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The problem we explore in our presentation: Many gifted
students are facing certain challenges while solving algebra
problems.
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The problem we explore in our presentation: Many gifted
students are facing certain challenges while solving algebra
problems.

We see these challenges if we study the empirical data published
by MAA from the AMC 8 or AMC 10. How can we, as math
educators, address these challenges?
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Example of a problem for which we have empirical data: problem 9
on the 2007 AMC 10 A examination.

Real numbers a and b satisfy the equations 32 = 81°+2 and

1255 = 5273 What is the value of ab?
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Example of a problem for which we have empirical data: problem 9
on the 2007 AMC 10 A examination.

Real numbers a and b satisfy the equations 32 = 81°+2 and

1255 = 5273 What is the value of ab?

Distractors Answer Distribution (in percent)
—60 4.74
—-17 2.92
9 3.02
12 7.62
60 29.97
Omitted 51.70
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Example of a problem for which we have empirical data: problem 9
on the 2007 AMC 10 A examination.

Real numbers a and b satisfy the equations 32 = 81°+2 and

1255 = 5273 What is the value of ab?

Distractors Answer Distribution (in percent)
—60 4.74
—-17 2.92
9 3.02
12 7.62
60 29.97
Omitted 51.70

Why did so many students omit this problem?

What can we do to target this issue?
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Mathematical Circles can help address part of this challenge.
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Mathematical Circles can help address part of this challenge.

e  Mathematical Circles are a form of outreach that bring
mathematicians together with K-12 students.

e  These students, and sometimes their teachers or parents, meet
together with a mathematician, undergraduate, or graduate
student in an informal setting to work on interesting topics or
problems in mathematics.

e  These informal meetings are held outside of school hours,
either at night or on the weekends.
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Our Fullerton Mathematical Circle:
e  First meeting - September 24, 2011; meetings have been held
on numerous Saturdays since on campus

Christina Tran undergraduate student, California State Universii  Explorations of the Common Core in Algebra: A Training Grou



Our Fullerton Mathematical Circle:

e  First meeting - September 24, 2011; meetings have been held
on numerous Saturdays since on campus

e Our sessions’ content is inspired from the experience of similar
events developed around the monthly publication Gazeta
matematicd, a journal established in 1895
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Our Fullerton Mathematical Circle:

e  First meeting - September 24, 2011; meetings have been held
on numerous Saturdays since on campus

e Our sessions’ content is inspired from the experience of similar
events developed around the monthly publication Gazeta
matematicd, a journal established in 1895

Additionally, we cover problems from:

e Abacus International Challenge (students in grades 2-4 and
students in grades 5-6)

e American Mathematical Competition (AMC 8, AMC 10, AMC
12, AIME, USAMO)

e  Monographs published in the MSRI's Math Circle series

e We host Math Kangaroo every March
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At the Fullerton Math Circle, we are mostly interested in student’s
enrichment.

There is a continuous feedback process and we listen to students’
suggestions.

We have organized so far four sessions when the students were the
speakers.
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For the students who will be experiencing AMC 10, we seek to
prepare them with a selection of problems addressing a variety of
concepts in algebra, including arithmetics, number theory, algebraic
expressions, properties of polynomials, etc.
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For the students who will be experiencing AMC 10, we seek to
prepare them with a selection of problems addressing a variety of
concepts in algebra, including arithmetics, number theory, algebraic
expressions, properties of polynomials, etc.

Based on the data published by the Mathematical Association of
America, we are aware there are algebraic explorations that present
a challenge even for the usually well-trained students taking part in
AMC 10.

How can our students practice such manipulations on non-standard
algebra problems?
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For the students who will be experiencing AMC 10, we seek to
prepare them with a selection of problems addressing a variety of
concepts in algebra, including arithmetics, number theory, algebraic
expressions, properties of polynomials, etc.

Based on the data published by the Mathematical Association of
America, we are aware there are algebraic explorations that present
a challenge even for the usually well-trained students taking part in
AMC 10.

How can our students practice such manipulations on non-standard
algebra problems?

This is when we turn to our literature for other examples.
Where can we find approachable training problems?

Can our Math Circle students solve them?
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Fullerton Math Circle, August 25, 2012.
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Gazeta matematica

Problem S:E12.343, January 2012.
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Gazeta matematica

Problem S:E12.343, January 2012.

Find all the natural numbers that are perfect cubes, smaller or
equal to 3375, with the property that when divided by 54 have
remainder 27.

Solution: We look for the numbers with this property among odd
numbers.
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Gazeta matematica

Problem S:E12.343, January 2012.

Find all the natural numbers that are perfect cubes, smaller or
equal to 3375, with the property that when divided by 54 have
remainder 27.

Solution: We look for the numbers with this property among odd
numbers.
By trial and error we find

33 =27

93 =720 =702 +27 =54 x 13+ 27
153 = 3375 = 3348 4 27 = 54 x 62 + 27
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Gazeta matematica

Problem S:E12.343, January 2012.

Find all the natural numbers that are perfect cubes, smaller or
equal to 3375, with the property that when divided by 54 have
remainder 27.

Solution: We look for the numbers with this property among odd
numbers.
By trial and error we find

33 =27

93 =720 =702 +27 =54 x 13+ 27
153 = 3375 = 3348 4 27 = 54 x 62 + 27
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Gazeta matematica

Problem S:E12.343, January 2012.

Find all the natural numbers that are perfect cubes, smaller or
equal to 3375, with the property that when divided by 54 have
remainder 27.

Solution: We look for the numbers with this property among odd
numbers.
By trial and error we find

33 =27
93 =720 =702 +27 =54 x 13+ 27

153 = 3375 = 3348 + 27 = 54 x 62 + 27
The answer is: {3,9,15}.
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Gazeta matematica

Problem S:E12.343, January 2012.

Find all the natural numbers that are perfect cubes, smaller or
equal to 3375, with the property that when divided by 54 have
remainder 27.

Solution: We look for the numbers with this property among odd
numbers.
By trial and error we find

33 =27
93 =720 =702 +27 =54 x 13+ 27

153 = 3375 = 3348 4 27 = 54 x 62 + 27

The answer is: {3,9,15}.
| remarked that the difference between the numbers 3, 9, 15 is 6.
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Although the problem was done, | continued the exploration and |
have noticed that all the numbers at a distance of 6 units on the
real axis satisfy this properly, namely:

213 = 9261 = 9234 + 27 = 54 x 171 + 27
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Although the problem was done, | continued the exploration and |
have noticed that all the numbers at a distance of 6 units on the
real axis satisfy this properly, namely:

213 = 9261 = 9234 + 27 = 54 x 171 + 27

273 = 19683 = 19656 + 27 = 54 x 364 + 27
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Although the problem was done, | continued the exploration and |
have noticed that all the numbers at a distance of 6 units on the
real axis satisfy this properly, namely:

213 = 9261 = 9234 + 27 = 54 x 171 + 27

273 = 19683 = 19656 + 27 = 54 x 364 + 27

33% = 35037 = 35910 + 27 = 54 x 665 + 27
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Although the problem was done, | continued the exploration and |
have noticed that all the numbers at a distance of 6 units on the
real axis satisfy this properly, namely:

213 = 9261 = 9234 + 27 = 54 x 171 + 27

273 = 19683 = 19656 + 27 = 54 x 364 + 27

33% = 35037 = 35910 + 27 = 54 x 665 + 27

and so on, the pattern is satisfied.
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Gazeta matematica

Problem S:E12.356, January 2012.
The arithmetic mean of the numbers a and b is 4.5; the arithmetic

mean of the numbers b and ¢ is 12.5 and the arithmetic mean of
the numbers ¢ and a is 16.5. Find the arithmetic mean of the

numbers a, b and c.
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Gazeta matematica

Problem S:E12.356, January 2012.

The arithmetic mean of the numbers a and b is 4.5; the arithmetic
mean of the numbers b and c is 12.5 and the arithmetic mean of
the numbers ¢ and a is 16.5. Find the arithmetic mean of the
numbers a, b and c.

Solution:
a+c=33
b+c=25
at+b=9
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Gazeta matematica

Problem S:E12.356, January 2012.

The arithmetic mean of the numbers a and b is 4.5; the arithmetic
mean of the numbers b and c is 12.5 and the arithmetic mean of
the numbers ¢ and a is 16.5. Find the arithmetic mean of the
numbers a, b and c.

Solution:
a+c=33
b+c=25
at+b=9

| added the three relations term by term:

2a+2b+2c =67
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Gazeta matematica

Problem S:E12.356, January 2012.

The arithmetic mean of the numbers a and b is 4.5; the arithmetic
mean of the numbers b and c is 12.5 and the arithmetic mean of
the numbers ¢ and a is 16.5. Find the arithmetic mean of the
numbers a, b and c.

Solution:
a+c=33
b+c=25
at+b=9

| added the three relations term by term:

2a+2b+2c =67

Thus a+ b+ ¢ = 33.5 and their arithmetic mean is 33 5
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Gazeta matematica

Problem S:E11.317, December 2011.

2n+3
3n+2

Let n be a natural number. Is it possible that the fraction
represents a natural number?
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Gazeta matematica

Problem S:E11.317, December 2011.

2n+3
3n+2

Let n be a natural number. Is it possible that the fraction
represents a natural number?
Solution: Remark that for n = 1 the value of the fraction is 1.

For any other value of n we notice that the fraction is less than 1,
thus it can not be a natural number.
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Gazeta matematica

Problem S:E12.480, April 2012.
Let a, b, ¢ be three nonzero integers. Prove that the numbers
a+2b+3c,2a+3b+ ¢, 3a+ b+ 2c can not be all three odd.

Christina Tran undergraduate student, California State Universi:  Explorations of the Common Core in Algebra: A Training Grou



Gazeta matematica

Problem S:E12.480, April 2012.
Let a, b, ¢ be three nonzero integers. Prove that the numbers
a+2b+3c,2a+3b+ ¢, 3a+ b+ 2c can not be all three odd.

Solution: This requires a discussion by cases.
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Gazeta matematica

Problem S:E12.340, December 2011.
Find the pairs of integer numbers (x, y) with the property

x? +y? +2x — 4y —20 = 0.
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Gazeta matematica

Problem S:E12.340, December 2011.
Find the pairs of integer numbers (x, y) with the property

x? +y? +2x — 4y —20 = 0.

Solution: | reached the solution by manipulating the equation of
the circle. Then | graphed the circle.
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Gazeta matematica

Problem S:E12.340, December 2011.
Find the pairs of integer numbers (x, y) with the property

x? +y? +2x — 4y —20 = 0.

Solution: | reached the solution by manipulating the equation of
the circle. Then | graphed the circle.
More precisely:

X2+ 2x+1+ = 25,
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Gazeta matematica

Problem S:E12.340, December 2011.
Find the pairs of integer numbers (x, y) with the property

x? +y? +2x — 4y —20 = 0.

Solution: | reached the solution by manipulating the equation of
the circle. Then | graphed the circle.
More precisely:

X2+ 2x+1+ = 25,

(x+1)% + = 52,

This is the circle centered at (—1,2) of radius 5.

Christina Tran undergraduate student, California State Universi:  Explorations of the Common Core in Algebra: A Training Grou



Gazeta matematica

Problem S:E12.340, December 2011.
Find the pairs of integer numbers (x, y) with the property

x? +y? +2x — 4y —20 = 0.

Solution: | reached the solution by manipulating the equation of
the circle. Then | graphed the circle.
More precisely:

X2+ 2x+1+ = 25,

(x+1)% + = 52,

This is the circle centered at (—1,2) of radius 5.
We draw the figure.
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Represent the circle:

-10

Christina Tran undergraduate student, California State Universi:  Explorations of the Common Core in Algebra: A Training Grou



Represent the circle:

(-6,2)

| found twelve pairs of integers satisfying the given equation:

(_17 7)7 (27 6)7 (37 5)7 (47 2)7 (37 _1)‘(27 _2)7(_17 _3)7 (_47 _2)a
(—5,—-1), (—6,2), (—5,5), (—4,6). One can see on the graph that
these are all the possible solutions.
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Gazeta matematica

Problem S:E12.365, January 2012

Prove that the triangle ABC having the lengths of sides equal to
V45 + /243 + /450;

V125 + /675 + /1250;

v/80 + /432 + /800 is a right triangle.
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Gazeta matematica

Problem S:E12.365, January 2012

Prove that the triangle ABC having the lengths of sides equal to
V45 + /243 + /450;

V125 + /675 + /1250;

v/80 + /432 + /800 is a right triangle.

Solution:

V/45 + /243 + /450 = 3(V/5 + 3v/3 + 5v2) = 3M
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Gazeta matematica

Problem S:E12.365, January 2012

Prove that the triangle ABC having the lengths of sides equal to
V45 + /243 + /450;

V125 + /675 + /1250;

v/80 + /432 + /800 is a right triangle.

Solution:

V/45 + /243 + /450 = 3(V/5 + 3v/3 + 5v2) = 3M

V125 + V675 4+ /1250 = 5(v/5 + 3v/3 4+ 5v/2) = 5M
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Gazeta matematica

Problem S:E12.365, January 2012

Prove that the triangle ABC having the lengths of sides equal to
V45 + /243 + /450;

V125 + /675 + /1250;

v/80 + /432 + /800 is a right triangle.

Solution:

V/45 + /243 + /450 = 3(V/5 + 3v/3 + 5v2) = 3M

V125 + V675 4+ /1250 = 5(v/5 + 3v/3 4+ 5v/2) = 5M

V80 + /432 4+ /800 = 4(V/5 + 3v/3 4+ 5v/2) = 4M
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Gazeta matematica

Problem S:E12.365, January 2012

Prove that the triangle ABC having the lengths of sides equal to
V45 + /243 + /450;

V125 + /675 + /1250;

v/80 + /432 + /800 is a right triangle.

Solution:

V/45 + /243 + /450 = 3(V/5 + 3v/3 + 5v2) = 3M

V125 + V675 4+ /1250 = 5(v/5 + 3v/3 4+ 5v/2) = 5M

V80 + /432 4+ /800 = 4(V/5 + 3v/3 4+ 5v/2) = 4M

By the converse of Pythagorean Theorem, since
(3M)? + (4M)? = (5M)?, we conclude that the triangle is right.
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What do the undergraduate facilitators learn from these
problems?

- For some of us as undergraduate students, sessions
are among our first experiences as teachers

- We are seeing at work extremely gifted students

- We develop our teaching skills and learn how to present to an
audience that looks forward to be challenged by interesting
problems

- We understand that education of gifted students is a very
interesting topic in mathematical education
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What do the undergraduate facilitators learn from these
problems?

- For some of us as undergraduate students, sessions
are among our first experiences as teachers

- We are seeing at work extremely gifted students

- We develop our teaching skills and learn how to present to an
audience that looks forward to be challenged by interesting
problems

- We understand that education of gifted students is a very
interesting topic in mathematical education

- We understand the importance of educators’ and
mathematicians’ reflection on how they could best serve the
development of gifted K-12 students
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We thank for support to:

e MAA supporting through a

MAA Dolciani Enrichment Grant MAA

e College of Natural Sciences and Mathematics at

e Department of Mathematics at

e The Romanian Society for Mathematical Sciences, a
reciprocating society of

the American Mathematical Society
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