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Olimpiada Nationala de Matematica 2023
Etapa locala — Iasi, 10 februarie 2023
Clasa a XII-a

Barem de notare si evaluare

Problema 1.

a) Aratati cd functiile F,G:(0,00) > R, F(x)=arcigx si G(x)=—arctg— sunt primitive ale aceleasi
x

functii.
p 2023
_ (xIlnx) .
b) Calculati - c0s (2024arctgx)dx , unde ne N".
) x*+x+
Solutie:
1
Q) F (X)) = G (X)) S ettt ettt 2
) F(x)=6(x)=r p
b) Din a)= arctx + arctgl = constant =c .
X
Va 1 =z
Pentru x =1= 2arctgl = > =c>arctg—= 2 AVCIZX oot 1p
X
. s 1 1
Facem schimbarea de variabila y=—,dx=——dy ...............ooiii 1p
X

Se obtine

l 1 1 2023
( (3511'136)2023 ) In— - :
" (2++1)
yoy

3 |~

Y (11’1)/)2023 1
=— — -— 08 (101277 —2024arctgy ) Ay = wovvoeeeereeeeeecee e 1p
d 2023‘%‘(”)"*)’2) y
2023 . 2023
=—J‘%~cos(2024arctgy)dy=—1:>1=0 .................................................. 1p
(1 +y+y )

1
n
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Problema 2. Consideram grupurile ((0,00),-) si ((—3,3),*), unde legea “*” este definita prin
9(a + b)
9+ab

axb= ,Va,be(-3,3).

o N . X+n
a) Determinati n € R astfel incat functia f (x) =

— e ((—3,3),*) — ((0,00),-) sd fie izomorfism

de grupuri.
b) Rezolvati ecuatia x*x*x*x*x=2.

Solutie:
a) fizomorfism = f(0)=1=m=3 ... 1p
Functia f(x):g, £ 1(=3.3) = (0,00) FZOMOISI oo 2p
b) xrxrxrxrx=2e f(x*xkx#xx)= £ (2) S f7(X) 25 woomoseosseoeeeeeeeeeeee 2p
Se ObHNE ()= /5 1ottt 1p
Deci x= f' (JE) S INALZEAZA ... eeeee e, 1p

Problema 3. Fie (G,-)un grup cu proprietatea ca dintre orice trei elemente ale sale existd doud care
comutd. Aratati ca (G,-) este comutativ.

Solutie: Presupunem cd G nu este comutativ = eXistd X, Y € G, XP # PX ceerveerverieneneerieneeeeeneneeeenieeeeennes 1p

Demonstreaza ca x# y #xy # x

Multimea {x, y,xy} nu respectd conditia din ipoteza (dintre orice trei elemente existd doud care comutd)

1
Problema 4. Pentru fiecare n € N'se considerd /, = J' x"Nx* +3dx.
0

a) Calculati 7.
b) Arataticd (n+3)1,,+3nl,_ =8, Vn>2, neN.
¢) Calculati lim(n/, ).

Solutie:

a) 1, zj.x\/x2+3d :%('\/x2+3)3

1
0
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1

—J.nx”'l (x2 +3)\/x2 +3dx..... 1p

!

b) 37, :j.x" 3x/x? +3dx=j.x" -((\/x2+3)3] dx =x" (\/x2 +3)3

1

0
0 0 0
1
37,,=8~ nJ‘(x”+1 +3x" )\/ B 17 P 1p
0
Se obtine 3/, =8—nl, —3nl_ < (n+3)1, +3nl_ =8 VYn22, neN ..., 1p
( 2
xn+
c) (n+1)I =2- dx (integrand Prin PATLD) .......oveeneieineet e 1p
( ) J.\/x2 +3
0
l 2
Notam J, :J. al dx.Seobtine lim/ =0=1imJ, ............ooo 1p
m 10 -0
0
RezUltd HM (77, ) =2 .o, 1p
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