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Abstract

Euler’s totient function, φ(n), which counts how many of 0, 1, . . . , n − 1 are co-
prime to n, has an explicit asymptotic lower bound of n/ log log n, modulo some
constant. In this note, we generalise φ; given an irreducible integer polynomial P ,
we define the arithmetic function φP (n) that counts the amount of numbers among
P (0), P (1), . . . , P (n− 1) that are coprime to n. We also provide an asymptotic lower
bound for φP (n).
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1 Introduction and preliminary remarks

Throughout the entire text, p is intended to be a prime number. For functions f, g : R →
R>0, we say that f ∼ g if lim

x→∞
f(x)/g(x) = 1.

We start by recalling the following result, which is due to Mertens:

Theorem 1 (Mertens’ third theorem). We have that

∏
p≤x

(
1− 1

p

)
∼ e−γ

log x
,

where γ is the Euler-Mascheroni constant, γ = lim
n→∞

(
1

1
+

1

2
+ · · ·+ 1

n
− log n

)
.

Based on this, a quick lower bound for ϕ(n) can be established asymptotically, where ϕ
indicates the Euler totient function. Indeed, we know that (see e.g. [3])

ϕ(n)

n
=

∏
p|n

(
1− 1

p

)
=

∏
p|n

p≤log n

(
1− 1

p

) ∏
p|n

p>log n

(
1− 1

p

)
.

The second product cannot have more than log n/ log log n factors. Thus it is bounded

below by

(
1− 1

log n

)log n/ log log n

, which goes to 1 (from below) as n goes to infinity. The
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first product is bounded below by
∏

p≤log n

(
1− 1

p

)
∼ e−γ

log log n
. Overall, we obtain that

ϕ(n) is bounded below by a quantity asymptotically similar to e−γ · n

log log n
. In this note,

we are going to generalise ϕ and also provide a lower bound for the generalised version;
however, by contrast to the case of the usual ϕ, the constants that appear in front will not
be explicit.

Mertens’ third theorem can be rapidly generalised. Let us take a look at the asymptotics

of the quantity
∏

d<p≤x

(
1− d

p

)
in terms of x, where d is a fixed positive integer. The whole

trick is that it can be connected to the product in Mertens’ third theorem via the convergent
product (see e.g. [4])

Gd =
∏
p>d

(
1− d

p

)(
1− 1

p

)−d

.

Indeed, Gd converges, because we can write log Gd =
∑
p>d

(
log

(
1− d

p

)
− d log

(
1− 1

p

))
.

As lim
x→0

log(1− x) + x

x2
= −1

2
, we know that −1 <

log(1− x) + x

x2
< 0 for all x > 0 that are

sufficiently small. We get that −d2

p2
< log

(
1− d

p

)
−d log

(
1− 1

p

)
<

d

p2
for all sufficiently

large primes p, and now
∑
p

1

p2
< ∞ implies the convergence of Gd. With this,

∏
d<p≤x

(
1− d

p

)
=

∏
p≤d

(
1− 1

p

)−d

·
∏
p≤x

(
1− 1

p

)d

·
∏

d<p≤x

(
1− d

p

)(
1− 1

p

)−d

∼

∼
∏
p≤d

(
1− 1

p

)−d

· e−dγ

(log x)d
· Gd.

Let us continue with some notes on Galois theory. Consider an irreducible polynomial
f with integer coefficients, with splitting field K and Galois group G; also, let n = deg f be
the degree of f . We view G in the usual manner, as a group of permutations on the roots
of f , embedded in Sn. The following two results establish a strong connection between the
cycle decomposition of permutations in G and the way f decomposes modulo primes p.

Theorem 2 (Dedekind). (see e.g. [2] or theorem 8.23 from [5]) Consider a prime p that

does not divide the discriminant of K. If f decomposes in Zp[X] as f =

t∏
i=1

fi, then

G contains at least one permutation which is the product of t disjoint cycles of lengths
n1, . . . , nt, where ni is the degree of fi.

Theorem 3 (Frobenius density theorem). (see e.g. [2] or [6], p. 11) If G contains a
permutation σ which is the product of disjoint cycles of length n1, . . . , nt, then there exists
an infinite set Pσ of primes such that for any p ∈ Pσ, the decomposition of f modulo p has
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the following structure: f =

t∏
i=1

fi, where fi is a polynomial in Zp[X] of degree ni, for all

i ∈ {1, 2, . . . , t}.
Moreover, the set Pσ has natural density equal to 1/ |G| times the number of permutations

σ of G with cycle decomposition type (n1, . . . , nt).

We will be especially interested in the latter, as it will allow us to find the exact asymp-
totics of some products along the way.

Before finally moving to the main stage, let us recall the following

Proposition 1. G acts transitively on the set of roots of f , since f is irreducible. Therefore,
the number of automorphisms of G that fix a given root of f is the same for all roots of f .

2 Main result

Theorem 4. Consider a nonconstant irreducible polynomial P ∈ Z[X] of degree d = degP
and define δ = gcd

k≥0
P (k). Let G ↪→ Sd be the Galois group of P over Q and also let q be

the proportion of permutations in G that fix a given root of P . Then there exists a constant
c > 0, such that for all ε > 0 and all n ∈ Z≥2 with gcd(n, δ) = 1 that are greater than some
n(ε), among

P (0), P (1), P (2), . . . , P (n− 1)

there are at least cn · (log log n)−qd−ε
numbers relatively prime to n.

Proof of Theorem 4. Denote by ϕP (n) as the number of integers among P (0), P (1), P (2),
. . . , P (n − 1) which are relatively prime to n, for all n ∈ Z≥2. Also, define by f(n) the
number of multiples of n among P (0), P (1), P (2), . . . , P (n− 1), for all n ∈ Z≥2. We have
the following

Lemma 1. With the above mentioned notations,

ϕP (n) = n
∏
p|n

(
1− f(p)

p

)
.

For a proof of the lemma, see e.g. [1], pp. 404-405. So we have to work on the product

ϕP (n)

n
=

∏
p|n

(
1− f(p)

p

)
.

Let d = degP and consider from now on only positive integers n > ed+1. Also, fix some
small ε > 0. Then we can split our product into 3 parts:

ϕP (n)

n
=

∏
p|n
p≤d

(
1− f(p)

p

)
·

∏
p|n

d+1≤p<log n

(
1− f(p)

p

)
·

∏
p|n

p≥log n

(
1− f(p)

p

)
=

= Π1Π2Π3.
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For p ≤ d that divides n, since gcd(δ, n) = 1, it follows that not all of the numbers P (i),

i = 0, p− 1, are divisible by p, hence f(p) ≤ p− 1. Consequently, Π1 ≥
∏
p≤d

1

p
.

If p ≥ d + 1, then the equation P (k) = 0 cannot have more than degP = d solutions
modulo p. Consequently, f(p) ≤ d.

If k is the number of distinct prime factors of n exceeding log n, then n ≥ (log n)k, so

k ≤ log n

log log n
. It follows that Π3 ≥

∏
p|n

p≥logn

(
1− d

p

)
≥

(
1− d

log n

) log n
log log n

∼ e−
d

log log n ≥

0.99 for all sufficiently large positive integers n.

For Π2, we need to be a bit more careful when dealing with the f(p)’s. If we define g(p)
the number of roots P has modulo p, we obviously have f(p) ≤ g(p), as f(p) counts only
the number of distinct roots modulo p. For each k ∈ {0, 1, . . . , d}, define Pk = g−1(k) to
be the set of those primes p > d such that g(p) = k. Then, by writing x = log n, we more
generally look at the quantity

Π2 ≥ Π′
2 =

d∏
k=0

∏
d<p≤x
p∈Pk

(
1− k

p

)
.

Now, if we define Gd,k =
∏
p>d
p∈Pk

(
1− k

p

)(
1− 1

p

)−k

, in a similar manner to establish-

ing the convergence of Gd, we get that Gd,k is convergent too, for all k ∈ {0, 1, . . . , d}.
Consequently,

Π′
2 =

d∏
k=0

∏
d<p≤x
p∈Pk

(
1− k

p

)
=

=

d∏
k=0

 ∏
d<p≤x
p∈Pk

(
1− k

p

)(
1− 1

p

)−k

 ·
d∏

k=0

 ∏
d<p≤x
p∈Pk

(
1− 1

p

)
k

∼

∼
d∏

k=0

Gd,k ·
∏
p≤d

(
1− 1

p

)−k
 ·

d∏
k=0

 ∏
p≤x
p∈Pk

(
1− 1

p

)
k

.

Therefore, we are interested in the asymptotics of
∏
p≤x
p∈Pk

(
1− 1

p

)
. For p ∈ Pk, g(p) = k

means that the polynomial P has exactly k roots modulo p, counted with multiplicity. By
Frobenius’ Density Theorem, we know that Pk has natural density αk = βk/ |G|, where βk
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counts the number of permutations in G that have exactly k fixed points. This implies that

lim
x→∞

∑
p∈Pk, p≤x 1/p∑

p≤x 1/p
= αk.

So, for all sufficiently large x, we have that
∑

p≤x, p∈Pk

1/p < (αk + ε/kd) log log x. It follows

that
∑
p≤x
p∈Pk

log

(
1− 1

p

)
= −

∑
p≤x
p∈Pk

1

p
+O(1) ≥ −(αk+ε/kd) log log x+O(1), so

∏
p≤x
p∈Pk

(
1− 1

p

)
≥

ck · (log x)−αk−ε/kd, where ck is a constant that does not depend on ε. Consequently,

Π′
2 ∼ C · (log x)−α1−2α2−···−dαd−ε,

where C is a constant independent of ε, so we are left with taking one more careful look at
the quantity |G| (α1 + 2α2 + · · · + dαd) = β1 + 2β2 + · · · + dβd. Now, this sum counts the
number of pairs (σ, y), where σ is an element of the Galois group G and y is a fixed point
of σ, by first considering permutations of G. If we consider first the roots y of P , we see
that we need to count how many automorphisms of G fix y. As established in Proposition
1, this number is the same for all roots. Therefore, the exponent we just obtained can be
put in the shape −qd− ε.

Finally, putting Π1, Π2 and Π3 together, we obtain that ϕP (n) is bounded below by
cn · (log log n)−qd−ε, for all n that are greater than some n(ε). Moreover, we see that the

constant c = C · 0.99 ·
∏
p≤d

1

p
depends on d = degP only, and it has nothing to do with ε.

3 Final remarks

The extra −ε that appears at the exponent of the lower bound comes from the fact that we

do not know how to express the sum
∑
p∈Pk
p≤x

1

p
clean in terms of log log x. Dirichlet density

(which is implied by natural density) only goes this far.
A way to avoid −ε is by directly using the bound f(p) ≤ d for all large primes p. This

way, the final lower bound would even have an explicit constant, however the exponent
would only be −d, which is weaker than the result here.

A final question might arise, and that is: what if q = 1? In that case, the lower bound
here would be even smaller than the safer one, with −d as an exponent.

If q = 1 i.e. all automorphisms of G fix all roots of f , then G consists only of the
identity automorphism, meaning K = Q. In that case, as P is irreducible, we would obtain
that P is of degree 1. However, this situation is very similar to the analysis of ϕ(n) and
consequently gives the same lower bound as the one for ϕ(n), since all the trouble regarding
the degree d of P is gone.

So the result presented here is especially relevant for deg P ≥ 2 as, again, degP = 1
could instead be put in the same situation as the classic ϕ.
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