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Internal Approximation of Obstacle Problems*
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Abstract

In this paper, we consider internal finite element solutions of obstacle
problems. An optimal order error estimate is derived for the internal so-
lutions. Numerical results are presented showing the performance of the
internal finite element methods and a comparison between the internal so-
lutions and external solutions.
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1 Introduction
One family of variational inequalities are of the form
we K, alu,v—u)>~Lllv—u) VYveK, (1.1)

where K is a non-empty, convex, closed set in a real Hilbert space V, a(-,-) :
V x V — R is bilinear, continuous and V-elliptic, £ € V'. Tt is well-known that
the problem (1.1) has a unique solution (see, e.g., [5, 6]). When the set K is of
the form

K={veV|v>yae inQ},

the variational inequality (1.1) represents an obstacle problem. The obstacle
function 4 is assumed such that K # (). Many references can be found in the
literature on analysis of obstacle problem, see, e.g. [7].

For definiteness, in this paper, we consider the following concrete setting of
the obstacle problem. Let Q C R? be a Lipschitz domain, and its boundary 0 is
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split into a relatively closed part I'g and the remaining part I'y = 0Q\I'g. Then
the space V' is

V=H () ={veH'(Q)|v=0ae onTo}.

We allow the extreme cases where I'y = ) or 91, then the space V is H'(Q) or
HL (). The bilinear form is given by

a(u 1))—/ ia--%ﬁ—f-iba—uv—kb uv | dx
’ N Q “637,' aib'j =1 13.7],' 0 )

3,j=1

We assume a;; € C(2) and b; € L?(R) are such that a(-,-) is V-elliptic; sufficient
conditions for the V-ellipticity can be found in [1, Section 7.4]. The linear form

is given by
Z(U)z/fvdw—i—/ guds
Q Ty

with f € L?(Q) and g € L?(T;). Moreover, we assume 3 € W2>(Q), and
Y(x) < 0 for & in a neighboehood of Ty N Q.

Let K; C V be a finite element set, intended as an approximation of K. Then
the finite element method for solving (1.1) is

up € Kp, a(up,vn, —up) > L(vp, —up) Yo € Kp. (1.2)

This discrete problem has a unique solution.
For error estimation, the following inequality holds (e.g. [2]):

a(u — up,u —up) < a(u — up,u —vp) +a(u,vp — u) — vy — u)
+a(u,v —up) — (v —up) Vv, € Kp,veK. (1.3)

In particular, when the approximation is internal in the sense that K, C K, it
follows from (1.3) that

a(u—up,u—up) < alu—up,u—vp)+a(u,vp —u)—Llvp—u) Yo, € Kp. (1.4)

Using the continuity and V-ellipticity of the bilinear form a(-,-), we obtain from
(1.3) and (1.4) that

lu—unlly <e inf [llu=vally + |au,u = vn) = £u - vn)["/?]
v €EKp

+c lglf( la(u,v —up) — Lv —up)["/* Vo, € Kp,v€ K, (1.5)
v
and

llu = unlly < ¢ inf [||u —unlly + |a(u, u —vp) — £(u — vh)|1/2] Von € K
vhEKp
(1.6)
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in the case of an internal approximation.

For simplicity, we assume ) C R? is a polygonal domain; the case of a general
domain can be treated by using the approach given in [2]|. Let {75} be a regular
family of finite element triangulations of Q. We require 7} to be compatible with
To, i.e., if a side of an element T € T}, intersects I'g at more than one point, then
the side is entirely on I'y. For an element T € T, we denote hr the diameter of
T, which is the length of the longest side of the triangle T'. As usual,

h = max hT.
TeTh

We further assume the triangulations are quasiuniform along I'g in the sense that
there is a constant ¢ > 0 such that if T' € T;, has a non-empty intersection with
Ty, then

hT Z o h.

For each partition T, let X} be the corresponding linear finite element subspace
of H*(2). Denote N}, the set of the nodes, and in the case V = H} (1), denote

Npo the subset of the nodes on Ig. For any function v € C(Q2), we denote
ITv € X}, the finite element interpolant of v. In particular, we denote ¢y, = .
Let V, = X, NV, which consists of linear element functions that vanish at the
nodes in Ny o.

A natural finite element set approximating the constraint set K is

Kf(bl) = {’Uh eV | vp > Yy in Q}
Note that the constraint
vp >ty in

is equivalent to

vp(@a) > Yr(a) VYa € N,.

Let u%l) €EK ’(11) be the corresponding finite element solution of (1.2). Under the
solution regularity assumptions u € H2(Q) and u|r, € H%(T), it can be shown,
following and extending the arguments in [2, 4] (for the case I'g = 92), that

lu—usPlly < ch. (1.7)

Here, H?(T;) is defined as follows. Write T; = U, T} ; with each T;; a line
segment. Then v|p, € H?(T'y) if and only if v|p, , € H*(T'y;), 1 <i <ip. Denote

)

1/2
||U||ﬁ2(F1) = lz |U‘%2(F1,i)] :

i=1

Notice that when ¢ is a convex function, K ,(Ll) C K. In general, K ,(Ll) ¢ K,

K ,(Ll) is said to be an external approximation of K, and ugl) is an external finite
element solution.
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In this paper, we consider an internal approximation of the constraint set. In
the case where the variational inequality arises from an optimization problem,
this has the advantage that the energy functional is finite over the internal finite
element constraint set.

2 Internal finite element method

A Dbasic tool is the following pointwise error bound.

Proposition 2.1. Let v € W2°°(Q) and denote by v € X}, the linear finite
element interpolant. Then we have the error bound

4
I = Mavlloo,0 < 5 h*[Vla,00,0- (2.1)

Proof: For a general triangular element 7', denote by a; = (a;1,a;2)7,1 <i < 3,
its vertices and by p;, 1 < ¢ < 3, the corresponding linear basis functions. We
have the property

3
pi(z) >20,i=1,2,3, > pi(x)=1, z€T. (2.2)

i=1

The linear interpolant has the following expression on 7':

3
Mpv(x Zv a;)pi(x xzel.
=1

Let us bound the interpolation error v — II,v over T'. By the Taylor theorem, we

have
v(a;) = v(x) + Vo(x) - (a; —x) + R; (2.3)

for 1 <4 < 3, where the remainder

R, = % [(@i1 — 21) 00,0, (€&;) + 2 (ai1 — 1) (@32 — T2) Vay25 (€;)

+ (a2 — 2) Vo0, (€;)]

with &€, a point between a; and z. Easily,
1 2 2
|Ril < Slol2cor [(ain —21)" +2]ain — 1 laie — 22| + (aiz — 2)°]

and so
; — x| (2.4)

Here and below, ||z|| is the ordinary Euclidean norm for a vector z € R?. Multiply
(2.3) by pi(x) and sum over ¢ = 1,2, 3 to obtain

1—IhU + Z Rzpz (25)
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Using the bound (2.4), we have, for ¢ € T,

3
< Jolzc0,r Y pil@) [lai — 2.
i=1

Z Ripi(x)

Write
3 3
T = Zajpj(w), a; = Z a;p;(x).
j=1 j=1
Then
2
llai —|* = ||>_(ai - a;) p;(2)
J#i
- 2
< D hpi(=)
| i
2
=1 | pi(x)
J#i
=h2[1—pi(z)])”.
Hence,

Z Ripi(z)| < h*[v]2,00,1 sz'(w) [1 - pi)]”. (2.6)

A tedious but elementary calculation shows that the maximum value of

3 pi@) (1~ pie))?

for € T is 4/9. Therefore, from (2.5), we see that the maximum interpolation
error on T, ||[v—I1,v||0o,, is bounded by (4/9) h?|v|2,00,7- Then the error estimate
(2.1) holds. g

From now on, we denote
co = —=.
79
A consequence of Proposition 2.1 is the pointwise inequality

v(@) < Mho(@) + coh®[v]2,000.
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We introduce the following finite element set

K,(f) = {vn € Vi | vn > ¥ + coh®[¥]2,00,0 in O} .
Then for v, € K ,(12), we have

vn(®) > Y (@) + coh?[Y]r,000 > Y(x) V€.

Therefore, K ,(12) C K. So K ,(12) is an internal approximation of K. The corre-
sponding internal finite element method is

uf) € K,(lz), a(ug),vh - uf)) > U(vn — uf)) Voup € K,(f). (2.7

We remark that for V = H}(Q), K| ,(12) is always nonempty. When V = H{ (Q),
then K ,(12) is guaranteed to be non-empty if h is sufficiently small.

Regarding the error of the internal finite element solution uf) defined in (2.7),
we have an error estimate similar to (1.7).

Theorem 2.2. Assume u € H?(Q) and ulp, € H*(Ty). Then we have the
optimal order error estimate

llu—u?ly < ch. (2.8)
Proof: Since the approximation is internal, we have the bound (1.6). We have
a(u,v) —L(v) = (Au — f,v)o,0 + (Bu—g,v)or, YveY,
where
2.9 ou 2. du )
Au = —MZZI 0—% (a,-ja—mi) + ;bi(?—mi + bou € L*(Q),

2
ou
Bu = Z aij%Vj € L2(F1),

i,j=1

with v = (v1,12)T the unit outward normal vector, defined a.e. on Q. Then
from (1.6), we obtain

2 . 1/2 1/2 2
lu—uZllv < e inf [l —vally + flu = oalle/d + lu = wall§/?, | Von € K.
’UhGKh
(2.9)
In the case V = H'(Q), I'1 = 09 and we take v, € V}j, by specifying

vh(a) = u(a) + Coh2|’(ﬁ|2,0079, a € Np.
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Then, by the finite element interpolation error estimates ([3]),

|u —vrl1,0 < chlulzq,
lu — vhllo,o < ch*(Jul2,0 + [¥]2,00.0)

Il = vnllo,ry < eh®(Julgzr,) + [©]2,000)-

Then from (2.9), we get the error estimate (2.8).
In the general case V = H%O (), we take v € X}, by specifying

on(a) = u(@) + coh*[Y)2,00,0, @ € Np\Nhyo,
h a 0, ac Nh,O-

Then when h is small enough, vy, € K ,(12). Consider any T € Tp,. If T is an interior
element, i.e., none of its vertices lie on 9%, or if T' does not have any point on
Ty, then

|u —vpli, 7 < chlulor,

llu — vnllo,r < eh*(Jul2,r + hr|th]2,00,0)-

If T intersects Iy at one point or one side, then

2.7 + hr|)2,00,0),

llu = vnllo,r < ch?(|ul2,r + hr|th]s,00,0)-

lu—vn|1,r <ch(|u

Finally, if T has a side on I';, then

1/2
llu = vnllo,orrrs < e h(|ulmzorary) + hil *[¥]2,00.0)-

So once again from (2.9), we get the error estimate (2.8). O

3 Numerical examples

We present some numerical results to show the performance of the internal ap-
proximation of obstacle problems. We introduce a model problem with a parame-
ter, for which we have a closed-form solution formula; moreover, we can compute
all the integrals in forming the discrete systems and in evaluating numerical so-
lution errors so that the only errors are due to the finite element discretization.

Consider a one-dimensional obstacle problem over = (0,1). Let kK > 4 be a
parameter, and let the obstacle be given as

YE)=rkz(l-2)—1, 0<z<L
The space V = H}(0,1), ||v|lv = l[v'llz>(0,1), and
K={veV|v>1ae inQ}.
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It can be verified that the unique solution of the variational inequality
1
u€ K, / uw—u) de>0 VveK
0

is
(k —2k?) 2, 0<z< k12
ux) =< kz(l-2z) -1, K2 <g<1—§K12
(k—26"?)1—2), 1—-k'?<z<1.
We note that as Kk — 4+, the influence of the obstacle on the solution becomes
weaker, and as k increases, the influence of the obstacle on the solution becomes
stronger. In the following, we report numerical results corresponding to k = 4.1,
4.5, and 10. We compute the external and internal numerical solutions using
linear finite elements on uniform meshes with h =27/, 1 =2,...,10.
In the context of one-dimension, the interpolation error bound (2.1) is replaced
by

1
[l = Mhvlloo,0 < g A% [Vla,00,0-
Correspondingly, the internal approximation set is
K;(f) = {vn € Vi | vn > tn + (1/8) h?[Y]2,00,0 in 0} .

Figure 1 shows a comparison of the errors of the internal and external finite
element solutions of the model problem with k = 4.1. For the external solution,
there is a range of [ (I < 6) where refining the mesh does not lead to better
solution accuracy. When [ passes this range, the external and internal finite
element solutions converge at essentially the same speed. Indeed, for the error
line segments between h = 272 and 270, the slope is 0.9921 for the internal
approximation, and is 0.9920 for the external approximation.

Figure 2 reports the internal and external solution errors in solving the model
problem with k = 4.5. We have similar convergence behavior as for the problem
with K = 4.1, except that the range of I, for which refining the mesh does not
lead to better solution accuracy, is smaller. For the error line segments between
h =279 and 2719, the slopes for both the internal approximation and the external
approximation are around 1.0026.

Then we increase the value x to 10. The results are given in Figure 3. The
convergence behaviors of the two finite element solutions are very similar. For the
error line segments between h = 272 and 2719, the slopes for both the internal
approximation and the external approximation are around 0.9999.

We have also computed the L? norm errors for both the internal and external
finite element solutions. The results are given in Figures 4, 5, and 6.

4 Concluding statement

In this paper, we study an internal finite element method for solving obstacle
problems. One advantage of the method is that the energy functional associated
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Figure 1: log-log plot of || - ||y errors for the internal and external solutions,
k=41
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Figure 2: log-log plot of || - ||y errors for the internal and external solutions,
k=45
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Figure 3: log-log plot of || - ||y errors for the internal and external solutions,
k=10
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Figure 4: log-log plot of || - ||z errors for the internal and external solutions,

k=4.1
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Figure 5: log-log plot of || - ||z errors for the internal and external solutions,
k=45
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Figure 6: log-log plot of || - ||z errors for the internal and external solutions,
k=10
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with an obstacle problem is finite over the internal finite element set. An optimal
order error estimate is derived for the internal finite element solution. Numerical
results show good performance of the internal method. When the influence of

the

obstacle is strong (for large & in the model problem solved in Section 3), the

internal method and the external method provide solutions with nearly the same
accuracy.
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