$5\ | INSPECTORATUL SCOLAR

JUDETEAN ARGES
Olimpiada Nationala de Matematica
Etapa locala, 11 februarie 2023
Clasa a Xl —a

BAREM ORIENTATIV de CORECTARE si NOTARE:

Problema 1: solutie orientativa Punctaj
a) Demonstreaza egalitatea prin calcul elementar.
(A?-Tr(A)-A+detA-1,=0,) teorema Cayley-Hamilton 1p

< s a b a+d=0
b) Cautam B—[C d]e M, (Q), cu {ad—bc=—7' 1p

Gasirea unei solutii (spre exemplu a=1, d=-1, b=2 si c=3) conduce la

1 2 e o . .
B= (3 J, care verifica cerinta problemei. 2p

¢) Din relatia det(X*~71,)=0=> det(X /71, )-det(X +~/71,) =0, deCi
det(X—/71,) =0

sau . 1p

det(X++/71,) =0

. Xy ) xty7 y
Fie X = si det(X+471,)=0< =0
[Z tjelvg(@) si-det(X+471,) ‘ e
<:>(Xt—yZ)i(X+t)\/7:—7, de unde tinand cont cd x, y, z, t e Q, obtinem
t—yz=-7
(st "
X+t= Finalizare

Deci X*=71,. 1p
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Problema 2: solutie orientativa Punctaj
a) Vom utiliza teorema lui Weierstrass.
n+1 n+2 2n
Termenul general este X, =[1+In— || 1+In—— |-...;| 1+In 1
n n+1 2n-1 p
« (1+In 22+1j(1+ln 22n+ij
Din Zns — n Nt 1 vneN = 1p
X n+1
n (1+In )
n
(x, )., este strict crescator (1)
(1+In 2n J <X, s(1+lnn—+1J
2n-1 n
. 2n . n+1Y . 1p
Din lim| 1+1In e silim{1+In—=| =ze=+le<x, <e, VneN" (2) il
n>e0 2n — N> n Finalizare
Din (1) si (2), conform teoremei lui Weierstrass, sirul este convergent. 1p
b) Demonstreaza ca sirul y = T L L converge catre 2p
n n+1 2n-1
zero. Finalizare
. 2023 _ 1
Atunci fim &Y =1 o505 g
n—oo yn
Frcsts Tad: Arges, S omter 010168, Bucsest
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Problema 3: solutie orientativa Punctaj
Demonstreazd inductiv ¢d (B—A)"" =B"(B-(n+1)A)
n=1=(B-A) =B*-BA-AB+A’=B?-2BA+BA-AB+A’=B(B-2A) 20
=—A?
P(k)=P(k+1)
(B-A)"*=(B-A)"-(B-A)=B"(B-(k+1)A)-(B-A)= 1p
ip. de inductie
=B (B’ -BA—(k+1)AB+(k+1)A’)=
=B (B’ —(k+2)BA+(k+1)BA—-(k+1)AB+(k+1)A%)=
=B“| B —(k+2)BA+(k+1)(BA-AB)+(k+1)A? |=
—a 2p
=B (B’ - (k+2)BA)=B"*(B-(k+1)A) si procedeul inductiei matematice 1p
este finalizat. _
Pentru n=2023= (B—A)™™ = B**(B-2024A). Conlclu2|e
Y
Problema 4: solutie orientativa Punctaj
1 1
= X =-X
2 2
Fie D= Iy 2 X 2p
2
1 1
X — g
2 2
(Cum det A =det At, puteau lua si forma matricei transpuse.)
Prin calcul, adunand spre exemplu toate liniile la prima linie rezulta
1 1 1 1 0 0
(-1)cy+c,
p=F-x 1  ZTRE-x x -1 1p
2 2 (-Lestex | 2 2
1 1 1 1
X —=X = X —=2X ==X
2 2 2 2
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JUDETEAN ARGES
X
_(_1)1+l 1 1
——2X
2
2
L ox-L) X e pa coxe Loge 3k
2 2 4 2 4
| | | . . 1p
si cum functia de gradul al doilea f:R - R, f(x)=3x? —oX+y are
a=3>0
=f(x)>0,VxeR.
a® ggl 812 3 =1(0) N
4 4 4 4 4
3
b) minf(x):_ézi=§.i=i,
x=_ L 4a 43 4 4.3 16 2p
” 1

Nota: Orice alta solutie corectd se puncteaza corespunzator.
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