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Abstract

We study first the existence and uniqueness of solutions to a lubrication
problem governed by the stationary Navier-Stokes system and subject to
Tresca free boundary conditions. Then we establish the asymptotic behav-
ior of its solutions.
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1 Introduction

In [1] the authors studied the influence of the Reynolds number with respect to
the thin film ratio parameter ¢ in the justification of the well known equation of
the lubrication theory, which was the basic Reynolds equation. They considered
the widely assumed no-slip boundary conditions.

This widely assumed no-slip boundary conditions when the fluid has the same
velocity as surrounding solid boundary is not respected any more since the shear
rate becomes too high [9], [5] , [2].

We are interested here to generalize the results obtained in [1] to the case taking
into account this phenomenon described by the Tresca free boundary conditions.

For ¢ small but fixed, we study first the influence of the Reynolds number with re-
spect to the thin film thickness to obtain the existence and uniqueness of velocity
and pressure solutions of our problem. Then we study the rigorous justification
of the limit problem when £ — 0.

We show in this study, as it is usually assumed, that the inertial effects in the
asymptotic behavior disappear. In the subsequent work [7] we also obtain as
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in [1] the influence of the inertial effects at the second order in the asymptotic
expansions of the pressure and velocity.

The plan of this paper is as follows, we present in section 2 the basic equations
and assumptions, in section 3 we give the weak formulation of the problem, in
section 4 we give the main results on existence result, the needed estimates on
velocity and pressure then the uniqueness result, in section 5 we study the limit
problem by the asymptotic analysis.

2 Basic equations and assumptions

Let w be a rectangular domain in R?~!

n—1

w= H]O,ai[x{O}

i=1

n=2 or 3and a; >0 fori=1,.,n—1. We denote z' = (z1,..,2,—1) and
x = (', z,). We suppose that the domain w is the bottom of the gap whose the
top I§ is defined by z,, = H(z') = eh(z') where (0 < € < 1) is a small parameter
that will tend to zero and h is a function such that h € C°(R) and 0 < hyuin <
h(z") < hpas Y(2',0) € w. We denote by Q¢ the domain of the flow,

Q° = {(a',2,) €R" :(2',0) €w, 0<m,<ech(z)}

Let I'® be the boundary of Q°. We have I'* = @ U T'5 UTY{ where T'5 is the
lateral boundary. For a given body forces f = (ff, .., fZ) the motion of the fluid
is described by:

e The incompressibility equation

n
(9Ui

ox;
i=1 i

div(u®) = u;; = =0 in Q°. (2.1)

e The law of conservation of momentum, with the Reynolds number £
eMujui; = fi + 0455 in QF, yER (2.2)
where the stress tensor ¢¢ is decomposed as follows
05 = —P°0ij + 2pud;; (u®), (2.3)

where u® = (uj,..,u%) is the velocity field, p° is the pressure, and d;; is the
Krénecker symbol. The components of the symmetric deformation velocity tensor
is given by
1
di]‘(us) = E(uf-,j + u;z) (24)

To describe the boundary conditions, we introduce first a vector function g =
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(91; [T gn) Such tha,t
/ g ds =0, (2.5)

and

/ (9)? gmnds=0. (2.6)
ry
The actual velocities on the boundary, except for the components of the tangential
velocity on w, are given in terms of g.
e On I'{, no slip condition is given. The upper surface being assumed to be fixed
o)

u* =9=0. (2.7)

e On I'Y, the velocity is known and parallel to the w-plane
u® =g with g, =0 and B € R (2.8)
e On w, there is no flux condition across w so that
u;, = gn =0. (2.9)

The tangential velocity on w is unknown and satisfies the Tresca friction law [6]
at w with k° upper limit for stress

o5 | < k¥ = uf =¢Ps

2.1
|05 | = k* = 3 A>0 such that u§ =efs— N5 [ 0 ¢ (2.10)
where s = g on w, | . | is the euclidean norm in R" !, n = (ny,..,n,) is the unit

outward normal to I'*. Using Einstein’s summations we have

€

up =un=uin; ; ug, = uj — u,n;, (2.11)

o5, = (6°n)n = onn; ; o, =050 —o,n;, (2.12)

which are respectively, the normal and the tangential velocity on w, and the
components of the normal and the tangential stress tensor on w.

3 Weak formulation

We denote H!(2¢) the Sobolev space and H} (¢) the closure of D(Q¢) in H(Q°).
The dual space of H}(QF) is denoted by H 1(Q¢). We assume that the function

g is in (H2(T=))™, the space of traces on I'* of functions from (H(€))". Due
to (2.5) it is well known [8] (Lemma 2.2) that there exists a function G such that

G € (H'(Q%))" with div(G) =0 in Qf, and G =g on T*°. (3.1)
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We denote
G* = £°G. (3.2)
We consider the functional framework on ¢
H%guri (@) ={Y e H(Q): ¥ =00onT{UT:},
Vi={v e H' Q)" :v=G°on T, v=0 on I'§, v.n=0 on w},
Viiw = {v e Ve®: div(v) =0},
L30) = {q e @) : [ qdz =0},
Using the following notations:

a: VExVeE SR

(u,v) = a(u,v) = d;j(u)d;j(v)da'dx,,
QE
b: VExVeExVeE R

(u,v,w) = blu,v,w) = / ujwide'dz,

€ Ve RY
v—)js(v)z/k5|v—eﬂs|da.
w

A formal application of (2.1)-(2.10) leads to the following variational problem as
in [6]:

Problem 1. Find u® € V5, p° € L3(9F), such that

2pa(u®, ¢ —u?) +€7b(u’, u, ¢ — u’) — (p°, div(9)) + j°(¢) — J°(u7)
> (f5¢—u’) VeV, (3.3)

we remark that a, b and j° satisfy the following properties: i) a is a bilinear form

e continuous: | a(u,v) |<[| u ||z |l v ||z Qo))
e coercive, by Korn’s and Poincaré’s inequalities da > 0 such that:

a(0,0) > @ || 0 [Baeye o€ (HHOQ)" , v =0 on T}

ii) b is a trilinear form
e continuous: 3K; > 0 such that :

| b(u, v, w) [< Ky || wl(ar@eyy= || 0 | @eys | w |z oe))s
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e from (2.6) b is antisymmetric so
b(u,v,w) + b(u,w,v) =0, V(u,v,w) € (V)3

iii) j¢ is convex continuous but non differentiable in (H!(Q¢))".
The constants K; and a do not depend on €. We introduce the change of scale

z = %=, We get a fixed domain Q:
Q={(z',z,) eR*: (z/,0) €Ew, 0 <z, < h(z')},

and we denote by I' = @ UT'; UT, its boundary, then we define the following
functions in 2:

wi (2, 2,) = ePus (e, 2) for i =1,.,n—1; ui(a',z,) = Pz (2, 2);

P(a' ) = e PP (e, 2).

For the data we suppose that depend on ¢ in the following way:
F7(@wn) = f(a! 2); K = e R
G:(z',m,) = PGi(a!, 2n) pour i=1,..,n—1; G5 (2, 2,) =P Gi(a', 20).
We define the functional framework on 2 by:

HE or, () ={p e H'(Q): y =00onT UT},

V={veH@":v=Gonl,v=0 on I'y,v.n=0on w},
Viaiv Z{UEV: di’U(’U)ZO},

L2(Q) = { g € L2(Q) ;/Q ¢dz = 0}

4 Existence and uniqueness results

4.1 Existence

Theorem 1 There exists po such that for g > g, the problem (3.3) has at least
one solution (uf,p®), under the condition g = % — .
Proof. Here we will apply the Schauder fixed point theorem. At the beginning

we look for a constant C' > 0 such that the following application will be well
defined

A : Bc =+ Bge

E—uf
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where B¢ is the (H!(Q¢))" closed ball of radius C, u® is the unique solution of
the following variational inequality:

2pa(u®, ¢ —u®) +€7b(&,u’, ¢ — u) + j°(¢) — j° (u)

> (f50—u®) Vo€ V. (4.1)
In particular for ¢ = G¥, as G° = £”s on w and from (2.6) b(¢, u®,u) = 0, we get
2ua(u®,u’) < 2pa(u®,G%) + 7b(&,u’,G%) + (f5,G° —u®). (4.2)

In the other hand using Poincaré’s and Young’s inequalities, we obtain
2ua(u®,G%) < ga(uE u®) + 2pa(G®,G%)

I €,, €
< Ga(uu’) + 2p || VG [[tzz(0eyyn (4.3)

I £ Nezz@eys I v [lz2gee))n <
< hmaze || VU© [|(z2@eyn | £€ [l(22(00)

Pz || g 20 oo, (4.4)
g (z2(0)">

ap
< e [| w® ”%Hl(QE))" +

| £ llz2eynll G° lliz2(@eyn <

2 h2
Z‘” I £° 22cae (4.5)
Also using the continuity of b, Young’s inequality then Poincaré’s inequality, and
taking into account that 0 < € < 1, we obtain

| €70(&,u®,G%) |< K1 || € l(mr ey | v |l(ar@eyyn | GF Il ey

|| VG |I7r2(0eyym +

< KieC || v [ @onn | G° (o))

op € K¢ €
<2K1570[ .G | u ”(Hl(QE))"]I:V e || G II(HI(QE))"]

chS
G sy )

ap £ (12
SK1C(W Il w® (e ey +

ap 2
< ch{m | w® (e eyy= +
_{_KIC&Q’Y( +h‘$na:c)
apu
ch{— I| u® ||(H1(Qe))n

1K, C
+K10527( +h2,.)
ap

| VG© Itz (0e))n }

| VG© Itz (0eyym }
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Using (4.2), we deduce

(K10)2627(1 + h?naw)

€ ap e
ap | v ey < ( an + ) 1VG 2200 +
262h72naz
Tap I £2 11220y - (4.6)

To have || u® [|(g1(qe))» < C, it is enough to set

(

KiC)?e®>"(1+h2,,) 1 .
CEre Lot tnas) 1 ) 196 oy +

262}7‘%’1,0,:0 €
+W | £2 IEz2(eyn < C? (4.7)

ie.
262h$ﬂaw €
(ap)? Il f ”%L?(Qf))n <

K1)2E2’Y(1+h$naa:) € (12
a1 VG [y - (4.8)

1
7 I1VG* [72(0¢) +

But from (3.2) we have:
| VG [IF2(eyyn < €71 | VG [IFp2(ap)ns
to give a meaning to (4.8), and then to obtain || u® ||(g1(q<))»< C, it’s enough to

have
Ki\/1+4+h2,,.. 2 119
— I VG {2 @) -

o Let us show that A is Lipschitzian on B¢. Indeed, let i and u$ two solutions
of (4.1) such that u§ = A(§1) and u§ = A(&). Then

1
ﬂ=§—7 and  p>po =

2pa(ui, uy — ui) +€7b(&, ui, up —ui) + 57 (ug) — 57 (ui) — (f%,us —ui) 20,
2pa(us, ui — u3) +€7b(&2, u3, ui — uz) + 7 (ui) — 5% (uz) — (F%, ui —uz) 2 0.
By adding both inequalities, we get
—ZMG(Ui - U;, ui_ - ’U,;) + E’yb(glu uia ’U,; - 'U/i_) + E’yb(é.% ’LL;, Ui - U;) >0,
using that a is coercive, we obtain

2pa || uf —u5 [IFaaeyyn < 2ma(uf — uj,uf — u5)
< E’yb(fl - 527ui7ui - ’U/g) + Evb(é-?:uiaui - Ug) -

E’yb(é‘% u;a ’LLi: - u;)a
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as
e7b(&2, ui, ui — u3) — €7b(&2, uz, ui — u3) = 7b(&, Ui — u3,ui —u3) =0,
by Sobolev imbeddings, we get

po || ui —uj ”%Hl(QE))nS
S Kie™ || v [lar@eyn Il i —us [lar@e)yn Il & — & llmr o))
< K1 CeV | uf —us [l @Il §1 — &2 ll(a @ey)ms (4.9)

whence

I A(6) — A(&2) ll(a(ee)n<

fg ||(H1(Qs))'n . (4.10)

Thus by Schauder fixed point theorem, there exists at least one solution u® for
the following variational inequality:

2pa(u’, ¢ —u) +&7b(u”, u, ¢ —u®) +j7 () — j°(u°) =
> (f5 ¢ —u®) Vo €V, (4.11)

We can prove the existence of the pressure as in theorem 3.2 [4].

4.2 Some needed estimates

Before showing the uniqueness of the weak solutions to problem 1, we need to
establish some estimates on the gradient of the velocities field. These estimates
with others on the pressure, will be useful to study the limit problem in section
5. First, we introduce two technical lemmas which will be used to obtain the
needed estimates.

Lemma 1 [1]: For all ¢ € Hf r, () we have the following estimates:
For n = 3, we have

99
¢ llzse) < Whas || ||L2(Q)|| ||L2(Q)|| ||L2(Q) (4.12)
3¢
1951 41 5 ol e Dl e 3oge (4.139)
For n =2, we have
e 09 i 0 2
|| ¢ ”L4(Q)S 2hmaz ” 6—.771 ||L2(Q)|| g ||L2(Q) . (4'14)

Lemma 2 [1]: V¢ € HY(Q) such that: ¢ = G on Ty, and ¢ =0 on I'y.
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For n = 3, we have

N 0 1
16 llzsor< C@.A 192 sy (mas{ Il 22 2 120 [ 2 gae 1)+
0
+ ” ¢ ||L2(Q) } (4.15)
For n =2, we have
N 1ol 1
19 1ls0)= @1l 52 Whagayll 52 Wy + 1 52 Iy ) (436)

Theorem 2 For any solution (u®, p°) to (3.3), there exists a constant C > 0
(which does not depend on ) and €1 such that for € < &1, we have

ol

||L2(Q) +l 5 ||L2(Q) +
baj_l
6u

+Z (1% ||L2(Q) G0 e ) <C (4.17)

Opf .
|5 1@< €, i=1Lin =1, (4.18)

ap°

I 7 lz-1(0)< Cé, (4.19)

Proof. From (4.11) with the choice ¢ = G*, and as b(u®, v®,u®) = 0 and j°(G*°) =
0, we get

2ua(uf,uf) < 2ua(u®,G%) 4+ 7b(u®,u’,G%) + (f°,u’® — G°), (4.20)

by Korn’s inequality, there exists a constant C'x which does not depend on € such
that

a(u®,u®) > Ck || VU© ||(z2(0e))n2s (4.21)
using Poincaré’s inequality, we get
0% llz2@enn < Pmaz € || VU© [|(12(qey)n2
and using Young’s inequality, we obtain

- "mazr

5 2h2
||(L2(Qz))n 24 Cx ”f ||(L2(QE))'M

e c pC
| £ lz2@eyn Il u ll(z2(aeyn < TK | Vu
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in the same way we have:

2 2
h‘maz

| £ lz2@eynll G° ll(z2(a9) )n< =Eves ||(L2(Qs))n 4+ mas 31Cx I £° (2(oeyym -

Using Cauchy-Schwarz inequality then Young’s inequality, we obtain

| 2pa(u,G7) | < MLIDWMD@ﬁMw

< [ Wik 1DW) )@y £= 156 1)
MCK W £
< 555 [ 1p@)Pas+ & [ D@ P s,

as || D(v) [ z2(qeyyn2 < Il VO Il p2geynz Vv € VE, we deduce

€ € :U’CK € 2” g (12
21“1(“ aG ) || Vu || (L2(Q¢))n> +a || VG ||(L2(QE))n2
From (4.20), we deduce
£ 12 HCK 2/J’ €
NCK || Vu ||(L2(QE))n2§ ( 92 ) ” VG || LZ(QE))’",Z +
2h2

By dividing by € and passing to the fixed domain 2, we get

ous
m%W{ZH wm@+u nmm+
i,j=1
n—1 oS
ou K b(u®, u®, G%)
3 (12 g+ 1 2 " ) ) } < e T, (423)
i=1
where
h? uCrk

K =

mazx 2
ez 1 s +(555 +56,) 1961

Now, we define I¢, J*¢ by:

e ~

€ eous,
IF = ma.x(1<m<n ) || o ||L 2(Q) 1< <n L | T llz2(2) ) (4.24)
1<j<n—1
3 ~
7 =ma (11 e 105 ). @)
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Thus

b(u®,u®, G%) (4.26)
— .

JE\2 K
283 e £\2 < 23 Y
uCge <(s) +(I))_626 +e
e In the other hand, if n=2, we have
e , € ey __ _38+1 8 Uy 38+1 “ 8“% ol !
b(u®,u®,G°) =¢ Gda:dz+5 ug—Glda:dz+

. Ous

+635+3/ dﬁ%ézdm’dz + 383 / 5, 56, de dz,
Q 1 Q

by Hélder inequality we can estimate any term of b in the preceding formula, as
follows:

. Out
[ 256 <) sl 2 sl G v
Using Lemma 2, we get
N A ous ous <
i oy < C@E)( Il 522 il B2 i +|| L))
< C(Q,G)(IE4JE4+J52),

in the same way

R . ous o 5
leus ey < C@0) (a5 Ixnyll e 2 ||L2(Q)+||e 2 o)
< C(Q,é)(IE4J54+J52)

Consequently

b, w5, GF) | < CE¥ (el + J7) (IF3 055 + J°2)

< oA (ri D)t (D)) +
+ E%(Is(g)%+(§)%)}. (4.27)

Using Young’s inequality in (4.27) successively for

(L)) Gg) - (D)) E3)
(. (7)) @2) s (5) )59
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as B = £ — v, then we obtain
che | e 3t 1)

v oyt g e (3) + 41}

< 625{054 [iIs2 4<J:) ] +Cet +

+ lc 4£+ C (J:) }, (because £ < 1).

We return at (4.26) and dividing by €22, we get
(kCx - ZCE%)IEZ + (% —2Ce )({S) +

whence

(NCK - ZCE%)IE2 + ('UCK — 205%)( )
5

1Cx C 5\2 K"
< —. .
+= (E 2NCK6) <5 (4.29)

To obtain estimate (4.17), the left side of (4.29) must be strictly positive, which

3 1uC
induce the choice € < £9,2, where €5, = ZHTK
e When n = 3, we obtain in the same way

| b(us,uf, G%) |< C% (eI° + J¢) (IF2.J° % + J°F)

< CESB{a% (I52 (g)% + Ig(g)%) +
s (P +(DH)) (4.30)

thus
e"b(us,u®, G)
€

+ et (L) (D)) @31)

Using Young’s inequality successively for

(r.(2)) (50 + (r(%)

ol

ICH
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thus

UG < anfeefdr 1(EY 4 L 3(E))

+ 05%[11524_154_14_2(5)2_’_1]}

2 3¢ 6 3\e¢ 3
< &#{cet [%F2 + g(%)z + %J?) + %} } s

We return at (4.23) and by dividing by €28, we get

(MCK - 206%)152 + (& _3 6%) (§)2 +

2 3
() ) <2 e

To obtain estimate (4.17), it is enough that any term of the left of (4.29) must
3 uCxk

10 C -

We put &1 = min(eo,2,€0,3), the estimate (4.17) is valid in both cases n = 2
and n = 3, when ¢ < &;.

e To prove (4.18) and (4.19), we choose ¢ = u® £ with ¢ € H}(Qf) in (3.3).
We obtain

5
be strictly positive, which induce the choice ¢ < ¢q 3, where 5 5 =

/ pedivipdz’dzy, = a(u®, ) +£7b(u,u%, ¥) — (5, ¢).
Using (4.17), and the following Sobolev embedding

| v 2@y < C v [l (00,

so passing to the fixed domain 2, we obtain the estimates (4.18) and (4.19).

4.3 Uniqueness

Theorem 3 With the same assumptions as in theorems 1 and 2, there exist &
such that for € < &}, then u¢, such that (u®,p°) is a solution of (3.3), is unique.
Proof. Let (u*, p'), (u?,p>°) be two different solutions for (3.3). We choose

¢ = u%*¢ then ¢ = u!€ in (3.3) when the solutions are respectively (u!¢, p*¢) and
(u?*,p?*). Then

ZMa(ul,E,u2,5_u1,5)+5'yb(u1,5’ul,s,u2,s_u1,5)+js(u2,5)_j5(u1,5) Z (fE,U2’E—’LL1’E),

ZHG(UQ,E,ul,s_u2,s)+6'yb(u2,s,u2,5,ul,s_u2,s)+js(ul,s)_js(u2,s) Z (fE,UI’E—UQ’E).
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Adding both inequalities, we get
—2ua(u1’5 _ u2,57u1,6 _ u2,5) +
+e7 (b(u2,57u2,57u1,s _ UZ’E) _ b(ul,s u1,57u1,s _ u2,5)) > 0.

Let v = u'* — u*. We have

b(ul’s,ul’s,’us)—b(UE,ul’E,UE) — b(u2’5,u1’5,1}5)
2,5’,05’,05) +b(u2’5,u2’5,vs)

— b(uz,s’ u2,s’ ,UE,)

I

=
—~

S

from (2.6) b(u®*,v¢,v°) = 0, thus
2ua(v®,v?) + e7b(v°, ut %, %) < 0. (4.34)

Using Korn’s inequality, we obtain

2uCk || VV° [|(p2(0sy)n +&7b(v",u"%,v%) < 0. (4.35)
As
b(v®, ut Z / vide'dr, =
1<i,j<n V¢
Als
:53ﬂ 5 Z / vsd:u dz +¢ Z / UEdJL' dz +
1<4,j<n—1 1<j<n—1
Y o'z + 2 [ ()22 'dz } (4.36)
" _pEdr'dz + &3 A 5, 4%'dz g, .

1<i<n—1

by €'~ 2# and passing to the fixed domain, and taking
, we obtain

multiplying inequality (4.35)
into account that v+ 8 =

mK{Zne Z||L2Q)+||5 2% o +

i,j=1
n—1
(1% T P ||L2(m)}+
i=1
1 2 ~ 8
+62{6 / H vsda: dz + €° Z / vde dz +
< Q 6
1<i,j<n—-1 1<j<n—1
R aal 6A1,s
4 I € 2 OUp ! < 0. .
+e /Q’U oz, vedr'dz + * /Q( ) e dmdz}_O (4.37)
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Now we want to estimate all the terms which come from the trilinear form b. We
have v¢ € H} (), so we can apply Lemma 1. Computation is very similar for
all terms, for instance, for n = 2

5 , 00, °
g2 [ (v5)? 3 ——dr'dz <
Q

T
aal € o< s 3
< 2hmaz5 || ||L (Q)” —L ||L2(Q)|| - ||[2,2(Q)
3 L aal o 8 61}
< Shmase? [l e nmm>0w g I + 11 51 ooy )
3 PR ¢ S
< Shmase? || 652 |m@{w g e + 1 52 o) +

ov5
+lle*5 2mmn+ns 2 e }-

We add all the terms of b and using estimate (4.17), then we return to (4.37), we
deduce

3 1 o0 005
(21Cx = ShmasCet ) { N et ooy + 11 2 ey +

005
. ||L2

5 005
€52 P + e e | <0 (4.38)

When ¢ S €1,2 with €1,2 defined by

the first term in (4.38) is positive, thus v* = 0 in Q, what implies that v® = 0
in Q°.
When n = 3, a similar computation leads to

1,e Als
6%/(%) 200 iy < 16hfnaz52{ I llz2()
QW d

1
ov] |1 v 1 61)
.naiu;mm—in;@nggmﬁm}
duy* 05
< 8hihase? | oo { et [Bao) +
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ov§
! ||L2

Flep gy + 1 9 o) }

611,15
< Shfnawa || ||L2 (@) { Z I 5 v ||L2(Q) +
4,j=1

0
L ||L2(9)+Z( T oy + 25 g o ) }-

Then we obtain in the same way

(24Ck — 8hnas)Ce?) { Z I 5 ||L2(Q) +l 5 ||L2(Q) +

3,j=1

+Z (125 ey + 12258 o )} <0 (a39)

The first term in (4.39) is positive when & < &1 3, where

For ¢ < €} = min{e1 , €13}, the proof of uniqueness of u¢ is complete. O

5 Limit problem

We multiply variational inequality (3.3) by ¢! =28, and passing to the fixed domain
Q, we obtain

5[ ln(G o+ 50) i - i

i,j=1 J

E

n—1 ~
ous\ 0 , ~ N
U; 2 ny\ > . _ g€ !
+Z_Zl/ axi)az(dn us)dz'dz +
6 0
/9(2,u 8z )8_(¢ — ut)dz'dz +

ouE, BUE- a ,~
E : 2 J _ e !
* / e 8.7:] 0z )837]- (9n —ug)do'dz+
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n—1 n—1 E
+e3 Z/ ’am é —u)dmdz—}—s2 / ;o (¢> —ug)dr'dz +
i,j=1
n! 6u5 R
+52Z/

¢ )dx dz + g2 / 1 (b, — iy )da' dz >

a a
" 9z
i=1 7% Q

+/wfg(|¢3—s|—|1f5—s|)da (5.1)

Let now

V., ={ve (L))" ': su 66 (Q), i=1,.,n—1 and v=00nT1}

be the Banach space with the norm

1

Ov; 3
||v||v,=(2||vz By + I o Iy )

Following [3], we say that v = (v1,..,v,—1) € (L?(2))"~! satisfies the condition

(D" if,
n—1
/Q Z vi%dw'dz =0. Ve (Cyr(w)
i=1 ¢

Let
V. ={v €V, : such that v satisfies the condition (D')}

be a subspace of V.
And

I(K)={¢eH Q)" " : ¢=(b1,-,n1) ¢i=GionTUTL}.

Theorem 4 Under the same assumptions as in theorem 3, for any solution
(u®,p%), after extraction of a subsequence, there exist u* = (uj,..,ur_;) € V,
and p* € L%(Q) such that

i ~u* (1<i<n—1) weakly in V,, (5.2)
8 us . R
-0 (1<4,7<n-—1) weakly in L*(Q), (5.3)
83:1
e—2 =0 weakly in L*(Q), (5.4)

oz
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~

52% —0 (1<i<n-—1) weakly in L*(Q), (5.5)
eus, =0 weakly in L*(), (5.6)
pF = p* weakly in L(Q). (5.7)

Proof. From (4.17) there exists a fixed constant C' > 0 which does not depend
on € such that

ous
| 3]
using this estimate and Poincaré’s inequality in the domain €2, we deduce (5.2).
We have div(u®) = 0 in 2, we obtain for ¢ € C§°(w):

ous 0 2 Ous
/ (287:", u ) 'dz:/gzq(:c');a—z:dm'dzzo.

As 1[;? —u¥ i=1,..,n—1, thus u* satisfies condition (D’) :

n—1
our
! 7 !/ — o]
/Qq(m)g 6‘x,~d$dz =0 Vg € C§°(w).
Also (5.3)-(5.5) follows from (4.17). We prove (5.6)-(5.7) as in Theorem 4.2 [4]. O

Theorem 5 Under the same assumptions as in the theorem 3, (u*, p*) satisfy

p* € H'(w), (5.8)

62 ¥  Op* . .72
Wam T g =fifor (i=1.n—-1) in L(@). (5.9)

~ ~

Proof. Choosing in (5.1) ¢; = u§ fori=1,..,n —1, én = uE £ 1) with
¢ in H}(Q), we deduce

ous, o ous, .\ Oy
2 : 2Y%n 2 no__ e !
/au 6 )Bw]dxdz /(ME 0z p)azdxder

tel Z / "¢dx dz + ¢t / ;jwdm'dzz / e fobda' dz,
Q

Using the results of convergence (5.2)-(5.7), we obtain

/ p*8—¢dx'dz =0, Vo € Hy(Q), (5.10)
Q 62’
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then
op*
0z

Choosing now ¢; = uS +1; (for i =1,..,n — 1) with 4; in HY(Q) and ¢, = u,,
n (5.1), we obtain

=0 in H'(Q). (5.11)

S [ (a2 25) 50,25 e
) 1 2
n—1 61;5] au
+zz:;‘/ﬂ,u'(6;+526 ) wzdxdz-l-EZz;l/ 16]¢]d$d2+

+et Z/ Mp,dx dz = Z/ fipidz' dz. (5.12)

Using (5.2)-(5.7), and choosing ¢; € H§(2) when n = 2, and ¢; = 0 and
o € HE(Q) then ¢y € H}(Q) and 92 = 0 when n = 3, then we obtain the
following equality:

n-! n—1
s ouy Oy .
_g/ = da: dz + Z 52 s ; inwidm,dz, (5.13)
using the Green formula, we obtain

82 * ap _ o ) .
8z2 +6— fi for (i=1,.,n—1) in H'(Q). (5.14)

To prove that p* is in H!(w), let us recall that p* does not depend on z from (5.11),
then following [3] we choose v; in (5.13) such that ¢;(z',2) = z(z — h(z'))8(z')
with 6 in H}(w), and using the Green formula we deduce

3 . .
%/p*%dm'—%t/hu?ﬁdm' =/fz-t9d:c',

where
. 1 h(z") _ h(z") N
= / ui(z',2)dz and f; :/ 2(z — h(z")) fi(z', 2)dz.
h(z') Jo 0
Whence
“x 36 Fo(z . -1
2uhu} — Eh D =fi (i=1,.,n—1) in H (w). (5.15)

As f; is in L2(), u} in V,, in particular in L2(w), therefore u* and f; are in

L2(w). Then from (5.15) we get p* € H'(w), and (5.11) follows. As f; in L*(w),
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2,,%
(3

from (5.15) we have %:2 in L%()), whence (5.9) holds.

Remark 1 All the terms of the trilinear form b disappear when ¢ tends to zero,
because of the great power of ¢ in (5.1) (3 and 3).

Now we define the traces (s*,7*) by:

8 *
s*=u*(z',0) ; ™= u (z',0).

oz

Theorem 6 Under the same assumptions as in theorem 3, (u*,p*) satisfy the
following limit inequality

n—1 ~ n—1 ~
au’ik (¢z - u:) ' / *6¢z !
Z/Q'u8z P dr'dz ; Qp 8xida:dz+

i=1

n—1
+/ E(|¢p—s|—|u*—s|)do > Z/ fi(di — u*)da'dz. VY e TI(K) (5.16)
w i=1 Q
Also (s*,7*) satisfy the following inequality

/ic(|¢+s*—s|—|s*—s|)da—/m*¢dazo, Vo € (L2(w)™ Y, (5.17)

*

ae on w. (5.18)

A
[ [

w| ™| = s*=s
wlm™| = I A >0 suchthat s*=s+ A\7*

Proof. Using theorem 5 we can pass to the limit in (5.1), then using (5.11) to
obtain (5.16).

Choosing q} such that qg, = qu? +; (fori =1,..,n—1) and ¥; € HlllurL in
(5.1) and ¢,, = uZ, where H{ p, ={ve H'(Q):v=0 onT{UTL}. We obtain

nz_:l /Q [52;;(2;5 + gii) _I;E(Si,j] g—;b; de'dz +

i,j:l
n—1 R A
auf 28'&‘; 0 o
+,§/n”<az te Tm)awzdxdw

5 n! ~ 8125 9 ! OuE
+e2 us —tap;dx'dz + e2 /df "obide'dz +
Z A (2 (9.%‘_7' ¢] ];1 Q n 6.2;‘]' ¢]

i,j=1

n—1
+/1%(| Y4+us—s| —|uf—s|)do > Z/ Fibsda' dz. (5.19)
w =1 Q2
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Using theorem 4, we can pass to the limit in (5.19), we obtain
n—1 6¢ . n—1 Ou* 6¢z .
—p*——dx'dz + / L ——dx'dz +
;/Q P ox; ; QN 0z 0z

+/ic(|¢+s*—s|—|s*—s|)da

n—1 R
idr'dz. .
z;/wa o' dz (5.20)

using now the Green formula, equation (5.9), and the fact that ¥; = 0on I’y UT',
and cos(n,z;) = 0 on w, we deduce

/ B+ s —s|— | 5" — s [)do — / pr*ddo > 0, W € (Hb p, )" .(5.21)

This inequality remains valid for any ) € (D(w))™~!, and by density of D(w) in
L?(w), it remains also valid for any ¢ € (L?(w))"~!. Whence (5.17) follows.

To prove (5.18), we take 1) = +(s* — s), in (5.17), and we obtain
/(1% |5 — s | —pr*(s* — 8))do = 0, (5.22)
we take ¢ = ¢ — (s* — s) with ¢ € (L%(w))™ !, in (5.17), we get
[E1el oo > [(E15 s |- =)o (523)
from equality (5.22), we deduce
[@1el-urtoar 20, e @), (5.24)

taking first ¢ = (@1,..,0n_1) such that ¢; > 0, ¢ =1,..,n—1, in (5.24), we
obtain

/(1%|¢|—u|r*|cos<r*,so))|so|da=

= [Ge=1 7 costr ) o 120, (5.25)
then

p| 7 | cos(t*,¢) < k aeon w. (5.26)
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taking now —¢, with ¢; > 0for i =1,..,n — 1, and (5.24), we obtain

[ @101+l 7 eostrs0) [ oo = [kt ul [ cos(r*, ) | ¢ |20,

w
whence
w7 | cos(t*,9) < —k a.eon w. (5.27)
>From (5.26)-(5.27) we obtain
p| 7 |<k aeon w, (5.28)
then

E|s*—s|>p|r|.|s —s|>pr*.(s*—s) acon w,

E|s*—s|—pr*.(s*—s)>0 aeon w,
from (5.22) we deduce

E|s*—s|—pr*.(s"—s)=0. (5.29)

If | 7 |= k, then from (5.29) we have
pw| | .| s —s|=pur*.(s*—s)=0a.eon w;
then cos(s*—s, ur*) = 1, which implies existence of A > 0 such that s*—s = Aur*.
If | 7 |< k, from (5.29) we have
ks —s|—pr*(s*—s)=0> (k= | pr*|) | s* —s | aec onw,
whence s* — s = 0 a.e on w, then (5.18) follows.

Theorem 7 The pair (u*,p*) in theorem 4, following weak form of the Reynolds
equation

3 ~ X
/ (h—Vp* s F)Védae' = — | ¢hGn V¢ € H (w), (5.30)
w 12” 2 Ow
where F(z') = (Fy ('), Fy(2')) with
h(:z:') h
Fi(a') = _/ Fi(a',z)dz — —Fi(a', h(a"))
0 2p

Fi(z',2) = ) "f'(x’ t)dtdn ; =L h(wl)é(m’ z)dz
Z’_0017 O ~ h(@') Jo ’ '
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Proof. Integrate twice (5.9) between 0 and z, we obtain

2
pu*(z',z) = %Vp*(:c') + ps*(z') + per*(2') — F(2', 2), (5.31)

As u*(2', h(z")) = 0, in particular

2
%Vp*(x') + ps*(z") + ph(z')T*(2") — F(2',h(z")) = 0. (5.32)
Integrate equation (5.31) with respect to z, in the interval (0, h(z')), we obtain
N h3 h? ~
hpu*(a') = ~=Vp*(a') + phs*(a') + p-m*(@") — RE(2'), (5.33)

where for any function 1, we set

. h(z')
(') = hL)/O W(z', 2)dz, Vi' € w.

(z'

In the other hand, for all ¢ € H'(w), we have
) n 1 ~
~ . (‘3u§ ous, ,
/¢dzv ue)dz'dz =0 = /(15 / ; £ + g)dm dz

:/wqﬁ(w')(g (;:Z’) +uA$L(x',h(:c'))—uA;(x',O))dx'

as ug(2',0) = 0 on 8Q = @ UT; UTL, we obtain

A 16<hu’ﬂ ,
/¢ / ' z; de’ = 0.

i=1

Using Green formula, we get

Z/hu —da:—Z/ husgbcosn;c Z hG,(;Scosn:v)

As uf — uf in V, consequently in L?(w), therefore uf — u¥ in L?(w), and as
Ow € 01}, we deduce

n—1

/ hu} 6¢ d;c = Z d)hé’i.cos(n,w;) Vo € H' (w). (5.34)
=1 Y Ow
Now, multiplying (5.33) by V¢, then integrate it in w, using (5.34), we obtain

h3 £ * h2 * h I ! A
(—Vp +hs* + =7 ——F)V¢dx — [ ¢héon. (5.35)
w 611' 2 1Y Ow
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Using (5.32) to eliminate the term containing 7* from (5.35), the weak form of
the Reynolds ( 5.30) follows.

Theorem 8 Under the same hypothesis of theorem 3, there ezists a unique solu-
tion (u*,p*) in V. x (L3(w) N H'(w)) of inequality (5.16).

Proof. Let (U',p'), (U2,p?) two solutions of (5.16). Taking ¢ = U2 and
¢ = U? respectively, as test function in (5.16). Using Lemma 5.1 [4], we get

Ut - U?
u/ | o -U") |? dz'dz < 0. (5.36)
Q oz
Using Poincaré’s inequality, we deduce

| U —U? ||y.= 0. (5.37)

The uniqueness of p* in LZ(w) N H!(w) follows then from (5.30). Indeed from
(5.37) s* is unique in (5.30), then we get

h3
——V(p' —p*)Veda' =0,
~/w 12u
taking ¢ = p' —p?, and by Poincaré’s inequality we deduce || p* —p* ||p2(y= 0. O
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