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Abstract

In this work our main goal is to provide numerical simulations of a qua-
sistatic frictionless contact problem arising in viscoplasticity taking into
account the damage of the material and the adhesion to an obstacle. The
mechanical damage, caused by excessive stress or strain, is modelled by an
inclusion of parabolic type, and the adhesion by an ordinary differential
equation. The contact is assumed with a deformable obstacle and then, a
normal compliance contact condition is used. The variational formulation
is provided for this mechanical problem and the existence of a unique solu-
tion is stated. Then, a fully discrete scheme is introduced using the finite
element method to approximate the spatial domain and the Euler scheme
to discretize the time derivatives. Error estimates are derived and, under
suitable regularity assumptions, the linear convergence of the algorithm
is deduced. Finally, some numerical examples are presented to show the
performance of the method.
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1 Introduction

Situations of frictionless or frictional contact abound in industry. Contacts of
the braking pads with the wheel or the tire with the road are just a few simple
examples. Because of its importance, the engineering literature concerning this
topic is rather extensive (see, e.g., the monographs [8, 17, 20] and references
therein).

In many industrial problems involving contact, there is a need to take into
account the damage of the material, due to mechanical stress or strain. Early
models, derived from the thermodynamical principles, were introduced in [11],
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where some numerical simulations were performed. Recently, damage models
have been improved and studied in many engineering papers.

The effect of the adhesion on the contact surface has been also included into
the model. According to [9, 10], a surface variable, the bonding field, is intro-
duced, taking values between zero and one and describing the fractional density of
active bonds on the contact surface. Contact problems with adhesion have been
studied in some recent papers involving viscoelastic materials ([3, 4, 5, 7, 15, 18]).

In this paper a coupled contact problem involving a viscoplastic body in con-
tact with a deformable obstacle taking into account the damage material and the
adhesion to the obstacle is studied. The damage and adhesion phenomenons will
be described more precisely in Section 2. The contact process is described with a
version of the normal compliance condition which allows for the interpenetration
of the surface asperities ([16]). We notice that this condition has been used exten-
sively in numerical algorithms and computer codes and also as an approximation
of the Signorini condition (which describes the contact with a rigid obstacle).

2 Mechanical and variational formulations

Let Sy denote the space of second order symmetric tensors on R? (d = 2, 3). Let
“.” be the inner product on R? or Sy, and | - | the Euclidean norms on these
spaces.

Let us consider a viscoplastic body that occupies the domain Q C R?, and let
the time interval of interest be [0, 7], T > 0. The outer surface I' = 9 is assumed
to be Lipschitz continuous, and it is divided into three disjoint measurable parts
I'p,T'r and I'c. For a.e. x € T, we denote by v(x) the unit normal vector
outward to I'. A density of volume forces fg acts in  and surface tractions of
density fr are given on I'r. The body is assumed to be clamped on I'p, and
so the displacement field vanishes there. Finally, the body is assumed to be in
frictionless contact with a foundation on the contact surface I'c (see Figure 1).

We denote by u the displacement field, o the stress tensor and e(u) the
linearized strain tensor. Moreover, let { be the damage field, which is defined in
Q and measures the density of the microcracks in the material. The material is
assumed viscoplastic with the following constitutive law (see, e.g., [13, 19] and
references therein),

o =&e(u) +G(a,e(u),Q),

where £ and G are the elastic tensor and the viscoplastic constitutive function, re-
spectively, whose properties will be described below. Here, a dot above a variable
represents its partial time derivative.

The damage of the material, as a result of the tensile or compressive stresses in
the body, has been considered. According to [11], it is modelled using the internal
state variable (, taking values in [0, 1], in such a way that when ¢ =1 (damage-
free) the material is elastic (G(o,e(u),() = 0), when ¢ = 0 (fully damaged) the
material has always plastic strains (G(o,e(u),() # 0), and when 0 < ¢ < 1 there
is partial damage.
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vl

Foundation

Figure 1: A viscoplastic body in frictionless contact with a deformable foundation.

Following [11], the evolution of the microscopic cracks responsible for the
damage is described by the differential inclusion

¢ =k ACH 0I,11(C) 3 ¢(o,(u), ().

Here, A is the Laplacian, k > 0 is the damage diffusion constant, ¢ is the damage
source function and 01y 1) denotes the subdifferential of the indicator function
Ijg,1) of the interval [0, 1]. It guarantees that ¢ € [0, 1]. Moreover, we assume that
there is no damage influx throughout the boundary I', and therefore 9¢/0v = 0
onI'.

Next, we describe the contact conditions with adhesion on I'c. Following
[9, 10], we introduce the surface state variable 8 defined on I'¢, which represents
the intensity of the adhesion over the contact surface, with values 0 < g < 1.
When 8 = 1 at a point € I'c, the adhesion is complete and all the bonds
are active, when 8 = 0 all the bonds are inactive and there is no adhesion; and
0 < B < 1 is the case of partial adhesion when only a fraction of the bonds is
active.

We assume that the normal stress satisfies the following normal compliance
contact condition with adhesion

oy = —pu(uy) +7f°(=R(w))+ on Tc x (0,T),
where ry = max{0,7}, u, = u - v is the normal displacement which, when

positive, represents the penetration of the surface asperities into the foundation,
pv is a prescribed function such that p,(r) =0 forr <0, and R: IR — R is the
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truncation operator

L if s>1L,
R(s)=<¢ s if |s| <L,
—L if s<-L,

where L > 0 is the characteristic length of the bond, beyond which it stretches
without offering any additional resistance ([4, 18]).

The contribution of the adhesive to the normal traction is represented by the
second term on the right-hand side, namely v, 3% (—R(u,))4. Thus, the adhesive
traction is nonnegative and proportional, with proportionality coefficient ~,,, to
the square of the intensity of adhesion, and to the normal displacement, but as
long as it does not exceed the bond length L. Once it exceeds it the normal
traction remains constant. More general expressions for this condition can be
found in [15]. General forms of the normal compliance contact condition with
adhesion can be found in [5].

We assume that the tangential stiffness of the glue depends on the intensity
of adhesion and on the tangential displacement, but only up to the bond length
L, thus,

—0r = pr(ﬂ)R*(ur) on g x (07T)’

where the truncation operator R* is defined by

- v if |v|<L,
(v) = LI if o> L

Then, p,(8) acts as the stiffness or spring constant, and the traction is in direction
opposite to the displacement. We note that the model can be extended to a more
general adhesion condition (see [15]).

Following [9, 10] the evolution of the adhesion field is governed by the following
differential equation

B = _('YV/B(R(UV))2 —€)+ onT¢ x(0,7),

where €, represents a limit bound energy, below which there is no change in
the bonding. We note that this condition does not allow for rebonding, once
debonding takes place, since B <o.

We assume that the forces acting on the system vary slowly in time so that the
process is quasistatic, and we denote by wug, o9, (o and Sy the initial displace-
ments, stresses, damage and adhesion, respectively. Therefore, the mechanical
formulation corresponding to this quasistatic viscoplastic contact problem with
adhesion and damage is written as follows.

Problem P. Find a displacement field u : Q x [0,T] — R¢, a stress field
o:Qx[0,T] = S4, a damage field ¢ : Q x [0,T] — [0,1] and an adhesion field
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B:Qx[0,T] = [0,1] such that,

Dive+ fg=0 in Qx(0,7),
o=C8e(u)+G(o,e(u),() in Qx(0,7T),

é_ Kk AC+ aI[O,l](C) & ¢(U7E(U),C) in Qx (07T)7
a¢

6_1/:() on I'x(0,7),

u=0 onTlpx(0,T),
ov=fp on I'r x(0,T),
—0y = pu(uv) - 7Vﬁ2(_R(uV))+ onT'c x (O,T),
—o- =p-(B)R*(u;) onTc x(0,7),
B: _(’YVIB(R(UV))2 —€)+ onTc x(0,7),
u(0) =uo, 0(0)=00, ¢((0)=¢ in Q, B(0)=p5 on I'c.
In order to obtain the variational formulation of the above problem, we need
to introduce additional notation and assumptions on the problem data.
Let @ be the following variational space:
Q = {7 = ()t s € [PO1 5 7y = 730,15 = 1, ),
define the space of admissible displacements V' by
V={ve[H Q)] v=0 on Tp},
and denote by K the following closed convex subset of H(Q2),
K={¢eH(Q);0<¢(<1 in Q.

For a Banach space X, let us denote by (-,-)x the inner product defined in X
and by || - || x its associated norm.

The elastic tensor € : 1xS; — Sy is a fourth-order symmetric definite positive
tensor; that is,

(a) Eijre € L®(Q), 1<4,j5,k,1<d.
(b) E(x)o -7 =0 -E(x)T, VYT,0 €S}

(c) There exists C¢ > 0 such that
E(x)T-T > Ce|T|?, VT €S,

The viscoplastic function G :  x S3 x Sg X R — Sy satisfies

(a) There exists Lg > 0 such that
|g($,0'1,€1,,81) - g($,02,52,ﬁ2)|
< Lg(loy — o2+ |e1 — 2| + (61 = B2)
Voi,09,61,62 €54, P1,82 € R, ae.x €. 3 (2)
(b) z — G(z,0,¢,) is a Lebesgue measurable function in €,
Vo,e €Sy, B€lR.
(¢) x— G(x,0,0,0) € Q.
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The damage source function ¢ : 2 x S3 x Sg x R = R verifies

(a) There exists Ly > 0 such that
|p(z,01,€1,81) — d(T, 02, €2, B2)|
S Lg (loy — oa] + |e1 — €] + B — f)
Voi,02,€1,69 €Sy, P1,02€R, a.e x €. > (3)
(b) * — ¢(x,0,e,8) is a Lebesgue measurable function in
Vo,e €Sy, B €.
(c) = +— ¢(x,0,0,0) € L2(9).

7

The normal compliance function p, : I'c x IR — IR and the tangential function
pr: o xR — IR satisfy:

(a) There exists an L, > 0 such that
|py($,7‘1) _Pu($,r2)| <L, |T‘1 - 'f‘2| Vri,72 €ER, ae. x € To.
(b) The mapping x — p,(x,r) is Lebesgue measurable on T, Vr € RR. (4)
(¢) The mapping & — p,(x,7) =0 for all r <O0.
@) (pu(z,71) —pu(x,72)) - (r1 —72) >0 Vri,r2 €R, ae. x €T

(a) There exists an L, > 0 such that

Ipr (2, B1) — pr(x, B2)| < L |B1 — B2| Y P1,82 €R, ae. xz€Tlc. (5)
(b) The mapping  — p,(x, ) is Lebesgue measurable on I'c VS € R.
(c) The mapping z — p,(x,0) € L®(T¢).

The body forces and surface tractions have the regularity
fp € WHO,T5 [L2(Q)]Y),  fr e WH2(0,T;[L°(Tr)]"). (6)
Using Riesz’s representation theorem, let f(t) € V be given by the relation
(f@®),v)v = (Fpt), V)2 + (Fr®), V) L2, YV EV.
The adhesion coefficient and the limit bound satisfy
YW € L*{Tc), %w=>0, € €L?Tc), € >0. (7)

Let us define the following bilinear form a : £ x £ — IR by

alE, ) = /Q Vevydr, Ve €K,

where k > 0. We denote by j : L®(T'¢) x V x V — IR the functional

J(B,u,v) = /F () vuda [ 8 B v da

Tc

+ / p(B) R*(u,)-v,da VB € L¥(Te), Vu, v €V,
Te
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where, for a function v € [H!(2)]?, let v, = v-v and v, = v — v,V be its normal
and tangential components, respectively.
Finally, let the initial data ug, o, B0 and (o be chosen in such a way that

u €V, 00€Q, BoeL®Tc), 0<fo<1 ae. onlg, } ®

(o€ HY (), 0<¢ <1a.e. inf.

Moreover, we also assume the following compatibility condition

(0'076(”))@ +j(,80,u0,'u) = (f(O)a'U)Va Vv eV. (9)

Applying a Green’s formula, we obtain the following variational formulation
of Problem P.

Problem VP. Find o displacement field w : [0,T] — V, a stress field o :
[0,T] — Q, a damage field ¢ : [0,T] — K and an adhesion field g : [0,T] —
L*>®(T¢) such that,

a(t) = Ee(u(?)) + G(o(t),e(u(?), (1)) ae. t€(0,T), (10)

Bt) = —(wB(R(w))” —€a)+ ae. te(0,T), (11)

(a(t),e(®))q +i(B(), u(t),v) = (f(t),v)v, YveV, ae t€(0,T), (12)
(C®),€ = C(®) 2@ + alC(),€ = C(1) > (B(o (1), e(u(1)),{(2)), € = (D) 12(0),
VéEe K, ae. te(0,T), (13)

u(0) =ug, 0(0) =00, ¢(0)=¢ in @2, B(0)=p on T'c. (14)

The existence of a unique solution to Problem VP is stated in the following.

Theorem 1. Assume that (1)-(9) hold. Then there exists a unique solution
(u,o,8,¢) to Problem VP. Moreover, the solution satisfies,

ueWhH(0,T;V), oeW"(0,T;Q), Be€WhH(0,T;L>(T¢)),
¢ e WH2(0,T; L2(2) N L2(0,T; H(1)).

The proof of Theorem 1 is carried out in several steps using similar arguments
as those used in [19]. First, the differential equation in (11) for the adhesion
field is solved for a given displacement field u, and the continuous dependence
of the adhesion solution with respect to u is obtained. Secondly, using fixed
point arguments, the existence of a unique solution to (10), (12)-(13), for a given
adhesion field 3, is proved. Finally, using the Banach fixed point theorem, the
existence of a unique solution to Problem VP is derived.

3 Numerical analysis of a fully discrete scheme

In this section we consider a fully discrete approximation of Problem VP by
discretizing the spatial domain using the finite element method, and the time
derivatives by the Euler scheme. Assume that 2 is a polygonal domain and let
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T" be a regular finite element triangulation of the domain © compatible with
the boundary partition I' = I'p UT'r U I'c. We denote by 0" the triangulation
induced by 7" on I'c. Let us define the following finite element spaces:

Vi ={o" e [CO)%; 0, e [A(T))* VT eT", v»"=0 on Tp},
Yh={¢"eC@); & e P(T) VT €T"},
Q" ={r"eQ; ! e [P(T)™? VI eT"},

B"={r" e C(Q); rl, € A(C) VCeb"},

to approximate the spaces V, L2(2), Q and L?(T'¢), respectively. Moreover, let
K" = Y*N K. For the sake of simplicity, we assume the following assumption on
the viscoplasticity operator

G@Q" Q" Y" c@",

which is obtained in the more usual examples (see Section 4).

Let Pgn : L®(T'¢) C L?(T'¢) — B" be the orthogonal projection operator
defined by

(Perv: Y 12re) = (1Y) r2rey Vv € L (Te), A" € B™.

In order to discretize the time derivatives, let 0 =t < t; < ... <ty =T
be a uniform partition of the time interval [0, 7] and denote by k the time step,
k =T/N. For a continuous function z(t), we use the notation z, = z(t,) and,
for a sequence {w,}Y_,, we denote by dw, = (w, — w,_1)/k. In this section,
no summation is considered over the repeated index n and, everywhere in the
sequel, ¢ will denote positive constants which are independent of the discretization
parameters h and k.

We denote by ul, of, ¢} and P appropiate approximations of the initial
conditions wg, o9, (o and fg, respectively. The fully discrete approximation is
based on the forward Euler scheme and it has the following form.

Problem VP". Find a discrete displacement field u"* = {ulk}N_ c Vi,

n Jn=0
a discrete stress field o"* = {g"*}N_ C Q", a discrete damage field (" =

n=

{¢hRAN_ K" and a discrete adhesion field % = {BR*YN_ | C B" such that,

hk _ .. h hk _ _h hk _ ,h hk _ ph
Ug" =Uy, Oy =0y, o =G0, o =B,
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and form=1,...,N,

By* = —Prn (n Bt [R((upk 1)) — €a)+, (15)
dopt = Ee(Bun®) + Gty e(unty), (iEy), (16)
( Zkae( ))Q +.7( n— laugkilaluh) = ( navh)Va v,uh € Vha (17)

(6CPF, &M — CMF) o) + a(PF, € — Chk)
> (p(opk  e(upt ), (), E" — ()2 (), VEP € KM (18)

Using classical results on variational inequalities (see, e.g., [12]), the existence of
a unique solution to Problem VP”* is obtained.

We notice that Problem VP"* ig solved, at each time step, as follows. First,
Bhk is obtained from (15). Then, plugging (16) into (17), we have that u”* is
the solution of a discrete linear variational equation which can be seen as a linear
system and then, Cholesky’s method is applied. Finally, the discrete damage
field, ¢** is obtained solving the discrete variational inequality (18), applying
a penalty-duality algorithm introduced in [1] and already used in other contact
problems ([2, 4]).

Using similar arguments to those employed in [2, 3, 4], we obtain the following
error estimates result.

Theorem 2. Let the assumptions of Theorem 1 still hold. If the continuous
solution has the additional regularity

u e CH[0,T};V), oeC'([0,T];Q),
¢e (o, T H*() N H*(0,T; L*(2)), B € C'([0,T]; L*(Tc)),

the following error estimate is obtained for all {v"}} o C V" and {¢F}L, C kP,

hk |2 hk |2 hk |2 hk |2
0g1a<xN{||un —ulH} + llom = OB + 16— IR + 18 — B2 o) }

+k ZHV — Iz aye < C(”Cl 11720y +sz + eo

j=1

+k2[||u||01( o.17:v) + 1121 q0.11.0) + 1200, 7:22(02))]

1
+ ZII G = &) = (G = )||L2(Q)+ max_ [|Cn — &ll72(0)



174 M. Campo, J.R. Fernandez and T.-V. Hoarau-Mantel

N
+k Y llo(oj,e(uy), () — 06 + £AG 2@ - 16 — & llz2 @)

j=1
N
+k D21 = Prn) (u B lR((@;).))* = €0)llaa(rey
j=1
N N
+E DG = €My + B D s — o213 ),
j=1 7j=1

where

Q

I; = H/Ojg(a(s),e(u(s)),C(s))dS—kig(aiae(ui):@)

is an integration error, and
eo = [luo — uglly + lloo — 115 + 180 — 86 17200y + 1160 = & lI72(0)

is the approximation error on the initial conditions.
We notice that the above estimate is the main tool to obtain different rates of
convergence depending on the solution regularity. Therefore, if we assume that

u € C([0,T}; [H*(Q)]Y), ¢ e L*0,T; H'(Q)), (19)

we obtain the following theorem which states the linear convergence of the algo-
rithm.

Theorem 3. Let the assumptions of Theorem 2 still hold. Under the addi-
tional reqularity condition (19), the numerical scheme provided by Problem VP"k
is linearly convergent, i.e., there exists ¢ > 0, independent of h and k, such that

hk hk hk
Jmax s —uitly +llow — ohllg + 16— ¥l

180 = B llz2(ro) } < elh+ k).

4 Numerical examples

In order to see the performance of the numerical scheme described in the previ-
ous section, some two-dimensional numerical simulations have been done. In all
the examples presented below, the elastic tensor was assumed homogeneous and
satisfying the plane stress hypothesis. Then, it has the following form

Er FE
—742(7'11 + 722)008 + ——Tas, 1<a,8<2,

(ET)as = 1 1+r
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where d,3 denotes the Kronecker’s symbol, and E,r > 0 are the Young’s modulus
and the Poisson’s ratio of the material occupying {2, respectively.
The function G was a version of the Maxwell function defined as

1-¢
G(o.ew),0) =~ ("5 ) @)
where ® : Sy — S5 is a truncation operator given by

L, if Tij > L*,
V1 = (Tij)zg,jzl € Sz, (CI)(T)),']' = Tij if Tij € [—L*,L*],
—L, if Tij < —L,.

Truncation values L = 1000 and L, = 1000 were employed in the simulations.
The normal compliance function p, was chosen in the following form,

1
pu(r) = ; T+,
where p is a positive constant which represents a deformability coefficient, and
the tangential function p, was given by

Pr (7) =7-

Finally, the following damage source function ¢ was used in the examples,

B(o,e@),0) =~z lollv,

where we recall that the von Mises norm, for a two-dimensional stress field T =
(Tij)%,jzl € Sy, is defined by

171132 = Ti1 + T3a — T11T22 + 37i5.

Moreover, the damage diffusion constant xk was taken as 1 and the initial adhesion
as fo = 1.

4.1 First example: compression forces

As a first example, we consider the physical setting depicted in Figure 2. A
viscoplastic body occupying the domain Q = [0,3] x [0, 1] is clamped on its left
vertical boundary (I'p = {0} x [0,1]). No volume forces are acting in , a
compression force fr = (0,—100t) N/m? acts on the part (0,3) x {1} and the
part {3} x [0,1] is traction free. Finally, we assume that the body is in contact
with a deformable obstacle, the so-called foundation, on I'c = [0,3] x {0}. The
deformability coefficient p was taken as 10~* in such a way that the body is
almost rigid and no penetration can be produced.
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Figure 2: Physical setting of the first example.

Figure 3: Final deformed mesh with initial configuration and von Mises stress norm.

The following data were employed in the simulation:

T=1s, fp=0N/m?, E=10"N/m?, r=03
Yo = 1037 €y = 0) BO =1

Using k = 0.01 as the time discretization parameter and the finite element
spaces V", Q", Y" and B" for h = 0.01, the corresponding discrete problem
VP"* was solved. Then, the deformed mesh at final time with the initial config-
uration are plotted in Figure 3 (left), and the von Mises stress norm is shown in
the deformed configuration (right). The corresponding damage field is depicted
in Figure 4. We notice that, because of the compression forces, there is no sepa-
ration of the body from the obstacle and so the adhesion effects take place only
in the tangential component.

4.2 Second example: influence of the adhesion

Secondly, a two-dimensional viscoplastic body which occupies the domain Q2 =
[0,3] x [0,1] is considered. The body is assumed clamped on I'p = {3} x [0,1]
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Figure 4: Damage field at final time.

and in frictionless contact on the part I'c = (0,3) x {0}. No volume forces act
in , traction forces f5 = (30, 30)sin() N/m? act on the boundary {0} x [0, 1]
and the boundary [0, 3] x {1} is assumed traction free (see Figure 5).

4
T QT
4

I

C

AN

Deformable obstacle

Figure 5: Physical setting of the second example.

The following data were employed in the simulation:
T=5s, fg=0N/m3 E=5x10°N/m? r=0.3, € =0.

Again, we used the time discretization parameter ¥ = 0.01 and the finite
element spaces V", Q", Y" and B" for h = 0.01. Our aim here was to show the
influence of the adhesion in the deformations. Therefore, in Figure 6 the deformed
mesh (multiplied by a factor 10) at final time and the initial configuration are
shown on the left-hand side where adhesion takes place (value 7, = 10° was
employed) and without taking into account the adhesion on the right-hand side.
As we can see, the adhesion prevents the body to separate from the foundation.

In Figures 7 and 8, the associated stress norms and the damage fields are
plotted in the deformed configuration for the case with adhesion (left) or without
it (right).
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Figure 6: Deformed meshes at final time and initial configuration with adhesion (left) and
without it (right).

Figure 7: von Mises stress norm at final time with adhesion (left) and without it (right).

Simulation carried out in the framework of the european community program
“Improving the Human Research Potential and the Socio-Economic Knowledge
Base” (Contract No. HPRN-CT-2002-00284).
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