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clasa a XlI-a
Barem de corectare si notare

1. a) Se considerd matricea X € M,(C) cu proprietatea X202> = X2924 Demonstrati ci X3 = X2.
Solutie: Din Teorema Hamilton- Cayley, se ontine: X2 —tr X - X + det X - I, = Oy...cucuuenee.. 1 punct
Cazul I: det X = 0 = X? = tr X - X. Inductiv, X" = (tr X\)* ' - X,Vvn € N,n > 2.
Deci: (tr X)2%%* . X = (tr X)?923 . X. Se disting urmitoarele situatii:
i) trX=0=>X2=0,=>X3=0,>X?=X3.
i) trX=1=2X2=X>X3=X2=X
) X =032 X2 = X3 = 0o 1 punct

Cazul Il: det X # 0 = X inversabila. In relatia X2025 = X2024 se inmulteste cu (X~1)2024 = x 2024 g

SE OBHNE X = Ip 2 X2 = X3 = Lyiiiicccccccccee ettt 1 punct
2. Determinati A € M,(R) care verifici egalitatea A3 — 34% + 34 = (2 i)

Solutie:

A% — 342 434 = (2 i) S (A-1,)73 = (2 ;) ................................................................. 1punct
Notim A — I, = B si (2 é):C.

Se determind matricea B cu proprietatea B3 = C.

Din Teorema Hamilton- Cayley si (det B)3 = det C = |2 é| = 0 seobtine B2 —trB-B =0, =

C=(trB)2-B}

3 _ . p2

B> =trB-B* = C=0, e TP 1 punct

_ 1 a by__1 (2 1 _ 12 1

B—(trB)2 C=>(C d)_(a+d)2 (6 3):3_3\/%(6 3) .......................................... 1 punct

2 1

1+3_ 3 —

A-—L=B=>A=B+1, = 6‘@ 253 ................................................................. 1 punct
= s

3. Calculati limitele:
2n
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. 5n+3n

a) llm< ) X
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b) lim

ST
k=1
n

, unde {a} este partea fractionara a numarului real a.
n—-oo
Solutie:
2n
2, n <5%—1)+<3%—1>
a) lim <1 + — 1> =lim| 14+ L i 1punct
n—-oo 2 n—oo 2
<5%_1)+(3%_1)
2 e 2 4
2 4 2 4 [ n— n—
<55—1>+<3ﬁ—1) <sﬁ—1>+(3ﬁ—1> nll_)n:o<5£_1_2+%.4>
=lim|| 1+—"—F7—= =e n T 1 punct
n—-oo 2
= @2In5+4In3 — pIN2581 — 2581 = 2025 1punct
b) {Vn?+k}=vnZ+k—[Vn2+k] vnkeN
Dinn=\/ﬁ<\/n2+k<\/(n+1)2=n+1:>[\/n2+k]=n ............................... 1punct
. 5 T o _ nf+k-n® k

Se ontine: {\/n +k}j=vn?+k—n= oo =TTy s 1punct
DN —— < —— < & in § btine:

e < T < = brin insumare, se obtine:

n k n k n —k

Zk:l\/m+n < Zk:l\/m+n < Zk=1m+n .......................................................................... 1punct

. . n k T n(n+1) _1_ .. n k . .. . .
Din lim Yke1 Formmrn — A on(azemen) — 3~ A D=1 gy, Via Criteriului Clestelui, se
{(Vn2+k} 1
ObHINE: LM T = e 1punct
n—oo n 4

Sy L 1 . ool
Se considera sirul (x,,),so definit prin: x,,,; = x, + o S % € R. Calculati lim ==

n—oo Xn
Solutie:
. 1 irul : <
Din xpy1 = Xy = —- = siru (Xn)nz0 €SLE SLHICE CIESCALOT. .. eveviteieiieie et lpunct
Presupunem ca sirul (x,),o €ste marginit superior, atunci din Criteriul lui Weierstrass, se obtine ca

sirul (x;,),»0 €Ste convergent = Ilimx, =1l € R.
n—>00

Se trece la limitd in relatia de recurenti [ = [+ e ' > e ! = 0, absurd = [ = oo......cuuueeee, 1punct
Din sirul (x,),so strict crescator si nemarginit, se aplica Stolz- Cesaro:

. Inn . In(n+1)-Ilnn . n+1
Lim B0 = Jim PO DR i I L 0% = e, 1punct
n—-oo Xn n—-oo  Xn+1~Xn n—oo n
. n+1\" e¥n . 1\" e*n . e¥n . eXn
= lim In (—) —=1limIn (1 + —) c—=lne-lim—=lim—. ..o, 1punct
n—oo n n n—oo n n n—-oo N n-oo N

Se aplicd din nou lema lui Stolz Cesaro:

. _e*n . e¥n+ti_eg¥n , _ . 1
lim —=lim ———— = lime*(e*+17™%n — 1)=Ilim

n-ooo M pooo N+l-n n—-oo n—o Xn+1=Xn

(e¥n+17™%n — 1) = 1.....c....e. 1punct



