MINISTERUL EDUCATIEI §1 CERCETARII

Q§J INSPECTORATUL SCOLAR JUDETEAN

\ = BRAILA ~
\#~— BRAILA
CONSILIUL CONSULTATIV, DISCIPLINA MATEMATICA

OLIMPIADA DE MATEMATICA
ETAPA LOCALA - 2025
CLASA A XI-A
SOLUTII SI BAREM ORIENTATIV

Problema 1.

2

o o . a,+9 . e .
Sa se afle termenul general al sirului definit prin 8, =11 a,,, = ; si calculati limita lui.
a

prof. Daniela Covaci, Braila

Solutie:
a,+3 a+9+6a, (a +3 i
=— === 2 puncte
a,—3 a +9-6a, (a,—-3
a+
a,=la = 5 >0,.,a,>0= 1 punct
a’,+9>6a ,=>a >3 oricarearfineN". L 1 punct
Fie x, = N X, =X,vn>1,
a,—3
3 (4
a,—3 -2
log, X, =log, X2 =210g, X, =..=2" =X, =X =X =X = s 2 puncte
2n—l
an:3(1+x") :3X1H+1, x" s>w=lima,=3. 1 punct
Xn _1 X12 _l n—oo
Problema 2.
2032 2025
Rezolvati in M, (R) ecuatia matriceald X* —6X?* +12X = .
2023 2032
Prof. George-Florin Serban, Braila
Solutie:
3 2024 2025
(X-21,) =A= :
2023 2024
Notim Y = X —2l, € M,(R) si obtinem ecuatia binomaY®=A ... 1 punct
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detY? = (detY )’ = det A= 20242 — 2023-2025 = (2023+1)° —2023(2023+2) = 2023 +

+2:2023+1-2023*-2-2023=1. s, 1 punct
Aplicam teorema lui H—C, Y?—(TrY)Y +(detY)I,=0,, Tr(Y)=a,Y?=aY —1,,

Yi=aY’-Y =a’ —al,-Y =(@°-1Y —al,, Tr(Y*) =@ -)Tr(Y)-Tr(al,), ....coo...... 2 punct
a®—3a-4048=0, a®-4096-3a+48=0, (a—16)(a’ +16a+256)-3(a—16)=0,
(a-16)(a’+16a+253)=0. . 1 punct
Dacida’ +16a+253=0, A =256-1012 = —756 <0, fals, deoarece aeR, rezultia=16, ..... 1 punct
A=Y?®=255Y -161,, A=255(X —2I,)-16l,, A=255X —526l,,

1 1
X =——(A+526l,) =——
e (5261 =

2023 2550

2550 2025 (®)
(S .
255 2

Problema 3.

o N . 5 . 1 .
Fie sirul(a,) . ,pentru carea,,, =—2025-a, +3", oricare ar fi n numar natural si &, = 008" Calculati

. a
Ilm(—”j.
n—o0 n!

Solutie:

prof. Andreea Maria Popa, Braila

PentruneN,n>2, k =0,n—2 inmultim relatiaa,,, =3"—2025-a, cu (_2025)”*“.

Adundm cele n—1egalitdti si obtinem

a, =3"" +3"2(-2025)+3"%(~2025)" +...+-3(~2025)" " +(-2025)"" +(~2025)"8,, ....3 puncte
3" 2025 " 3 n 1 3"

a = 1-| —— | |+(-2025 = +(—2025 -—|= . ..... 2 puncte

" 2028{ ( 3 H ( ) % 2028 ( )(a‘) 2028) 2028 Py

. (a ) 3" L C .

lim| == |=Ilim =0, din criteriul majorarii. ..... 2 puncte

e nt ) now 202801

Problema 4.

Si se determine @ €C  stiind ci existd doud matrice inversabile A BeM,(C)astfel incat

(A+ ocB)n = A"+ aB", oricare ar fi n numar natural nenul.

prof. Gabriel Daniilescu, Braila
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Pentrun=2=(A+aB)’ = A’ +aB? < (A+aB)(A+aB)= A’ +aB? < A’ + aAB+aBA
+0°B? = A’ +aB? < aAB +aBA =aB’-a’B* < a-(AB+BA)=a-(1-a)-B?
= AB+BA=(1-a)-B*(1)

......... 2 puncte
Pentrun=3= (A+aB) = A’+aB’ = (A+aB)’ (A+aB)=A’+aB’ o (A’ +aB’)(A+aB)=
=A’+aB® < A’ +aA’B+aB’A+a’B’ = A’ +aB® < aA’B+aB’A=aB’-a’B’ <
o a (A’B+B’A)=a-(1-a)-B’ & A'B+B’A=(1-a) -B*(2)

......... 2 puncte
Din (1)= B-(AB+BA)=(1-a)-B* < “BAB + B’A= A’B + B’A <> BAB= A’B| B
= BA=A’|A'=B=A(3).
Relatia (1) devine 1 punct
B’ +B’ =(1-a)B’ <> 2B% =(1-)B’ < (1+a)B* =0,|B* = (1+a)B=0,|B™
=>(1+a)l;=0,=>1+a=0=>a=-1

......... 1 punct
Reciproc, pentru a =—1si A, Bmatrice arbitrare cu A=B,avem (A—A)" = A"~ A" adevarat,

oricare ar fi n numar natural nenul. Deci,c=-1 ... 1 punct

Nota: Orice alta solutie corecta se puncteaza corespunzator. Nu se acorda fractiuni de punct.
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