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Abstract

In this work, we present the combination of two efficient algorithms to
solve non linear elastodynamic problems with a large number of degrees of
freedom. The non linearities come from hyperelastic constitutive law but
also from frictional contact conditions. These large non linear problems are
generally charaterized by large computational times. So initialy, we focus
our attention on the development of a time-stepping scheme which makes it
possible to have energy conservation properties and also to reduce the time
integration cost; we present then an energy-conserving algorithm for hyper-
elastodynamic contact problems which differs from the usual approaches.
The second improvment deals with the solution of the linearized problems;
in order to reduce the cost of this stage, we present a scalable domain
decomposition method well adapted to solve the corresponding linearized
systems.
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1 Introduction

Non linear elastodynamic problems with a large number of degrees of freedom
necessitate the use of efficient and robust algorithms in order to reduce the so-
lution cost and also to have some energy conservation properties. In a general
way, the solution of such problems is realized by coupling a time integration al-
gorithm to deal with the dynamic part and a linear iteration algorithm to treat
the non linearities. In this work, we investigate these two subjects with an aim of
performing the integration scheme and with an aim of reducing the solution cost
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of linearized systems by using a domain decomposition method. These investiga-
tions are carried out in order to propose algorithmic adaptations well suited to
hyperelastodynamic problems with contact and friction.

Firstly in section 2, we present a new energy-conserving algorithm for impact
problems which differs from the usual approaches ([13] and [9]). During the last
years, the construction of energy conserving time integration methods to solve
nonlinear elastodynamic problems has attracted the interest of many researchers
(20, 8, 5] ...). Furthermore, many works have been devoted to extend these con-
servative formulations to frictionless impact; more precisely, Laursen and Chawla
[13] and Amero and Petocz [4] have shown the interest of the persistency condi-
tion to conserve the energy in the discrete framework. But these contributions
concede a contact interpenetration which vanishing as the time step tends to-
wards zero. Recently, this drawback is resolved by Laursen and Love [14] by
introducing a discrete jump in velocity and by Hauret [9] by considering a spe-
cific penalized enforcement of the contact conditions. The approach presented
in this work permits to ensure both the Kuhn-Tucker and persistency conditions
at the end of each time step. These two laws are enforced during each time in-
crement by using an extended Newton method. In section 2.1, we recall some
general aspects of non linear elastodynamic problems with contact and friction.
The section 2.2 permits also to recall the usual energy conserving frameworks
used to solve non linear elastodynamic problems. In section 2.3, we present a
new energy-conserving algorithm to treat impact problems. In the last section
2.4 of the first part, representative numerical simulations are presented to as-
sess the performance and also to underscore the conservative behaviour of the
proposed method.

The second part of this work (section 3) is devoted to present a scalable domain
decomposition method to solve dynamic frictional contact problems in large defor-
mations. The solution of this kind of problems by standard algorithms generates
strongly non symmetric and ill-conditionned systems. So, large non linear elasto-
dynamic problems represent an appropriate application field for substructuring
methods which are efficient on parallel computer with the proviso of using specific
preconditioner techniques well adapted to the mechanical modeling. According
to the reasons mentioned above and in order to overcome these difficulties, we de-
velop an adapted Balancing domain decomposition method [18, 15] appropriated
to solve this kind of systems. By using the theoretical framework of Schwarz ad-
ditive decomposition method [15, 17], we propose a two level Neumann-Neumann
preconditioner (Balancing method) based on the construction of a coarse space
of "lower energy" modes adapted to finite deformations problems with dynamic
process. With such problems, some rigid body motions cannot be detected in
the factorization step of the local tangent matrices of subdomains. So we have
to make some adaptations for taking into account all lower energy modes. In
section 3.1, basic scalable domain decomposition approaches are presented. The
section 3.2 is devoted to the adaptations of the two level Neumann-Neumann
preconditioner. In last section 3.3, we test the efficiency of this updated Balanc-
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ing domain decomposition method on numerical solutions of non linear dynamic
problems presented in section 2.4.

2 A new energy conserving method

2.1 Non linear elastodynamic problems

Dynamic deformable body systems in large deformations are governed by non
linear time dependent equations. In this work, we consider non linear elastic
behaviours which are characterized by hyperelastic constitutive laws. The first
Piola-Kirchoff tensor IT is given by the relation IT = g W (F) where W (F) is the
internal hyperelastic energy and F is the deformation gradient defined by F =
I+Vu (u represents the displacement vector). A typical non linear elastodynamic
problem defined in a reference configuration can be governed by the following
variational form,

Find u € L2(J0; T[;Us) such that for each t €]0; T,

Jo pia(t).v + [ TI(t) : Vv — [, £(t).v — fagQ gt)v=0, VveUl (1)

o) —ii(t) in Up

where p denotes the mass density; f and g are the external force densities. A
dot superscript indicates the time derivative. The set Uy = {v € H}(Q)%™;v =
0 on 9o} represents the space of kinematically admissible displacement fields.
In the case we consider frictional contact conditions on the surface contact 9.1,
the variational form of the non linear elastodynamic problem can be written as
follows,

Find u € L?(J0; T[;Uy) such that for each t €]0;T7,
Jopia(t)v + JoTI() : Vv — [o £(t).v = [5 o 8(t)-v + Perf(t) =0, Vv € U,
(2)

where the frictional contact term is given by
Pos(t) = / [T + T, &.] (3)
8.2

The frictional contact phenomenon is modelled by combining the normal unilat-
eral contact law and the tangential frictional Coulomb law with variable pressure
[19]. These multivalued relations depend on the gap distance d,, the contact

o
velocity d- and the frictional stress T' (split into a normal contact pressure T,
and a tangential part T';); they can be written as follows:

o o T
d, >0, d-=| d- ”—HF:H’
contact law: (T, <0, frictional law: < ||T|| + ulw <0, 4)
_ o
a7, = 0. | &r (1111 + 4T = 0.
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where v and 7 are the normal and tangent contact unit vectors on 9.Q; u is the

friction coefficient. For a definition of the quantities d,, and é.r in the frame-
work of large deformations, we can refer to [7]. These tribological laws can be
written in the form of subdifferential inclusions which derive from conjugate non
differentiable convex potentials (in the sense of the subgradient [19]),

T, € 8%g+(d,) and T, € 9y 1(dr), (5)

where 0¥p+ and 0¥y, 1,1 denote, respectively, the subdifferential of the indicator
function ¥p+ of the positive half-line R and the subdifferential of Fenchel con-
juguated of the indicator function ¥¢,p. , of C[[]. C[I,] denotes the convex
disk of radius —uI',,. We can note that this convex disk depends on the unknown
normal contact stress I',,.

Nevertheless, in order to obtain energy conservation properties and in the
absence of external forces, the work of normal contact reactions at time ¢ must
vanished [13]:

W, = d,T, =0 (6)
o)
So for energy conservation purpose, the following persistent condition [13, 4] has
to be added,

persistent condition:  d, T, =0 (7)

This condition means that normal contact reactions can only appear during per-
sistent contact. One can easily prove [12] that the addition of the persistent
condition (7) to the unilateral contact law gives the following conditions:
if d, >0 TI', =0 ()
if d,=0 T, €0Ug+(dy)

2.2 Usual energy conserving frameworks

In order to solve the problem (2), we have to use a time integration scheme.
When one considers non linear dynamic problems, the standard implicit schemes
(f-method, Newmark schemes, midpoint or HHT methods, see for example [10,
11, 12] ...) lose their unconditional stability. So we have to use implicit energy
conservative schemes [20, 8, 5, 12, 16] which are appropriate due to their long
term time integration accuracy and stability. These methods are based on the
satisfaction of discrete mechanical conservation properties. In the following, we
consider a collection of discrete times (¢p)p=1..p which define a partition of the
time interval [0;T] = Ule[tp; tp+1] with tp41 = t, + At and At = L. By using a
second order time integration scheme (midpoint scheme) with energy conservation
properties [20, 8, 16], the weak form (2) integrated between the times ¢, and tp41
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gives the following system,

Find u,1; € Uy such that

ALt Jo plipy1 —1p).v + Jo Mg : VV — [ fpr1v— fagQ 8p+i-V 9)
tp+1
+a7 J,7 Perp(t)dt =0

where we choose to enforce the frictional contact conditions at the time t,,1, i.e.
the dicrete versions of the unilateral contact law (T’ € 0Up+(dy,,,)), of the

Coulomb frictional law (T'r,,, € 07, +1](5 gl.,-p +1)) but also of the persistent
p
condition (Ts,,,dd,,,,, = 0). In the sytem (9), O,y 1 = 5(0p + Upt1) and Oy

denotes the approximation of (¢,). 60 represents the incremental discretization
of 0. Moreover, the midpoint scheme gives the following relation,

Vp+41

. . 2
Upt1 = —Up + A_t(“p+1 —up).

The time integration scheme (9) used in this work, is characterized by the tensor
IT,4, proposed by Gonzalez [8] and defined by

Halgo = Fp+% Ealgoa

Yaigo = 2%_V([§(Cp+%) +2[W(Cpt1) — W(Cp) (10)
AC,
_%_V([:/(CH%) t AC,] AC,AC,’

with AC, = C,41 — C,. The previous relations (10) were introduced in order to
ensure exact energy conservation characterized by the following condition,

Maigo : (Vupyr — Vy) = W(Cpia) = W(C,) with Cpyy = F;+1Fp+1-

Furthermore, many works have been devoted to extend these conservative for-
mulations to frictionless impact; more precisely, Laursen and Chawla [13] and
Amero and Petocz [4] have shown the interest of the persistency condition to
conserve the energy in the discrete framework. But these works are characterized
by a contact interpenetration that only can vanished when the time step tends
towards zero. Recently, in order to overcome this drawback Laursen and Love
[14] have developed an efficient method by introducing a discrete jump in velocity.
Furthermore, Hauret [9] has considered a specific penalized enforcement of the
contact conditions which permits implicitly to ensure the persistent condition.

2.3 Adaptation to impact problems

In this section, we present an energy-conserving algorithm for hyperelastodynamic
contact problems which differs from the approaches mentionned above ([14] and
[9]) and also permits to ensure both the Kuhn-Tucker and persistency conditions
at the end of each time step.
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With an aim of taking into account the contact at the time ¢,,1, we approxi-
mate the frictional contact term f:”“ Petp(t)dt by
P

tp+1 . o
/ Poy s (D)t ~ At ( / C.,..0d,, . +Tr .6 d.,-p+1]> (11)
t Q

P c

Furthermore, we choose to enforce at each time increment the unilateral contact
law (T'y,,, € 0¥g+(dy,,,)) and also the persistent condition (dd,,,,I'v,,, = 0).
Indeed, the fact of adding these two laws permits to ensure the conditions (8) at
the time ¢, 1. To do that, we developed an extended Newton method which can
be decomposed in two steps, a preliminary step (a) in which we solve the system
(9) with the frictional contact law (4) and a final step (b) in which we use the
law (8) and the associated frictional Coulomb law. This extended strategy can

be written as follows:

step (a): Newton scheme to solve the system (9)
{FVP+1 € 6lIIR+(de+1)
with N 0
PTp+1 € 6\]?C'[l",,p_*_l] (6 d‘l'p+1)
step (b): Newton scheme to solve the system (9)
it dy,,,>0 T,,,, =0 .
with if dup+1 =0 Fup+1 € 6\IIR+(6dup+1)
o
| RS atIl*C[F”p+l](6 dr,..)

Vp+1

This approach allows to cancel some penetrations during impacts which arrive
when one solves only the step (b). Once the status of contact was found (step (a)),
we apply then the persistent conditions (8) which will restore the conservation of
energy without disturbing too much the state of the contact. The drawback of
this approach is that it requires to carry out some additional Newton iterations
in order to solve the problem of the step (b). In a practical point of view, one
notes an overcost from 4 to 6 iterations for the convergence of the step (b).
After a fully discretization step (time and space), we deduce the non linear
systems defined by
< 1

R(up-i-la)‘p-i-la }‘Vp+1) - A_tM(ﬁIH'l - up) + galgo(up+1,up)

+ F(upy1, Apy1) — AGtl = (12)

where M comes from the discretization of the inertia term = [ p(lp41 — 11,).v

and G40 is due to the discretization of the hyperelastic part fQ IT4ig0 : Vv and

q,4 1 comes from the discretization of the external forces [, f.v+ [, g.v. We
g

note F(upt1, Ap+1) the discretization of the frictional contact operator obtained
by using a quasi-Lagrangean formulation which permits to treat in an exact way
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the frictional contact laws (step (a)) but also the persistent frictional contact
conditions (step (b)). This formulation is characterized by the lagrangean mul-
tiplier A which permits to enforce respectively the steps (a) and (b). During
the step (a) the multiplier A takes the value A = (A, A;) which is in relation
with the frictional contact law (4). In addition, during the step (b) A takes the
value A = (A, v, A;) which is dedicated to the frictional persistent conditions.
The operators R and F can take respectively the form R® or R and F¢ or F°
according the step (a) or (b).The forms of the operator F are the following (we
remove the indices p + 1 with an aim of reducing the writing):

) + Vil (u, )\,,r ) )
)+ Vs

step (a) F*(u,A) = ( 7 (u, )\T,F )

The terms I7, I”,, I” and I”. represent respectively the regularization of the func-
tions Wg+(dy), Pg+(6d,,), U2 (6 dr) and ¥%(6 d,) and take the following forms,

(I(v,4) = (), 2 )+f||du(v)||2—Ldistﬂ%-{iﬁrdu(v)}
ig(v,xu)z( L(v), A )+§||<5d W) = distﬂi_{xuwad;(v)}

' . A 0 (13)
(v, Ar) = (8dr (V) Ar) + 518 dr (I — £dist? {Ar + 76 dr }
(v, 2) = (6dr () Ar) + 5118 dr (VI = Edlist? {Ar +76 dr ),

where r is a positive penalty factor; even if the same notation is conserved for the
factor r, notice that its value is not the same one for the step (a) and (b). Alart
and Curnier [3] have introduced a particular form of the "quasi" Lagrangean by
substituting C[r,] by the augmented convex set C'; we introduce a similar form
for the augmented convex C:

¢ X,,,d,,(u)) := C|[projg- (5\,, + Td,,(u))],
¢ x,,,(sdu(u)) = C[projg- (Xu + 7‘5d,,(u))].

Moreover, this approach of "quasi" augmented Lagrangean permits to satisfy
exactly the contact constraints and friction criteria contrary to penalty techniques
[21]. For more details about the quasi-Lagrangean formulation see [3]. At each
time increment the non linear system (12) can be solved by a generalized Newton
method developed in [3]. This method leads to the following iterative linearization
scheme (indexed by 1),

—1
Xit1pt1 = Xipi1 — (Oxy R(Xipt1))  R(Xipr1), (14)
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where the variable X;41,p41 denotes the pair (W;y1,p+1,Ai+1,p+1). Through this
Newton method, we choose to treat both variables u,; and A, simultaneously.
So we can formulate the system (14) by the solution of a linear system:

1 . .
Kipt18%ipi1 = =72 M(Wips1 = 8p) = Gatgo(Wipt1, up)
= F(Wipt1, Aipt1) + 9y (15)
2
At?
and  AX;pi1 = (Wit1,p+1 — Wipt1; Nig1,p+1 — Nijpt1)

with Kipp1 = —sM+ K¢, + K,

where M = 0y, ,, M represents the mass matrix and K ., = Ou,,,Gaigo the
hyperelastic tangent matrix and K¢, = Ox,,, 7 (Xip+1) denotes the frictional
contact tangent matrix. We can insist on the fact that the matrix XC; ;11 of system
(15) is strongly non symmetric. The non symmetries come from the friction law
but also from the mathematical form of tensor Ily4, (see [8]). So we resume the
adapted numerical scheme used by the following algorithm,

forp=20 ..
Xo,pt+1 = Xp
g p1 = —1,
step (a): for i =0 ..
Kip+18%ipr1 = —R*(Xipt1)

Xit1,p+1 = Xipt1 + AXipi1
. . 2
Wit1pt1 = Wipr1 + o Allipi
until convergence (i < 4i+1) ~i°
step (b): for i =4° ..
Kipr18%ip11 = =R (Xip+1)
Xit1,p+1 = Xipt1 + AX; pr1
Uittptt = Wipr1 + o Allipi
until convergence (i +i+1)
untilp =P (p+p+1)

Notice that 1% represents the iteration number necessary to obtain the convergence
of the step (a).

2.4 Two numerical simulations

In this section, we present two numerical simulations in order to analyse and to
compare the behaviour of some classical time integration schemes (trapezoidal
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rule, midpoint rule and HHT scheme, ...) with the algorithm presented in this
paper. The first application (section 2.4.1) concerns an academic hyperelasto-
dynamic problem: the cantilever beam. The interest of this application is only
to recall the numerical behaviour of several time integration schemes to solve
non linear dynamic problem without contact and friction. The second applica-
tion (section 2.4.2) represents the bounces of the ring against a rigid surface.
This representative simulation [12] permits to assess the performance and also to
underscore the conservative behaviour of the proposed method.

2.4.1 A non linear elastodynamic problem : a cantilever beam

We consider an elastic beam clamped on one of its tips and an external time
independent loading g on the opposite tip. The compressible material response

hyperelastic beam

Figure 1: Deformed sequence of a cantilever beam.

considered is governed by an Ogden constitutive law defined by
W(C) = Cl(Il — 3) + CQ(IQ — 3) + a(13 — ].) — (Cl + 2¢o + a) In I3,

where I, I, and I3 represent the three invariants of the tensor C.

The mesh and its deformed configurations during the time are presented in
figure 1. The material properties and dimensions of the ring are as follows :
material constants ¢; = 0.5M Pa,c; = 0.5 % 1072M Pa,a = 0.35M Pa, density
p = 1000kg/m3, length of the beam L = 10m and width of the beam [ = 1m.
Moreover, we consider the final time T' = 10s and a time step At = 0.1s.

In the following, we recall some classical results in respect to various time
integration schemes that we can find for example in [9]. In the figure (2), we
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Figure 2: Discrete energy of the dynamic cantilever system.

give the evolution the discrete energy of the dynamic system according several
algorithms as the Gonzalez conserving scheme, the HHT scheme, the midpoint
and trapezoidal rule. We can note that only the Gonzalez scheme is exactly
conservative. For the other schemes, energy blow up is observed; the worst energy
conservation holds for the trapezoidal rule. This drawback can be avoided by
adopting a small time step, but a realistic control of discrete energy by the time
step is hard to obtain and moreover the computational cost becomes higher.

2.4.2 A dynamic frictional contact problem : bounces of a ring against
rigid surface

We consider now the bounces of an elastic ring against a rigid surface. In this
case, the non linearities come from the friction contact laws but also from the hy-
perelastic law of the material (we take the same law as in the previous application
(section 2.4.1)).

The elastic ring is thrown with an initial velocity at a 45° angle to a flat rigid
surface as depicted in figure 3. The material properties and dimensions of the
ring are as follows: material constants ¢; = 0.5M Pa,cy = 0.5 x 1072M Pa,a =
0.35M Pa, outer radius of the ring r¢ = 1m, inner radius = 0.9m, density p =
1000kg/m®. Moreover, we consider the final time 7' = 100s and a time step
At = 0.1s.

As in the previous example (section 2.4.1), we present in the figure (4) the
evolution of the discrete energy of the dynamic system in respect to various time
integration schemes and we focus our attention on the method presented in section
(2.3). To analyse the behaviour of our method, we consider three simulations:

- the curve (®) represents our method to solve the considered problem with
contact and friction,
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Figure 3: Deformed sequence of the hyperelastic ring during and after the first

impact.

— Presented scheme (frictionless problem)

I
/N
00814 e—e Presented scheme
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0 10 20 30 40 50 60 70 80 90 100
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Figure 4: Discrete energy of the ring bounces problem.

- the curve (©) denotes our method to solve the same problem but without

friction,
- a variant of the method in which we use only the step (a) (without the
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step (b)) to solve the problem with contact and friction (curve (—)).

Firstly, we can note that after the first impact (time ¢ = 2.5), the methods (curve
<, B and ¢) not using the Gonzalez form of Iy, (10), are characterized by a
energy blow up. In an other hand, the proposed scheme enables a long term time
integration with a perfect energy conservation in the case we consider the problem
without friction (curve (©)). In the case we solve the problem with contact and
friction, our method (curve (®)) makes it possible to dissipate energy reasonably
with an admissible frictional dissipation phenomenon. But if we consider only
the step (a) to solve the problem (curve (—)), the dissipation becomes physically
nonrealistic because in this case the unilateral condition also induces a dissipation.

3 Scalable domain decomposition methods

We make a point of specifing that the presentation of the work related to this
part (section 3) is based on results presented in [6].

3.1 The usual Balancing method

The linear systems (15) can be solved by a domain decomposition method [15]
which has to be adapted to the non symmetry but also to the presence of inertia
terms. Before giving the adaptations to non linear dynamic problems, we present
briefly in this section the principal features of a scalable nonoverlapping domain
decomposition method : the Balancing method [18, 15]. We choose to adopt a
primal Schur complement method written with displacement variables. The basic
idea in nonoverlapping domain decomposition methods is to split the domain {2
of study into N small nonoverlapping subdomains Q"(n = 1, N) and interfaces
I'"(n =1, N) defined by :

N N
0= UQ" with T =980 N U 0P | — a9Q.
n=1 p=1

p#™n

Substructuring techniques consist then in reducing the original global system to
an interface problem by a block Gaussian elimination of the internal degrees of
freedom and in iteratively solving the resulting variational interface problem :

FaeV /) <Sipr1,v >=<F,11,v> VW eV =tr(V)|r, (16)

where V' is the discrete set defined from the space Up and I' = ngl ™. The
matrices S; 11 = Zgzl R™S7?,,1(R™)! denote the global Schur complement
matrix defined on T'; (R™)! is the restriction operator which goes from T to T'™.

The local Schur complement matrices S}, are defined on I'" by

ZPH = ’CZpH - (B2p+1)t(’CZp+1)_1B:'fp+1-
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To do that, we have considered the subdomain stiffness matrix formulated by

n n
Kipi1 = ( (];Cé*p“)t B;’;Hl ) The first block I&ZPH corresponds to the in-
i,p+1 i,p+1 _

ternal degrees of freedom in the subdomain 2", the second one K7, ; corresponds
to the interface degrees of freedom on I'". The matrix B} ., represents the con-
tribution connecting I' to 2. The interface problem (16) can be solved by a pre-
conditioned conjugate gradient method (symmetric cases) or the GMRES method
(non symmetric cases). Hereafter, we use the multilevel Neumann-Neumann pre-
conditioner [15, 17]. This iterative technique never requires the explicit calcu-
lation of the matrix S. We have just to form the matrix vector products Sp
and M1t by solving independent auxiliary Dirichlet and Neumann problems on
the local subdomains and a global coarse problem defined on a space of singular
(rigid body) motions. The adaptation of the Balancing Method [18, 15] to solve
linear systems issued from non linear elastodynamic problems can be realized by
using the theoritical frameworks of Schwarz additive decomposition method with
introduction of a coarse space. It consists in decomposing the interface space V'
into a coarse and a fine component Vg and V;. For Neumann-Neumann domain
decomposition techniques, the coarse space is defined by adding local rigid com-
ponents Vg = E]nv:l D"Z™ with D™ a given partition of unity defined on the
interface (ZnN:1 D™R™ = Id|y) and the fine space is defined by orthogonality

N
Vf = {\_ff eV = Z D"V", < SV, Vg >=0, Vvg € Vg} an

n=1

The key point is the construction of the local spaces Z" of rigid motions. This
construction must, if that is necessary, regularize local Neumann problems but
more especially set the constants of the lower energy modes (like rigid body
motions) to zero in the solution of local Neumann problems. For more details
on the presentation of the Schwarz additive method, we can refer to [15, 17] for
symmetric cases and [1, 2] for non symmetric cases.

With finite deformations and dynamic problems, some rigid body motions "of
lower energy" cannot be detected in the factorization step of the local tangent
matrices of Neumann problems. These drawbacks come on the one hand from
the finite deformations modeling and on the other hand from the regularizing
contribution of the mass matrix. So we have to introduce a specific detection
procedure to construct this lower energy modes especially adapted to non linear
dynamic problems. In the following section, we present in detail the construction
of the coarse space Vg for hyperelastic dynamic problems.

3.2 Adaptations of the two-level Neumann-Neumann preconditioner

The solutions of static and dynamic hyperelastic problems (1) by standard algo-
rithms [10, 8, 16] generate at each increment or time step (subscripted by p) a
non linear system (equation (12)) which can be solved by an iterative Newton
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method (subscripted by 7). According to the reasons mentioned above, we pro-
pose an adapted construction of the two level Neumann-Neumann preconditioner
based on the following steps

1. Preliminary step : We identify the local degrees of freedom (PZ)a=1mn
which cancel all m™ rigid motions of subdomain n. This detectlon must be
realized during the factorization of the stiffness matrix (K§)" coming from
the linear elastostatic system associated to the non linear elastodynamic
problem (12). Notice that we can make arbitrary this dectection, but in
this case we don’t optimize the size of the coarse system.

2. For each Newton iteration ¢ of each time step p

(a)

()

We construct the local matrices ICf p+1 using the degrees of freedom
(P2)a=1,m~ detected in step (1). These regularized matrices are given
through the matrices K7, ; by the following relation:

<K v W' >=< KP v Wt >+ Qv (PR w (P,
a,B
(18)

where Q" is a definite positive arbitrary matrix. We can note that
in the case of dynamic problems, this construction step can be not
realized. Indeed, the matrices K7, of systems (15) are invertible
because of the presence of inertia terms (mass matrices); so we take

ipr1 = Kipra-
We compute the lower energy modes (v, )a=1,m» by solving the reg-
ularized Neumann problems set on the space V™ of subdomain dis-
placements functions,

< (RP 1) V8o, W™ >= W (PD),YW" € V", Vg, € V™. (19)

We can note that we have considered the general non symmetric cases
[1, 2]. Indeed, the system (15) is strongly non symmetric due to fric-
tional contact terms but also due to the form of the tensor Iy, (see
equation 10).

We define the local rigid space by Z™ = vect (v?;a, a= 1,m”).

For the non linear elastostatic case we replace in the steps (a) and (b) the matrix
K%,+1 by the matrix K7 ;. With this construction of lower energy modes,
the two-level Neumann-Neumann preconditioner is classically defined for each
Newton iteration ¢ by

N

M; ) Sipt =Pa+ Y I=Pg)D}, 1 (S7p1) (D) I = Pe)'Sipia,

n=1

(20)
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where (SZP +1)7! is the regularized Schur inverse matrix and Pg denotes the
orthogonal S-projection of V on Vg defined by

< SPgv,vg >=< Sv,vg > Vvg € VG and Pgv e VG. (21)

It is important to note that the detection of rigid modes (step(1)) is realized
by the linear elasticity matrix (K§)™. On the other hand, the construction step
(2) — (b) is obtained with the regularized matrix K7, or K7, issued from the
system (15). By using similar arguments developed in [1, 2], we can note that
this choice ensures that the solutions of Neumann problems have all lower energy
modes fixed to zero. B

The regularized Schur inverse (S} ,,;) " acting on a given linear form L"
defined on the local dual interface space of V" yields the interface vector

1

(~irfp+1)_1L" =Tr(u")-
obtained by solution of the following local (regularized) Neumann problem:
< KPu™,wh >=LMTr(w") ), Yw" €V, u” € V™ (22)
This construction ensures that the solution u™ = (SP,, ;)™ (D}, )*I — Pg)'r
have all lower energy modes u”(P?) fixed to zero. Indeed, by definition of the

modes v, (equation (19)) and by the construction of u™ (equation (22)) and by
the projection Pg (equation (21)), we have

u"(P) =< (K74 1) Vg, u" >=<F,(I-Pg)DI',, vE, >=0.  (23)

Moreover, if the regularized procedure (18) is used (for static or quasi-static
problems), that does not affect the optimality of the method. Indeed, the relation
(23) involves that < K7, u”,u" >=< K7, ju™,u” >.

The numerical results presented in the following section validate this adapted
construction of the two-level Neumann-Neumann preconditioner. That permits

to find numerical scalable results for non linear elastodynamic problems.

3.3 Two numerical simulations

We take in this section the two numerical applications presented in section 2.4.

3.3.1 A non linear elastodynamic problem : a cantilever beam

The figure 6 gives the evolution of average number of GMRES iterations (per
Newton iterations) for a beam decomposed in 2, 5, 10, 20, 40 and 80 subdomains
(see figure 5) for a decomposition in 10 subdomains. We observe that the number
of iterations obtained with the 2-level Neumann-Neumann preconditioner with-
out adaptations (curve «) grows up with respect to the number of subdomains.
So the interface solver with this preconditioner loses its classical scalability. We
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subdomains

domain decomposition
interface

Figure 5: Substructuration of the beam in 10 subdomains.
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w
S

iterations of interface solver
=)
5

1 " " 1 " "
20 40 60 80

o

=

number of subdomains

Figure 6: Numerical scalability with Neumann-Neumann preconditioners.

can also remark the inefficiency of the solver using standard Neumann-Neumann
preconditioner without coarse space (curve ®). On the other hand, the adapted
Neumann-Neumann preconditioner (curve W) leads to recover the numerical scal-
ability properties i.e. the independence of the solver iterations with respect to
the number of subdomains.

3.3.2 A dynamic frictional contact problem : impact of a ring against
rigid surface

The figure 8 gives the evolution of average number of GMRES iterations (per
Newton iterations) for a ring decomposed in 4, 8, 16, 32, 64 and 128 subdomains
(see figure 7 for a decomposition in 32 subdomains). As in the previous example
(section 3.3.1), we observe that the 2-level Neumann-Neumann preconditioner
without adaptations lose its numerical scalability properties, but on the other
hand, the adaptations introduced in section 3.2 make it possible to find these
essential properties. Moreover we can remark that the contact and friction laws
do not have any effect on the behaviour of the adapted preconditioner.
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iterations of interface solver
]
i=]
5

subdomains

Zzoom

domain decomposition’
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Figure 7: Substructuration of the ring in 32 subdomains.
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Figure 8: Numerical scalability with Neumann-Neumann preconditioners.
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