) — ko,
which is negative. Therefore, g is a decreasing function, so that

g(@)Zg(%)z? for 0<0g£

This means inequality (3.1) holds in all right-angled triangles.

Let us now examine the case of isosceles triangles. Without loss of
generality, we may consider that sides have length 2, x, x, respectively. The
top-angle of such a triangle has measure in the interval [7/3,7/2) if and only
if v/2 < 2 < 2. In this case, inequality (3.1) is found to be equivalent to

f@)? <ky for V2<uz<2, (3.2)

with
x+2

Vo143

This function is derivable and its first derivative is
@) V322 -3 -2z —1
x) = :
(Va2 —1+3)2Va?2 -1
Since v3x2 — 3 < 2z, one has f/'(z) < 0 for all x > 1. Therefore,

) 242
@S I@ < VD) = S

V3
24+V3  3-2V2

we conclude that relation (3.2) is true.

The proof of Theorem 1.1 is complete.

Theorem 1.2 can be established quite similarly. By [4, Theorem 1.3],
it is known that inequality (1.1) holds in every triangle. It remains to show
that for no ko < 3 can inequality (1.2) hold in all triangles.

Let us assume that (1.2) is true in every triangle. In particular, it is
valid for the isosceles triangle whose sides have length 2, x, x, where x is
restricted to x > 1 by the usual triangle inequality. Heron’s formula yields

F = /22 — 1, so that one gets
44227 <4322 -3+ 2(x —2)%k forall z>1,

f:(1,400) — R, f(x):

Since

= kO)



66 ARTICOLE

which is equivalent to f(x)? < k for all z > 1, with f the decreasing function
introduced in the previous proof. Thus one has

sup f(z) = lim f(z) =3, inf f(z) = lim f(z) =1,
>1 z—1 z>1 r—00
whence k > 3.

4. REFORMULATION OF THE PROBLEM

It is well known (see, for instance, [5, ch. VII]) and easy to prove that
the square roots of side lengths of an arbitrary triangle ABC are the lengths
of the sides of an acute-angled triangle A’B’C’. Expressing inequality (1.2)
written for AA’B'C’ in terms of AABC, one gets

a+b+c < /3(2ab+ 2bc+ 2ca — a? — b% — c?)
+2k(a+ b+ ¢ — Vab — Vbc — \/ca).

Therefore, if (1.2) holds in any acute-angled triangle for a certain value
of k then inequality (4.1) holds in any triangle for the same value of k.
Conversely, inequality (1.2) can be derived from (4.1) thanks to another
classical fact — the squares of sides of an acute triangle ABC' form another
triangle.

These considerations justify our first result in this section.

(4.1)

Proposition 4.1. For a positive number k, the following conditions are equi-
valent:

(i) inequality (1.2) holds in any acute-angled triangle
(ii) inequality (4.1) holds in any triangle.

The same idea — associate to a triangle from a certain class a trian-
gle from another class — leads to other equivalent formulations for inequa-
lity (1.2). For instance, consider the triangle A; B1Cy formed by the medians
of triangle ABC'. It is a matter of simple computations to check that the
next result is thus obtained.

Proposition 4.2. Inequality
8k(mamy + myme + memg) < 12V3F + 3(2k — 1)(a® + 02 + ) (4.2)
holds in all triangles if and only if k > 3.
Note that, in the optimal case k = 3, (4.2) becomes
8(mamp + myme + memq) < 4V3F + 5(a® + b7 + ).
Adding side by side this inequality and the equality
4(m2 +m? +m?) = 3(a® + b + &)

results in
4(mg +mp +me)? < AV3F +8(a® + b2 + 2). (4.3)
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According to the usual Finsler-Hadwiger inequality, one has
4V3F < 2(ab + be + ca) — (a* + 0% + ¢2),
so that (4.3) is stronger than the inequality

2(ma +mp +me) < \/7(a2 + b2 + ¢2) + 2(ab + be + ca)

proposed as an olympiad problem in [1].

Appropriate transformations can produce asymmetric inequalities. We
illustrate this idea with a sole example. Let us replace our reference triangle
by a triangle ABC' similar to AACA’, where A’ is the midpoint of the line
segment BC'. To simplify the computations, we take @ = 2m,, b = 2b, ¢ = a,
with m, the length of median AA’. Since area of AAC A’ is half the area of
AABC, one has F = 2F. Simple computations lead to the conclusion that
ANACA' is non-obtuse if and only if ¢? < a? + b2, b? < ¢?, and a® < ¢ + 3b2.

An application of Theorem 1.1 results in a geometric inequality that
looks very difficult to prove directly.

Proposition 4.3. Let ABC be a non-obtuse triangle and c the largest of its
side lengths. Then
- 4v/3F + (2ko — 1)(3b% + c2) — 2kogab
- 2ko(a + 2b) ‘

More generally, one can compose several triangle transformations. For
instance, let us consider AABC resulting from AABC by applying the
square-root transformation after the 7,2-transformation described in ch. VII,

§5.1 of [5]. This puts in correspondence a pair of triangles ABC and A'B'C’,
with ' = a(s—a), b/ =b(s —b), ¢ =c(s — c). Known formule yield

16F —QZabsfa )(s —b) — Za s—a)

:QZab —5% + sc+ ab) —Za s? — 2sa + a?)

= —2322ab+65abc+32a262—S2Za2+282a3—Za4

= 16F? — 451 + 245*rR + 45%(s* — 3r® — 6rR) = 4F>

Mg

Since AABC is always acute-angled, we arrive at the following statement.

Proposition 4.4. In any non-degenerate trz'angle one has

-2
> Vab(s—a)(s—b) < 2(r?+4rR)+ \[f(F\f — 72— 4rR)
< 2(r’+4rR).
According to another classical paradigm, triangle inequalities and ine-
qualities between three positive real numbers are essentially the same thing.

Specifically, three positive numbers a, b, ¢ are the side lengths for a triangle
ABC if and only if there exist three positive numbers x, y, z such that
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a=y+2 b=z+2x, ¢c=2x+y. From Theorem 1.2 one thus gets another
result.

Proposition 4.5. The smallest real number with the property that for all
positive real numbers x, y, z one has

0<2v3zyz(x +y+2) + (k— 1) (x? +y* +22) — (k+ 1) (zy +yz + 22)
18 3.

1]
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On the stability of the second order linear recurrence
DORIAN Popal)
Abstract. We prove that the second order linear recurrence

Tni2 = @Tpy1 + bTn, n €N,

is stable in Hyers-Ulam sense if and only if its characteristic equation has
no roots of module one.

Keywords: Linear recurrence, Hyers-Ulam stability.
MSC: 39B8&2.

1. INTRODUCTION

Hyers-Ulam stability is one of the main topics in functional equation
theory. Generally, a functional equation is said to be stable in Hyers-Ulam
sense if for every solution of a perturbation of the equation (called approzi-
mate solution) there exists a solution of the equation (called ezact solution)
near it. The first result on this topic was given by D. H. Hyers, answering to
a question of S. M. Ulam [7], for the Cauchy functional equation. Recall the
result of Hyers [4]:

Let € be a positive number. Then for every function f : R — R satisfying

[flx+y)—fl@) - fy)| <& VayeR, (1.1)
there exists a unique function g : R — R, satisfying
9z +y) =g(x)+9(y), Vo,yeR

and
[f(z) —g(z)| <e, VTR (1.2)

In what follows we deal with Hyers-Ulam stability of the second order
linear recurrence
Tpio = ATpy1 + bxy, n €N, (1.3)
where a, b, zg € C. A recurrence is in fact a functional equation for a function
defined on the set of natural numbers.

Definition 1.1. The recurrence (1.3) is said to be stable in Hyers-Ulam
sense if there exists L > 0 such that for every € > 0 and every sequence
(xn)n>0 of complex numbers satisfying

|Tpto — atpi1 — bxy| <e, n €N, (1.4)
there exists a sequence (yn)n>0 of complex numbers satisfying

Yn+2 = QYn+1 + byn (1'5)

1>Professor, Technical University of Cluj-Napoca, Department of Mathematics,
Popa.Dorian@math.utcluj.ro
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|n —yn| < L-e, neN. (1.6)
The relation (1.4) is a perturbation of the recurrence (1.3), the sequences

satisfying (1.4) are approximate solutions of the recurrence (1.3) and (yn)n>0
is an exact solution of (1.3).

2. MAIN RESULT

For the proof of the main result of this paper, we give a result on the
stability of the first order linear recurrence.

Lemma 2.1. Let € be a positive number, p € C, |p| # 1, and (an)n>0 a
sequence of complex numbers. Then for every sequence of complexr numbers
(Zn)n>0 satisfying

|[Tpt1 = pon —an| <, nEN, (2.1)
there exists a sequence of complex numbers (Yn)n>0 with the properties
Yn+1 = PYn + an, n €N, (2.2)
€
‘$n_yn’ <+, n € N. (23)
[Ipl —1

Moreover, if |p| > 1, then (yn)n>0 s uniquely determined.

Proof. Eristence. Suppose that (z,)n>0 satisfies (2.1) and let
Tptl — Py — Ap =: by, n > 0.

By induction we get

n—1
Ty = pnxo + anik*l(ak + bk), n > 1.
k=0

(1) Suppose that |p| < 1 and let (y)n>0 be given by (2.2) with yo = =o.
Then

n—1
Yn =p"x0 + Zp"fk*lak, n>1, yo = xo.
k=0
We obtain
n—1 n—1
‘xn - yn| < Zbkpnikil < Z |bk‘ ' |p‘n7k71
k=0 k=0

n—1 1—‘]?’” c
<ed) |p"Fl=¢ < n>1.
217 Tl STl

(2) Now let |p| > 1. Then, in view of the comparison test, the series

o0

Z bn—l

n
n=1 p
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is absolutely convergent, since

£
= [pI™’

bnfl
pn

n>1

- )

and

> 3 &
Z |P|”

lp| =1
Let
b
=Y er
n=1 p

and define the sequence (yy)n>0 by the recurrence (2.2) with yo = xo + s.
We get:

‘$n_yn| = ‘p|n

n—1
e S | 5
- k:0
,;L ’““ Z!p\” !p\—l

Uniqueness. Let |p| > 1. Suppose that there exists a sequence (yn)n>0
satisfying (2.2) and (2.3) with yo # z¢ + s. Then

Ip|™

n—1 n—1
ke b,
[Zn = yn| = |P" (0 — yo) —I—Zbkp” P = [p[™ o —yo+2ﬁ
k=0 k=0
for all n > 1. Since
n—1
Jim o —y 0+Zpk+1 =|zo —yo + | #0,
k=0
it follows lim |2, — y,| = oo, contradiction with (2.3). O
n—oo

Remark 2.1. If |p| < 1 there exist infinitely many sequences (Yn)n>0 in
Lemma 2.1 satisfying (2.2) and (2.3).

Proof. Define (yn)n>o0 by (2.2), yo = zo + u, |u| < e. Then

n
3
S62:|p|k§1_| K n =1
k=0 p

The results on Hyers-Ulam stability and nonstability for the recurrence
(1.3) are contained in the next theorems. O

n—1
|$n - yn| = _pnu + Z bkpn_k_l
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Theorem 2.1. Let € > 0 and a,b € C such that the equation
r’=ar+b

admits the roots 1,19, |r1| # 1, |ro| # 1.
Then for every sequence (Ty)n>0 of complex numbers satisfying

|Tnto — axpi1 — bxy| < e, n >0, (2.4)

there exists a sequence (Yn)n>0 of complex numbers

Yn+2 = QYn+1 + byn7 n Z 07 (25)
such that -
|y, — yn| < , n>0. (2.6)
T T (] = D) (|| = 1)

Moreover, if |r1| > 1 and |ra| > 1, then (yn)n>0 s uniquely determined.
Proof. Existence. Let (z,,)n>0 be a sequence satisfying (2.4). Then
|Zpt2 — (r1 + r2)@ps1 + rirez,| < e, n > 0. (2.7)

Consider the sequence (2, )n>0, 2n = Tnt+1 — 72T, 1 > 0. Then, according to
(2.7), (2n)n>0 satisfies the relation

|2nte1 — 1120 <&, n>0. (2.8)
From Lemma 2.1 it follows that there exists a sequence (wy)n>0,

Wpt1 —riwy, =0, n >0, (2.9)

Zn — Wy| < , n>0, (2.10)

)\Tll—l

which leads to
€

‘7, n>0. (2.11)
lr1] —1

|Tpt1 — oz, — wp| <

Now, using again Lemma 2.1 and (2.11) it follows that there exists a
sequence (Yn)n>0 in C satisfying

Yn+1 — T2Yn — Wp = O, n > O, (212)
£
|y, — Y| < , n>0. (2.13)
T ] = (I = 1)

The relations (2.9) and (2.12) lead to

Yn+2 — (11 +72)Ynt1 + 117290 = 0, n >0,
or
Yn+2 = QYn+1 + byn, n > 0.
The existence is proved.
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Uniqueness. Suppose that |r1| > 1, |re| > 1, and for a sequence (2, )n>0
satisfying (2.4) there exist two distinct sequences (y),)n>0, (Yo )n>0 with the
properties (2.5) and (2.6). Then

2e
1l = D) (Jra| = 1)
The sequence (z,)n>0, 2n = Y, — Y, n > 0, satisfies the recurrence (2.5)

so its general term has the form

zn = Ar! + Bry if ri #r

yh — ym| < |yh — Tn| + |20 — 9| < I ,n>0. (214

or
zn =17 (An+ B) if r =19,
where A, B € C. Obviously A, B cannot be simultaneously zero since (y,,)n>0,
(y") >0 are distinct sequences. Then lim |z,| = oo, which contradicts (2.14)
- n—oQ

and thus the uniqueness is proved. O

Theorem 2.2. Let e > 0, a,b € C such that the equation
r’=ar+b

has a complex root of modulus one.
Then there ezists a sequence of complex numbers (xn)n>0 Satisfying

|Tnto — azpi1 — bxy| < e, n >0, (2.15)

such that for every sequence of complex numbers (yn)n>0 satisfying

Yn+2 — QYn+1 — byn, =0, n >0, (2.16)

we have sup |z, — yn| = 00, i.e., the recurrence (1.3) is not stable in Hyers-
neN
Ulam sense.

Proof. Let r1,r9 be the roots of the equation r? = ar + b, and suppose that
|r1] = 1. Define the sequence (z,)n>0 by the relation

Tpg1 — Toxy = enry, n >0, x1 # 0. (2.17)
Then it is easy to check that
|Tnt2 — (11 + 712)Tpt1 + 1122, =€, 1 >0,

therefore the relation (2.15) is satisfied.
Now let (yn)n>0 be an arbitrary sequence satisfying (2.16). Then

(Yn+2 — 12Un+1) = T1(Ynt1 — T29n) =0, n >0,
therefore
Yn+1 — T2Yn = (Y1 — T290)77, n > 0. (2.18)
The relations (2.17) and (2.18) lead to

Tnt1 — Ynt1 — T2(Tn — yn) = (en — Y1+ rayo)ry, n >0, (2~19)
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therefore
|Tn41 — Ynt1 — 12(Tn — yn)| = |en — y1 + r290| — 00 (2.20)
when n — co. We prove that sup |z, — y,| = oo.
neN

If there exists M > 0 such that |z, — y,| < M for all n € N, then

|41 = Ynt1 — 12(Tn — Yn)| < |Tas1 — Ynra| + 72|20 — Yl
< (1+|re|)M, M >0,

contradiction with (2.20), and the theorem is proved. O

The results obtained in Theorem 2.1 and Theorem 2.2 lead to the fol-
lowing conclusion:

The linear recurrence (1.3) is stable in Hyers-Ulam sense if and only if
the roots r1, ro of its characteristic equation satisfy the conditions |r1| # 1
and |ra| # 1.

For more details and results on the stability of recurrences we refer the
reader to [1], [2], [3], [5], [6].
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An integral inequality

DAN STEFAN MARINESCUY, MiHAl MoNEA?), MiHAT OPINCARIU®) and
MARIAN STROEY

Abstract. In this article we present a general solution to an open problem
posed by Q.A. Ngo et al. in [9] and other results that generalize the re-
sponses offered to the same problem by K. Boukerrioua [2] or S.S. Dragomir
and Q.A. Ngo [5].

Keywords: Integral inequality, Holder inequality.

MSC: 26D150

1. INTRODUCTION

The next question was posed in [9].

Problem 1.1. Let f : [0,1] — R be a continuous function which

satisfies
1 1
/f(t)dt}/tdt,

for all x € [0, 1]. Under what conditions on o and 8 does the inequality

1 1
/ ferB () dt > / o) tPde
0 0

hold?

This problem has received several solutions and improvements in [2], [8]
or [5]. In this paper, we give a more general result, which is presented in the
next theorem.

Theorem 1.1. Let f, g : [a,b] — [0,00) be two integrable functions, g non-

decreasing, which satisfy
b b
[z [a@a

for all © € [a,b]. Then the following two conclusions hold:
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(a) For any a € (0,00) and 3 € [1,00) we have

b b
/ 17 (t)g*dt > / gote(t) dt,

for all z € [a,b];
(b) For any a € (0,00) and 8 € [1,00) we have
b

b
/ﬁﬂmwz/ﬁwwwa,

xT

for all z € [a,b].

In the next sections we will give a proof of this theorem as well as similar
results for nonincreasing functions. It is clear that Theorem 1.1 represents
a very general solution for Problem 1.1. We also rediscover results from the
bibliography as consequences of our work.

2. TWO USEFUL LEMMAS AND SOME CONSEQUENCES

In this section we present and prove some useful results. It is easy to
see that our results hold under very general conditions.

Lemma 2.1. Let f,g : [a,b] — R be Riemann integrable functions which

satisfy
/f(t)dt > /g(t)dt,
for all x € [a,b]. ’ '

(a) For any nonincreasing function h : [a,b] — [0,00) we have

/f(t)h(t)dt > /g(t)h(t)dt,

for all x € [a,b];
(b) If f is nonnegative, g is nonincreasing and nonnegative, then

]ﬁm&>ifMM

for any B > 1 and for all x € [a,b].

Proof. (a) We consider the function

U - [a,b] = [0, 00), wmz/Vm—mM%
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This is correctly defined and continuous (see e.g. Theorem 7.33 from
[1]). Since h is monotone, the Stieltjes integral

T

/ U (t)dh(t)

a

exists for any = € [a,b]. From the properties of Stieltjes integral (see e.g.
Theorem 7.6 from [1]) we find that

/ U(t)dh(t) = U6)h(t)[% — / h(t)AU (¢). (2.1)
As
[rwave = [nolso - g = [beswde - [noga

from (2.1) we obtain

T T x

/ h(t) f ()t — / h(t)g(t)dt = U (x)h(z) — / U(t)dh(t) > 0

a a a

because U and h are nonnegative and [ U(¢)dh(t) < 0 since h is nonincreas-
ing. ‘
(b) For 8 = 1 this is true by hypothesis. If 8 > 1 then let be a > 0

1
with — + — = 1. The function
a f

h:la,b) >R, h(t)=g%@)

is nonnegative and nonincreasing. From part (a) and Holder-Rogers inequa-
lity we get

z z x 1/ x 1/a
/g(t)h(t)dtg/f(t)h(t)dtg (/fﬂ(t)dt) (/ha(t)dt) ,

a

that is

/ g% (t)dt < / A )dt ( / g% (t)dt . (2.2)



78 ARTICOLE

If x € [a,b] is such that /gﬁ(t)dt = 0 then the fact that /fﬁ (t)dt >

a

x x 1/a
> /gﬁ(t)dt is clear. Otherwise, dividing (2.2) by /g’g (t)dt , we
obt(;in ‘
T 1/8 * 1/8
[swa| <[
and the conclusion follows. O

Corollary 2.1. Let f,g : [a,b] — [0,00) be two integrable functions, g non-
increasing, and o, B € (0,00) with o < 5. If

/wfa (t)dt > 7ga (t)dt,

/xfﬁ (t)dt > /Igﬁ () dt,

for all x € [a,b] then

for all x € [a,b].

Proof. The functions f* and g* verify the assumptions of the second part of
Lemma 2.1. But g >1 so

/ 72 (t)dt = / (2 (1) dt > / (g (1)) dt = / ¢ (1) dt
for all mae [a, b]. ' ' ' O

The next lemma is similar to Lemma 2.1, but for nondecreasing func-
tion.

Lemma 2.2. Let f,g: [a,b] = R be two Riemann integrable functions with

b b
[ 1= [ g,
for all x € [a,b].

(a) For any nondecreasing function h : [a,b] — [0,00) we have

b b
/ F(h(t)t > / g(h(t)dt,

T
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for all x € [a,b];
(b) If f is nonnegative, g is nondecreasing and nonnegative, then

jﬁm&zifmm

for any B> 1 and for all x € [a,b].
Proof. (a) We use the function

Whﬂ%&m%ﬂ@=/Wﬂw@W-

In the same way as in Lemma 2.1, we obtain

b b
/ﬂWﬁW—/quwzva@+/V®M®zo

b
because V and h are nonnegative and [V (¢)dh(t) > 0 since h is nondecreas-
ing. :
(b) Part (b) here follows in the same way as part (b) in Lemma 2.1. O

Remark. Lemma 2.2 provides confirmation to the conjecture posed by
Ngo in [10].

Corollary 2.2. Let f,g: [a,b] — [0,00) be two integrable funtions, g nonde-
creasing, and o, B € (0,00) with o < 5. If

b b
/ﬁ@&z/ﬁ@@
for all x € [a,b] then
b b
[ wa= oo,

for all x € [a,b].
Proof. The proof follows similarly to the proof of Corollary 2.1, part (b). O

3. PROOF OF THEOREM 1.2. AND OTHER SIMILAR RESULTS

Using Lemma 2.2, we now give a proof for Theorem 1.1.



80 ARTICOLE

Proof. (a) From part (b) of Lemma 2.2 we obtain

/bfﬁ (t)dt z/bgﬁ (t)dt

for all z € [a,b] . Now apply part (a) from the same lemma for h = g* and
we have the conclusion.
(b) Using the general Cauchy inequality, we have

6 o a+ B «
i 1> 5(1) g™ (1),
- )2 P 090
for all t € [a,b]. Integrating the resulting inequality from x to b, we obtain

b b b
B[ jass _> [ getB B (1) g
s [rware S [ ez [ 7000 wa

for all = € [a,b]. By part (a)

FOP () +

SO
b b b
L a+p - B ol B8 o
s [ S [P og e [ w0 o,
that is
5 b N b
a+pB _ B
2 [ wa (1- 250 [ @g o
and the conclusion follows. O

The next result is a consequence of Theorem 1.1.

Corollary 3.1. Let o, 5 € (0,00). Let f, g : [a,b] — [0,00) be two integrable
functions, g nondecreasing, with

b b
[ wa= oo,
for all z € [a,b] .
(a) For all x € [a,b] we have

b b
/fﬁ O‘dt>/g5+a (t) dt;
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(b) For all z € [a,b] we have
b b
[rremaz [ 7o @

Proof. For the first part apply Lemma 2.3(a) for the function h = g®. The
proof of the second part is similar to the proof of the analogous part of
Theorem 1.1. O

A similar result with Theorem 1.1 exists for descreasing function.

Theorem 3.2. Let f,g : [a,b] — [0,00) be two integrable functions, g non-

increasing, which satisfy
[z [g@a

for all © € [a,b]. Then the following two conclusions hold:
(a) For any a € (0,00) and 5 € [1,00), we have

/x fP(t)g*dt > / gt (1) dt,

a
for all x € [a,b];
(b) For any o € (0,00) and 8 € [1,00), we have

/ﬁ”MMZ/ﬁwfwd,

a

for all x € [a,b].

Proof. 1t follows in the same way as the proof of Theorem 1.1, but applying
Lemma 2.1. O

Also, a consequence of Theorem 3.2 is represented by the next corollary.

Corollary 3.2. Let a, 5 € (0,00). Let f,qg: [a,b] — [0,00) be two integrable
functions, g nonincreasing, with

j P (ydt > / g’ (t) dt,

for all z € [a,b].
(a) For all x € [a,b] we have

T

/x fP (t)g*dt > / 9o (1) dt;

a
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(b) For all z € [a,b] we have

/xfaw (t)dt > /xf’g (t) g*

Proof. For the first part, apply Lemma 2.1.(a) for the function h = g®*. The
proof of the second part is similar with the proof of Corollary 3.1(b). O

4. APPLICATIONS

In this last section we give alternative proofs for some results from the
bibliography. We start with a problem of V. Krasniqi [6]. Another solution
can be found in [13].

Corollary 4.1. Let a be a positive real number and f be a nonnegative
function on [0, 1] such that
1 1

[uwraz [ea

T x

for all 0 < x < 1. Prove that
1

1 1
/( )P a z/ ) ¢Pdt > /ta+5dt,
0 0

0
for every positive 5.

Proof. The first inequality is obtained from part (b) of Corollary 3.1 in the
case g(t) = t. The second inequality represents the same case but for the
part (a) of the same corollary. O

Duong Viet Thong proposed an extension of the previous problem (see
[12]). We present our solution to this problem.

Corollary 4.2. Let f be a nonnegative continuous function on [0,1] and
k > 1 be an integer. Prove that if

1 1
/f(t) dt > /t’“dt,
for all 0 < x <1, then

1 1

/ a+BdIEZ/ ﬂ kade
0 0

>1

for alla >0 and 8 >
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Proof. We apply Theorem 1.1, part (b), in the case g(t) = t* and
[a,b] = [0, 1]. O

Another solution can be found in [7]. The author observed that this
result can be extended to a more general result, which he proved by using
Fubini’s theorem. Next, we give our proof for this extension.

Corollary 4.3 (E. Lampakis [7]). Suppose f is a nonnegative continuous
function on [0,1], k > 1 is an integer, a > 0, and B > 1 are reals. If

1 1
/f@ﬁu>/ﬁ&,
for all0 < x <1, then

(a) For all 0 < x <1 we have

jU@WMEjW%

(b) We have
1 i )
F@) e [ (f@) atode> [ HePag
/ / /

Proof. The first part is a consequence of Lemma 2.2 for the case g(t) = t*
and [a, b] = [0, 1]. For the proof of the second part we apply Theorem 1.1 for
g(t) = t* and [a,b] = [0, 1]. O

The next two corollaries go to another type of extensions. In fact the
function g(t) = t* is replaced by an arbitrary monotone function g.

Corollary 4.4 (J. Sandor [11]). Let f,g : [a,b] — [0,00) be two continuous
and nonincreasing functions. If

if (t)dt > ig (t) dt,

jﬂ@&ziﬁ@%

Proof. Apply Lemma 2.1(b) for 8 = 2. Note that we do not need the mono-
tonicity of f. O

for all x € [a,b] then

for all x € [a,b].
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A similar result can be found in [4]. Now, we give a proof in the spirit
of this paper.

Corollary 4.5 (A. Ciupan [3]). Let f,g : [0,1] — R be two functions such
that f is continuous and g is nondecreasing and differentiable with g (0) > 0.

If
1 1
/f(x)d:c z/g(x)da:

for any t € [0,1] then

Proof. Evidently, g is continuous and nonnegative. We consider the function
h:[0,1] — R defined by h (x) = |f (x)|. Function h is continuous,

/lh(x)de/lf(x)dx
t t

for any ¢ € [0, 1] and

Now, we obtain the conclusion by applying Lemma 2.2(b) for the functions
h,g and 8 = 2. O

Finally we present another recent result. This represents its authors’
contribution to the development of the initial open problem.

Corollary 4.6 (S.S. Dragomir, Q.A. Ngo [5]). Let f : [a,b] — [0,00) be a
continuous function and g : [a,b] — [0, 00) be nondecreasing and differentiable
function on (a,b). If for any o > 0 and all x € [a,b] we have

/bfa (t)dtZ/bga (t)dt

/bfﬂ (t)dtz/bgﬂ (t)dt

T

then the inequality

holds for any > a and all x € [a,b].
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Proof. From hypothesis, we have that g is continuous on (a, b). Also li{ln g(x)
X a

and li}% g (x) exist and are finite. Let h be defined on [a, b] by

h(a):iig}lg(x), h(b)=1limg(x), and h(xz)=g(x),Vz € (a,b).

z,'b
It is clear that for all o > 0 we have
b b

/f@a:/m@@

x X
Now we obtain the conclusion by applying Corollary 2.2 for the functions f
and h. O
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Certain inequalities for the triangle

MiaALY BENCzEY, NIcUSOR MINCULETE? and Ovipiu T. Pop?®)

Abstract. The aim of this paper is to establish several inequalities between
the distances from an interior point M of the triangle ABC' to the vertices
of the triangle and the radii of the circumcircles of the triangles M BC),
MCA and MAB.

Keywords: Geometric inequalities, Euler’s Inequality.
MSC: 51M04

1. INTRODUCTION

In the interior of the triangle ABC we choose a point M. Let R,, Ry,
R, be the radii of the circumcircles of the triangles M BC, MCA and M AB,
respectively. Let Rj, Ro, Rs be the distances from M to the vertices of
ABC and let rq, r9, r3 be the distances from M to the sides of ABC. The
well-known inequality of Erdés-Mordell is given by

R1—|—R2—|—R322(7‘1+T‘2+T3). (1.1)

A generalization of the Erdds-Mordell inequality can be found in [8],
namely
2Ry + y?Ro + 2°R3 > 2 (yzry + zary + xyrs) (1.2)

for every real numbers z,y,z > 0, and in [2] this inequality is expressed in
the following way:

MR+ XNRy + AgR3 > 2 (\/ AaA3T1 + /A3 + / )\1)\2T3> R (1.3)

for every A1, Ag, Az > 0.

In [10], G. Tsintsifas showed that if (A1, A2, A3) are barycentric coor-
dinates of M and R is the circumradius of triangle ABC', then there is the
inequality

MRy + ARy + AsR. > R > A\ R1 + M\aRs + A\3Rs. (1.4)
In [3], W-D Jiang proved the inequality
Wq, Wy We
VRE. " VR.F. R

where wg, wp, w, are the lengths of the bisectors. This improves a result due
to Liu, namely,

9
< - 1.
<3 (1.5

Wq Wy We

Rot R  Ri+ R Rt Ry

g% (1.6)

1>Ap1ri1y Lajos National College, Bragov, benczemihaly@yahoo.com
2) Dimitrie Cantemir University, Bragov, minculeten@yahoo.com
3)Mihai Eminescu National College, Satu Mare, ovidiutiberiu@yahoo.com
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From [4] and [5], we have the following inequalities:

R R R
2R, + A2R, + A2R, > Ao <A11 + Tj + Aj) (1.7)
and
Ry Ry R 3
< —. 1.8
Rb+Rc+Ra+RC+Ra+Rb_2 (18)
In [6] and [7], we found the following inequalities:
R,RyR. > R1R>R3, (1.9)
R,+ Ry + R. > R1 + Ry + Rs, (1.10)
and in [9] we also found the inequality
R, + Ry + R. < 3R, (1.11)

where R,, Ry, R. are the circumradii of triangles IBC, IC'A, and I AB, res-
pectively, I is the incenter of triangle ABC, and R is the circumradius of
triangle ABC.

2. MAIN RESULTS

Theorem 2.1. Let Ao, Ao, A3 be some positive real numbers and M a point
in the interior of the triangle ABC. If Ry, Ry, R. are the circumradii of the
triangles M BC, MCA, and M AB, then we have the following inequality:

A B
2 (x\lRa sin§ + ARy sin§ + A3R.sin g) (2.1)

> VA2 A3R1 4+ V/ A3A1Ra + /A1 A R3.
Proof. From triangles M AB and M AC', we deduce that

Ry =2R.sin <MAB and R3 = 2R, sin XM AC.
It follows that

2RR26 + 2]%]% =sin SMAB + sin < MAC
A SMAB — <MAC A
= 2sin — cos < 2sin —.
2 2 2
Therefore N
Ry R3 .
B3 <ogin .
2R, 2R, = "3
The equality holds if and only if AM is the bisector of the angle A.
A
This inequality is found in [1] in the equivalent form sin 3 > T22—]; s,
1
R3 Ry Ri Ry

The claimed equivalence holds because we have ro =

dry = .
ok, CT3T R
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In an analogous way, we obtain the following inequalities:
Ry R3 . B Ry Ry .
<2s < 2sin—.
2R. 2R, 2 2R, 2Ry, — 2

By using the above inequalities, we estimate the sum

A B C
MRy sin — + Ao Rpsin — + A3R.sin —
2 2 2
and we deduce

A B
M R, sin B + Ao Ry sin b} + A3R.sin %

RQ Rg Rl R3 RZ Rl
> MR, —_— AR 3R, —_—
> MR ( + )-i- 2 b( )-i— 3 <4R +4Rb

NoRy | AR MR, | AsRe MRy | MRa
:R1<2b+ - >+R2<1 + )+R3<2b+ -

4R, 4R, 4R. 4R,

AR, ' 4R, 4R, ' 4R,

1
= (\/AgAgRl 4/ Ashi Ry + \/mst) .

Consequently, we obtain the inequality of the statement.

4R, ' 4R,

)
)

a

Remark 2.1. In relation (2.1) the equality holds if and only if M is the

incentre of ABC and

A sin? o) = A\ sin? 5 = )3 sin? %

Corollary 2.1. There are the following inequalities:

A B C
2 <Rasin2+Rbsin+Rcsin2> > Ry + Rs + R3,

2
2 (sin é + sin — B ~+ sin C) R R + Ry
2 2 VRyR, \/RcRa VR.Ry’
R Ry R3

3> + - :
a \/Rb Rc \/RcRa \/Ra Rb

R,sin A+ Rypsin B+ R.sinC

\/cos— cos— —|—R2\/cos— cos— +R3\/cos— cos—7

>
A+ B+ b A+ B+ c’

COS— COS— COS— COS— COS— COS—
2 2 2 2 2 2

T A B C
[T S [ A /. B /. ¢
R(Ra+Rb+Rc) > Rit/sin 5 + Rg4/sin 5 + R34 /sin 5

(2.6)

(2.7)
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Proof. If in Theorem 2.1 we make the substitutions Ay = Ay = A3, then we
obtain the inequality

A B
2 (Rasinz—l—RbsinQ—i—Rcsing) > R1 + Ry + Rs.

1 1 1
We take \; = T Ao = R’ and A3 = 7 in inequality of Theorem 2.1

a C
and we get inequality (2.3). By using Jensen’s Inequality we get
: L B L <
sin — +sin — +sin — < —
2 2 2 — 2
and with the aid of inequality (2.3), we deduce inequality (2.4). Making the

A C
substitutions A1 = cos oR A9 = cos 7 and A3 = cos bl in Theorem 2.1, we

obtain inequality (2.1).
Now, we prove the inequality

A
sin Bsin C' < cos? 3 (2.8)
in the following way:
. . 1 1 9 A
sin BsinC' = i[cos(B —C) —cos(B+ ()] < 5(1 + cos A) = cos 3
. 1 1 :
Therefore, by taking Ay = ——, A\a = ——, and \3 = — in Theo-
sin sin B sin
rem 2.1, and using the above inequality and its permutations, we have ine-
1
quality (2.6). If, in Theorem 2.1, we make the substitutions \; = —
sin —
2
1 1 : . :
Ao = — 5 and \3 = — then we obtain the inequality
sin 5 sin B
2(Ry + Ry + R.)

1 /. A B /. C
> \/ = 5 o <R1 Sin2+R2\E2+R3 sin2> .
sin — sin — sin —
2 2 2
But there is the equality
A . B . C T
sin 5 sin 5 sin 5 = IR’
so, we obtain (2.7). 0O
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Corollary 2.2. There is the following inequality:
R
R,RyR. > > R1R2R3. (2.9)

Proof. By the proof of Theorem 2.1 we have the inequalities

Rs R3 A Ry R3 . B )
B 9gins <92sin2 . and < .
5R. " oRm, = -"Mg 0 gp. Tagp, = Mgy A op-top S 2

We apply the arithmetic-geometric mean inequality and we find the
following relations:

A B
vV RbRCRQRg S 2RbRc sin 5 s,V RaRchRg S 2RaRC sin 5 s

and
. C
vV Ry RpR1 Ry < 2R, Rp sin 5

Taking the product of these inequalities and using equality
C r

sin — sin — sin — = —

2 2 2 4R

we obtain relation (2.9). O

Remark 2.2. Applying Euler’s inequality R > 2r, from relation (2.9) we

deduce inequality (1.9).

RoR RiR RiR
2l po_ MUl 4 R, = a2

According to the relations R, = , Ity = —, )
2ry 2r9 2r3

inequality (2.9) becomes
B C
R1 Ry R3 sin ) sin 5 sin ) > rirors,

which is the inequality of Bottema (see [1], Theorem 12.26, p. 111).
Using Theorem 2.1 and the above relations we obtain the following
inequality of Erdés-Mordell type
RoRs . A RiR3 B RiRy . C

Z a4 in— 4+ \ -
- sm2—|— 2 . 51n2—|— 3 - sln2

> V2 A3R1 4+ vV A3\ R + VA1 A Rs.

A1

3. APPLICATIONS
Application 3.1. If M = I, where [ is the incenter of triangle ABC, then we
.. r r r A
have the equalities R; = — Ry = — 5> Ry = —> R, = 2Rsin 2

sin — sin — sin —
2 2 2
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B C
Ry, = 2R sin;, and R. = 2R sinE. By replacing these relations in the
inequalities (2.1), (2.6), and (2.7), we obtain the following inequalities:

/| B C
A COS —COS —
2R Z sinA-sinE >r Z Yy 2 2 (3.1)

- , A ’
cyclic cyclic sin —
2
A 1
R tan — > 3.2
ZaHQ_TZSinA’ (3.2)
cyclic cyclic

and

R A 1
24/ — in— > . .
“T'ZSIDQ_Z I (3.3)
cyclic cyclic sin —
2

Application 3.2. If M = G, where G is the centroid of triangle ABC, then

. 2 2 2 mpme

we have the equalities Ry = gma, Ry = gmb, Ry = gmc, R, = 3
2 memy 2 mgmy, .

Ry = - ,and R, = = , where we use the notations: mg, myp, me —

replacing these relations in the inequalities (2.2), (2.3), (2.1), (2.6), (2.7),
and (2.9), we obtain the following inequalities:

A
2 Z m;;m sin 5 > mg + my + me. (3.4)
cyclic
A hbhc
2 Z sin - > Z et (3.5)
cyclic cyclic

MpMe . B C

2 Z e sin A > Z ma\/cosgcosg, (3.6)
cyclic cyclic
m
ZRZmbm051n§ZAZ aA’ (3.7)
cyclic cyclic ¢cog 5

where A is the area of triangle ABC,

\/; Z mzmc > Z ma\/sing, (3.8)

. a .
cyclic cyclic

and R
MMM > o hohphe. (3.9)
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Application 3.3. If M = K, where K is the symmedian point of triangle
ABC, then we have the equalities

Ry = 2bcmy, ,— 2ca L — 2abm,
a4+ b2+’ a? 4+ b2+ 2’ a2+ b2+ 2’
Ro_ 4Rmyme. _ 4Rm:mg 4R — 4Rmgmy
SR Sy e e

By replacing these relations in the inequalities (2.2), (2.3), (2.1), (2.6), and
(2.7), we obtain the following inequalities:

A
2 Z myMe SIDE > Z meha , (3.10)
cyclic cyclic
(3.11)
cyclic Cychc
Z mpmesin A > Z \/cos — COS — maha, (3.12)
cyclic cyclic

Yo Ml s, g Mala (3.13)

cyclic COS — cyclic COS —
2 2

\/> Z mpme 2 Z mgh a\/smiA (3.14)

cyclic cyclic

and

Application 3.4. Let ABC be an acute triangle.

1) If M = O, where O is the circumcenter of the triangle ABC, then

o R R
we have the equalities Ry = Ro = R3 = R, R, = Toos A’ Ry = Seos B’ and

R. = Ye0sC’ where R is the circumradius.
cos
By replacing these relations in the inequalities (2.1), (2.6), (2.7), and

(2.9), we obtain the following inequalities:

Z tan A > 2 Z \/cos—cos (3.15)

cyclic cyclic
E —_—>2 E (3.16)
cyclic COS A COS — cyclic COS —-

\/72 — 2 > ) \/> (3.17)

cyclic cyclic
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and

r
—_— > . .
iR 2 cos A cos B cos C (3.18)

2) If M = H, where H is the orthocenter of the triangle ABC, then
we have the equalities Ry = 2Rcos A, Ry = 2Rcos B, R3 = 2RcosC, and
R, =Ry =R.=R.

By replacing these relations in the inequalities (2.3), (2.1), and (2.6),
we obtain the following inequalities:

A B C
sin§+sin§+sin5 > 1—1—%, (see [1]) (3.19)
/| B C
Z sin A > 2 Z cos A4/ cos 5 085, (3.20)
cyclic cyclic
and ) A
cos

Zﬁzzz 1 (3.21)

cyclic COS 5 cyclic ¢cog 5

We mention that relations (3.18) and (3.19) are true in any triangle.

Acknowledgements. We thank the referee for suggestions leading to
the improvement of the first version of this paper.
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Asymptotic behavior of some sums associated to an infinite
set of natural numbers
DuMITRU Popal)
Abstract. We study the asymptotic behavior for some sums associated

to an infinite set of natural numbers.

Keywords: Arithmetic functions; asymptotic results; Mertens type eval-
uations.

MSC: 11N56, 11N37

INTRODUCTION

In this paper we study the asymptotic behavior for some sums associ-
ated to an infinite set of natural numbers. We will prove (see Proposition
1.1 and Proposition 1.2), that this behavior depends on the properties of
the infinite set of natural numbers and gives relevant information on when
a natural series associated to an infinite set is divergent, in which case the
asymptotic behavior depends on another natural function associated to the
divergent series. We will apply these results for the set of all natural numbers
and the set of all prime numbers (see Corollary 1.1 and Corollary 1.2). Our
method of proof was suggested by the proof of Theorem 8, pages 15-16 in G.
Tenenbaum’s book [7].

Let us fix some notation.

Let a € RU{—o00} and ¢ : (a,00) — R be such that there exists b > a
with g () # 0 for each x € (b,00). For a function f : (a,00) — R we write

f(x) ~ g (x) if and only if lim fz) =1
o0 g (x
Let a € RU{—o00} and ¢ : (a,00) — R be such that there exists b > a
with g (x) > 0 for each = € (b,00). For a function f : (a,00) — R we write
f(z) = O(g(x)) if and only if there exists M > 0 and ¢ > b such that
|f ()] < Mg (x) for each z > c.
All notation and notions used (and not defined) in this paper are stan-

dard, see e.g. [1], [7].

1. THE RESULTS

Proposition 1.1. Let A be an infinite set of natural numbers greater than
or equal to 2. Then there exists c4 € (0,00) such that

) L5 ()

1 1 1
In particular, the series Z [ln <1 — \/E) + \/E] and Z z have the same

keA keA
nature.

1)Department of Mathematics, Ovidius University, Constanta, DPOPAQUNIV-OVIDIUS.RO
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Proof. We will use the following inequalities whose proofs are left as an ex-
ercise to the reader:
2 23

x
1 —r—— < —/— 1. 1
()<n1_x x 2<3(1_36),0<:1:< (1)
From (1) we get
0ot ! U 1 @)
n e . ,
- L VB 2%k " 3kvE o _ L
vk vk
for all k € A.
Si ! ! it foll that th s 3L d
ince peyCR ) 7 it follows that the series ZW an
n /2 1— — k=1
Vn
1 = 1 ,
Z 1 have the same nature, hence Z 1 is con-
k=1 k3/2 <1 — ) k=1 k3/2 <1 — )
vk vk
vergent. From Stolz-Cesaro theorem, the case o Ve have
- 1 = 1
1 ~ Z k3/2°
k=n+1 k3/2 1— — k=n-+1
Vk
> 1 2
Since Z —= ~ —, we get
3/2 ’
k=n+1 k / \/ﬁ
> 1 2
> ~ == (3)
k=n+1 3/2 (1 _ 1) \/ﬁ
Vk

From (2) and the comparison criterion for positive series we get that

keA 1-—
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From (2) we also get

1 1 1
0< E In -—— - <= E
1
vk 2k 3 keAk>z k3/2 <1 — \})
k

1 oo
- 4
§3 § k:3/2< (4)

EL

(Here we used that {k e N|k >z} C{keN k > [z] + 1}, where [z] is the
integral part of z.)
Define hy4 : [2,00) — (0,00) by

1 1 1
@ =Y |m BN
k€A k>x 1-— L \/E 2k
k
Then, (4) and (3) give
1
h = —
r@=0 () )
Since
1 1 1 1 1 1
CpA — Z ln il - ﬁ - % + Z ln 1 — ﬁ — ﬂ
k€A, k<z 1—— k€A k>x 1——
Vk vk
we get
1 1 1 1
> ln<1—> +] =—> Y s -cathalz), (6)
keA, k<z |: \/E \/E 2 keA, k<z k
for all x > 2. From (5) and (6) we get the statement. O

The third and fourth limit from the next corollary were suggested by
Exercise 11 from page 22 in G. Tenenbaum’s book [7].

Corollary 1.1. The following are true:

3 [ln (1 _ 1) N 1}
. 2<k<z, k natural \/E \/E
lim _

1
T—00 ln X 2

N D
R In (In (z)) 9
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E {111(1—1)—#1]
. Vz<k<z, k natural \/E \/E 1
lim ==,
T—00 Inx 4

wm x [l-g)esl%

Vz<p<z, p prime

Proof. 1t is well known that
1 1
3 zlnx—i—’y—l—l—O(),
k T
2<k<z, k natural

where 7 is the Euler constant; see [7, Theorem 5, page 6].

1 1
2<k< w,zknatural \/E \/E

By Proposition 1.1 and the above evaluation we get

f(x)——;lnx—T—CA+O<;5>

and from here we get the first limit of the statement.
We have
1 1

3 {1n<1—\/g>+\/%] = [f(2) - f(Va)

Vz<k<z, k natural

1 1 1 1 1 1
2nx+2nﬁ+o<ﬁ>+o<%> 4nx+0<\%>,
and the third limit follows.

For the other two limits we use the famous Mertens theorem, see [7,
page 16], or [1], [3], [4], which asserts that there exists a real number B such

that
1 1
Z :ln(lnx)—l—B—l-O().
. p Inz
p<z, p prime
From Proposition 1.1 and Mertens’s theorem we get
1 1 1 1 1
Z 1n<1—)—I—}:—ln(lnx)—B—cA—i-O() (7)
p<z, p prime [ \/ﬁ \/ﬁ 2 2 Inz

and now we get the second limit.
From (7) we also deduce

3 [m <1—\}5> +\H :—%ln(lnx)—k%ln (InVz)+0 (m1x>

Vaz<p<z,p prime
In2 1
- —“i0(—
2 * (hﬂﬂn) ’
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and the last limit follows. O

Proposition 1.2. Let A be an infinite set of natural numbers greater than
or equal to 2. Then there exists by € (0, 00)such that

Ink Ink In2z
2 1“<‘k):‘ 2 k_bA+O(m>'

keA, k<x keA, k<x

Ink Ink
In particular, the series E In(1- 2% and E il have the same nature.
keA k keA k

Proof. We use the inequalities

0<l1 L _ <9672 0<z<1 (8)
e T S aa ey ST
From (8) we get
<lnk‘>2
1 Ink 1 k
k k
for all k € A.
Inn\?
n Inn\? 2 /Inn\?
Since ———+— ~ <> and the series Z () is convergent, it
1_1r17n n n=2 n
n

<1n n> 2
“\n
follows that the series Z o is convergent. Further, from Stolz-Cesaro

n=21— ——
n

0
theorem, the case o’ we get

(lnk>2
>\ ko = (Ink)?
2 LE "~ 2 <k) '
k=n+11— ——  k=n+1
k
By using Proposition 6(2) and Proposition 8(1) from [2, pp. 233 and 239-

240], we get
> (lnk>2 7<lnm>2 In?n
M CORTICORS
k T n

k=n+1 n
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and thus

(ln k:> 2
o0 7 2
k 1
3 ~ (10)
Ink n
k:n-i—l 1 - T

Let us remark that the above evaluations can be obtained by using the results
from [5] or [6, chapter V].

From (9) and the comparison criterion for positive series we get that the

. 1 Ink | . .
series Z lnm - | B convergent. Let by € (0,00) be its sum,

Ink
=[x 1——
k=[z]+1 L
Define s : [2,00) — (0,00) by ha(z) = > IPNELINNE 1) [
efine hy : [2,00 ,00) by hy(z) = n mE " & an
k€A k>x 1—7
note that from (11) and (10) we deduce
1 2
hA(;U):O<n x) (12)
x
Since
1 Ink 1 Ink
bA: Z lnilnk: — 7k‘ =+ Z lnih'lk' —7]{; 5
k€A, k<z 1— — keAk>z 1——
k k
we get
Ink Ink
Yo om(1-2F) == Y T it ha(e),Vez2  (13)
k k
keA, k<z k€A, k<z
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From (12) and (13) we get the statement. O

Ink 1
O
2<k<zx, k natural

(see Proposition 6(2) and Proposition 8(1) from [2], or [5], [6, chapter V]),
by Mertens theorem
Inp
Z — ~Inx
p

p<z, p prime

Since

(see [7, page 14] or [1, 3, 4]) and from Proposition 1.2 we get
Corollary 1.2. The following are true:

> 1n<1—1nkk> 1 > 1n<1—1npp>

. k<z, k natural . p<z, p prime
lim 5 = ——; lim =—1.
T—00 In? z 27 z—oo Inx
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NOTE MATEMATICE

Asupra vitezei de aproximare cu polinoame Bernstein
GHEORGHE STOICAY)

Abstract. Using standard binomial estimates, we obtain a rate of n~1/?
in the approximation with Bernstein polynomials at each point where the
first derivative exists.

Keywords: Bernstein polynomials, rate of convergence
MSC: 41A10, 41A25.

In 1912, S.N. Bernstein a introdus polinoamele (care astazi 1i poarta
numele)

Balga) = k0 o ()

asociate unei functii f : [0,1] — R si, cu ajutorul lor, a demonstrat teorema
lui Weierstrass de aproximare a functiilor continue (vezi [2], p. 5, Theorem
1.1.1), anume
(i) forma locald: daca f este marginita pe [0, 1] si continud intr-un punct
xo, atunci
Jim By (f,z0) = f(wo)-

(ii) forma globala: daca f este continua pe [0, 1], atunci convergenta din
(1) este uniforma pe [0, 1], i.e.,
lim sup |Ba(f, ) — f(2)] =0.
00 4e0,1]
In 1932, E.V. Voronovskaya a obtinut viteza de convergenta in teorema
de mai sus, sub forma unei formule asimptotice. Anume, pentru o functie f
marginita pe [0, 1], avem (vezi [1], p. 307, Theorem 3.1)
(i) forma locala: daca f"(xg) exista, atunci

lim n(Bn(f, o) — f(:cg)) _ 20 =20) g,

n—o00 2

(i) forma globala: daca f” este continua pe [0, 1], atunci convergenta
din (i) este uniforma pe [0, 1], i.e.,

n(Baf2) ~ f) - D

5 f"(z)] = 0.

lim sup
0 2¢[0,1]

In acelasi an, Bernstein a generalizat rezultatul lui Voronovskaya pentru
derivatele de ordin par ale lui f. incepénd cu rezultatele lui T. Popoviciu
din 1935, s-au obtinut alte viteze de convergenta in limbajul modulului de
continuitate al lui f sau f’. In particular, aceste rezultate se aplica functiilor

1)P]rofes.sor, University of New Brunswick, Saint John, Canada
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Lipschitz sau functiilor cu f’ Lipschitz. Desi literatura de specialitate pe acest
subiect este foarte vasta, nu am intalnit o viteza de convergenta in punctele
unde f’ exista, fara alte ipoteze suplimentare. Ne propunem s demonstram
aici un astfel de rezultat folosind ingrediente deja cunoscute.

Mai intai trebuie sa mentionam la ce ne putem astepta: pentru functia
f(x) = |x — mg|, a carei derivata este discontinua in xg, avem (cf. [2], p. 21)

1

Cu alte cuvinte, in ipoteza existentei lui f’(x¢), nu ne putem agtepta la

cand n — oo.

o vitezd de convergenti mai buni decat n~1/2. Intr-adevir, avem urméatorul
rezultat:

Teorema. Pentru o functie reala f marginita pe [0,1], avem
(i) forma locala: dacd f'(x) existd, atunci

lim /7| Bu(f,z0) — f(x0)| = 0.

(i1) forma globala: daca f' este continud pe [0,1], atunci convergenta
din (i) este uniforma pe [0,1], i.e.,

lim sup v/l Ba(f,) — f(z)| = 0.

=0 1el0,1]

Demonstratie. Putem scrie

f(x) = f(xo) + (x — x0) f'(20) + (x — 20)g(x — 9), (1)
unde g(z) — 0 cand z — 0.
Inlocuind (1) in definitia polinoamelor Bernstein, obtinem

n

Bu(fiwo) =Y Chat(1—wo)" ™" f(zo)+
k=0
3 (Eem) ctab 0w rer )
k=0
—1—;:()(2 - x0>g<fb - :r()) CFal(1 — o)™,

Un exercitiu simplu de combinatorica arata ca prima suma din (2) este
egald cu f(zp), iar a doua este egala cu 0. In continuare vom estima a treia
SuUma.

Fie ¢ > 0 gi luim § > 0 astfel ca |g(x)| < € pentru |z| < §. Impartim

!/ "
a treia suma din (2) in doua subsume, notate Z si Z, prima luata dupa
< 4, iar a doua dupa acei

acei indici k care satisfac inegalitatea |— — xg
n
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indici k care satisfac inegalitatea |— — xg| > 0. In continuare vom folosi
n

doua rezultate ajutatoare.
Pentru orice n > 1 avem (vezi [2], p. 15, formula (9))
|k

2.,

~ — x| CEzf(1 — zo)"F < C1/n, (3)
k=0

unde C; > 0 este o constantd universala (nu depinde nici de n, nici de zg).
Pentru orice 6 > 0 avem (vezi [1], p. 304, formula (1.6)):

ﬁ: Chak(1 — zo)"* < 027@, (4)

n
unde C(d) > 0 depinde numai de 6.
Folosind relatia (3), obtinem

/

e

— — X0

k
>g(n - 1:0> Cﬁxg(l — xo)”_k

IN

k k
< Z — — o g( —m0> CFak(1 — zo)nF <
; nk n (5)
< ¢ = — x| CRak(1 — zo)"F <
n
= |k
< z-:k: = —xg| CRab(1 — zo)" 7k < 63%.

Intrucat f este marginitd, existi M > 0 astfel ca |g(z)] < M pen-

tru orice z € [0,1]. Tinand cont ca

k _
Ja( £~ ) chabr -z <

obtinem

"

(%

"

— — I

k
Z 20
n

Ca(9)

< 2MY CRaf(l—xg)"F < 2M =,

n

Combinand relatiile (2), (5) si (6), deducem ca

Vi Bn (f,0) — f (20)| < Cie +2M

C2(9)
N

< 2, impreuna cu relatia (4),

(7)

Facem n — oo gi tinem cont ca € > 0 este arbitrar, deci trecand la limita in
(7) se demonstreaza teorema in forma locala.

S& observam ca § din formula (7) depinde de xg. Daca, in plus, f’ este
continua pe [0, 1], atunci functia ¢ din formula (1) converge uniform catre 0

cand x — 0, deci formula (7) are loc cu ¢ independent de z. In particular,
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convergenta catre 0 a membrului stang din (7) este uniforma in raport cu
x € [0,1], deci forma globala a teoremei este demonstrata.

Observatie. Metoda de demonstratie de mai sus se preteaza la gene-
ralizare pentru derivatele lui f de ordin impar. Invitam cititorul sa furnizeze
detaliile tehnice.

BIBLIOGRAFIE
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det AB = det Adet B
CONSTANTIN-NICOLAE BELIY

Abstract. In aceastd notd dim o demonstratie proprietatii referitoare la
determinantul produsului a doud matrice patratice folosind definitia deter-
minantului.

Keywords: Matrices, determinants.
MSC: 11C20

Teorema. Daca A, B sunt doud matrice n X n, atunci
det Adet B = det AB.

Demonstratie. Facem intai o observatie. Avem

n n n n
E Tij | - E Tnj | = E E T1jy *° Tngp -
J=1 J=1

Jji=1 Jn=1

Daca in loc de ji,...,j, scriem f(1),..., f(n), relatia de mai sus se poate
scrie ca

n n n

IL{ > | = X I=iser

i=1 \ j=1 fEF, i=1
unde F), este multimea tuturor functiilor f: {1,...,n} — {1,...,n}.

Fie A = (aij)lgi,jgn si B = (bz‘j)lgi,jgn- Atunci AB = (Cij)lﬁi,jgm
unde
n
Cij = Zaikbk]’.
k=1

DSimion Stoilow Institute of Mathematics of the Romanian Academy, Bucharest,
Romania.
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Avem
det AB = Z 6(0) Hcia(i) = Z 6(0) H Zaijbja(i)
oS, i=1 0ESn i=1 \ j=1
=> <@ > [aswbraon = D e@) Y TTairw [T ore-10
oc€Sh feF, i=1 oESh feEF, i=1 =1
(Am folosit schimbarea de indici o(i) = j, adica i = o ~1(j), cu ajutorul
careia obtinem ca H bi(iyoli) = H bro—1());-)

i=1 j

Prin urmare det AB este suma tuturor expresiilor de forma

o) [T aire [ ] boci
=1 =1

cuo €S, sif,g€F, astfel incat g = fo~!, i.e. f = go. Rezulti ci

n n
det AB = Z Z E(O’) H alf(z) H bg(i)i?
F,9€F, \0€A;, i=1 i=1

unde Ay g = {0 € S, | f—gcr}

Vom determina Z . Avem trei cazuri:

oC€A; g

1) g ¢ S,. Atunci g nu este injectiva, deci exista i,j € {1,...,n}, i # j,
astfel incat g(i) = g(j). Notam cu 7 transpozitia (i j). Atunci g7 = g. (Daca
k # i,j, atunci g(7(k)) = g(k); daca k = 1, atunci g(7(i)) = g(j) = g(i);
dacd k = j, atunci g(7(j)) = g(i) = g(j).) Rezulta ca pentru orice o € Ay,
avem gro = go = f, deci 7o € Ay .

Notam H = (7). Deoarece 7 are ordin 2, avem H = {1,7}. Rezulta ca
Ho = {0,710} pentru orice o € S,,. Multimile Ho, o € S,,, sunt clasele de
echivalenta la dreapta modulo H din S, si realizeaza o partitie a lui S,. Am
aratat ca pentru orice 0 € Ay, clasa sa de echivalenta la dreapta Ho este
continuta in Ay . Rezultd cd Ay, se scrie ca o reuniune disjuncta de astfel
de clase de echivalenta:

Afg=Ho1U---UHos = {o1,701}U---U{0s,T0s}.

Rezulta ca
S

> elo) =) (e(on) +e(rov)).

o€Ay 4 t=1
Cum transpozitia 7 este impara, obtinem e(7o¢) = e(7)e(0r) = —e(0v),
deci e(o¢) + e(10t) = 0. Rezulta ca Z g(o) =0.
o€A;
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2) g €Sy, f ¢S, Atunci go € S, pentru orice o € Sy, deci go # f.
Rezulta ca Ay g =0 si Z g(o) =0.
o€Ay;
3) f,g € S,. Atunci f = go este echivalent cu o = g1 f.

Deci Ay, = g fsi Z g(o) = 6(9_1f) = 5(9_1)5(f)'

o€A} g

In consecinta

det AB= >~ e(Nelg™") [T aise) [T by =
i=1 1

J:9€Sn = i=

n

= Z e(f) Haif(i) Z 5(971)Hb9(i)i = det Adet B.
i=1

feSn gGSn =1

In a doua parantezi am folosit schimbdrile de indici h = g~! si i = h(j),
adicd j = h~1(i), pentru a obtine ci
n

Z 5(9_1> Hbg(i)ﬂ' = Z E(h) H bhfl(i),z’ = Z E(h) H bj,h(j) = det B.
=1 j

gESn =1 heSn
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PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of March 2013.

PROPOSED PROBLEMS

365. Let K be a field and let f,g € K[X], f,g ¢ K, such that g" — 1| f*—1
for all n > 1. Then f is a power of g.

Proposed by Marius Cavachi, Ovidius University of Constanta, Con-
stanta, Romania.

366. Let K be an algebraically closed field of characteristic p > 0. For ¢ > 0
P _ 0.
we define the polynomials Q; € Q[X] by Qo = X and Q;41 = u Ifk>0
p

writes in basis p as k = cog + c1p + -+ + ¢sp® with 0 < ¢; < p — 1 then we define
Py € QX] by P, = Q° QY -+ Q5.

Prove that if f = X*+ap_1 X* 1 4. +a¢ € K[X] with ap # 0 has the roots
aq, ..., 0 with multiplicities kq, ..., ks then

Vii=A{(xn)n>0: 2n € K, Tpyk + ap_1Zpyk—1+ -+ aoz, =0, Vn > 0}

is a vector space with {(Pj(n)a])n>0:1<i<s, 0<j <k, —1} as a basis.

(Hint: Use the note “Linear Recursive Sequences in Arbitrary Characteristics”
by C.N. Beli from the issue 1-2/2012 of GMA.)

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

367. Give examples of functions f, g : R — R such that: f has period v/2, ¢
has period v/3, and f + g has period /5.

Proposed by George Stoica, Department of Mathematical Sciences,
University of New Brunswick, Canada.

368. Find all matrices X1, ..., X9 € Ms(Z) with the property that det X} =1
Vkand X{+- + Xd = X2+ + X2 + 1815.

Proposed by Florin Stanescu, Serban Cioculescu School,
Gaegti, Dambovita, Romania.

369. A stick is broken at random at two points (each point is uniformly
distributed relative to the whole stick) and the parts’ lengths are denoted by r, s,
and t. Show that the probability of the existence of a triangle encompassing three
circles of radii r, s, and t, each side tangent to two of the circles, and the circles

i 5
mutually externally tangent, is equal to o

Proposed by Eugen J. Ionagcu, Department of Mathematics, Columbus
State University, Columbus, U.S.A.
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oo

370. Calculate the improper integral /c052 x cos x2dx.

0
Proposed by Angel Plaza, Department of Mathematics, Univ. Las
Palamas de Gran Canaria, Spain.

371. Let [ABCD] be a Crelle tetrahedron and let M, N, P,Q, R, S be the
contact points of the sphere tangent to its edges.

Prove that Viynpors) < §V[ABCD]~

(By Vx we denote the volume of the polyhedron X.)
Proposed by Marius Olteanu, S.C. Hidroconstructia S.A., Sucursala
,,0lt-Superior’’, Rm. V&alcea, Romania.

2 n 1
372. Prove that lim e™™ <1 +n+ % + - n'> = —.
! n!

n—o0 2
Proposed by George Stoica, Department of Mathematical Sciences,

University of New Brunswick, Canada.

373. Let n > 1 and let ®,(X,q) = H(X — ¢ Y =ag+ -+ a, X", with
k=1
a; € Rlg|]. Prove that

n—1
E ;41
i=0
n
2
> q
i=0

Proposed by Florin Spinu, Department of Mathematics, Johns
Hopkins University, Baltimore, MD, U.S.A.

—q(l _ q2n—1)
T

374. Let Aq,..., A, be some points in the 3-dimensional euclidean space.
Prove that on the unit sphere S? there is a point P such that PA;-PA, --- PA, > 1.
Proposed by Marius Cavachi, Ovidius University of Constanta.

375. Let n > 3 be an integer. Find effectively the isomorphism class of Galois

group Gal (Q (cos 2;:) /Q)

Proposed by Cornel Bdetica, Faculty of Mathematics and Informa-
tics, University of Bucharest, Bucharest, Romania.

376. (a) Show that the probability of a point P(x,y, z), chosen at random
with uniform distribution in [0,1]3, to be at a distance to the origin of at most v/2
(15 — 8v/2)7

S ———————.

12
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(b) Prove that

cos3 6 4

w/4
/ cos3/? 29d9 (4v2 — 5)m

0
Proposed by Eugen J. Ionagcu, Department of Mathematics, Columbus
State University, Columbus, U.S.A.

377. Let p > 2 be a prime and let n be a positive integer. Prove that
I

—1)* :
2. (pk)

k=0

Proposed by Ghiocel Groza, Technical University (TUCEB), Bucha-
rest, Romania.

378. Let (z,,)n>1 be a sequence with 0 < z, < 1. Then the following are
equivalent:

(i) For any convergent series of positive numbers Z a,, the series Z aym is

n>1 n>1

convergent, as well.

(ii) The series Z M~V (=20) §g convergent for some M > 1, large enough.

n>1

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of

Mathematics of the Romanian Academy, Bucharest, Romania.

SOLUTIONS

Corrigendum. Unfortunately, the problems from the issue 3-4/2011 of GM-
A were mistakenly counted from 323 to 336, same as in the previous issue. In
fact they should have been counted from 337 to 350. Here we are correcting this
mistake. At each problem we indicate in parentheses the number by which it was
indexed initially.

337 (323). If m,n are given positive integers and A, B, C' are three matrices
of size m X n with real entries, then

> (det(ABT))? det(CCT) < [ det(AAT) +2 [ |det(ABT).
cyclic cyclic

Proposed by Flavian Georgescu, student, University of Bucharest,
Bucharest and Cezar Lupu, Politehnica University of Bucharest,
Bucharest, Romania.

Solution by the authors. We prove a slightly stronger result, namely

> (det(ABT))? det(CC™) < [ det(AA™) +2 [] det(AB™).

cyclic cyclic
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Let S = {(j1s--sJm) | 1 < j1 < ... < jm < n}. If X € M, ,(R) and
w= (J1,...,Jm) € S we denote by X(w) the m x m matrix whose columns are the
columns ji,...,jm of X.

Then if X,Y are two m X n real matrices the Cauchy-Binet formula writes
det(XYT) =" det X (w) det Y (w).

wes
Hence if z = (det X (w))wes and y = (det Y (w))yes then det(XY7T) = (z,v),

where (-, -) : R(%) x R(W) = R is the usual dot product.
Hence if a = (det A(w))wes, b = (det B(w))wes and ¢ = (det C'(w))yes our
statement writes as:
(a,b)*(c;c) + (b,€)*(a,a) + (¢, a)* (b,b) < (a,a)(b,b)(c,¢) + 2(a, b)(b, c)(c, a).
But the dot product (-,-) is an inner product so the Gram matrix
(a,a) (a,b) (a,c)
(b,a) (b,b) (bc)
(c;a) (c;b) (c0)

is positive semidefinite and therefore its determinant
(a,a)(b,b)(c, c) + 2(a,b)(b, c)(c,a) — (a,b)*(c,c) — (b,c)*(a,a) — (c,a)?(b,b),

is non-negative. (]

338 (324). Let p be a prime number and a, b, ¢, d positive integers such that
a>candb,de{0,1,...,p—1}. Show that

(Zﬁi;) =(a—c) (Z) (Pil’b) + C(Z) (ﬁ——::Z) —(a— 1)(Z> (Z) (mod p?).

Proposed by Marian Tetiva, Gheorghe Rogca Codreanu National
College, Barlad, Romania.

Solution by the author. We start with the equality
(L+X)P*H = 1+ X)P-- (1+ X)P(1 + X)",

where there are a factors (1 + X)?. We express the coeficient of X P+ (from the
two sides of the equality above) in two ways to obtain

(3e0) =2 () ()6

where the sum in the left hand is taken over all non-negative integer values of the
indices i1, ...,1q4,j with the property that ¢; +---+1i, +7 = cp+d. We use the well
known result that P = 0 (mod p) for 1 < ¢ <p—1 and we get that all products
q

in the sum above where at least two of the indices 41, .. .,4, belong to {1,...,p—1}
are divisible by p?. Hence

(=5 () () () woarn
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where the sum Z is taken only over those i1, ...,%,,J > 0 with i1+ - -+i,+j = cp+d
such that at most one of iq,...,4, is not 0 or p. But one notes that, due to the
condition that b,d € {0,1,...,p— 1}, if s of the indices i1, ..., 1, are equal to p and
all others except, possibly, one, are 0 we have s = c or s = ¢ — 1. Thus we get the

(22 =eol0) £,)0)
el )2 (0 e () i

a
Here (a—c) < > is the number of ways one may choose cindices 1 <{; < ... <
c

lc <aand an index k € {1,...,;a} \ {l1,...,lc} such that 4y = p if | € {l4,...,1.},

=0ifl ¢ {l1,...,l.,k}, and i, = 4. Thus the first sum deals with the case
when s = ¢ and, similarly, the second sum deals with the case s = ¢ — 1. The
two sums accurately count the products where one of iy,...,7, is not p or 0. The
terms where all i1, ...,14, are p or 0 or, equivalently, when j = d (and so the product

b
is (d>) are counted in the first sum (a — ¢) (a> times (the case i = 0, j = d)
c

and (@ —c+ 1)( ) times in the second (the case i = p, j = d). In total this

a
c—1
a a
term is counted a( ) times. In fact it appears only ( ) times. This justifies the
c c
subtraction of the last term.
To finish the proof we use the equalities

2 ()6)-C3) 2,000

i+j=d i+j=p+d

together with (a —c+ 1) (ci 1) = c(i). O

P
339 (325). Let p be a prime number. Show that Z {/k+ ¥k cannot be
k=1
rational.

Proposed by Marius Cavachi, Ovidius University of Constanta,
Constanta, Romania.

Solution by the author. First of all let us summarise some theoretical points.
An algebraic integer is a complex number that is a root of a monic polynomial with
integer coeflicients. The algebraic integers form a ring, let us denote it with A. Also
if @ is an algebraic integer then {/a € A. Another property we shall make use of is
ANQ="7Z.
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From the above we can see that {/k+ ¢k is an algebraic integer so if we
P
denote with s = Z \Vk+ %, we have that s € A. We argue by contradiction, so
k=1
assume s € Q. It follows from the above that s € Z, and since it is positive s € N.
For p = 2 we have

st= (\/5—}—\/2—}—\/5)4:(4+\/§+2a)2:18+2b:2d,

while for p odd we have

s l(g}/ﬁ)l k+kz:<’/E+pa>p
( <a+>+;<f> (pb+2<"f>

z p+1
pet Y k=plc+——)=pd,

k=1

M=

1

“TT

where a, b, c,d are algebraic integers. Now if we look at d it is rational since s is

rational, and since it is an algebraic integer it follows using the property recalled in
2

the first paragraph that it is an integer. So s = pd, where d € Z, thus p | s

To finish the proof let us note that 1 < {/k + ¥k < 2. The left inequality is
obvious, while for the second one it is sufficient to prove that ¢/p + ¢/p < 2, which is
equivalent to ¢/p < 2P —p. This is easily seen to be true when p = 2. Now for p > 3
we have 2P > p + 2, so that ¢/p <2 < 2P — p. Summing up, we get p < s < 2p, and
this cannot happen since p | s. This is the desired contradiction, so our assumption
was false, thus s € Q. O

340 (326). Let A, B € M,(R) diagonalisable in M, (R) such that exp(A4) =
exp(B). Show that A = B.

Proposed by Moubinool Omarjee, Jean Lurcat High School, Paris,
France.

Solution by the author. Let X =sp(A) Usp(B) = {A1,..., ¢}, where A\, € R
are pairwise distinct. This implies that e, ..., e are pairwise distinct as well.

Let P be the Legendre interpolation polynomial with P(e**) = \;, Vk.

Since A is diagonalisable we may write

Q7 'AQ = D = diag(ay, ..., a,) = diag(P(e™),..., P(e"))

for some invertible matrix Q. (We have ai,...,a, € {A1,..., A} so P(e®) = ay.)
This implies that D = P(e”) so Q7' AQ = Q7 'P(e*)Q and A = P(e?). By the
same reasoning B = P(e?). But e = eP so A = P(e?) = P(eP) = B. O
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1
341 (327). Let N be the n x n matrix with all its elements equal to — and
n
A€ M,(R), A= (aij)i<i, j<n, such that AF = N for some positive integer k. Show

that
Z aj; >

1<i,5<n
Proposed by Lucian Turea, Bucharest, Romania.

Solution by the author. For any X € M, (R) put
Y
1<i,j<n
We first prove that for any two matrices X, Y € M, (R) we have the inequality
m(X)m(Y) > m(XY).
Let XY =7 = (z”) Then, by using the Cauchy-Bunyakovsky-Schwarz ine-

quality, we have
n 2 n n
2 2
k=1 k=1 k=1

We sum over j, and we get

n n n n
j=1 j=1 \k=1 k=1

(Z ) iiyij =<kzi:1a:$k>-m(y

j=1k=1

We sum over ¢ and we get

PHIEEDS (Z ) m(Y) = m(X)m(Y).

=1 j=1 =1

So we have proved our claim.
To end the proof we note that (m(A))k > m(AF) = m(N) = 1 and since
m(A) > 0 we obtain m(A) > 1, i.e. the conclusion. O

342 (328). Given a > 0, let f be a real-valued continuous function on [—a, a
and twice differentiable on (—a,a). Show that for all |z| < a, there exists |£| < z
such that
f(@) + f(=2z) = 2f(0) = 2> f"(€).
Proposed by George Stoica, University of New Brunswick in Saint
John, NB, Canada.

Solution by the author. Let L(t) be the Lagrange interpolation polynomial
with (=) = f(~z) and L(z) = f(z), i
t—

L(t) = f(~2)

-z —x x—(—x)
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For any t € [—a,a], t ¢ {—x, 2}, we have the Lagrange interpolation formula
with remainder:

F8) = L(t) + 3 f1©)(b + 2)(t - ),

where £ belongs to an interval (¢, d) such that —z, z,t € [c, d].
In particular, if ¢t = 0 then £ € (—z,x) and the interpolation formula above
becomes

£(0) = L) - 5 £(©)
£(0) = 3 7(=) + 3 f(x) — 5 f(E)a”.

O

Solution by Angel Plaza. Let x be such that |z| < a. We may assume that
0 < z. By the Taylor Theorem there exist ¢ € (0,z) and d € (—x,0) such that

fa) = )+ fOr+ T
flex) = 0 - FOr+ D02,
from where by summing up it is obtained
F@) + f(—z) —2f(0) = ﬁw.

11 1
Note that f1e) + 1(d) is a value between f”(c) and f”(d). Then by

Darboux’s intermediate value theorem there exists & between ¢ and d such that

1 1"
(&) = M, and the problem is done. O

343 (329). Let ABC be a triangle and let P be a point in its interior with
pedal triangle DEF. Suppose that the lines DE and DF' are perpendicular. Prove
that the isogonal conjugate of P is the orthocenter of triangle AEF.

Proposed by Cosmin Pohoatd, Princeton University, Princeton, NJ,
U.S.A.

Solution by the author. We denote by M the isogonal conjugate of P. Let X,
Y, Z be the reflections of P into the sidelines BC, C A, and AB, respectively. It
is known that the isogonal conjugate of a point is the circumcenter of the reflection
triangle of the point with respect to the sides. In our case P is the circumcenter of
the triangle XY Z. Now the triangles XY Z and DEF are similar. Since DE and
DF are perpendicular to each other, so are XY and X Z. Hence M, the circumcenter
of XY Z, is the midpoint of Y Z. Since M, E, F' are the midpoints of the sides of the
triangle PZY', we have EM||PZ and FM||PY. But PZ 1L AF and PY L AE. We
conclude that EM 1 AF and FM 1 AFE, so M is the orthocenter of the triangle
AEF. |
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344 (330). It is well-known that for p > 1 prime, the number
2r—1l 1
N=——
p
is an integer. When is IV a natural power of an integer?

Proposed by Ion Cucurezeanu, Ovidius University of Constanta,
Constanta, Romania.

Solution by the author. Let 2P~ — 1 = py™, n > 1. We distinguish two cases:
a) n is even. The equation writes as 2771 — 1 = pz2.

Since (2”%1 1,25 4 1) =1, we have 257 +1 = w2, 257" F 1 = po?, with

wv = z. When the =+ sign is + we have (u —1)(u+1) = 2"2" | which implies u = 3,
so p = 7. When the sign is —, if p > 3 then u?> = —1 (mod 4), which is impossible.
Thus p = 3.

b) n is odd, n > 1. As in case a) one has

p—1

2" +1 =0, 2" F1=p", withuww = 2.

- "+1 "+1
From the first equation we get 2% = (u+ 1)u T But * is an odd
U
integer, so it must be 1, which implies © = 1, so the + sign is + and p = 3.
In conclusion, p = 3 or 7. O

345 (331). Let f € Z[X] be a monic polynomial of degree n+2, with f(0) # 0,
n € N, n > 1. Show that there are only finitely many positive integers a such that
f(X) 4+ aX™ is reducible over Z[X].

Proposed by Vlad Matei, student, University of Cambridge,
Cambridge, UK.

Solution by the author. We will prove the following

Claim. Let g(X) = ap12X" 2 + a1 X" + a0, X" + -+ + ag a polynomial
in Z|X], such that |an| > |ant2| + |ant1| + |an—1] + - - + |ao|, withn € N*. Then g
has n roots inside the unit disc and two roots outside the unit disc.

Proof. We have that for |z| = 1, |g(2) — an2"| = |ani22""? + apy12" T +
an—12""" o ao| < langa| + |anta] + lan—1] + -+ faol < lan| = |anz"], so
according to Rouché’s theorem we have that g has the same number of roots inside
the unit disc as the polynomial a,, X™. Thus g has n roots inside the unit disc and
the other two are outside the unit disc.

Coming back to our problem, let us show that for a sufficiently large f(X) +
aX™ has no real roots outside the interval [—1, 1].

(z)

Let us remark that lim M = lim “—<% = oo. Thus looking on the
r—oo0 " x——o0 N

f(=)
:I:TL
infimum, and for n — %00 it has oo limit, thus looking at h on (—oo, —1JU[1, 00) we
obtain that is bounded from below. Thus for a natural sufficiently large, h(z) = —a
has no solution in (—oo, —1] U [1,00). Also, let us note that there is also a value for

a such that from that point on the polynomial f(X) + aX™ satisfies the conditions
of the claim.

compact set [—n, —1] U [1, n] the function h(x) = is continuous, thus it has an
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Thus, from a point onwards, we have that f(X) + aX™ has no real roots in
(=00, —1] U [1,00) and has exactly two complex roots outside the unit disc. Let
us remark that the latter roots are complex conjugate, so if f(X) + aX™ would be
reducible they would belong to the same irreducible polynomial in the decomposition,
and thus a polynomial in the decomposition would be monic and with all roots of
modulus < 1. It follows that the constant term of this polynomial is < 1 in absolute
value. But this constant term is an integer and it cannot be 0 as f(0) # 0, so
X t F(x) + aX™. Contradiction. Thus f(X) + aX™ is irreducible from a point
onwards, and the proof ends. O

346 (332). The cells of a rectangular 2011 x n array are colored using two
colors, so that for any two columns the number of pairs of cells situated on a same
row and bearing the same color is less than the number of pairs of cells situated on
a same row and bearing different colors.

i) Prove that n < 2012 (a model for the extremal case n = 2012 does indeed
exist, but you are not asked to exhibit one);

ii) Prove that for a square array (i.e. n = 2011) each of the colors appears at
most 1006 - 2011 (and thus at least 1005 - 2011) times.
Proposed by Dan Schwarz, Bucharest, Romania.

Solution by the author.
i) We will more generally work with 2m — 1 = 2011. Denote by a; the number

of cells of the first color, and by b; = n — a; the number of cells of the second color,
2m—1

situated on row 1 < i < 2m — 1. Also denote by A = Z a; the total number of

=1
cells of the first color, and by N the total number of pairs of cells situated on a same
row and bearing different colors. We will proceed by the trusted double counting
method.
On one hand, on each row 1 < ¢ < 2m — 1 we have exactly a;b; = a;(n — a;)
such pairs, so

2m—1 2m—1

2m—1 Z a; Z a;
N = im—a;)) <(2m-—1 =1 _ =l
> ain—a) < (2m—1) om—1 | |" 2m—=1

=1

by Jensen’s inequality, since the function f(x) = z(n — z) is concave.
On the other hand, the number of such pairs for any two columns is at least
m (versus at most m — 1 pairs of cells situated on a same row and bearing the same

1
color), so N > m<;) = imn(n —1).

Putting together the two inequalities from above yields
An(2m—1)— A)
2m — 1

1
>N > §mn(n - 1),

1
thus A% —n(2m — 1)A + 5(2m —1)mn(n—1) <0.
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The discriminant of this trinomial is
A =n%2m—1)2-22m — 1)mn(n —1) = n(2m — 1)(2m — n).

In order for the inequality to be possible we need A > 0, thus n < 2m, which
in our particular case means n < 2012.

It is interesting that we achieved the right bound for n, as it will be seen in
the sequel, which will thus provide an alternative proof (based on linear algebra
techniques).

i) The bounds for the number of apparitions of a color are given by the roots
of the above trinomial, which are

Vn2m —1) (\/n(Qm — 1)+ v2m — n)
5 .
For n = 2m — 1 = 2011 this yields the required bounds. O

347 (333). Prove that for any m,n > 3 there is an m x n matrix of rank 2
with entries distinct primes.

Proposed by Nicolae Constantin Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

Solution by the author. We prove that a more general result holds. Namely, if
S C [2,00) is a set of mutually prime integers such that
€Sla<
o #aes|asa)

T—00 T

=00 VYu<l,

then for any m,n > 3 there is an m X n matrix of rank 2 with entries distinct
elements of S. Then we take S to be the set of all primes to solve the problem. (We
have lim (@) =1,s0 lim L(x)

00 x/ log x ro00 U

Suppose that S is a set as above. Then for any v > 1 and any C' > 0 we have
#{a € S|z <a<z'} > Cx when z is large enough. Indeed, since ¥ — oo as
x — 0o and 1/v < 1, we have

eS|laga?
o o€ Sasa)

< v
lim #{aES|a_x}: i

T—00 €T T—00 (xv)l/v

=00, Vu < 1.)

Thus for = large enough we have #{a € S | a < 2V} > (C + 1)z, which,

together with #{a € S |a <z} <z, implies #{a € S |z < a < 2"} > Cx.
[dn — 7
Let 1 <v < 47178, so that 4n — 7 — (4n — 8)v? > 0. Then there is some N
n—
such that for any > N we have #{a € S |z < a < z"} > 2z and
#{lacS|2*" <a< a:%z} > (m —2)2%" > (m — 2)2°.
1

Let > max{N,n4m-7-Gm-5?}1 be an integer. Then S contains some ele-
ments ar,...,0q, b1,...,by, and ¢;; with 1 < i <m—-2and 1 < j < 22 with
r<a <...<ap;<b <...<by<z'and

2
7 <1< <2 < < Ol < oo < Cppgz <22V

(For short ¢; ; < ¢, when (7,7) < (k,1) in the lexicographic order.)
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Since z¥ < z2v, all elements ay,, by, ci,; of S are different from each other and
so mutually prime.

We use the following result:

If a,b,c are three integers, a,b > 0, (a,b) = 1 and ¢ > ab — a — b then there
are two integers a, 8 > 0 such that aa + 8b = c¢. Indeed, the integral solutions of
this equation are o = g — bt, 8 = g + at, where (g, 8o) is a particular solution.
We take ¢ = [a,/b], so that 0 < a <b—1. If 8 <0 then

c=aa+pb<(b—1)a+ (-1)b=ab—a—b.
Contradiction. So «, 8 > 0, as claimed.

Now forany 1 < h <z,1<i<m—2, and 1 < j < 22 we have (ap,b,) = 1
and apbp, — ap — by, < 2%z¥ — 2V — 2 < 2P < ¢i,j, so there are some integers
Qhijy By = 0 with ap i jap + Bhijbn = ¢ j-

Note that ap; jx < apijan < ¢ ; < 2V implies o, ; < 22v°=1 and similarly
Bhij < a2 7L Also apij, B, cannot be zero since (an, ¢ ;) = (bp,ci;) = 1, s0
they are positive.

For any 1 < h < z we define

T = {(@h1.: Brt s - Ohm—2,ja Bhm—2,3, ) | 1 < ji < 2° Vi}.

We have |T},| = (z2)™~2 = 22m~4 and T}, C ([1, 22" 1] N Z)?™~4. Since
Ty |+ +|Ty| = 223 and T, . .., T}, are contained in the set ([1, 20" ~1]NZ)2m—4
of cardinality [#2°°~1]2™~4  there is an element

2
(Oq, b1y ,O(m_gﬁm_g) S ([1, z2v 71] N Z)2m74
2m—3

> gim—T-(4m=8)v’ > n of the sets T1,...,T,.

belonging to at least W >

(Recall, z > nm) Say (a1,B1,.-Qm—2,Bm—2) € Thy,...,Th,, where
1<h<...<h,<uzx.

We define A := (ap,,...,an,), B := (bp,,...,bn,) and we prove that the m xn
matrix

A
B

M = (mi )i, = A+ p B

am72A + ﬂm72B
has the required properties.

First note that ap, < ... < ap,, bp, < ... <bp,,and for 1 <7< m —2 we
have «;, 8; > 0, so the entries of a; A+ 5; B are a;ap, + Bibn, < ... < a;an, + Bibn,, -
Hence m; ; < m;; whenever j <.

If h = h; then (aq,B1, ..., Qm—2, Bm—2) € Xp, so there are ji,...,jm—2 such
that

(011, By Qma, ﬂm—2) = (ah,1,j1 , 5h,1,j1, ey O m =25, 0 5ah,m72,jm_2)~

Then for any 1 <7 < m — 2 we have

aian; + Bibn; = Qnij,an + Bhij;bn = ¢ij,-
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In conclusion, the entries of A belong to {a1,...,a,}, the entries of B belong
to {b1,...,bs}, and for any 1 < i < m — 2 the entries azap; + Biby, of ;A + ;B
belong to {c;1,...,¢iz}. It follows that m;; € S Vi,j. Also since ap < by < ¢; 5
Vh,h',i,j and ¢i,; < ¢k, when ¢ < k we have m; ; < my; when ¢ < k. Together with
m;,; < m;; when j <[, this implies that m; ; < my,; whenever (i, j) < (k,l) in the
lexicographic order. Thence the entries m; ; of M are distinct from each other. [

Note. This result is a generalization of a problem proposed by late Professor
Nicolae Popescu in the 1980s in an issue of Gazeta Matematica Seria B. The problem
was to prove that for any n > 3 there is an n x n matrix of determinant 0 with all
entries distinct prime numbers.

There is an alternative solution by Marian Tetiva using a very strong result of
Terrence Tao, which states that there are arbitrarily long arithmetic progressions of
prime numbers. Thus we may take an m x n matrix with all entries distinct prime
numbers such that all lines are arithmetic progressions. Then if Cq,...,C, are the
columns of the matrix we have

C;=C1+(—1)(Co—C1)=(j —1)Co — (j — 2)C4.

So (4, C5 span the vector space generated by the columns. Since the vector
space generated by the columns has dimmension 2 the rang of the matrix is 2.

348 (334). Define F = {f : [0,1] — [0,1] : 3A4,B C [0,1], An B = 0,
AUB =1[0,1], f(A) C B, f(B) C A}. Prove that F contains functions with
Darboux property (a function f has the Darboux property if f(I) is an interval
whenever I is an interval).

Proposed by Benjamin Bogogel, student, West University of
Timigoara, Timigoara, Romania.

Solution by the author. It is well known that the dimension of R considered
as a vector space over Q is X = card R. Define x ~ y < x —y € Q. This is obviously
an equivalence relation and for any z € R we will denote [z] = {y e R: y ~ z}

the equivalence class which contains . It is obvious that R = U [z] and y ¢ [2] =

z€R
[z] N [y] = 0. In the following, we will denote A = {[z] : x € R} the set of the

equivalence classes, and we will find its cardinal number. We choose a basis B of R
over Q which contains 1 (this is possible because any linearly independent set can
be extended to a basis and {1} is such a set). If two different numbers, say z and y,
from B would be in the same equivalence class, then we have xt —y =¢-1, ¢ € Q, so
1, z and y are linearly dependent. Contradiction.

Therefore, any two different elements of B are in different equivalence classes,
and we can define a one-to-one mapping ¢ : B — A, ¢(b) = [b], Vb € B. This proves
that card R = card B < card A. Since it is obvious that card A < card R, we
conclude that card A = card R.

We choose a bijection ¢ : A — R and we denote Y = ¢ !((—00,0]),
Z = ¢ 4(0,00)). Take A = {x € [0,1] : [z] € Y}, B = {z € [0,1] : [z] € Z}.
Note that A and B are disjoint and non-void because Y and Z are disjoint and
non-void. We have YU Z = A, so AUB ={z €[0,1] : [z] € A} = [0,1]. Because A
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and B contain all the elements from [0, 1] which are in the same equivalence class,
A and B are dense in [0, 1].

From their definitions, card Y = card Z = card A = card B = N. Therefore,
we can find bijections p: Y — Band v: Z — A.

We define the function f : [0,1] — [0,1] by

_J ou(x]), zeA,
fla) = { V), 2c B

From the definition of f and sets A, B,Y, Z we find that f(A) C B and f(B) C A.
Let’s prove that f has the Darboux property. We take I an interval from [0, 1].
Then I intersects all the classes from A (because any of these is dense in R), which
means that I intersects all the classes from Y and Z. Hence f(I) = p(Y)Uv(Z) =
= BUA =[0,1]. Therefore, f € F and f has the Darboux property. O

1
349 (335). Let f :[0,1] — R be an integrable function with /f(m)dx =0.
0
1 1 2
Prove that /fQ(x)dw >12 /xf(x)dx
0

0
Proposed by Cezar Lupu, Politehnica University of Bucharest,
Bucharest, Romania, and Tudorel Lupu, Decebal High School, Constanta,
Romania.

Solution by Angel Plaza. Let F be defined by F(z) = /f(t)dt. F is a diffe-
0

rentiable function and F'(z) = f(x). By the Cauchy-Schwarz inequality,
2

1/2 1/2 1/2 1/2
/xf(x)dac < /:rzda: /f2(9c)dx = 2—14/]“2(;10)dx,
0 0 0 0
1 . 2 1 N 1 . 1
/ (x - 2) fl@)de | < / (x - 2) dx /f2(m)dx =51 / f?(z)da,
1/2 1/2 1/2 1/2
whence
1 1/2 2 1 2
1 1
ﬂ/fz(ac)dx > /xf(ac)dx + / (m— 2) f(z)dz
0 0 1/2

Integration by parts yields

1/2 1/2

/xf(:z:)dm = % 1//2f(x)dx - /F(x)dx,

0 0
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1
/ <x— ;) f(z)dz = % / f(z)dz — /F(m)dx
1/2 172 172
Consequently,
1
51 [ o=
0
1/2 1/2 2 1 1 2
> - [ fle)de— | F(z)dz | + f@)dz — [ F(z)dz | >
[ [rime) o s ]
Ay 1/2 1/2 1 1 2
>—| =z | flx)de— | F(z)dze+ = [ fx)de— | F(z)dz | =
2o s [ rimerg [ ene |
N 2
% /F(:c)dx

The conclusion follows, since, integrating by parts,

1 1
O/F(a?)dsc //f dtdx—x/f t)dt —O/xf(x)dxz
O/f Bt — / fla)de :—O/xf(x)das.

350 (336). Given a function f : R — R, denote by f™ its n'® iterate. It

is also given that |f(z) — f(y)| < |z — y| for all ,y € R (f is Lipschitzian, and
non-expansive), and that f¥(0) = 0 for some N € N*.

i) Prove that if N is odd, then |f(z)| < |z| for all z € R;
ii) Prove that if N is even, then |f(f(z))| < |z| for all z € R, but not necessarily

[f(@)] < [x].

Proposed by Dan Schwarz, Bucharest, Romania.

O

Solution by the author. 1) Our purpose will be to show that f(0) =0 (f has 0
as fixed point)?).

Then |f(z)| = |f(z) = 0| = [f(z) — f(0)] < |z — 0| = |2] for all z € R.

For 1 <k < N — 1 one has

|FEO)] = [N0) = FHO)| < [N71H0) = F£7H0) < - < [FNH0) - 0]
=[N 0)| = |V (0) = FNTRO)] < [FNTH0) — R0

DNotice that f is continuous, but Sharkovsky’s theorem is of no avail, since it only
warrants the existence of some fixed point for f.



122 PROBLEMS

<< [fH0) = 0] = [£H(0)]-
This summarizes into relations
[FRO)] = [FYR0)] = [£7F5(0) — £m(0)]
foralll<k<N-1,0<m<N —k.
Suppose moreover that N is the least odd for which it is yet unknown that

N
from the above relations must follow f(0) = 0%). If for some 1 < k < - we would

have f*(0) = fN=F(0), then |fN=2%(0)| = [fN=7(0) — f*(0)| = 0, for odd N — 2k,
and so by the minimality of N it follows f(0) = 0.

N
Therefore we must assume for all 1 < k < — that f*(0) = —fV=%(0), so

[FEO)] = [N2R0)] = [ FN75(0) = f2(0)] = 2] f*(0)].
Let us model the following directed graph G. The vertices are the numbers v
(associated to |f¥(0)]), for all 1 < v < N — 1. The edges are made by red arrows

N
from 2k towards k and black arrows from N — 2k towards 2k, for 1 < k < 5" Then

for each vertex the out-degree is exactly 1 (from an even vertex leaves a red arrow,
while from an odd vertex leaves a black arrow).

Start with any vertex v and build the unique directed path determined by
moving on the directed edges (on a black arrow from an odd vertex and on a red
arrow from an even vertex). Since the graph is finite, the path will eventually reach
a vertex w already passed through, thereby creating a cycle. Now, that means
[f*(0)| = 2" |f*(0)|, where r > 1 is the number of red arrows in the cycle, therefore
f*(0) = 0. But we also have |f”(0)| = 27 |f™(0)|, where p > 0 is the number of red
arrows in the path from vertex v to vertex w, therefore f¥(0) = 0. For v = 1 we
thus have f(0) = 0.

ii) Let N = 2m be the least even N for which it is yet unknown that from
N
the above relations must follow f2(0) = 0. As above, get for any 1 < k < 5 that
fE0) = = fN=7(0), so
7RO = [FY250)] = [FY7E0) = £20)] = 2[£4(0)]

(otherwise some | fN=2%(0)| = |fN=*(0) — f*(0)| = 0, and so by the minimality of
N follows f2(0) = 0).
But then

2|7£0)] = [724(O)] = [£Y72(0)] = |2 D(0)| = 2| £ H(0)]

hence |£4(0)] = |£™+(0)| = [#Y - R (0)] = |77 (o)),

Since | f™(0)| = | f™*(0) — £*(0)| = |f2=k(0) — f™~*(0)], it follows we must
have f™+%(0) = — f¥(0) and f™=*(0) = —f2™=%(0) = f*(0), otherwise f™(0) = 0.
But then |f™=2%(0)| = [f™*(0) — f*(0)| = 0, s0 fm2F(0) =0 for all 1 < k < m/2,
and so by the minimality of N follows f2(0) = 0.

2 An extremal argument, similar to finite recursion, or strong induction.
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(The only case where this argumentation does not apply is m = 2. Then
|f2(0)] = 2|£(0)], so either f?(0) = 2f(0), when

[£(0)] = [£2(0) = f2(0)| = 3| £ (0)],
hence f(0) =0, or f2(0) = —2£(0), when

[£(0) = [£2(0) = £(0)] = 3[.£(0)],
hence f(0) = 0. This case thus leads to f(0) = 0.)"

A simple counterexample for even N is sufficient. Take f(z) = a — x for
some real a # 0. Then all even iterates of f are idg, thus have 0 as a fixed point,
|f(z) — f(y)] = |z — y| for all z,y € R, but |f(0)| = |a| > 0. O

Mihail Baluna has given a different, rather more analytic solution, which also
brings some light on the counterexamples for even N.

D Alternatively, for n = 2%43, with odd 3, we may use point i) to reduce to f2°(0) = 0,
and so only have to consider the even n’s which are powers of 2. But from there on, we
must continue as above.



