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Q_%J INSPECTORATUL SCOLAR JUDETEAN
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CONSILIUL CONSULTATIV, DISCIPLINA MATEMATICA

OLIMPIADA DE MATEMATICA
ETAPA LOCALA - 2025
CLASA A XII-A
SOLUTII ST BAREM ORIENTATIV

Problema 1.
Fie (G,-)un grup necomutativ si Z (G)= {X € G| Xy = yX, oricare ar fiy e G }, centrul sau. Dacd a si b

sunt doud elemente din G cu proprietatea cd acb=bca, pentru orice ceG\Z (G)demonstragi ca

ab=ba.
Gazeta Matematica

Solutie:
1. Dacia b ¢Z(G),pentru c=a 'b*, din ipoteza avem ca a(a‘lb_l) b= b( a'h” )a, adica
e=bab'a Deducemci blat=a'bl=ab=ba. ... 3 puncte
2.Dacaa ™ eZ(G)= (ab)b=b(ab™)=a" =ba b Atunci

1 -1 -1
a= (ba‘lb‘l) = (b‘l) (a‘l) b =bab™* ,deciab=(babt)o=ba ..o, 4 puncte

Problema 2.

V4 .
. X-SIN X
Calculati I—Z X
0 2024 +sin” x
prof. Carmen Botea si Viorel Botea, Brdila
Solutie:

y=rn—-x=dy=—0dx;x=0=y=mx=7r=y=0

T X-sinx )-sin(z—y % (m—y)-siny f sin
|:.|'—_2 _ J' )dy J-¥d ”J.—yzd _

o 2024 +sin” X 2024+5|n 7r y) 2024 +sin? y 02024 +sin”y
—ILnyz 7Z'I siny dy = | :ijyz .......... 4 puncte
02024 +sin”y 2024 +sin’y 232025~cos” y

cosy=t=sinydy=—dt;y=0=>t=Ly=r=t=-1

t— 45|
n

|:_7[]1 dt dt _7[} dt 7z

———dt=-" dt= .
| 2025-t2 2 % t2-2025 2.2-45 180\ 46  44) 90 22

T 44 46 T, 23
(In —In— j —In=—

.............. 3 puncte
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) .. . A 1
Pe multimea M =(0,+0) se defineste legea de compozitie “*, astfel incat x*==y(x*y),

2
x*§=i(x*y) si (x* y)(x*2025y)=(lxgg)l(3/ , oricarear fix,yeM .

y /45

a) Sa se studieze asociativitatea, comutativitatea si existenta elementului neutru pentru legea de

compozitie “*”.

b) Sa se determine x € N™ astfel incat 45(x*2025)e N

prof. Gabriel Daniilescu, Braila

Solutie:
. . 45 y . . 1 45y
a) In relatia x*x—=——=(x=*Yy),oricarearfix,ye M, facem y—45y—= x*x—=—=(x*4by)=>
) i y JE( y) y y — 45y v JE( y)
:y(x*y):\/ﬁy(x*45y):>x*yzx/E*(x*45y)oricarearfi x,yeM. ... 1 punct
Apoi facem iar y — 45y = x*45y = /45 (x#2025y) = x* y = 45(x ¥ 2025y ) <
! 1 : 1 » (x+1)
& X*x 2025y = —(X*Y) = (X*y)*(x*2025y) = —(X*Yy) = —(X*y) =——
y 45( y) ( y) ( y) 45( y) 45( y) 180xy
12
@(X*y)z:(x_,_) <:>x*y=X—+1,Vx,yeM. .............. 1 punct
4xy 2\/@
Avem 1s1= L _Z_g g (1xp)rgogrg- 1P 21
2.J11 2 2.J1-4 4 2
Apoi 1*(1*4)=1*%= 1+11 =2, deci legea nu este asociativd.  .eceeeenn. 1 punct
2 fl.f
2
< . 1+1 2+1 . .
In plus, daca presupuneml+2=2x*1 < — = ——= < 2=3, ceea ce evident este fals, de unde rezulta
22 242
ca legea nu este nici comutativa. 1 punct
Dacd Jee M astfel incat xxe=e*xx=X, VxeM, atunci 1xe=1< ﬂ:1<:>i:1<:>
2\e 2\e
ode=loe=1=1*x=X, ¥xeM :1*4:4<:>%:4,ceeaceestefals.
Deci legea nu admite nici element neutrv. ... 1 punct
x+1 x+1
b) 45(x*2025) =45 =
) 45( ) 2/x-2025  2+/x
L (x+1° x+1)° . X \ \ \
x_+1€N :ueN :4~ueN @wEN <:>x+2+leN :>1€N =
2x 4x 4x X X X
<> X =1 care verifica egalitatea x+1 eN". Deci, x=1. ... 2 puncte
2V/x
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Problema 4.

¥ 1
Calculati | = dx
a) Caleulat ~£§(x4+3x2+2)(ex+1)
NE] X"
b) Pentru fiecare numar natural nenul n, considerim numarul | = I dx.
0 2”(x +3x° +2)(e +1)
Aflati lim1, .
prof. Carmen Botea si Viorel Botea, Braila
Solutie:
a) Notdam y=—-X = dx=-dy; x=-y; x=—V3=y=\3
=x/§:>y=—x/§
B B B y
:>I=J. . 21 dx =— J. j ; fdy ... I pct.
J-(x +3X +2)(ex+1) J-(y +3y +2 (e g A y +3y +2)(ey+1)
N J‘
= I . dx = j " e+l dx = .... 1 pct.
A (x +3x? +2)(ex+1) (x +3x° +2 e” +1 A (x +3x° +2)(ex+1)
NE] 1 NE] J§ 1 1
Y - o= 1 pet
_ﬁ(x4+3x2+2 ﬁ x2+1 x +2) 5 x2+1) (x2+2)
NG X B 1 V31 \@
= arctgx ——arct —| _=arctg~/3 —arct 3)——=arct —arct
s g0 g ~roeE marmta (V) parcte [+ s -
3 7% arctgﬁ
2
27 2 V3 I
=————-arct 2-arctg—. 1 pct.
NG 9\/E z 2. 9= pe
\/§ n \/5 n n+1 n+l n+l n
b) 0<1, = | X jx—dx X |J§_«/§ :n\/§ _(¥B) B
2 2" (x*+3x" +2)(e" +1 3 2 “(n+)lo 2"(n+1) 2"-(n+1) | 2 ) n+l
—0
....... 2 pct.
=liml, =0. 1 pet.

nN—oo

Nota: Orice alta solutie corecta se puncteaza corespunzator. Nu se acorda fractiuni de punct.
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