INSPECTORATUL SCOLAR
JUDETEAN ARGES

7)8 MINISTERUL EDUCATIEI

Olimpiada Nationala de Matematica %‘
Etapa locala, 11 februarie 2023
Clasa a XII-a

BAREM ORIENTATIV de CORECTARE si NOTARE:

Problema 1: solutie orientativa Punctaj
a) Prin inductie obtinem:
Ip
xoxo..ox=a""(x=b) +b,oricare ar fine N,
de n orix
Ecuatia din enunt se scrie:
a”’l(x—b)"+b:a”+b<:>(x—b)n=a1“’7”. 1p
. Lpn . . 1+p-n
Obtinemx,=a " +b,nimparsi x, =*a n + b, npar.
Daca n este numar natural par atunci subsirul x,; este divergent, iar daca n este numar 1p
natural impar atunci subsirul x, ., are limita a™! + b.
b) Avem ling f(x)= —% si lim f(x)=1, f strict crescatoare, deci G Z(—%, 1] .
x>0
. a X—da . ie . 1 a
Functia f:(0,0) > ——, 1 |, f(x)= este inversabilasi f :| ——, 1 |— (0, ),
b x+b b
_ a+bx 2p
[0 = :
I-x
-1 . - _ . _ a+bx a+by
Cum f~ este morfism obtinem /' (x Ay) = f'(x) -f ' (y) ©xAy = f " T =
a’ +abx +aby +b*yx 4
a’ +abx +aby + b’ yx l-x—y+xy
—X—y+xy a” +abx+aby+b »
l-x—y+xy
_a’—a+ab+Dx+a(b+1)y+ (b —a)xy 2p
a’+b+bla-Dx+bla=1)y+bb+1)xy
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Problema 2: solutie orientativa Punctaj
Din a®b = ba = a3b? = bab = a3 = bab = ba® = ab = ba3b = a. 1p

= (ba3b)(ba3b)(ba3b) = a® de unde ba’bh = a® = a’ = ba’h = a’ =a

=ad =e. 2p
Din (ba3b)(ba3b) = a?> = ba®b = a®> = ba® = a’bh = 2p
= (a®b)? = a®’b - a’b = ba® - a’b = ba®b = b? = e. 2p

Problema 3: solutie orientativa

Pentru x €(—a,a)avem:

1 = [e(Jarx +Ja= e = [ war e+ [wfa—xde=1, +1;. &

Cu substitutia va+x =t avem:
5

1, = Ix«/ﬁdxzj.(tz —a>t~2tdt = 2It2 (t2 —a)dt = 2I(t4 —at® )dt = 2(%—615} =

3
=§(m)5_§a(m)3. 2p

Cu substitutia va — x = t avem:

I = [xVa—xdx = [(a—t?)t-(=2t)dt =2 [ t?(t? — a)dt = 2 [(t* — at?)dt =
5 3 2 5 2 3

2 (t— - a%) = E(\/a — x) = Ea(\/a - x) .

1=t + L =2 (Jarx) ~2a(Varx) +3(a=x) ~2a(Va=x) =

2p

LN (Y |5l () ()

[x(Varx+a- x)=§[(mf4@)}%{(@&(@)%. Ip
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Problema 4: solutie orientativa

Punctaj

x+1 1

2

2x + 2 d
— dx =
x24+x+1

dx

1

2

2x+1

a). Fie F;: R —» R primitiva functiei f;: R — R astfel incat F; (0) = 0.
rx+10 T rx+1

J J
1f 1

2) x2+x+1
1
2

Fi(x) = f

2x+1

V3

%-ln(x2+x+1)+%f dx=%-1n(x2+x+1)+i3-arctg

NG

+c.

2

(r+3) +5
i - 1 1. L - — 7.8
DmFl(O)—0=>2 1n1+\/§ arctg\/g+c—0=>c— ™

V3

18

2x+1

V3

Deci F; (x) = % In(x?+x+1)+ % -arctg

2nx2nlypnxn-1
x2N4xM+1

x2n—1+xn—1

b). ffn(x)dx = f

1 nxn1
[ gy
2nffx2"+xn+1

1 1
dx ==E;f dx ==E;f

x2M4xM4+1

1 2n n 1
—In(x*" +x"+ 1D+

x2M4xM4+1

nx
2

1\2 3

ny— =

(xn4+3) 43

2xM+

V3

1

1
+—=-arctg + C.

V3

2nx2nlppyn-1

dx = %ln(xzn +x"+1)+

dx +

Deci fr%nﬂfn(x)dx = % In(n+1)?+n+1+1)—-Inn®>+n+ 1]+

+ n_\lﬁ [arctg (%) —arctg (21\1;3:1)] = -arctg > V3

n2+4n+3°

n?+3n+3
n2+n+1

1

2n

1
Y

lim n? -
n—-oo

N+ n
f frn()dx = lim (—- In
qﬁa n—oo \ 2

n?+4+3n+3
n2+n+1

t \/§ =
T e s an+3)

V3
2n2+4n+3 |
V3

2n2+4n+3

+ lim

n—->0oo

=Ine + lim

n—-oo

(%

n arctg

N3

2n+ 2

) V3
n+n+1

2n?2 +4n+3

= lim
n—-o0o

+ lim | —-
n—oo \/§

<1n (1+

n =1
2n2 +4n+3

2p

Nota: Orice alta solutie corecta se puncteaza corespunzator.
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