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Abstract

We study the frictional contact between an elasto-piezoelectric body and
a rigid foundation. Our study is based on a non-symmetric mixed varia-
tional formulation involving dual Lagrange multipliers. Using a fixed point
technique and the saddle point framework, we verify the well-posedness of
the variational problem. Furthermore, we provide optimal a priori error
estimates for the displacements, the electric potential and the stress at the
contact interface. The results also hold in the multibody case with non-
conforming meshes at the contact interface. For this situation a numerical
example is given.
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1 Introduction

Recently, considerable attention has been paid to the analysis of various mod-
els in solid mechanics, involving elasto-piezoelectric materials. Piezoelectricity is
the ability of certain crystals to produce a voltage when subjected to mechanical
stress. The word is derived from the Greek piezein, which means to squeeze or
press. Piezoelectric materials also show the opposite effect, called converse piezo-
electricity; i.e., the application of an electrical field creates mechanical stresses
(distortion) in the crystal. Because the charges inside the crystal are separated,
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the applied voltage affects different points within the crystal differently, resulting
in the distortion. Many materials exhibit the piezoelectric effect (e.g. ceram-
ics: BaTiOs, KNbOs, LiNbO3, LiTaO3, BiFeO3). In 1880, the brothers Pierre
and Jacques Curie predicted and demonstrated piezoelectricity. In 1881, Lipp-
mann deduced mathematically the converse piezoelectricity from fundamental
thermodynamic principles and the Curies immediately confirmed the existence of
the converse effect. The first mathematical model of an elastic medium taking
linear interaction of electric and mechanical fields into account was constructed
by W. Voigt, see [28], and more refined models can be found for example in the
works of R. Toupin [26, 27], R. Mindlin [19, 20, 21], S. Kalinski and J. Petikiewicz
[17] and T. Ikeda [16]. A theoretical result in contact mechanics for piezoelec-
tric materials was obtained recently in [25], within the framework of variational
inequalities.

In this paper, we consider an elasto-piezoelectric body in frictional contact
with a rigid foundation. We assume that the contact is bilateral, and we model
the friction with Tresca’s law. More details concerning the frictional bilateral
contact models can be found, e.g., in [6, 22] and more recently in [9, 24]. For the
variational formulation as a variational inequality of the second kind, and for a
priori error estimates based on this formulation without Lagrange multipliers, we
refer to [8, 9]. Recently, a lot of work on a priori error estimates for the saddle
point formulation has been done, we refer to, e.g., [2, 3, 11], and the references
therein.

Our study is based on a mixed variational formulation with dual Lagrange
multipliers. In the numerical tratement of this problem, that is the main aim of
this paper, we use a biorthogonality technique as in [29, 14, 15].

The rest of the paper is structured as follows. In Section 2, we present the
mechanical model, provide a non-symmetric mixed variational formulation, and
we state in Theorem 2.1 the existence, and uniqueness of the weak solution.
The prove of this theorem, based on Theorem 3.1, will be provided in Section
3 using a fixed point technique and the abstract saddle point framework. After
discretization, in Section 4 we obtain an optimal a priori error estimate of order
h%+”, O<rv< %, if the solution is regular enough. Finally, in Section 5 we give
a numerical example.

To end the introduction, we briefly recall some basic results for saddle point
problems, that will be used later. For more details on the saddle point theory,
we refer to the textbooks [4, 5, 7].

Let A and B be two non-empty sets. A pair (u, A\) € A x B is said to be a saddle
point of a functional £: A x B — IR on A x B if and only if

L(u, p) < L(u, A) < L(v, A), (v, p) € AXB.

Assumption 1.1.

(i) A and B are nonempty, closed, convex subsets of two real Hilbert spaces V
and W, respectively;
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(ii) For all 4 € B the mapping v — L(v, p) is a convex and weakly lower
semicontinuous function;

(iii) For all v € A the mapping u — L(v, p) is a concave and weakly upper
semicontinuous function.

The following existence result holds.

Theorem 1.1 We consider that Assumption 1.1 is satisfied. Let A be bounded
or there exists g € B such that

E(Ua /J/O) = o0,

||v]|lv —o0,veEA
and B be bounded or

im inf L(v, p) = —c0.
lullw —oco,u€B vEA

Then there exists a saddle point of L on A x B.
A detailed proof of this result can be found in [7].

2 The mechanical problem and its mixed variational formulation

We consider an elasto-piezoelectric body that occupies the bounded domain Q2 C
RY, d = 2,3, in frictional contact with a rigid foundation. For the boundary
I' = 09, we consider two partitions: firstly, let us consider a partition given by
the measurable parts 'y, I's and I's, such that meas I'; > 0 and T'5 is a compact
subset of Q\TI'y; secondly, a partition given by the measurable parts T, T'y, such
that meas I'; > 0. The unit outward normal to I is denoted by n and is assumed
to be constant on I'z, i.e. '3 is a straight line or a face. We associate the body
with a rectangular cartesian coordinate system Oxz223 such that e; = np, . We
assume that the body is clamped on I'y, body forces of density f, act on 2, a
surface traction of density f, acts on I'y, a surface electric charge of density go
acts on I'y, and the electric potential vanishes on I',. Moreover, we assume that
on I's the deformable body is in bilateral contact with the rigid foundation. We
denote by u the displacement vector, by € = e(u) the linearized strain tensor,
by o the stress tensor, and by ¢ the electric potential. The space of second
order symmetric tensors on R% is denoted by S%; “-" and | -| represent the inner
product and the Euclidean norm on R¢ and S¢, respectively, d = 2,3. Thus,
for each u,v € R%, u-v = ww;, [v| = (v-v)'/2, and for each o,7 € S,
o - T = 04T, |T| = (T - 7)'/2. In this section, the indices i and j run between 1
and d and the summation convention over repeated indices is applied.
The equilibrium equations are given by

Dive + fo = 0 in Q, (1)
divD = g in Q, (2)
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where D = (D;) is the electric displacement field, and ¢o is the volume density
of free electric charges. Notice that Div represents the divergence operator for
tensor valued functions that is Dive = (0y;,;) and div represents the divergence
operator for vector valued functions, that is div D = (D, ;).

To describe the behavior of the material, we use the following constitutive
law:

o = Ce(u)+E&" Vo in Q, (3)
D = E&e(u)-pFVey in Q, 4)

where C = (C;ji5) is the elastic tensor, £ = (&;;;) is the piezoelectric tensor, and
B is the permitivity tensor. We recall that the linearized strain tensor € is given
by € = £(Vu + Vu'). We use here £" to denote the transpose of the tensor £
given by:

Eo-v=0-E" v, oeS veRY,

and we notice that £ = (ngfl) = (& ) for all 4,4,1 € {1,...,d}. Note that (3)
represents an electro-elastic constitutive law and (4) describes a linear dependence
of the electric displacement field on the strain and electric fields.

To complete the model, we have to prescribe the mechanic and electric bound-

ary conditions. According to the physical setting, we use

u = 0 on Fl; (5)
on = f, on I'y, (6)
p =0 on Iy, (7)
D-n = ¢ on T'y. (8)
Finally, we describe the frictional bilateral contact using Tresca’s law:
up =0, o, < g,
lo-|<g=u,=0, on Iz, 9)

|o,| = g = there exists @ > 0s.t. 0, = —au,

where the constant g > 0 represents the friction bound. When the strict inequality
holds, the material point is in the sticky zone; when the equality holds, the
material point is in the slippy zone. The boundary of these zones is unknown a
priori.

We note that for each vector field v € [H(2)]?, we use the same symbol v
for the trace of v on I" and we denote by v, and v, the normal and the tangential
components of v on the boundary, given by v,, = v-n, v, =v—v,n. We define,
similarly, the normal and tangential components of the stress on the boundary
by the formulas o, = (6n)-n, o,=0on—o,n.

To resume, we consider the following problem:

Problem 2.1 Find the displacement field u : Q — IR? and the electric potential
field ¢ : @ = R such that (1)—(9) hold.
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In the study of Problem 2.1, we will assume that:
(a) C = (Cz'jls) Q) x Sd — Sd,
(b) Cijis = Cijsr = Cisij € L>(9),

(10)
(c) there exists m¢ > 0 such that
Cijis€ij€1s > me |e|?, € € 8%, ae. on Q,
(a) &= (gijk) (xS~ IRd,
(11)
{ (b) gijk = gikj € LOO(Q),

(2) 8= (Bi;) : @ x R » RY,
(b) Bij = Bji € L>(9), (12)

(c) there exists mg > 0 such that
ﬂ,,(x)E,EJ > m5|E|2,E S ]R.d, a.e. z €

fO € L2(Q)d7 f2 € L2(F2)da (13)

@ € L*(Q), g2 € L*(Ty). (14)
Let us introduce the following Hilbert spaces:
v = {ve[E' @] |v=00onT\},
V. = {veVlvn=00nF3};

d

{o € H'(2) |6 =0 on ra}.

If w and ¢ are regular functions which satisfy (1)-(8), then we find

/Cs(u)-e(v)dm+/Es('v)-chda: = /fovda:+ fovds
Q Q Q Ty

+ / o v;ds,
T's

—/Se(u)-VGda:Jr/ BV -Vodr = —/ q20ds+/ qo 0 dz,
Q Q Ty Q

forallv € V and 6 € &. ;
Let us introduce the functional space V. = V x &, that is a Hilbert space
endowed with the inner product

(ﬁaﬁ)f/ = (uav)[Hl(Q)]d + (301 a)Hl(Q)J U= (’U:,(P), b= ('v,0) € V;
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the corresponding norm is denoted by || - ||;- Let a : V x V' — IR be the bilinear
form given by:

a(is, 5) = /QCe(u)-s('u) dw+/QEe(v)-Vg0d:c (15)
—/Ee(u)-Vde+/ﬂch-V0d:c.
Q Q

Moreover, using Riesz’s representation theorem, we define ]" € V such that for
alv e V,

(]",f:)‘-, ::/fovdx+ f2vds—/ q26d8+/q09dm.
Q Ty r, Q
Let M be the dual space of the space W := [H'/?(I'3)]?. Let us define
A= {ue M| {u, o), 5/ glolds, wveV,), (16)
Ts

where (-, -)r, denotes the duality pairing between M and W. We underline that
A is a closed, convex subset of M that contain 0,,. Furthermore, we introduce
a bilinear and continuous form as follows:

b:VxM—=TR, b#®,p):=(uo)r,. (17)

We suppose that the stress o is a regular enough function to define A € M as
follows

(A, o), = —/ (on)-vds, veEV.
s

Using (1)-(8), we get

Using now (9) we deduce that

/ (on) -uds = —/ glu|ds
I's s

and taking into account (17) we can write the following equality
b(di, A) = / glulds.
I's
On the other hand, keeping in mind (16), we get

baw) < [ glulds,  weA,
T3
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resulting in b(@, p— ) < 0 for all g € A. Thus, we can write the following mixed
formulation of Problem 2.1.

Problem 2.2 Find @ € V and A\ € A such that
a(@, ) +b(®,A) = (f,9)y, VEV,
b(a, p— A) < 0, uneEA.
The following result holds.

Theorem 2.1 Assume that (10)—(14) hold. Then, Problem 2.2 has a unique
solution (i, \) € V x A. Moreover, if (@t,, A1) and (@ta, X2) are two solutions
of Problem 2.2 for two functions }'1, }'2 € V, corresponding to two sets of data
{fo, f2: G0, g2}1, respectively {fy, f2, Qo, q2}2, then we have the estimate

[@1 — sl g + | A1 = Aall—1j205 < ClIF1 = Follps
where C' > 0 is a constant that depends of C, £ and 5.

Remark If (it = (u, ¢),\) € V x A is the solution of Problem 2.2, then u € V..
Indeed, we can easily verify that for @ € IR, A + an,_ are elements of A and,
taking in Problem 2.2 pu = A £+ an,_, we deduce that

u-n=0 onlTj.

The proof of Theorem 2.1 that justifies the well-posedness of Problem 2.2, is
based on the main result in the next section, Theorem 3.1.

3 Abstract auxiliary results and proof of Theorem 2.1

Let X and Y be two Hilbert spaces and let us consider two bilinear forms as
follows

a(-, ) : X x X = R, nonsymmetric
(a) there exists M, > 0 such that
la(u, v)| < Mallullx|lvllx, — uveX, (18)
(b) there exists m, > 0 such that
a(v,v) > mq ||v|%, velX. (19)
b(-, ) : X XY - IR,

(c) there exists M such that

b(v, )| < My|jvllx[lully, veX,ueY, (20)
(d) there exists a > 0 such that
inf sup LT > a. (21)

REY,u#0 vEX,v#£0 ||v||X||M||Y B
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Let A C Y be a closed, convex set that contains Oy. We consider now the
following problem:

Problem 3.1 For a given f € X, findu € X and A € Y such that A € A and

a(u,v) +b(v,A) = (f,v)x, wveX,
b(,u@/l’ - )‘) S 07 JURS A.

We are interested in the following result.

Theorem 3.1 Let f € X and assume that (18)—(21) hold. Then, there exists a
unique solution of Problem 3.1, (u, \) € X x A. Moreover, if (u1, A1) and (ua, A2)
are two solutions of Problem 3.1, corresponding to two given functions f1, fo € X,
then we have the estimate

a+mg, +2M,
lur — uallx + [|A = Aafly < ————=

Ilfr = fallx- (22)

a

The prove of this theorem will be made in several steps. We underline that
Problem 3.1 is not a saddle point problem, because a(-,-) is non-symmetric, but
our study reduces to the study of a saddle point problem. The main idea of this
proof is to use the results known in the saddle point theory, see, e.g., [4, 5, 7, 10],
for the symmetric part of a(-,-). Finally, the prove is provided by a fixed point
technique. The reader can found a version of this fixed point technique in [18],
in the framework of the elliptic variational inequalities of the first kind.

Let ao(u, v) and c¢(u, v) be the symmetric, respectively the antisymmetric
part of a(u, v), that is

1 1
G‘O(ua 'l)) = §(CL(U, U) + a’(va u))a c(u,v) = 5(@(’1},, ’U) - a(v, u))
For a given r € [0, 1], we introduce the following bilinear form
ar (u, v) = ag(u, v) + re(u, v), u,veEX, (23)

as a "perturbation" of ag(-, -). We underline that a(u, v) = a(u, v) and for all
r € [0,1] ar(u, v) is X-elliptic with the same ellipticity-constant m,. Moreover,
the bilinear forms ag(-, -) and ¢(-, -) are continuous with the same continuity-
constant M,. We consider now the following "perturbate" problem.

Problem 3.2 For a given f € X, findu € X and A € Y such that A\ € A, and

ar (u,0) +b(v,A) = (f,v)x, veEX, (24)
b(u, p—A) < 0 p € A (25)

We can prove the following lemma.
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Lemma 3.2 Assume that for every f € X there exists a unique solution of
Problem 3.2, (u, A) € X x A. If (u1, A1) and (uz2, A2) are solutions of Problem
3.2 corresponding to two given functions fi, fa € X, then (22) holds.

Proof. Let us take fi, fo € X and let (u1, A1) and (u2, A2) be the corresponding
solutions of Problem 3.2. Using (24), we can write

ar (up — ug, ug —uz) = (fi — f2, u1 —ua)x + b(u1, A2 — A1) + bluz, A1 — A2).

Using now (25) and taking into account the X-ellipticity of a, we deduce
1
llur —uollx < —I[Ifr = follx- (26)
Mq
Moreover, keeping in mind (24), we obtain

b(’l}, A — /\2) = (fl — f2, ’U)X + a, (UQ — Uy, U).

Using now (21) we can write

b(v, A1 — A

< |fr = follx +2 Mg|lur — ua||x,
vEX, v#£0 ||'U||X

and from this, taking into account (26), we get

mg + 2 M,

A1 = Aol < 21 f1 = follx- (27)

amg

Adding now (26) and (27), we obtain (22) that conclude this lemma.

Lemma 3.3 Let 7 € [0,1]. Assume that for every f € X there exists a unique
solution of Problem 3.2 with r = 7, (u, \) € X x A. Then, for every f € X there
exists a unique solution (u, X) of Problem 3.2 with r € [1,T + to], where

amg

to < .
O™ M, (a+mq+2M,)

(28)

Proof. Let f € X be a given function. Let us define the mapping 7 : X x A —
X x A as follows
T(w, &) = (u, A)

if (u, A) is the unique solution of the problem

ar (u,v) + b(v, A)
b(ua = /\)

(Fs, v)x, veEX,
0, pE A,

IA

where

(Fs; v)x = (f, v)x = (s = 7) ¢(w, v)
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and 7 < s < 7 + tg. Clearly, T is well defined. Moreover, 7 is a contraction.
Indeed if we consider two pairs (w1, &1), (we, &) € X X Y, we can write

IT (w1, &) = T(wa, &)llxxy = [lur —u2llx +[[Ar = Aof|y.
Using now (26) and (27), we obtain

to M, (oz—}—ma—i—QMa)
amg

|7 (w1, &) — T (w2, &)|lxxy <

llwr — w2||x

< to My (o +mg + 2 M,)

< e [I(w1, &1) — (w2, &)l xxy-

Keeping in mind (28), we deduce that

< to M, (a+ mq +2M,)
amg

0 <1

Using the Banach Fixed Point Theorem, we conclude that 7 has a unique fixed
point. Let (u*, A*) be the unique fixed point of the operator 7. Using the defi-
nition of T, we deduce

ar(u*,v) +b(v,A") = (Fs,v)x, veX, (29)
b(u*ﬁl’ - )‘*) S 07 JURS A7 (30)

where
(Fs, v)x = (f, v)x — (s = 7) c(u*, v). (31)

Using now (29), (30) and (31) we deduce that (u*, A*) is a solution of Problem
3.2 with r = s for f € X. To justify the uniqueness, let us assume that Problem
3.2 with 7 = s has two solutions (u1, A1), (u2, A2) € X x A. Consequently, we
can write

as(uy —uz,ur —uz) = b(ug, Ao — Ar) + buz, A1 — Az),

and from this,
as(uy — ug, ug —uz) <0.

Taking into account the X-ellipticity of as;, we find u; = us. Moreover, using
(21), we deduce that Ay = A2 that concludes Lemma 3.3.

Let us consider Problem 3.2 corresponding to r =0 :

Problem 3.3 For a given f € X, findu € X and A € Y such that A € A and

ao(u,v) +b(v,A) = (f,v)x, vEX,
b(u, p— A) < 0, p €A
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Lemma 3.4 Assume (18)—(21). Given f € X, there ezists a unique solution of
Problem 8.8, (u, \) € X x A.

Proof. The proof of this lemma, based on the saddle point theory, can be found,
e.g., in [10]. For the convenience of the reader we indicate here the main lines of
this proof.

Let £: X x A — IR be the functional defined as follows:

1
L(v, p) := 5a(v,0) = (£,0)x +b(v, p)-
Using this definition, an equivalent formulation of Problem 3.3. is the follow-
ing saddle point problem:
Problem 3.4 Find u € X and XA € A such that

Lu, p) < L(u, A) < L(v, A) veEX, peA.
Keeping in mind (18) we observe that

L(v, 0) = c0.

||lv]| x =>o0,vEX
Moreover,
lim inf L(v, p) = —o0. (32)
llelly —oo,ueA vEX

Indeed, let o be an element of A and let u,, € X be the unique solution of the
equation
G/(UMO,’U) +b(v, po) = (f,v)x, veX. (33)

Clearly, the following equality holds
. 1
inf ,C(’l), /1‘0) = _a(uuoauuo) - (fa uuo)X + b(uum HO)'
veX 2
Substituting v = u,, into (33), we get
. Ma
inf £(v, po) < =" ol (34

Additionaly, using the inf-sup property of the form b(-, -), we deduce that there
exists a constant C' > 0 such that

lluolly < CUIfIx + [l x)- (35)

From (34) and (35), we obtain (32). Consequently, all the hypotheseses of Theo-
rem 1.1 are verified that conclude the existence of the solution.

To show the uniqueness of the solution, let us assume that (u;, A1) and
(u2, A2) € X x A are solutions of Problem 3.3. We can write

a(u1 — U2, U — UQ) = b(ul,)\g — /\1) + b('lLQ,)\l — )\2) <0,
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and from this we deduce that u; = uz. In addition, using the inf-sup property of
the form b(-, ) we obtain A; = A2 that concludes Lemma 3.4.

Applying Lemma 3.3 a finite number of times, we deduce that Problem 3.2
admits a unique solution (u,\) € X x A for r = 1. Moreover, using Lemma, 3.2,
we observe that (22) holds, that completes the proof of Theorem 3.1.

Proof of Theorem 2.1. Let us take X = V and Y = M. Using (10)-(12) and (15)
we deduce that (18) and (19) hold. On the other hand, keeping in mind (17), we
find (20) and (21). In addition, A introduced in (16) is a closed, convex subset
of M that contain 0,;. Consequently, all the hypotheseses in Theorem 3.1 are
verified and the proof of Theorem 2.1 is a straightforward application of Theorem
3.1.

4 Discretization and an optimal a priori error estimate

In this section, we consider the 2D case. Let us assume that Q C R? is a
polygonal domain and that I'y, I's and ', can be written as union of edges
of the triangulation. Furthermore, let us denote by 7 a unit vector such that
n -7 = 0. We refer the body to a rectangular cartesian coordinate system Oz xo
such that ey = n, and e = 7, . To simplify the writing, everywhere below
we will write n and 7 instead of n.  and 7., respectively. To approximate

V', we use standard conforming finite elements of lowest order on quasi-uniform
simplicial triangulations, and we denote by S1(f, Tp,0) the finite element space
associated with the shape regular triangulation 75 . The meshsize h is defined
by the maximal diameter of the elements in 7 . Let us consider the discrete
spaces

Vi = {’Uh S [Sl (Q, 77179)]2 PV, = 0} cV,
(Vh)n = {'Uh eVy : (vh)"\rs = 0} CcCV,,
7% = {9}1 €S (Q, 77179) : Gh‘ra = 0} C ®.

Let us denote } }
Vi, =Vyx®, CV

and
NMh NMh

My = {,uh €M | py = Z vivin + Z ai¢z""}:
=1 =1

where Ny, is the number of vertices on T3 and for every i = 1,..., Ny, , ¢; is
the i-th. scalar dual basis function of the standard nodal Lagrange finite element
basis function and «;, a; are real coefficients. According to [29], we consider the
dual basis such that the following biorthogonality relation holds

(¢i7¢j)1—‘3 = 6ij o ¢j dS, Z:J = 1)"'7NMha (36)
3
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where ¢y, m = 1,..., Ny, are the standard scalar nodal basis functions of
S1(Q, Th,e), restricted to I's. Furthermore, every element vy, of (V') can be
written on I's as a combination of standard basis functions ¢; as follows

NMh

vy = Z<j¢jT, CjE]R,j:].,...,NMh.
Jj=1
Defining a mesh dependent absolute value of an element vy € (V), by

NMh

wnln == G165,

j=1
we set Ay as follows
Ap = {llh € My |t Va)rs < / glvnlnds, wi € (Vh)n}-
I's
We now consider the following discrete problem.
Problem 4.1 Find @, € Vy, and A, € Ay, such that
7ﬁh)\~/7 /ﬁh € vh

(
b(tn, pp, — An) <0, Ky, € Ap.

Existence and uniqueness of a solution follows from a discrete inf-sup condition
for the spaces V', and My, see, e.g., [29] and the references therein, and from
techniques used in Section 3.

Let us denote by Pc := {p; : 1 <i < Na, } the set of vertices on T3.

The following result takes place.

Lemma 4.2 Let (i = (u,p),A) € V x A be the solution of Problem 2.2 and
let (ap, = (wp,0n), A\n) € Vi, X Ay be the solution of Problem J.1. Then, the
following equalities hold

ba ) = / glulds, (37)

b(@n, An)

/ g|uh|hds. (38)
s
Proof. Let us define up € M as follows
(1, 0)r, = / g sen(u(s) - ) v(s) - Tds, ve V.
s

Clearly, pu € A. Using the definiton of A and taking into account that
b(ﬂ’aﬂ_)‘)soa I‘LGAJ
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we can write
[ oluteids = A, > (e, =
= / gsgn(u(s)-‘r)u(s)-‘rds:/ glu(s) - T|ds
T3 Ts
| sluds
Ts

Keeping in mind (17), we deduce (37). Let us prove (38). Since

b(ﬁhap’h - Ah) < 07 Ky € Aha (39)
setting p, = Ap £ ¢;m, 1 <1 < Ny, , we deduce that
up-n=0 on T},

and thus, up € (V'),. Using now the definition of Ap we get
b(in, A) < / glunn ds. (40)
s
In order to obtain the inverse inequality, let us consider

Nu,
wy =Y gsgn(un(pi) - Tt

i=1

and let us write u, on I's as a combination of the standard basis functions, in
the tangential direction

NMh

up =Y (un(ps) - T)it.

i=1

Due to the biorthogonality relation (36), we can easily verify that p, € Aj.
Furthermore, taking into account (39) and (36) we find

Nu,
b(tn, An) > b(ﬂh; > g sen (un(pi) 'T)wz“r)
NMh i=1
= Y glun() | | di(s)ds
i=1 3

/ glun|nds.
T3
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Consequently, the following inequality takes place
b(tp, Ap) > / g|uh|h ds. (41)
s
Using (41) and (40) we get (38), and thus, we conclude Lemma 4.2.
We will use this result to prove the following lemma.

Lemma 4.3 Let (i1, ) € V x A be the solution of Problem 2.2 and let (i, A\p) €
Vi X Ay, be the solution of Problem 4.1. Then, there exists a positive constant C
independent of the meshsize h, such that for all vy, € Vi, p, € My,

= aally + A = Al gy <Ol Bl + 1A = a2y, )
+b(@, Ap — A).

Proof. We prove this lemma using similar arguments with those used in [11]
for scalar-valued standard Lagrange multipliers. To this end, let us evaluate
a(t — @p, @ — @p). For each ¥, € V', we can write

i
R

a(@ — p, —ap) = a(@t— Gy, @ — 0p) + a(@ — @p, Op — Up)
= a('& — ’Eth,’l] — ’th) — b(’ﬁh — ’&h,)\) +b(’l~ih — ’&hy)\h)
= a(@t —ap, % — 0p) — b(Bp — @, A — Ap)

—b(% — Gp, A — Ap).
From this evaluation, we find

& — @nll3 <C (Il —a@nlly + 1A = Anll=1/2,r5) 1@ — Bally

— (@t — @, A — An).- (42)

Here and below, we denote by C' a positive constant independent of the meshsize,
whose value may change from place to place. Using Lemma 4.2, we can write

(@ — i, A — An) = b, An — A) + b(dn, A) — / glun|nds,

I's
and from this, using the definiton of A and (V'},),, C V', we obtain the following

inequality

b — i, A — M) < b(@, Ay — A) + / g(ln] — unln)ds.

T3

Furthermore, since |up| < |up|p on T's, the following inequality holds

—b(’fl, — Up, A — Ah) < b(ﬁ, An — )\) (43)
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On the other hand, using the inf-sup property of the form b(-,-) we deduce

b(Wh, by, — An
len = Anll -z p, < C sup W
wWreVs hily
¢ sw b(ﬁ’haﬂh—)\)fafﬁh—ﬁ,ﬁ’h)
W,eV, llwnlly

IN

Clllen — All-2 1y + llan — ally)-
Consequently, we can write
IA=Anll_z g < Clln = All gy + llEn —ally). (44)

Thus, we conclude Lemma 4.3 using (42), (43) and (44).

To get optimal a priori bounds for the discretization error, we have to consider
the residual term b(@, A, — A) in more detail. To this end, let us denote 75 :=
supp(wF3 -7) and 7 := I's\7ys. Furthermore, we need the following assumption.

Assumption 4.1.

e 7,; is a compact subset of I's such that the number of points in 55 N 7y is
finite;

® Vst = Vst-

Let We := {w; : 1 < j < Ny} be the set of points in §5; N 7. The minimum
distance between the elements in We is denoted by a, i.e., a := inf{|w; — wy]| :
1< j #k < Ny}, where | - | denotes the Euclidean norm. By Assumption 4.1,
Ny < 0o and thus a > 0. For h < § =: ho, we find between two neighbor points
in W¢ at least two vertices in Pg.

Let us denote by I the standard interpolation operator restricted on I's, i.e.,

N,

Iu =Y u(p)i,

i=1

and let us define the following modified interpolation operator by

(Tnw)(pi) = { ulpg) if suppei C 7o,

- 0 else,

foreachi=1,..., Ny,
We underline that, under Assumption 4.1, we can write on I's the following
identities
Thulp = |Ihul, (45)
sgn(Ipu - 7).

sgn(u - )
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The following lemma holds.

Lemma 4.4 Let (@, \) € V x A be the solution of Problem 2.2 and let (@in, Ap) €
Vi, x Ay, be the solution of Problem 4.1. Under the additional regularity assump-

tionu € [H%+”(Q)]2, 0 < v < 1, and Assumption 4.1, we then have the estimate
. 1,
b(ua)‘h _A) < Ch=* |u|%+u,9||A_Ah”—%,F3

for a positive constant C' independent of h < hy.

Proof. Let us evaluate b(i, Ay — \) using the interpolation operators Iy, and Iy, :

b(’&, A — )\) =<)\h —Au— Ih’u,)p3 + ()\h -\ Thbu — fhu)p3

8 (46)
+ {(Ap = A\, Tpu)r,.
For the first term in the right side of the previous equality, we can write
(A=A u—ITyuyr, < [|An — AllZ1/2,0 1w — Inully 20,
and from this, we get
(An = A u— Tnuhry < ClIAn = Al 2.0, uls 0 - (47)

Using the inverse inequality, we deduce

~ C -
Mhw = Tully r, < T~ Tl <€ Y (ulp) 1),
piEMc

where the set of points M on the contact boundary I's is defined by

Me = {pi € Pc : (Inu)(pi) # (Inu)(pi)}-

Let us introduce the following notation:

TC = {pi e Mc : 'U:(pz'_l,_l) ST = 0},
M = {p; € Mc : u(pi—1) - T =0}.

We note that, under Assumption 4.1, we have:

e for each p; € My, there exists a unique element w,, € W, between p; and
Di+1; in addition, w - 7 # 0 on [p;, wp,] and w - 7 = 0 on (wp,, Pit+2];

e for each p; € MY, there exists a unique element w,, € Wc, between p;_1
and p;; in addition, w - 7 # 0 on [wp,,p;] and u -7 = 0 on [pi—2, wp,).
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Let us define f := u - 7 on I's. Clearly, the regularity assumption on u yields
f € H'*"(T'3). Now the Cauchy—Schwarz inequality gives for each point p; € ML,
the estimate

G’ = | [ reas

f 1420
= o // 1+2V D 15— 4 drds

Wp; Pi—
: dtd IS t[12 dtds
B |wP1 Di— 2|2 |s — t|1+2u

—2 Pi—2 Wp, Pi—

1
S Cm p1 23171] h1+2” |pl - wp,- 'I,Upi - pi—2|
i — Wp;
= C | W2 pi —wp]
|f |V, [pi—2,pil |wpi _pi—2|

S C|f |1/, pl 271)1] h1+2”

S C|f|l+l/,[pi_2,pi] h1+2u7

where we used the shape regularity of the triangulation. Similarly, for each point
pi € Mg, we get

(F@0)" < CU B iy, gy P
From this estimates, by summing and using a trace theorem, we get
1w = Thully ry < CR2 4 lulgy, 0 (48)
Finally, we prove that, under Assumption 4.1, the following inequality holds:
(An — X\, Thu)r, <0. (49)
To this end, let us consider a constant o > 0 such that
sgn(u-7) =sgn(u -7 —a(lpu)-T) on Ts.
Consequently, under Assumptions 4.1, the following equality takes place on I's:
lu| = |la(Tyu)| + |u — a(Tyu)|.

Furthermore, taking into account (37) we can write

(A, uhr, = /F gla(Tnw)|ds + /F glu — a(fyw)|ds. (50)
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On the other hand,
(A u)r, = A a(lpu))r, + (A u —a(lu))r,, (51)
and, taking into account the definiton of A, we have
N afw)r, < /F gla(Fyu)|ds, (52)
3
M — (b)), < /F glu — a(fyw)|ds. (53)
3

Using (50)-(53) we deduce that in (52) and (53) we can write identities. Thus,
we have

o, Tnwhr, = O\, a(Tyw)r, =/ gla(Tnu)|ds = a/ g\ Tvulds

I's s
and from this, using (45) we get
(A,fhu)ps =/ g|fhu|hds. (54)
Ts

In addition, keeping in mind the definition of Ay, we can write

()\h,fh’u)rs S/ g|fhu|hds. (55)
s
Using now (54) and (55) we deduce (49).
Taking into account (46)-(49) we conclude Lemma 4.4.

Due to the approximation property of the spaces V), and My, see, e.g.,
[2,26,27], a straightforward consequence of the results obtained in Lemma 4.3
and Lemma 4.4 is the following theorem.

Theorem 4.1 Let (#t,\) € V x A be the solution of Problem 2.2 and let
(@, Ar) € Vi x Ay, be the solution of Problem 4.1. Under the additional regu-
larity assumption u € [H%+”(Q)]3, O<rv< % and Assumption 4.1, we then have
the following optimal a priori error estimate

o FE
@ —a@nlly + 1A= Anll_yr, < Ch2*lalg,,0

for a positive constant C' that is independent of the meshsize h < hy.

We remark that the a priori results can be extended to the 3D case. Fur-
thermore we mention that this result can also be obtained in the multibody case
using nonconforming meshes at the interface I's. For the necessary techniques we
refer to [11, 13, 14].
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5 Numerical Example

In this last section, we present a numerical example in 2D involving the two
deformable bodies case. Therefore we have to choose one of the two bodies
playing the role of the slave side 2; and the other one playing the role of the
master side 2,,,. For the discretization, the Lagrange multiplier A is defined on
the triangulation of I's from the slave side. So, we have to replace the contact
conditions (9) by

up +uy =0, o] <y,

o <g=ul—ul=0, on I's,
lo,| =g = thereexists @ > 0s.t. o, = —a (uf —u™)
where o, is defined by o, := 02 = —o7". We use the superscripts s and m

to indicate that the value is related to the domain Q4 or 2,,, respectively. Our
implementation is based on the finite element toolbox UG, see [1]. To solve the
nonlinear multibody contact problem we use a primal-dual active set strategy in
combination with an optimal multigrid method. For details we refer to [12, 13, 15].

Lt lg i rriiiill]

TITTTTTTTTTTI T T T T T TI T TTI TTTITTTTT

Figure 1: Problem definition (left) and the grid on level 1 (right).

We consider the problem depicted in the left picture of Figure 1. To fix
the geometry we set the three points P;, P, and P; equal to P = (0, 1.5),
P, = (—1,0) and P; = (1, 0). The radius r of the upper halfdisc is set to be
r = 1 and for the angle ¢ we chosse ¢ = 7/2. The upper body plays the role of
the slave side 2;. We assume that only the lower body (2, is a piezoelectric one.
Here we use as material the ceramic BaTiO3. The parameters can be found in
[23]. For the upper body 2, we use a linear elastic material law given by

o = Ar(e)Id + 2pue,

where A and p are the Lamé parameters given by the relations A = (I+Vﬁ+2")
and p = 2(1—1,) with Young’s modulus E and Poisson’s number v. Id is the

identity matrix in IR?*2. On the upper domain, we set E = 10'° and v = 0.3.
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x10° | Stress ahd Jump | X 107 | Dlsplas:ement
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Figure 2: Contact stress A-7 in tangential direction and the amplified jump of the
displacement in tangential direction [u] - T (left picture) and the displacements
in tangential direction on the slave and the master side us - 7 and u,, - T on the
boundary region I's (right picture).

x ‘106 ele?ctrlc pote?ntlal at ny

4 05 0 0.5 1
x—coordinate

Figure 3: Electric potential at the bottom of Q,,.

We fix the lower body (2, on the bottom with homogeneous Dirichlet data
u = 0. At the top of the upper domain €2, we set the Dirichlet value for the dis-
placement to be u = (0, —0.05(1 — 22)). On the remaining parts of the boundary
regions, except the contact zone I's, we assume homogeneous Neumann boundary
conditions on = 0. For the boundary condition for the electric potenzial on ,,
we choose I'; = I's and set ¢ = 0 on I',. On all the remaining boundary T’
of Q,,, we assume D -n = 0. For the friction bound in the contact condition
(9), we use g = 108. The picture in the right of Figure 1 shows the grid on
level 1. We use bilinear finite elements on quadrilaterals. Figure 2 shows in the
left picture the tangential part of the Lagrange multiplier A - 7 = —o, and the
amplified tangential part of the jump of the displacement [u] - 7 := u% —u™. In
the right picture the tangential part us - 7 and u,, - 7 on I's of the displacement
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x 10° | Stress ahd Jump | %10 | Stress arld Jump
15 —A\T 6 —A\T
1t 4 ---5*10%u]t
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of ° 0 Teel
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Figure 4: Contact stress in tangential direction and the amplified jump of the
displacement in tangential direction for g = 1.5 x 10® (left picture) and g =
0.6 x 108 (right picture).

is presented.

Figure 3 shows the distribution of the electric potential ¢ at the bottom of
the lower domain §2,,. In a last test we consider the example given before for
two more different values for the friction bounds g. The results are presented
in Figure 4. In the left picture of Figure 4 we set the friction bound equal to
g = 1.5 x 10® and in the right we set g = 0.6 x 10%.
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