MINISTERUL EDUCATIEI INSPECTORATUL SCOLAR
JUDETEAN BISTRITA-NASAUD

OLIMPIADA NATIONALA DE MATEMATICA
Etapa locala — 24 februarie 2024
Clasa a Xl-a

Barem de corectare si notare

SUBIECTUL I Sa se determine matricea X € M, (Z) pentru care

©-2x=( 3)

Barem de corectare si notare:
Din relatia lui Hamilton-Cayley X% = Tr(X) - X — det(X) - I,
si X3 =(Tr(X))X? —det(X) - X

Ecuatia devine (Tr(X))X? — det(X) - X — 2X = (_1 0) .................

Fie X = (¢ Z) € M, (Z), atunci Tr(X) = a + d si det(X) = ad — be
(Tra0)X? — (et +2X = (7 5) &

s@+rd)(® Y —@-be+2(? B)= (71 O

c d c d
(a+d)(a?+bc) —alad —bc +2) =-1
b(a?+d*+ad+bc—2)=0
c(a®?+d?+ad +bc—2) =10
(a +d)(d?+ bc) —alad — bc+2) =-1

b=0
(a+d)a?—a(ad +2) = -1
c(a®>+d?>+ad+bc—2) =10
(a+d)d? —alad +2) = 4
b=0
ai—2a+1=0
c(a®?+d*+ad—-2)=10
(a+d)d? —alad +2) =4

1=

at—2a+1=0(@-1D@+a-1)=02a=1....
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b=0

a=1

c(d*+d-1)=10

d3—2d—4=0

A3 —2d =4 = 02 d = 2 oot 1p
C T oo — e e e e e E e e e e e e R e e e e e e e e R R e e et e e e e rre e e e e s e nnrreeaaeaan 1p
: 1 0

Deci, X (2 Z)EMz(Z) ........................................................................................ 1p

SUBIECTUL II

rea=(2, 3)B=0 )= 3)
a) Aratati ca existd numerele a, b € R astfel incat C = aA + bB.
b) Aratati ca pentru orice n € N* exista a,,, b,, € R cu proprictatea ca C" = a,A +
b, B si determinati a,,, b,,n € N*.
(S.G.M. nr. 10/2023) S:L.23.261

Barem de corectare si notare:

a)C=a-A+b-B=>(4 1)=(a _a)+(2b b)=>(4 1):

2 3 —2a 2a 2b b 2 3
a+2b —a+b
(—2a+2b 2a+b) ..................................................................... 1p
a+2b=4
—a+b=1 _5 . _2
_2a+2b=2 <:>b_3 $la_3 """"""""""""""""""""""""""""""""" 1p
2a+b=3
b) C=2-A+2-B
o (1 =1\ (1 —1\_/(3 =3\_., (1 —1\_.,
4 _(—2 2) (—2 2)_(—6 6)_3 (—2 2)_3‘4'
Folosind inductia matematicd, rezulti cd A" = 3" 1A, Vn € N*.......c.ceevennee. 1p
2 (2 1\ (2 1\_ (6 3\_., (2 1\_,.
= )G )= 3)=2G =38
Pe baza inductiei matematice, rezulti ci B* = 3" 1B, Vn € N*.......ccoeoeon..e. 1p
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an(al'A+b1'B nza?'An‘l'bIl'Bn‘l'

termeni de forma B'-AJsiA'-BJ cui,j+0= a}-3"1-A+pP 371,

=0
> RO PP UPUPPPPPTPPPPPIS 1p
Rezultd, deci: a,, = alt - 3™ L, b, = 3™ 1 bl 1p
SUBIECTUL I
Sa se calculeze: a) —; - > -~
2n2-2n+1  2nZ+2n+1
. (4
b) rlll_{g (E Tt ﬁ ot 4n4+1)
Barem de corectare si notare:
a 11 _ an _ 4n 5
) Swrami  mmremnl (2n2-2n+1)(2n2+2n+1)  4nb4y U P
: 1
b) Fie E(TL) m Observam ca E(Tl + 1) Mgl e lp
—E(n) E(M A 1) 1p
4 N 8 N 12 . n
5 65 325 dnt+1
=E(1)-EQR)+EQR)-EQR)+EQB)-EMA®)+-+EMm)—EMn+1)....2p
. in T _ 1 _
1lll_r>£10 (5 tes + % ot 4n4+1) N rlll—r};lo (1 2n2+2n+1) T L 1p
SUBIECTUL IV
bx2+x
Determinati numerele reale a > 0 si b pentru care lim (\/x2 + ax — x) who=e

X—00

Barem de corectare si notare:
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ax a

= lim ——=—~ =% 2p

X0 x( f1+%+1)

2 2
lim (\/x2 + ax —x) — lim 222X

. ax
_ = llm —_
X—00 x—00 VX2+ax+x x—o00 VXZ+ax+x

bx?+x { 1,dacab=0 1
i T = Lo, daGi b o (F s p
Daca a # 2, limita ceruta este e PeNtru b = 0 $1 @ = 2€..ccevvvvviiiiiiniiieiine e 2p

bx2+x
Daca a = 2, lim(\/x2 +2x—x) 1 = lim [(1+ x2+2x —x —
X—00 X—00
—(bx%+x)
— 1t Ja+(Vx2rzx+x
1)vx2+2x—x—1] (fsenen) € PENMIU D = =2t 2p.
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