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Abstract

In this work, we apply the asymptotic expansion method to the three-
dimensional Signorini problem for an elastic beam with unilateral friction-
less contact conditions in one part of its lateral boundary. This allows us to
obtain a one-dimensional model which includes the classical flexion model
of an elastic beam on a rigid foundation (the one-dimensional obstacle pro-
blem).
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1 Introduction

In this work, we apply the asymptotic expansion method to the three-dimensional
elasticity problem with unilateral frictionless contact conditions in one part of the
boundary (Signorini problem). This allows us to obtain a one-dimensional model
which generalizes the classical flexion model of an elastic beam on a rigid founda-
tion also called the one-dimensional obstacle problem (see [3],[5]). The method-
ology is that developed in [1], [7], [10] for beams and [9] for plates: variational
formulation, change of variable to a reference domain and scaling of unknowns,
asymptotic expansion with respect to the diameter of cross-section and identifica-
tion of the first terms in such expansion. The major difference here resides in the
unilateral contact conditions in the three-dimensional elasticity problem, which
give rise to nonlinear problems and to variational inequalities, whose treatment
is different from the one used so far.
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2 The Signorini problem in linear elastic rods

Let w be an open, bounded and connected set in IR? with area A(w). With no loss
of generality, it is usually supposed that A(w) = 1, but in order to preserve the
physical meaning of the equations we maintain the notation A(w). Let v = 0w be
its boundary. The coordinate system Oz;z, will be assumed a principal system
of inertia associated with the section w, which means that

/:cldwz/a:zdw:/xlmzdw:(). (1)

Given e € IR,0 < e <1, and L > 0, we define
w® =ew, ° =0w® =¢edw,

and we note by Q° = w® x (0, L) the prismatic set that we will identify as the
reference configuration of the actual rod.

We denote by z° = (25, 25, 25) = (ex1,exa,23) an arbitrary point in Q° and by
n® = (nf) the outer unit normal vector on 99Q°. The parameter ¢ identifies the
size of the diameter of the transversal section w?, that has area A(w®) = > A(w).
We denote the edges of ¢ by:

g =w® x {0}, I'; =w® x{L}.

We also assume the boundary ~° is divided into two nonempty disjoint parts
denoted by 7% and 7%. Consequently, we denote I'* = I'S; UT'g, with T'y, =
vy % (0,L) and TE = 4% x (0,L). The part ', of the lateral boundary can
become in contact without friction with a rigid foundation. We denote by s°(z¢)
the distance of the point 2° € I'g; to the obstacle measured in the normal direction
of vector n®. We assume that the function s° : 'y, — IR satisfies s* € L>(T'%).
Obviously s > 0. We remark that we drop the superindex € when € =1, i.e.

Q=0 To=Tg,...

The material which constitutes the rod is assumed to be homogeneous and
isotropic with Young’s modulus E and Poisson’s ratio v, both independent of
€. Also, Lamé’s coeflicients A and p will be employed, related with E and v by
the formulae

vE FE
AT ATa-m) *T2a+y) @)
or their inverses o )
po M2 3)

A+ p 200+ p)

If it is not explicitly mentioned, in what follows we will use the summation con-
vention on repeated indices (& excluded); moreover, Latin indices take their values
in the set {1, 2,3} and Greek indices (except ¢€) in {1, 2}.
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We suppose that the rod is clamped in both ends I'y and I'7 and submitted to
the action of body forces of volume density f° = (ff) and surface forces acting
on I's; of density ¢° = (¢5). We assume the following regularity for the forces:

ff e (), ¢ € L*(T). (4)

The classical model used in linear elasticity for this situation is know as the
Signorini problem and it is written as (see [5]): Find u® : @ — IR® such that:

—6_7'(7,']' (UE) = fl‘E in QE,
Oij (ue)n;‘ = 9157 on F?VJ
ui = 0, onIguly, (5)
uy, <s°, 0, <0, of; = O, on I'g,
o5 (us, —s°) = 0, onlg,

where

e 0° = o(u®) = (04;(u°)) is the stress tensor, related with the displacement
field u® = (u§) by the Hooke’s generalized law

E
epp(u)dij + ——ei;(u®),

ey vE
‘711(“)—( 1+o

1+0)(1—2v)
e e(u®) = (e;;(u®)) is the linearized strain tensor

(6,’&; + ajuf),

DN | =

eij(u®) =

o uy =uing

‘nS,of = 05 (us)nfnj and o3; = 0y; (us)nj —oins.

The two last conditions in (5) describes the well-known unilateral contact without
friction (Signorini’s problem). By introducing the space of admissible displace-
ments,

V(%) = {v°=(vf) € [H ()P :v*=0inT{UTL},

the following variational formulation of problem (5) is obtained by a classical
procedure:

u® € K(Q°) := {v° e V(Q°) : 0] <% ae. onTE},

| ost)enr —udaa > [ g7 - uids® + [ gief - uddat, @)
€ Qe F?V

for all v* € K(QF).

The problem (6) is written as a classical variational inequality of the following

form:
u® € K(Q°), %
ae(us,v° —uf) > I . (v° — u®),for all v¢ € K(Q°),
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where, for all w®,v® € [H'(02°)]® we note:
ac (w*,v°) =/ oij(w)e;;(v¥)dz®, 1. (v) =/ fvisdxg—i—/ g;vida®.
£ QE ]‘_‘5\7

Now, because of the continuity of the linear form . and the continuity and V (Q¢)—
ellipticity of the bilinear form a. (due to the Korn’s inequality), the problem (7)
has a unique solution for each ¢ (see [2], [6]).

The geometric characteristic of the rod is that the area of its cross section, 2 A(w),
is very small compared with its length because usually we have ¢ << 1. As a
consequence, the three-dimensional model is ill-conditioned and difficult to solve
by the usual finite element methods. Hence, we take advantage of the geometrical
property of the rod to approximate (u®, o), when ¢ is small, using the asymptotic
techniques for problems depending on a small parameter, essentially as in [1] and
[10]. In sections 4 and 5, the distinct stages of this process are discussed.

An important task of this work is to compare the limit model obtained via the
asymptotic method with the well-known classical one-dimensional models for flex-
ion of elastic beams on a rigid foundation (one-dimensional obstacle problem).
In the next section we recall this model in a particular case (see [3]).

3 The classical flexion model of elastic beams on a rigid foundation

In practise, the most known one-dimensional model for flexion of elastic beams
on a foundation corresponds to assume that each point (0,0,2§) of the central
line of the beam is situated initially to a distance §°(z5) of the obstacle, measured
in the direction Oz¢, and the total loading applied in this direction at the same
point is F(x§). Then the model is written as follows (no sum on a) (see [3]):

EI (&)W = FS + ¢, in (0,L)
&,(0) = &(L) =0, ®
(€2)'(0) = (&) (L) =0,

§a>5,4,20, (6 —8)q;, =0, in (0,L),

where we use the notation x', x”, ..., x\™ for derivatives with respect to variable
zg = x§ of a function x only depending on variable z3 = z§ € (0, L) and

o £ is the flexion of the central line on the direction Oz%,
o ¢ is the (unknown) reaction of the foundation on the direction Oz¢,

e I° is the inertia moment of w® with respect to the axis Oz, defined by

I = /M ] (€)% dw”. 9)
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The last line in (8) traduces the non penetration condition and that the reaction
is strictly positive only when the contact is produced.
The variational formulation of problem (8) is also well-known (no sum on «):

§5€U5 = {x5 € H3(0,L) : x5, > & a.e. in (0,L)},

1
EIE/ (€)" (x5, — &))" dxg > / F2(x5, — &a)dzs, for all x§, € US. (10)

(From classical theory of elliptic variational inequalities (see [2], [6]), the existence
and uniqueness of solution of the problem (10) is obtained.

4 The asymptotic method

Following [1] and [10], we introduce the change of variable
I°: Q — Q°,  (21,22,23) > 2° = (621,622, 23). (11)
Also, we scale the unknown and the test displacements:
Ua(&)(@) = eus(2),  us(e)(@) = u5(a), (12)
va(e)(x) = evi (2°), vs(e)(z) = v§(z°), forallv°: Q" - R®.  (13)

We suppose the following order of magnitude for the forces and distance s° which
warrant the hypothetical limit displacements have the most general form (see

(40)):
1%) = efa(z), f5(2°) = f3(2),
£29a(), g5(2°) = egs(z), (14)

where the functions
fi € L*(Q), g; € L*(Tx), s € L®(Tc) (15)
are independent of the parameter €.

Remark We note that if the components of applied forces have another orders
of magnitude with respect to ¢ the linearity of equations allows us to decompose
the problem as a sum of problems having this property.

So, an elementary calculation based on the change of variable for integration gives
the following result.

Theorem 4.1 The scaled displacement u(e) obtained by means the transforma-
tion (12) of the solution u® of problem (7) is the unique solution of the following
variational problem in §):

( )EK( Y={veV(Q):v, <sae onlc},
,v —u(€)) +e2ea(ule),v —u(e)) + etes(ule), v — u(e))
> et [/ filv da:+/ gi(vi — ui(e))dal ,
'y
for allv € K(Q)

(16)
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where for all w,v € V(Q) the bilinear forms co,ca and c4 are defined by

co(w,v) /Q[/\eaa (w)epp(v) + 2pueqs(w)eqs(v)]de,

co(w,v) /Q[/\eaa (w)ess(v) + dpesq(w)esq (v) + Aess(w)eqq (v)]de,

ca(w,v) = /Q()\+2u)633(u)e33(v)dx.

Now, the polynomial expression in powers of €2 in (16) lead us in a natural way
to use asymptotical techniques (Lions [8]) to approach u(e), when ¢ is small, by
means of an expansion of the form

u(e) = u® 4+ 2u® 4 ety@ 4 (17)
where
u®) e V(Q), u® e K(Q), u®» <0, p=1,2,... (18)

Remark Let us mention that the natural parameter in (16) is § = €2, and this
motivates the even expansion (17). Moreover, it is easy to prove (see [10]) that
if we introduce odd powers in (17), then the coefficients u(2?*1) vanish.

In a general way, given a symmetric bilinear form ¢ : V() x V(2) —» IR, for
all v € V() we obtain the following decomposition according to the expansion
(17)-(18):

c(u(e),v —u(e)) = c(u®,v — u®) + 2¢(w?,v — 2u®)+

+ete(u®, v = 2u®) — c(u®,u®)] + O(°). (19)

Substituting the expansion (17) into (16) and taking into account (19) successively
for the bilinear forms cg, c2, c4, we obtain the following inequality:

co(u®, v —ul®) + e2¢o(u®, v — 2u®) + *[co(u v — 2u®) — ¢o(u?,u?))]

+e2e5 (@, v — u®) + e (u?, v — 20O + ey (W9, v — W) (20)
> 54/ fi(vi —ud)de + 54/ gi(v; —u?)da + O(e%), for all v € K ().
Q I'n

We will see that the previous inequality (20) determines in a unique way u(®) €
K () and gives the form (non unique) of u® € [H(Q)]® satisfying ul? < 0
but not in V() except for some particular cases. This fact causes a boundary
layer phenomenon similar to those seen for the elasticity problem with no contact

condition in [10], [4] and [7], among others.

5 The first order terms in the asymptotic expansion

We introduce some constants and functions which only depend on the geometry
of the transversal section w® (see [10]). For simplicity in the notations we assume
e=1.
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[e4

Second moments of area of w: I, = / 22 dw.
w

Functions ®,4 and d, :

®11(21,22) = 1 (23 — 23) = —P20(z1,22),
(}12(371;552) = &q (:L'l,:L'Z) = 1T, (21)
51($1,$2) =T, 52(1’1,.’52) = —x.

Warping function w is the unique solution of the following problem:

w € HY(w), / wdw = 0,
“ (22)
/ Oqw0qpdw = /(xgalcp — £102¢)dw, for all p € H'(w).

Timoshenko’s functions 7z and fgare the unique solution of the following
problems, respectively:

nﬁEHl(w)a /nﬁd‘*}:O,
“ (23)
/ OanpOatpdw = —2/ zppdw, for all ¢ € H' (w).

5 € H'(w), /ngw =0,

(24)
/(Baﬂﬁ + ®45)0npdw = 0, for all p € H(w).
Furthermore, we use in this section the spaces
Vi(©) = {v € V(Q) : eas(v) = 0}, (25)
Va(Q2) = Van(Q2) = {v € V(Q) : eap(v) = e3q(v) = 0}. (26)

The elements of Vg () are called the Bernoulli-Navier displacements. We have
the following equivalent definitions for for V; () and Vo BN (2).

Lemma 5.1 (Trabucho—Viao [10]). The following characterization for the
spaces V1 () and Vo(Q) hold:

Vi(@) = {v e [H' Q) :

0a(@1,2,28) = Xa(@s) + da(@1,22)Xs(03), XasXa € HIO, L)}, 2
VQ(Q) = VBN(Q) = {U € [HI(Q)]s :Ua($17x2ax3) = Xa(x3)a (28)
v3(21, 22, %3) = X3(3) — TaXh(23), X3 € H(0,L), xq € Hg(O,L)}.
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We also use the following sets of functions with separated variables.

Wr(Q) = {v = (v1,02,0) € [H' ()]
Va(T1, T2, T3) = Qa(T1,22)X(23), Yo € Hl(w); X € H&(O;L)}

29
= {(v1,v2) € [H' ()] : 29)
Vo (21, 22, 23) = @a(21,22)X(23), Yo € H (), x € H§(0,L)}
Wr(Q) = {v =(0,0,v3) € [H'(Q))]? :
v3(21, T2, 23) = (w1, 22)x(23), ¢ € H' (W), x € H5(0,L)} (30)

= {vz3 € HY(Q) :
v3(w1, T2, 23) = (1, 22)X(x3), ¢ € H' (w), x € Hg(0,L)}.
Having in mind that in I’ = T'¢ U Ty the outward unit normal vector is of the
form (n1,n2,0), we have

K(Q) = K>() x W1 (Q), (31)

where
Ky (Q) = {(vg) € [H'(Q)]? :v5=00nToUTy, vgng < s a. e. on ¢}, (32)
Wi (Q) ={vs € H'(Q) :v3=00nToUTL}. (33)

Now, we try to characterize the solutions of problem (20). We follow the process
developed by Trabucho&Viafio in [10] for the elasticity problem with no contact
conditions. Firstly, the following transversal forces F; and moments M;, and the
function w®(® are introduced (for simplicity in the notations, & = 1 is assumed):

F; :/fz'dw+/ gidy, M, z/xaf3dw+/ Togsdy, (34)
w YN w YN

w® e L?(0,L; H'(w)) and ae. in (0,L), [ w®dw =0,

Y1
/ Do ® B pdes = / fapdeo + / gaody — ——Fy / odo, (39
w w YN A(w) w
for all p € H' (w).

The following result is a first step to determine the solutions of problem(20). We
need some additional regularity for the forces.

Theorem 5.1 Let us suppose the forces satisfy the basic condition (15) and also
fs € H'(0,L; L)), g5 € H' (0, L; L*(7n))- (36)

Then, the variational inequality (20) yields the following inequalities involving
(0).
ul:

cow®, v —u9) >0, for allv e K(Q), (37)
co(u®, v —2u® + ¢, (u®, v —u®) >0, for allv € K(Q), (38)
w0 —20@) — ¢o(u®,u®) + 2 (u?, v — 2u©) + ¢4 (9, v — u®)
> / filv; — ugo))d:c + / gi(v; — ugo))da, for all v € K(Q). (39)
Q I'n
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The displacement u'® € K (Q) is uniquely determined and the displacement u® €
[H1(Q)]?, w? < 0 is characterized in a non-unique way from equations (37)-(39).
These characterizations are obtained as follows:

(i) The first term u(®) belongs to the space Ve (Q) and it has the following form

ul® (21,32, 73) = ba(w3), Ul (@1,22,235) = E3(w3) — all(xs),  (40)

where the flexions (£,) are the only solution of the following coupled elliptic vari-
ational inequality:

(éa) E[HQ( L) n[H*(0, L) mK2(Q)
EI, / é-ll §a ”d;];3 / F Xa fa)d{L‘g (41)

/ Maxa — €)'dzs, for all (xa) € [H(0, L) N (),

and the stretching &3 is the only solution of the following variational problem:

& e HY(0,L) N H?(0, L)
42
EA(w / &x'dzs z/ Fyxdzs, for all x € Hy(0,L). (42)
0
(i) The term u? € [H'(Q)]? is characterized in the following way:
ud (21,72, m3) = 24(x3) + U (w1, 32, 23), (43)
“g)(xl,wz;m) = z3(23) — Tazy(23) + U( )(3317302,333)7 (44)
where U®?) = (Ui@)) has the following form
U (21, 22,73) = Sar(@3) — v[walh(@s) — Papél(zs)], (45)
1 1
U:,(z)(xl,xz,%) = —wr'(z3) + v {5(:17% +22) — T(w)(jl + Ig)} 4 (x3)
2(1
U+ V)0 + B (a) + 2Ly, (46)

with 2z € H*(0,L), 7 € H'(0,L) and 23 € H}(0,L).

Proof. We will present the proof in several steps, following the scheme developed
in [7].

Step 1. Passing to the limit as e tends to zero in inequality (20), we obtain (37),
that is, for all v € K(Q):

/Q[)\eaa(u(o))emg(v —u®) 4 2pe05(u)eqs (v — ul®)]dz > 0. (47)



252 Juan M. Viafio

Taking succesivelly v = 2u(® and v = 0 € K(Q) in (47) we have:
/[)\eaa(u(o))egg(u(o)) + 205 (u)eqs (u®)]de = 0,
Q

and, consequently, u(®) € V;(Q) N K (Q):
eap(u®) =0, ul® <sonTe. (48)

Condition (48) restricts the form of the transversal components of u(®) to the
following one (see lemma 5.1):

w0 (21, T2, m3) = Ea(@3) + 0a(1,22)E(73), £aré € HY(0,L). (49)
Hence, inequality (37) is equivalent to the equation
co(w®,v —u®) =0, for all v € K(Q). (50)

1
Step 2. Taking the limit as € — 0 on the combination of inequalities 5_2[(20) -

(50)] we obtain the limit inequality (38). Taking into account the conditions (48),
the inequality (38) is written as:

/ Neaa (©P)ess(v) + 2ueas(u®)eqs (v)]de

Q

+ / [Aess (u(o))eaa (v) + 4u63a(u(0))e3a(v - u(o))d;v >0, (51)
Q

for all v € K(Q).

Equation (51) evaluated successively in v = 2u(®) and v = 0 produces:

/ 4pieza(u(®)esa (u®)dz =0,
Q
which yields
esq(u®) = 0. (52)
Properties (48) and (52) mean the term u(%) belongs to the space V2(Q) = Van (1)
of Bernoulli-Navier displacements and also to K (2). Specifically,
u® € Van(Q) N K(Q),
ug) (@) = alza),  &a € HE(O,D),
ui’) (@) = &5(23) — wall(as), & € HY(0,L),
Ea(3)na(z1, 22) < 8(x1,22,23) a.e. on Te.

Then, by the corresponding identifications, we have

(o) € [Hg (0, L)]* N K2(9). (54)



The one-dimensional obstacle problem 253

Now, by substituting (52) in inequality (51), we deduce, for all v € K(Q):

/[)\eaa(u(z))eﬂg(v) + 2pe05(u?)eqs (v)]dz +/ Aess(u@)eqq (v)dz > 0. (55)
Q Q

Hence, taking test functions v € Wr(Q) N K(Q) in (55) we have:

[ Peantu®enste) + 2measu®easto
+/ Aess (U(O))eﬂﬁ(‘P)dw} xdzs >0, for all ¢ = (pa) € [H ()],
aur)ld X € Hy(0,L) s.t. pang < s a.e. onTg, x >0 a.e. in (0,L).
We conclude that the following equation holds a.e. in (0, L):

/ Aeaa (u®)eps(p) + 2peas(®)eas(9) + Aess (u®)eqq (9)]dw, > 0, (56)
for all © = (o) € [H (W)]? s.t. Yana <5 ae. onTc.

Taking ¢, € D(w) in (56) we conclude the following equality:
)\epp(u(z))dag + 2uea5(u(2)) = —)\633(u(0))5a5, a.e. in Q =wx (0,L). (57)

Since ez3(u(®) = &4 — z,£" (see (53)), from (57) the expressions (43) and (45) of
u?) are deduced (see [10],Th. 4.5). We note that conditions z4,r € H'(0, L) are
necessary but not sufficient in order to have u? € W1(€). Then u?) € H Q)
but, in general, ul? ¢ W1(2) and (ug)) ¢ Ko(9).

From (56, we see that u(?) is a solution of the following equation, for all v € K (Q):

/[)\eaa(u@))egg(v) + 2peqs(u®)eqs (v))dx +/ Aess (u(9)eqq (v)dz = 0, (58)
) Q

and, finally, from (52) and (58) we deduce that
co(u®,v = 20 + ¢, (u®, v —u®) =0, for all v € K(Q). (59)
1
Step 3. Passing to the limit as € — 0 in the combination of inequalities 5_4[(20) -
(50) — £2(59)] it is deduced the following limit inequality (see (39)):

co(w™®, v —2u®) —co(u®,u®) + c2(u®, v — 2u) + ¢4 (u®, v — u(®)

60
> [, filvi— ugo))dx + Jr, 9ivi — ugo))da, for all v € K(Q). (60)
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So, taking into account the properties deduced in the previous steps, mainly (57),
the equation (60) is written as:

/Q[)‘eaa (u™)egp(v) + 2peqs(w)eqs (v)]de
+ / Nean(®@®)ess(® — u®) + Aess (1 )eqq (v))dz
Aptesa(u®)esa (v)de + / (A + 21)es3 (u@)ess (v — u®)
Q

> 7 filv; — ugo))d:c +/ gi(v; — ugo))da, for all v € K ().
Q I'n

(61)

Evaluating (61) in v € Van (2) N K(2) one has:

Jo Aeaa(u®)ezs (v — u@)dz + [,(A + 2u)ess (u®)ess (v — ul®)
> [q filvi — udz + Jr, 9i(vi — ugo))da, for all v € Ven(Q) N K(Q).

2

(62)

We notice that for any v € Ven(Q) N K(Q) we have

(z1,22,23) = Xa(@3), (Xa) € [H*(0,L)]> N K>(92),

) =
(21, 22.3) = X3(23) — Tars (v3), Xs € HL(0,L). (63)
(

Vo
U3
Now, as a consequence of (40) and (43), we have

Xeaa () + (A + 2p)ess(u®) = E[& — zal]. (64)

Then, by substituting (64) into (62), the problems (41) and (42) are derived.
Existence, unicity and regularity of solution of problem (41) are exhibited in
Brezis—Stampacchia[2] (see also, [5],[6]).

Step 4. We restrict now (61) to v € K(Q) N V;1(Q), that is, eqs(v) = 0. We have:

/ Aeaa (U(Z))633 (v — u(o)) + 4,uega(u(2))ega (v— u(o))]dm
Q
+ [+ 2wess(uess(o - u)
Q
> / fi(vi — UEO))dﬂf +/ gi(vi — uEO))da,
Q I'n
for all v € K(Q) s.t. eqp(v) =0.

By taking in (65) respectively v = (0,0,u3 + v3) and v = (0,0,u} — v3), v3 €
W1(Q), one has

/u@augz)(’?av;;d:c:—/ )\eaa(u(2))63v3da:—/u63uff)6av3d:c
Q Q

- / ()\ + 2#)631&?”83’03(11’ + / favsdx +/ gsvsda, (66)
Q Q '~
for all vz € W1 ().
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Evaluating (66) in v € W (Q) it results:

/L [ / 1104 u§2>aa<pdw] xdzs = / [ / Aeaal u<2))¢dw] des
/ [ / pdyul? )6acpdw] xdzs — / [ /w (A + 2,2)05u° (pdw] Vi o
/ [/ f390dw] xdzs + / [[m ggg@d’y] xdzs,

for all p € H'(w), for all x € Hy(0,L).

Using now equalities (64), (43) and (45), the following equation in the sense of
distributions in (0, L) is derived:

/6aug2)6agodw _E [ é’/ pdw —5;”/ xacpdw] —z;/ Ontpdw

—r /5 Ontpdw + vEY /xa Datpdw — vEY' @aﬁaagodw (68)

+—/ fapdw + —/ gspdry, for all p € Hl(w)_
l”’ w ll’ YN

For each z3 € (0, L) the problem (68) is a Laplacian problem in w with Neumann
conditions in all boundary 7. The compatibility condition for ¢ such that 0,9 =0
is verified because of the equation (42) for the traction. Then, there exists a (non-
unique) solution of (68) and it has the form given by expressions (44) and (46)
(see Trabucho—Viaifio[10], Sect. 8).

Remark Of course, the asymptotic expansion proposed in (17) is formal and
its validation must be provided by a convergence result u(e) — u(®) in some
functional space, which is under study by the author. Actually, we give another
justification of the method: the displacement field u°¢, obtained by de-scaling
and undoing the change of variable, solves a one-dimensional inequality that ge-
neralizes the classical one-dimensional obstacle problem used to model the flexion
of an elastic beam on a rigid foundation (see section 3).

6 The limit model to the current beam

Having in mind that u(®) is a first order approximation of u(e) in Q (see (17)),
we propose a first order approximation, u%, of u® in ¢, obtained by undoing the
change of variable (11) and the scalings (12)-(13)and (14):

U (1) = e ua(€)(2) ~ e~ (&) = u(2°), (69)
u§(2%) = uz(e)(z) ~ u’ (z) =: u§*(2°). (70)

From (40) we immediately deduce that u%° and u3° are of the following form:
ug (2%) = el (2) = e ea (s) =: € (x3), (71)

uf (2°) = ul) () = &(23) — zall(23) = E(z3) — 25,(65) (z3),  (72)
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where we put £ = &s.
Using now problems (41) and (42) we obtain a complete characterization of the
first order displacements u% by means a well-posed “one-dimensional” model.

Theorem 6.1 The first order displacements field u°° defined by (71)-(72) is a
Bernoulli-Navier displacement, i.e.:

ug (%) = & (23), &, € H3(0,L), (73)
ug®(2%) = &5 (z3) — 25(€3)'(w3), & € Hy(0,L), (74)

where
(i) The flexions (£5,&5) are the only solution of the following coupled variational
inequality:

(€) € K°(0,L),
BI; / (€06~ &'t > [ F0 - G -

/ ME(xS, — €)' das, for all (x5) € K°(0, L),

where
K°(0,L) := {(x5) € [H§(0,L)]* : x5n5, < s° a.e. onTL =~& x (0,L)}. (76)
(i) The stretching & is the only solution of the following problem:
& e HE (o, L)mH2(0 L),

EA(wE)/ (&) (x°) ' dz3 = / F{xfdxs, for all x° € Hy(0,L). (77)
Proof It is a direct consequence of equations (41)-(42) and definitions (71)-(72)
and (34).

7 Conclusions

Equation(77) is the classical model for the stretching of a clamped beam without
any restrictions due to the contact. The problem (75) is the most important
one in this analysis. It represents a general bending model for a rod which
may become in contact with a rigid foundation. It is a new model coupling
both transverse bending displacements. Although it is governed by two one-
dimensional equations, the convex set K¢(0,L) of the admissible displacements
still retains some three-dimensional information. We remark that we can explicit
the definition of K<(0, L) as it follows:

K20, L) = {(xa) € [H3 (0, L) : X&(wa)ng (o, 25) < °(af, 5, 23), )
for all z3 € (0,L) and a.e. (2§,25) € 7&.}
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Most of the well-known classical models, as that one we have seen in section 3,
may be obtained as particular cases of (75)-(76). We show only just the example
as the candidate contact surface I'G, is plane and normal to one of the inertia
azes of the beam (Ox1, to fix the ideas). Consequently, the outward unit normal
vector to I'f, is constant and it has one of the form (+1,0,0) or (—1,0,0). Let us
assume n = (—1,0,0).

From (78) one deduces that the convex set K¢(0, L) for this case is:

K*(0,L) = Ui (0, L) x H3 (0, L), (79)

where )
Uf(0,L) = {¢° € H§(0, L) : ¢*(w3) > s°(af, 25, 23),

for all z3 € (0, L) and a.e. (z5,25) € v&} (80)

We assume that the beam and the obstacle are regular enough in such a way the
following function §° : [0, L] — R, is well defined and §° € L*°(0, L):

§(z3) = inf  s°(z5,25,73), =3 € (0,L).
(z5,25)€EVE

Then, we have an equivalent definition of U®(0, L) (compare with (10)):
U (0,L) = {¢° € H3(0,L) : ¢ > & a.ein (0,L)}. (81)

Setting in (75) successively (xi,x5) = (xi,£5) and (xi,x3) = (£f,x5), with
x5 € U%(0,L) and x5 € HZ(0,L), we prove that, in this case, the limit problem
(75) is equivalent to the following two problems:

& € UL(0,1)

L L
Br; [ 0 - €)dns > [ PG - € &)
L
—/ M; (x5 — &) dzs, for all x; € U; (0, L),
0

& € H3(0,1)
L L
BL [ (6)'06)"dss = [ Fixgdag -
LU 0
—/ M5 (x5)' dxs, for all x5 € Ha(0,L).
0

We observe that (83) is the usual variational model for bending in the direction
Oxy and (82) is the classical one-dimensional obstacle problem already advanced
in (10). In this way we have mathematically justified this classical model as the
first order approximation of the three-dimensional Signorini problem for an elastic
rod when the boundary of contact is assumed to be plane and normal to one inertia
azis.
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