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Abstract

A graph G is called edge-magic if there exists a bijective function f : V (G) ∪
E (G) → {1, 2, . . . , |V (G)|+ |E (G)|} such that f (u) + f (v) + f (uv) is a constant
(called the valence of f) for each uv ∈ E (G). If f (V (G)) = {1, 2, . . . , |V (G)|}, then
G is called a super edge-magic graph. A stronger version of edge-magic and super
edge-magic graphs appeared when the concepts of perfect edge-magic and perfect
super edge-magic graphs were introduced. The super edge-magic deficiency µs (G) of
a graph G is defined to be either the smallest nonnegative integer n with the property
that G ∪ nK1 is super edge-magic or +∞ if there exists no such integer n. On the
other hand, the edge-magic deficiency µ (G) of a graph G is the smallest nonnegative
integer n for which G ∪ nK1 is edge-magic, being µ (G) always finite. In this paper,
the concepts of (super) edge-magic deficiency are generalized using the concepts of
perfect (super) edge-magic graphs. This naturally leads to the study of the valences
of edge-magic and super edge-magic labelings. We present some general results in this
direction and study the perfect (super) edge-magic deficiency of the star K1,n.
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1 Introduction

Unless stated otherwise, the graph-theoretical notation and terminology used here will
follow Chartrand and Lesniak [2]. In particular, the vertex set of a graph G is denoted by
V (G), while the edge set of G is denoted by E (G).

For the sake of brevity, we will use the notation [a, b] for the interval of integers x
such that a ≤ x ≤ b. Kotzig and Rosa [14] initiated the study of what they called magic
valuations. This concept was later named edge-magic labelings by Ringel and Lladó [22],
and this has become the popular term. A graph G is called edge-magic if there exists a
bijective function f : V (G)∪E (G) → [1, |V (G)|+ |E (G)|] such that f (u) + f (v)+ f (uv)
is a constant (called the valence val (f) of f) for each uv ∈ E (G). Such a function is called
an edge-magic labeling. More recently, they have also been referred to as edge-magic total
labelings by Wallis [24].

Enomoto et al. [3] introduced a particular type of edge-magic labelings, namely, super
edge-magic labelings. They defined an edge-magic labeling of a graph G with the additional
property that f (V (G)) = [1, |V (G)|] to be a super edge-magic labeling. Thus, a super edge-
magic graph is a graph that admits a super edge-magic labeling.
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Lately, super edge-magic labelings and super edge-magic graphs were called by Wallis
[24] strong edge-magic total labelings and strongly edge-magic graphs, respectively. Ac-
cording to the latest version of the survey on graph labelings by Gallian [9] available to
the authors, Hegde and Shetty [11] showed that the concepts of super edge-magic graphs
and strongly indexable graphs (see [1] for the definition of a strongly indexable graph) are
equivalent.

The following result found in [4] provides necessary and sufficient conditions for a graph
to be super edge-magic, which will prove to be useful later.

Lemma 1. A graph G is super edge-magic if and only if there exists a bijective function
f : V (G) → [1, |V (G)|] such that the set

S = {f (u) + f (v) : uv ∈ E (G)}

consists of |E (G)| consecutive integers. In such a case, f extends to a super edge-magic
labeling of G with valence k = |V (G)|+ |E (G)|+ s, where s = min (S) and

S = [k − (|V (G)|+ |E (G)|) , k − (|V (G)|+ 1)] .

The low characteristic and high characteristic of a super edge-magic graph G are defined
by γ (G) = min (S) and Γ (G) = max (S), respectively, where S is the set as in Lemma 1.
These concepts will prove to be useful in this paper later.

For every graph G, Kotzig and Rosa [14] proved that there exists an edge-magic graph
H such that H = G ∪ nK1 for some nonnegative integer n. This motivated them to define
the edge-magic deficiency of a graph. The edge-magic deficiency µ (G) of a graph G is
the smallest nonnegative integer n for which G ∪ nK1 is edge-magic. Inspired by Kotzig
and Rosa’s notion, the concept of super edge-magic deficiency µs (G) of a graph G was
analogously defined in [6] as either the smallest nonnegative integer n with the property
that G∪ nK1 is super edge-magic or +∞ if there exists no such integer n. Thus, the super
edge-magic deficiency of a graph G is a measure of how “close” (“ far ”) G is to (from)
being super edge-magic.

An alternative term exists for the super edge-magic deficiency, namely, the vertex de-
pendent characteristic. This term was coined by Hedge and Shetty [10]. In [10], they gave
a construction of polygons having the same angles and distinct sides using the result on the
super edge-magic deficiency of cycles provided in [7].

Noting that for a super edge-magic labeling f of a graph G with order p and size q, the
valence k is given by the formula:

k =

∑

u∈V (G) deg(u)f(u) +
∑p+q

i=p+1 i

q
.

López et al. [16] defined the set

SG =

{
∑

u∈V (G) deg(u)g(u) +
∑p+q

i=p+1 i

q
: the function g : V (G) → [1, p] is bijective

}

.

If ⌈minSG⌉ ≤ ⌊maxSG⌋, then the super edge-magic interval of G is the set

IG = [⌈minSG⌉, ⌊maxSG⌋].
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The super edge-magic set of G is

σG = {k ∈ IG : there exists a super edge-magic labeling of G with valence k } .

López et al. called a graph G perfect super edge-magic if IG = σG. They showed that the
family of paths Pn is a family of perfect super edge-magic graphs with |IPn

| = 1 if n is even
and |IPn

| = 2 if n is odd, and raised the question of whether there is an infinite family of
graphs (F1, F2, . . .) such that each member of the family is perfect super edge-magic and
limi→+∞|IFi

| = +∞. They showed that the graph G ∼= Cpk ⊙Kn, where p > 2 is a prime
number and ⊙ denotes the corona product, is such a family. For more detailed information
on this matter, see [16].

For an edge-magic labeling f of a graph G, the valence k is given by the formula:

k =

∑

u∈V (G) deg(u)f(u) +
∑

e∈E(G) f (e)

|E (G)|
.

In [18] López et al. introduced, in a similar way of what we have seen so far for the case of
super edge-magic labelings, the concepts of edge-magic interval, edge-magic set and perfect
edge-magic graph. For a graph G, define the set

TG =

{
∑

u∈V (G) deg(u)g(u) +
∑

e∈E(G) g (e)

|E (G)|
:

the function g : V (G) ∪ E (G) → [1, |V (G)|+ |E (G)|] is bijective

}

.

If ⌈minTG⌉ ≤ ⌊maxTG⌋, then the edge-magic interval of G is the set

λG = [⌈minTG⌉, ⌊maxTG⌋] .

The edge-magic set of G is

τG = {k ∈ λG : there exists an edge-magic labeling of G with valence k } .

López et al. called a graph G perfect edge-magic if λG = τG.
Motivated by the concepts of edge-magic and super edge-magic deficiencies together

with the concepts of perfect edge-magic and perfect super edge-magic graphs, we introduce
the concepts of perfect edge-magic deficiency and perfect super edge-magic deficiency next.

The perfect edge-magic deficiency µp (G) of a graph G is defined to be the smallest
nonnegative integer n with the property that G∪nK1 is perfect edge-magic or +∞ if there
exists no such integer n. On the other hand, the perfect super edge-magic deficiency µs

p (G)
of a graph G is defined to be the smallest nonnegative integer n with the property that
G ∪ nK1 is perfect super edge-magic or +∞ if there exists no such integer n.

In [18] López et al. defined the irregular crown C(n; j1, j2, . . . , jn) = (V,E), where
n > 2 and ji ≥ 0 for all i ∈ [1, n] as follows: V = {vi : i ∈ [1, n]} ∪ V1 ∪ V2 ∪ · · · ∪ Vn,
where Vk = {vik : i ∈ [1, jk]}, if jk 6= 0 and Vk = ∅ if jk = 0 for each k ∈ [1, n] and
E = {vivi+1 : i ∈ [1, n − 1]} ∪ {v1vn} ∪ (∪n

k=1,jk 6=0{vkv
l
k : k ∈ [1, jk]}). In particular, they

denoted the graph Cn
m

∼= C(m; j1, j2, . . . , jm), where j2i−1 = n for each i ∈ [1, (m + 1)/2],
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and j2i = 0 for each i ∈ [1, (m− 1)/2] using the notation Cn
m. They proved that the graphs

Cn
3 and Cn

5 are perfect edge-magic for all integers n > 1. In the same paper, they also
proved that if m = pk when p is a prime number and k is a positive integer, then the graph
Cm ⊙Kn is perfect edge-magic for all positive integers n.

López et al. [17] defined the concepts of Fk-family and Ek-family of graphs as follows.
The infinite family of graphs (F1, F2, . . .) is an Fk-family if each element Fn admits exactly k
different valences for super edge-magic labelings, and limn→+∞|I(Fn)| = +∞. The infinite
family of graphs (F1, F2, . . .) is an Ek-family if each element Fn admits exactly k different
valences for edge-magic labelings, and limn→+∞|J(Fn)| = +∞.

An easy observation from the results found in [5] and independently in [24], is that
(K1,2,K1,3, . . .) is an F2-family and E3-family. They posed the following two problems:
for which positive integers k is it possible to find Fk-families and Ek-families? Their main
results in [17] are that an Fk-family exits for each k = 1, 2 and 3, and an Ek-family exits
for each k = 3, 4 and 7.

The following inequality was found by Enomoto et al. [3].

Theorem 1. If G is a super edge-magic graph, then

|E (G)| ≤ 2 |V (G)| − 3.

The following result found in [13] provides a sufficient condition for a super edge-magic
graph to contain a triangle.

Theorem 2. If G is a super edge-magic graph with

|E (G)| = 2 |V (G)| − 3 or 2 |V (G)| − 4,

then G contains a triangle.

2 General results

In this section, we will establish some general results on super edge-magic graphs. We begin
with the following result, which relates the order, girth and cardinality of σG.

Theorem 3. Let G be a super edge-magic graph of size 2 |V (G)| − 3 and girth g (G) = 3.
Then |σG| = 1.

Proof. Consider such a graph G. If f is a super edge-magic labeling of G, then

{f (u) + f (v) : uv ∈ E (G)} = [3, 2 |V (G)| − 1]

and

val (f) = |V (G)|+ |E (G)|+min {f (u) + f (v) : uv ∈ E (G)} = 3 |V (G)|

by Lemma 1. Therefore, σG = {3 |V (G)|}, completing the proof.
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The next concept will prove to be useful throughout this paper. Let f be a super
edge-magic labeling of a graph G. Then the complementary labeling f of f is defined as

f (x) =

{

|V (G)|+ 1− f (x) if x ∈ V (G)
2 |V (G)|+ |E (G)|+ 1− f (x) if x ∈ E (G).

It is true that if f is a super edge-magic labeling of a graph G, then f is also a super
edge-magic labeling of G.

Next, we show an example of a super edge-magic labeling of a graph G with |E (G)| =
2 |V (G)| − 4 and labeled with two different super edge-magic labelings f and f (see Figure
1 and Figure 2, respectively), producing two different valences. On the orther hand, if f is
an edge-magic labeling of a graph G, then the complementary labeling f of f is the labeling
f : V (G) ∪ E (G) → [1, |V (G)|+ |E (G)|] defined by

f (x) = |V (G)|+ |E (G)|+ 1− f (x)

if x ∈ V (G) ∪ E (G). Observe that the complementary labeling of an edge-magic labeling
is also an edge-magic labeling.

Figure 1: A super edge-magic labeling f with valence 11

Figure 2: A super edge-magic labeling f with valence 12

Theorem 4. Let G be a super edge-magic graph of size 2 |V (G)| − 4. Then |σG| = 2.

Proof. Let G be a super edge-magic graph with |E (G)| = 2 |V (G)| − 4 and f be a super
edge-magic labeling of G. Then it is clear that

{f (u) + f (v) : uv ∈ E (G)} = [3, 2 |V (G)| − 2]
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or
{f (u) + f (v) : uv ∈ E (G)} = [4, 2 |V (G)| − 1] .

Since each one of these two possibilities will provide a different valence, it follows that
|σG| ≤ 2. However, we can guarantee that |σG| = 2. To see this, notice that the only way
to get 3 as an induced edge sum is by joining vertices, which have been labeled 1 and 2
by a super edge-magic labeling f of G. Now, if we consider the super edge-magic labeling
f , the vertices to which f assignes labels 1 and 2 become labeled |V (G)| and |V (G)| − 1
by f , respectively. Moreover, since they are adjacent, it follows that there is an edge with
induced sum 2 |V (G)| − 1 when we consider f . Thus, f and f have valences

val (f) = 3 + |V (G)|+ 2 |V (G)| − 4 = 3 |V (G)| − 1

and
val

(

f
)

= (2 |V (G)| − 1) + |V (G)|+ 1 = 3 |V (G)| ,

respectively. In a similar way, if f is a labeling that has an induced edge sum 2 |V (G)| − 1,
then vertices labeled |V (G)| and |V (G)| − 1 must be adjacent. Therefore, taking the
complement of this labeling, we obtain the desired result.

The following result was shown in [13] (see also [15] for a different approach to this
problem using the product ⊗h defined on digraphs in [8]).

Theorem 5. There exists an infinite family of super edge-magic graphs G of size 2 |V (G)|−
5 and girth g (G) = 5.

We next show the following result.

Theorem 6. Let G be a super edge-magic graph with |E (G)| = 2 |V (G)| − 5 and girth
g (G) ≥ 5. Then |σG| = 1.

Proof. Let G be a graph of girth g (G) ≥ 5 and with a super edge-magic labeling f . Consider
the set

S = {f (u) + f (v) : uv ∈ E (G)} .

Then there are three possibilities for S, namely,

S = [3, 2 |V (G)| − 3] , S = [4, 2 |V (G)| − 2] or S = [5, 2 |V (G)| − 1] .

Assume, to the contrary, that S = [3, 2 |V (G)| − 3]. Now, the only way to get the
induced edge sum 3 is by joining vertices labeled 1 and 2. The only way to get the induced
edge sum 4 is by joining vertices labeled 1 and 3. Hence, G has edges joining those vertices.
To get the induced edge sum 5, we cannot use vertices labeled 2 and 3, since this choice
would force a triangle and would have girth 3. Thus, we need to include an edge joining
vertices labeled by 1 and 4. For a similar reason, to get the induced edge sum 6, we need
to include an edge joining vertices labeled by 1 and 5. Any other choice would produce a
triangle. We proceed in this manner until we get the induced edge sum |V (G)|+1. At this
point, we have a star of order |V (G)| (see Figure 3). Thus, we cannot add any new edge
to get the induced edge sum |V (G)|+ 2, since any new edge would produce a triangle. In
a similar way, we can see that the set S = [5, 2 |V (G)| − 1] cannot take place. Therefore,
the only possibility left is S = [4, 2 |V (G)| − 2], and the result follows.
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Figure 3: A star G of order |V (G)| = p with induced edge sums

To conclude this section, we present the following result.

Theorem 7. Let G be a graph with |E (G)| ≥ |V (G)|. If G is a super edge-magic graph of
girth g (G) ≥ 4, then 3+ |V (G)|+ |E (G)| is not a valence for any super edge-magic labeling
of G.

Proof. Let G be a super edge-magic graph with |E (G)| ≥ |V (G)|, girth g (G) ≥ 4 and with
a super edge-magic labeling f . Assume, to the contrary, that val (f) = 3+ |V (G)|+ |E (G)|.
Then

3 + |V (G)|+ |E (G)| = min {f (u) + f (v) : uv ∈ E (G)}+ |V (G)|+ |E (G)| ,

implying that
min {f (u) + f (v) : uv ∈ E (G)} = 3.

Now, the only way to obtain an edge with induced sum 3 is by joining vertices labeled 1
and 2. Also, the only way to obtain an edge with induced sum 4 is by joining vertices
labeled 1 and 3. Hence, if we want to avoid triangles, we need to induce the edge sums with
labels {1, 4}, {1, 5}, . . . , {1, |V (G)|} to obtain the induced edge sums 5, 6, . . . , |V (G)| + 1,
since any other choice would produce a triangle. Moreover, notice that any choice for the
edge with induced sum |V (G)|+ 2 will produce a triangle, which contradicts the fact that
g (G) ≥ 4.

3 New results involving stars

This section is devoted to study the valences for the edge-magic and super edge-magic
labelings of the unions of stars and isolated vertices. We begin by presenting a result
concerning with isomorphic labelings. To do this, we introduce the concept of isomorphic
(super) edge-magic labelings. For a graph G, assume that f and g are two (super) edge-
magic labelings of G. We denote by Gf and Gg the graph G, where the vertices of G take
the name of the labels assigned by the labelings f and g, respectively. Then we compute
the adjacency matrices of Gf and Gg, and we denote them by A (Gf ) and A (Gg), where
the rows and columns are placed in increasing order from left to right and top to bottom,
respectively. Notice that the rows and columns are not necessarily labeled with consecutive
integers, since the vertex labels of an edge-magic labeling are not necessarily consecutive
integers. Then labelings f and g are isomorphic labelings, written f ∼= g, if A (Gf ) = A (Gg).
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For example, consider the graph G = C4 ∪ K1 with two edge-magic labelings f and g
illustrated in Figure 4.

Figure 4: Two edge-magic labelings f and g of G

Then

A (Gf ) = A (Gg) =








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



1 2 3 5 8

1 0 1 0 1 0

2 1 0 1 0 0

3 0 1 0 1 0

5 1 0 1 0 0

8 0 0 0 0 0

















and hence f ∼= g.
Next, consider the graph G = C4 ∪K1 labeled by f as illustrated in Figure 5.

Figure 5: An edge-magic labeling f of G

Then it is clear that f 6∼= f and f 6∼= g, since

A
(

Gf

)

=

















2 5 7 8 9

2 0 0 0 0 0

5 0 0 1 0 1

7 0 1 0 1 0

8 0 0 1 0 1

9 0 1 0 1 0

















,

A
(

Gf

)

6= A (Gf ) and A
(

Gf

)

6= A (Gg).
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Theorem 8. For every two positive integers n and l, there exist exactly (l + 1) (l + 2)
non-isomorphic super edge-magic labelings of K1,n ∪ lK1.

Proof. Let G = K1,n ∪ lK1, and define the graph G with

V (G) = {x} ∪ {yi : i ∈ [1, n]} ∪ {zi : i ∈ [1, l]}

and E (G) = {xyi : i ∈ [1, n]}. By Lemma 1, the set {f (xyi) : i ∈ [1, n]} is a set of n
consecutive integers. Hence, if S = {f (yi) : i ∈ [1, n]} is a set of n consecutive integers,
then S is [1, n] or [2, n+ 1] or . . . or [l + 2, n+ l + 1]. This gives us (l + 2) possibilities for
the labels of {yi : i ∈ [1, n]} up to reordering. For each one of these possibilities, there
are exactly (l + 1) possible labels that have not been used. This means that these labels
must be assigned to the vertices {x} ∪ {zi : i ∈ [1, l]}. However, since deg zi = 0 for each
i ∈ [1, l], we only need to concern about the label assigned to x. Therefore, there are exactly
(l + 1) possible choices for f (x). This produces exactly (l + 1) (l + 2) non-isomorphic super
edge-magic labelings of G.

Fact 1. By the proof of the previous result, we know that if f is a super edge-magic labeling
of G, then the set {f (yi) : i ∈ [1, n]} is a set of n consecutive integers.

Let f be any super edge-magic labeling of G, and assume, without loss of generality,
that

f (y1) < f (y2) < · · · < f (yn)

and
f (z1) < f (z2) < · · · < f (zn) .

For the complementary labeling f of f , we have

f (y1) > f (y2) > · · · > f (yn)

and
f (z1) > f (z2) > · · · > f (zn) .

Let f be a super edge-magic labeling of K1,n ∪ lK1. By Lemma 1, we know that

val (f) = f (x) + f (y1) + 2n+ l + 1

= f (x) + f (yn) + n+ 2.

Thus, both sums f (x) + f (y1) and f (x) + f (yn) perfectly determine the valence of the
labeling f .

From this, the following fact is clear.

Fact 2. Let f1 and f2 be two super edge-magic labelings of G. Then

val (f1) + 1 = val (f2)

if and only if
f1 (x) + f1 (y1) + 1 = f2 (x) + f2 (y1)

if and only if
f1 (x) + f1 (yn) + 1 = f2 (x) + f2 (yn) .
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Let f be any super edge-magic labeling of G. Then γ (G) = f (x) + f (y1) and Γ (G) =
f (x) + f (yn). The fact that the set {f (yi) : i ∈ [1, n]} is a set of n consecutive integers
for any super edge-magic labeling of G suggests the following definitions. Consider a super
edge-magic labeling f of G and define the set Sf

2 = {f (yi) : i ∈ [1, n]}. Then

Sf
1 = [1, f (y1)] and Sf

3 = [1, n+ l + 1] \
(

Sf
1 ∪ Sf

1

)

.

A super edge-magic labeling f of G is of type 1 and we write it as f ∈ T1 if f (x) ∈ Sf
1 , and

it is of type 2 and we write it as f ∈ T2 if f (x) ∈ Sf
3 . From Fact 1, it is easy to deduce the

following fact.

Fact 3. The set T1 ∪ T2 is a partition of the set

F (G) = { f : f is a super edge-magic labeling of G } .

We are now ready to state and prove the following theorem.

Theorem 9. There exists a bijective function between T1 and T2.

Proof. Consider the function φ : T1 → T2 defined by φ (f) = f for all f ∈ T1. First, we
show that if f ∈ T1, then f ∈ T2. If f ∈ T1, then

f (x) < f (y1) < f (y2) < · · · < f (yn) ,

implying that

(n+ l + 2)− f (x) > (n+ l + 2)− f (y1)

> (n+ l + 2)− f (y2) > · · · > (n+ l + 2)− f (yn) .

Thus,
f (x) > f (y1) > f (y2) > · · · > f (yn)

so that f ∈ T2.
Next, assume that |{fa, fb} ∩ T1| = 2, and we will show that φ (fa) 6= φ (fb). Assume

that fa 6= fb. Then we have two possibilities.
Case 1. If fa 6= fb, then (n+ l + 2)− φ (fa) 6= (n+ l + 2)− φ (fb). Thus, fa 6= fb so that
φ (fa) 6= φ (fb).
Case 2. If {fa (yi) : i ∈ [1, n]} 6= {fb (yi) : i ∈ [1, n]}, then, without loss of generality,
assume that

fa (y1) < fb (y1) and fa (yn) < fb (yn) .

Then
(n+ l + 2)− fa (y1) > (n+ l + 2)− fb (y1)

and
(n+ l + 2)− fa (yn) > (n+ l + 2)− fb (yn) .

This implies that fa (y1) > fb (y1), which clearly implies that fa (yn) > fb (yn). Since

max{fa (yi) : i ∈ [1, n]} > max{fb (yi) : i ∈ [1, n]}
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and

min{fa (yi) : i ∈ [1, n]} > min{fb (yi) : i ∈ [1, n]},

it follows that φ (fa) 6= φ (fb). Therefore, φ is an injective finction. It now remains to see
that φ is a surjective function. Let f ∈ T2 and, without loss of generality, assume that f
has the property that

f (x) > f (y1) > · · · > f (yn) ,

that is,

(n+ l + 2)− f (x) < (n+ l + 2)− f (y1) < · · · < (n+ l + 2)− f (yn) .

This implies that

f (x) < f (y1) < · · · < f (yn) .

Hence, f ∈ T1. Clearly, φ
(

f
)

= f , and φ is a surjective function. Therefore, φ is a bijective

function.

Proposition 1. Let f1 and f2 be two super edge-magic labelings of K1,n ∪ lK1 such that
the valences of f1 and f2 are consecutive. Then the valences of f1 and f2 are consecutive.

Proof. Assume that val (f1) and val (f2) are consecutive, and let val (f1) + 1 = val (f2).
Then we have

f1 (a) + f1 (b) + f1 (ab) + 1 = f2 (a) + f2 (b) + f2 (ab) ,

where ab ∈ E (K1,n ∪ lK1). If we let ω = n+ l + 2 and ρ = 3n+ 2l + 3, then we have

−2ω − ρ+ f1 (a) + f1 (b) + f1 (ab) + 1 = −2ω − ρ+ f2 (a) + f2 (b) + f2 (ab) ,

implying that

(ω − f1 (a)) + (ω − f1 (b)) + (ρ− f1 (ab))− 1

= (ω − f2 (a)) + (ω − f2 (b)) + (ρ− f2 (ab)) .

Hence, f1 (a) + f1 (b) + f1 (ab)− 1 = f2 (a) + f2 (b) + f2 (ab). Thus, val
(

f1
)

− 1 = val
(

f2
)

.

Consequently, the valences of f1 and f2 are consecutive.

Next, consider the graph K1,n ∪ lK1 together with its associated set T1. Define the set
S (T1) as S (T1) = { x ∈ N : x = val (f) and f ∈ T1 }. Also, consider the set T2 associated
to K1,n ∪ lK1 and, similarly, define the set S (T2) as S (T2) = { x ∈ N : x = val (f) and f ∈
T2 }. With these definitions in hand, we have the following result.

Theorem 10. The set S (T1) consists of consecutive integers.



196 Some new results concerning the valences of (super) edge-magic graphs

Proof. Let f ∈ T1, and consider (l + 1) cases, depending on the possibilities for Sf
1 .

Case 1. Let Sf
1 = {1}. In this case, min

(

Sf
2

)

= 2 and hence 3 is the low characteristic of

f .

Case 2. Let Sf
1 = {1, 2}. In this case, min

(

Sf
2

)

= 3 and hence the low characteristic of f

is 4 or 5.
Case 3. Let Sf

1 = {1, 2, 3}. In this case, min
(

Sf
2

)

= 4 and hence the low characteristic of

f is 5, 6 or 7.

Case 4. Let Sf
1 = {1, 2, 3, 4}. In this case, min

(

Sf
2

)

= 5 and hence the low characteristic

of f is 6, 7, 8 or 9.
...

Case (l + 1). Let Sf
1 = {1, 2, . . . , l + 1}. In this case, min

(

Sf
2

)

= l + 2 and hence the low

characteristic of f is l + 3, l + 4, . . . , or 2l + 3.
This means that the labelings of T1 have low characteristics 3, 4,. . . , 2l + 3. Therefore, we
conclude by Fact 2 that the set S (T1) is a set of consecutive integers.

The following result is an immediate consequence of the preceding theorem and propo-
sition.

Corollary 1. The set S (T2) consists of consecutive integers.

Next, we will concentrate on the elements of S (T2). We know that S (T2) contains the
valences of the complementary labelings of the super edge-magic labelings of T1. We have
seen above that the low characteristics are 3, 4, . . . , 2l+3. Thus, the high characteristics of
the elements of T2 are (2n+ 2l + 4)−3, (2n+ 2l + 4)−4, . . . , (2n+ 2l + 4)−(2l + 3). From
these, we deduce that the minimum among all the low characteristics of these labelings is

(2n+ 2l + 4)− (2l + 3) = n+ 2.

Therefore, the only requirement needed for K1,n ∪ lK1 to be perfect super edge-magic is
2l + 3 ≥ n+ 2.

Theorem 11. For every positive integer n,

µp (K1,n) < +∞.

Proof. Let G = K1,n ∪ lK1, and assume that G is perfect super edge-magic. Then it is
trivial to observe that K1,n ∪ l′K1 is perfect super edge-magic for any l′ with l′ ≥ l. Since
G is perfect super edge-magic, it follows that the minimum valence of a super edge-magic
labeling (and also the smallest possible valence for an edge-magic labeling of G) is computed
as follows. First, observe that |V (G)| = n+ l + 1 and |E (G)| = n. Next, observe that the
super edge-magic labeling with smallest valence has the following properties.

1. The vertex of G of degree n is labeled 1.

2. The labels of the vertices other than isolated vertices and edges are all the numbers
in the set [2, 2n (2n+ 1)].
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With this knowledge in hand, we can compute the minimum possible valence valmin (G) of
G as follows:

valmin (G) =
n+

∑2n+1
i=2 i

n
= 2n+ 4.

Thus, the minimum possible valence of any edge-magic labeling of G is 2n + 4. On the
other hand, the maximum valence valmax (G) of G is given by

valmax (G) =
(n− 1) (n+ l + 1) +

∑2n+l+1
i=l+1 i

n
= 3n+ 3l + 3.

Hence, the maximum possible labeling of G is 3n + 3l + 3. Since G is perfect super edge-
magic by assumption, it follows that for every α ∈ [2n+ 4, 3n+ 3l + 3], there exists a super
edge-magic labeling of G that has valence α. At this point, define the graph G with

V (G) = {ui : i ∈ [1, l]} ∪ {vi : i ∈ [n+ l + 1, 2n+ l + 1]

and E (G) = {v2n+l+1vi : i ∈ [n+ l + 1, 2n+ l]}, and consider the following l edge-magic
labelings f0, f1, . . . , fl−1. For each k ∈ [0, l − 1], let fk (vi) = i, where i ∈ [1, 2n+ l + 1].
Also, let f0 (v2n+l+1vn+l+i) = n+ l+1− i for each i ∈ [1, n], and the labels not used go on
the set of vertices {ui : i ∈ [1, l]}. Now, the labels on the edges assigned by each edge-magic
labeling fk (k ∈ [1, l]) are defined as fk (ab) = f0 (ab) − k for ab ∈ E (G). Once again, the
labels assigned by fk to the vertices in the set {ui : i ∈ [1, l]} are the labels not used for the
rest of vertices and edges. These edge-magic labelings f0, f1, . . . , fl−1 produce the valences
4n + 3l + 2, 4n + 3l + 1, . . . , 4n + 2l + 2 (see the following example for labelings f0, f1, f2
depicted in Figure 6).

Figure 6: Example for labelings f0, f1, f2 with minimum induced edge sums

Finally, recall that all valences from 2n + 4 to 3n + 3l + 3 are attained by super edge-
magic labelings. Also, all valences from 4n+2l+2 to 4n+3l+2 are attained by edge-magic
labelings. Therefore, if we take l large enough so that 3n+3l+3 ≥ 4n+2l+2. We conclude
that G is perfect edge-magic and hence µp (K1,n) < +∞.

4 Conclusions and new research trends

The main goal of this paper is to study the valences of the edge-magic and super edge-magic
labelings of graphs. This study started with the paper by Godbold and Slater [12] in which
they conjectured that the cycles other than C5 are perfect edge-magic. This conjecture
remains open but in [20], and independently in [19] some substantial progress was made.
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For further information on this problem, the interested reader may consult also [15] and [21].
In this paper, we have introduced the concepts of perfect edge-magic deficiency and perfect
super edge-magic deficiency of graphs, and we have studied these concepts in relation to the
star K1,n. In addition, we have presented results on the cardinality of the super edge-magic
set of graphs with certain order, size and girth.

For future work, it is interesting to notice the following. Consider the cycle C3. It is
clear that the super edge-magic interval for C3 is [9, 9]. Since C3 is super edge-magic, it
follows that C3 is also perfect super edge-magic. Thus, µs

p (C3) = 0.

Figure 7: Four non-isomorphic bijections of the form f : V (C3 ∪K1) → [1, 4]

At this point, consider the graph C3∪K1. Since C3 = K3, it follows that there exist four
non-isomorphic bijections of the form f : V (C3 ∪K1) → [1, 4] (see Figure 7). From these
four bijections, only bijections A and B can be extended to a super edge-magic labeling. In
case of A, the labeling has valence 10 and in case of B the labeling has valence 12. Thus,
there is not any super edge-magic labeling of C3∪K1 with valence 11, implying that C3∪K1

is not perfect super edge-magic.
From this, we can see that, on the contrary of when we deal with super edge-magic

deficiency, that a graph G has perfect super edge-magic deficiency t so that G ∪ tK1 is
perfect super edge-magic and C3 ∪ t′K1 is not perfect super edge-magic if t′ < t, it is not
necessarily true that G ∪ t′′K1 is also perfect super edge-magic for t′′ > t. This suggests
the definition of strong perfect super edge-magic deficiency. The strong perfect super edge-
magic deficiency of a graph G is the minimum nonnegative integer t such that G ∪ t′′K1

is perfect super edge-magic for all t′′ ≥ t. If such t does not exist, then the strong super
edge-magic deficiency of G is defined to be +∞.

We suspect that something similar comes about in the case of perfect edge-magic defi-
ciency and that similar concepts can be introduced in this case; however, we do not have
examples at this point to support this claim. Other problems that we feel that would be
interesting are problems of the following type.

Problem 1. For which real numbers x (0 < x < 1), does there exist a sequence of graphs

(Gx
1 , G

x
2 , . . . ) such that limn→+∞

|τGx
n
|

|λGx
n
| = x?

Problem 2. For which real numbers x (0 < x < 1), does there exist a sequence of graphs

(Hx
1 , H

x
2 , . . . ) such that limn→+∞

|σHx
n
|

|IHx
n
| = x?

In summary, we consider that the continuation of the ideas established in this paper
constitute very interesting new trends for developing further research.
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