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Clasa a IX-a
Solut, ii s, i bareme

Problema 1.

a) Rezolvat, i ı̂n mult, imea numerelor ı̂ntregi ecuat, ia |x− 3|+ |x− 1|+ |x+ 1| = 5.

b) Determinat, i k ∈ Z pentru care ecuat, ia |x−3|+ |x−1|+ |x+1| = k are exact o solut, ie ı̂ntreagă.

prelucrare după GM 10/S:L23.241
Solut, ie

a) Dacă x ≤ −1, ecuat, ia devine −x+ 3− x+ 1− x− 1 = 5 ⇔ −3x = 2 nu are solut, ie ı̂ntreagă.

Dacă x ∈ (−1, 1], ecuat, ia devine −x+ 3− x+ 1 + x+ 1 = 5 ⇔ x = 0 ∈ Z.
Dacă x ∈ (1, 3], ecuat, ia devine −x+ 3 + x− 1 + x+ 1 = 5 ⇔ x = 2 ∈ Z.
Dacă x > 3, ecuat, ia devine x− 3 + x− 1 + x+ 1 = 5 ⇔ 3x = 8 nu are solut, ie ı̂ntreagă.

Deci solut, iile ı̂ntregi sunt 0 s, i 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3p

b) Studiem câte solut, ii admite ecuat, ia ı̂n mult, imea (−∞,−1] ∩ Z ı̂n funct, ie de k.

Dacă x ∈ (−∞,−1]∩Z, atunci |x− 3|+ |x− 1|+ |x+ 1| = −x+ 3− x+ 1− x− 1 = −3x+ 3.

−3x+ 3 = k ⇐⇒ −3x = k − 3 ⇐⇒ x = −k

3
+ 1 ∈ Z =⇒ k

... 3

x ≤ −1 ⇐⇒ −3x+ 3 ≥ 6 =⇒ k ≥ 6

Dacă k ∈ Z, k ≥ 6, k
... 3, atunci ecuat, ia admite doar solut, ia x = −k

3
+1 ı̂n mult, imea (−∞,−1]∩

Z. Altfel ecuat, ia nu admite nici o solut, ie ı̂n mult, imea (−∞,−1] ∩ Z.
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Studiem câte solut, ii admite ecuat, ia ı̂n mult, imea [3,+∞) ∩ Z ı̂n funct, ie de k.

Dacă x ∈ [3,+∞) ∩ Z, atunci |x− 3|+ |x− 1|+ |x+ 1| = x− 3 + x− 1 + x+ 1 = 3x− 3.

3x− 3 = k ⇐⇒ 3x = k + 3 ⇐⇒ x =
k

3
+ 1 ∈ Z =⇒ k

... 3

x ≥ 3 ⇐⇒ 3x− 3 ≥ 6 =⇒ k ≥ 6.

Dacă k ∈ Z, k ≥ 6, k
... 3, atunci ecuat, ia admite doar solut, ia x =

k

3
+1 ı̂n mult, imea [3,+∞)∩Z.

Altfel ecuat, ia nu admite nici o solut, ie ı̂n mult, imea [3,+∞) ∩ Z.
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Determinăm, pentru ce k ∈ Z se obt, in solut, iile 0, 1 s, i 2.

k = |0− 3|+ |0− 1|+ |0 + 1| = 3 + 1 + 1 = 5 ∈ Z
k = |1− 3|+ |1− 1|+ |1 + 1| = 2 + 0 + 2 = 4 ∈ Z
k = |2− 3|+ |2− 1|+ |2 + 1| = 1 + 1 + 3 = 5 ∈ Z



Dacă k = 4, atunci x = 1 este solut, ie, iar dacă k = 5, atunci x = 0 s, i x = 2 sunt solut, ii.
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În continuare distingem următoarele cazuri.

Dacă k ∈ Z, k < 4, atunci ecuat, ia nu admite nici o solut, ie ı̂ntreagă.

Dacă k ∈ Z, k ≥ 6, k ̸ ... 3, atunci ecuat, ia nu admite nici o solut, ie ı̂ntreagă.

Dacă k ∈ Z, k ≥ 6, k
... 3, atunci ecuat, ia admite exact două solut, ii ı̂ntregi, acestea fiind x =

±k

3
+ 1.

Dacă k = 5, atunci ecuat, ia admite exact două solut, ii ı̂ntregi, acestea fiind x = 0 s, i x = 2.

Dacă k = 4, atunci ecuat, ia admite exact o solut, ie ı̂ntreagă, aceasta fiind x = 1.

Prin urmare ecuat, ia admite exact o solut, ie ı̂ntreagă doar pentru k = 4.
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Problema 2. Arătat, i că numărul 3 · 52n+1 + 23n+1 este divizibil cu 17, pentru orice n ∈ N.
Nut, Daniel, Toplit,a

Solut, ie
Pentru n = 0 avem: 3 · 51 + 21 = 17

... 17
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Presupunem că
(
3 · 52k+1 + 23k+1

) ... 17, pentru n = k ∈ N. Arătăm că
(
3 · 52(k+1)+1 + 23(k+1)+1

) ... 17.
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3 · 52k+1 + 23k+1

) ... 17 =⇒ ∃m ∈ N astfel ı̂ncât 3 · 52k+1 + 23k+1 = m · 17
Prin urmare: 3 · 52k+1 = m · 17− 23k+1.
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3 · 52(k+1)+1 + 23(k+1)+1 = 52 · 3 · 52k+1 + 23 · 23k+1

= 25 ·
(
m · 17− 23k+1

)
+ 8 · 23k+1

= 25 ·m · 17− 23k+1 · (25− 8)

= 17 ·
(
25 ·m− 23k+1

)
=⇒

(
3 · 52(k+1)+1 + 23(k+1)+1

) ... 17
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3p

Deci (3 · 52n+1 + 23n+1)
... 17,∀n ∈ N.
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Observat, ie
Prezentăm o altă solut, ie. Pentru n = 0 afirmat, ia e adevărată. Pentru n ≥ 1 avem:

3 · 52n+1 + 23n+1 = 15 · 25n + 2 · 8n = 17 · 25n − 2 · 25n + 2 · 8n = 17 · 25n − 2 · (25n − 8n)

= 17 · 25n − 2 · (25− 8) ·
n−1∑
k=0

25n−1−k · 8k = 17 ·

(
25n − 2 ·

n−1∑
k=0

25n−1−k · 8k
)

... 17

În penultimul pas s-a folosit formula: an − bn = (a− b)(an−1 + an−2b+ . . .+ abn−2 + bn−1).

Problema 3. Demonstrat, i că inegalităt, ile de mai jos sunt satisfăcute, pentru orice numere reale
a, b, c > 0:

a)
a

a2 + bc
≤ 1

2
√
bc

b)
a

a2 + bc
≤ 1

4b
+

1

4c

c)
a

a2 + bc
+

b

b2 + ca
+

c

c2 + ab
≤ 1

2a
+

1

2b
+

1

2c
Mike Ildikó, Târgu Secuiesc

Solut, ie
a) Aplicăm inegalitatea dintre media aritmetică s, i cea geometrică pentru numerele a2 s, i bc. Obt, inem:
a2 + bc

2
≥

√
a2bc ⇐⇒ a

a2 + bc
≤ 1

2
√
bc
,∀a, b, c ∈ R, a, b, c > 0
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b) Întâi arătăm că:
1

2
√
bc

≤ 1

4b
+

1

4c
.

1

2
√
bc

= 2 · 1

2
√
b
· 1

2
√
c
≤
(

1

2
√
b

)2

+

(
1

2
√
c

)2

=
1

4b
+

1

4c
, ∀b, c ∈ R, b, c > 0

Prin urmare:
a

a2 + bc
≤ 1

4b
+

1

4c
,∀a, b, c ∈ R, a, b, c > 0.
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c) În mod similar pot fi obt, inute inegalităt, ile:
b

b2 + ca
≤ 1

4c
+

1

4a
s, i

c

c2 + ab
≤ 1

4a
+

1

4b
.

Adunând parte cu parte aceste trei inegalităt, i, obt, inem inegalitatea din enunt, .
a

a2 + bc
+

b

b2 + ca
+

c

c2 + ab
≤ 1

4b
+

1

4c
+

1

4c
+

1

4a
+

1

4a
+

1

4b
=

1

2a
+

1

2b
+

1

2c
,∀a, b, c ∈ R, a, b, c > 0.
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Problema 4. Pe laturile AB,BC,DE s, i EF ale hexagonului regulat ABCDEF se consideră

punctele M,N,P respectiv Q astfel ı̂ncât
BM

MA
= m,

BN

NC
= n,

EP

PD
= p,

EQ

QF
= q.

a) Arătat, i că
−−→
EM +

−−→
BP =

(
1

1 + p
− 1

1 +m

)
−→
BA s, i

−−→
EN +

−−→
BQ =

(
1

1 + q
− 1

1 + n

)
−−→
BC.

b) S, tiind că
−−→
EM +

−−→
EN +

−−→
BP +

−−→
BQ =

−→
0 , arătat, i că dreptele MP,NQ s, i CF sunt concurente.
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Mátyás Mátyás, Sfântu Gheorghe
Solut, ie

a)
BM

MA
= m =⇒

−−→
EM =

−−→
EB +m

−→
EA

1 +m
=

−→
EA+

−→
AB +m

−→
EA

1 +m
=

−→
AB

1 +m
+
−→
EA

EP

PD
= p =⇒

−−→
BP =

−−→
BE + p

−−→
BD

1 + p
=

−−→
BD +

−−→
DE + p

−−→
BD

1 + p
=

−−→
DE

1 + p
+
−−→
BD

ABCDEF fiind hexagon regulat, avem:
−→
EA+

−−→
BD =

−→
0 s, i

−−→
DE =

−→
BA.

Deci:
−−→
EM +

−−→
BP =

−→
AB

1 +m
+�

��−→
EA+

−−→
DE

1 + p
+�

��−−→
BD = −

−→
BA

1 +m
+

−→
BA

1 + p
=

(
1

1 + p
− 1

1 +m

)
−→
BA.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2p

BN

NC
= n =⇒

−−→
EN =

−−→
EB + n

−−→
EC

1 + n
=

−−→
EC +

−−→
CB + n

−−→
EC

1 + n
=

−−→
CB

1 + n
+
−−→
EC

EQ

QF
= q =⇒

−−→
BQ =

−−→
BE + q

−−→
BF

1 + q
=

−−→
BF +

−→
FE + q

−−→
BF

1 + q
=

−→
FE

1 + q
+
−−→
BF

ABCDEF fiind hexagon regulat, avem:
−−→
EC +

−−→
BF =

−→
0 s, i

−→
FE =

−−→
BC.

Deci:
−−→
EN +

−−→
BQ =

−−→
CB

1 + n
+�

��−−→
EC +

−→
FE

1 + q
+�

��−−→
BF = −

−−→
BC

1 + n
+

−−→
BC

1 + q
=

(
1

1 + q
− 1

1 + n

)
−−→
BC.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2p

b)

(
1

1 + p
− 1

1 +m

)
−→
BA +

(
1

1 + q
− 1

1 + n

)
−−→
BC =

−−→
EM +

−−→
EN +

−−→
BP +

−−→
BQ =

−→
0 , de unde rezultă

că:
1

1 + p
− 1

1 +m
= 0,

1

1 + q
− 1

1 + n
= 0 =⇒ m = p, n = q

Prin urmare patrulaterele BMEP s, i BNEQ sunt paralelograme.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2p
Fie punctul O centrul cercului circumscris hexagonului regulat ABCDEF . Punctul O este mijlocul
diagonalelor BE s, i CF .
În paralelogramele BMEP s, i BNEQ diagonalele se ı̂njumătăt,esc. =⇒ O ∈ MP,O ∈ NQ
Deci MP ∩NQ ∩ CF = {O} ceea ce era de demonstrat.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1p
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