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Abstract

The main purpose of this paper is to study the mean value of Ramanujan sum
Rq(a) and generalized Cochrane sum C/(h, ¢, m,n) over incomplete intervals. Let >
denote the summation over all a such that (a,q) = 1, k,1, s be positive integers and
A1, A2 be real numbers with 0 < A1, A2 < 1. Define

q
Wy(a,h,k,m,n) =S C(ah,q,m,n)RE(a + 1).
a=1

Some interesting mean value formulas for
’ /
>SS bdWe(a,bd, k,m,n)
b<A1qd<X2q
will be given by using mean value of Dirichlet L-function.
Key Words: Dirichlet L-function, Ramanujan sum, Cochrane sums, mean
value.
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1 Introduction

For positive integers ¢ and ¢, the Ramanujan sum R,(c) is defined as

R0 =3 = S (5)
a=1

d|(c,q)

where p(n) is Mébius function and 3/, denotes the summation over all a such that (a, q) = 1.
The Ramanujan sum is an interesting and important object in number theory, which can
be used to solve the problem of the number of solutions of congruence equations(see [1,8]).
At the same time, it has close relationship with Dedekind sum and Hardy sums.
In 2005, H. Liu and W. Zhang [5] obtained the mean value of Ramanujan sum and

Dedekind sum:
1 a ah
wa=32((5)) (7))
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where ¢ is a positive integer, h is an arbitrary integer and

x—[r] — & if  is not an integer,

= 2,
(()) { 0, if o is an integer.

The result is as follow:
Proposition 1.1 Let g > 3 be a square-full number (i.e., for any prime p, p | q, if
and only if p* | q ), we have

oy _ ¢*(a) 1
> sty (h -1 = T (143,

h=1 plg

where ¢(q) is Euler function.
In 2014, D. Han and W. Zhang [4] proved the following identity:
Proposition 1.2  For any odd prime p and any integer o > 2, we have

pa
!

s(h,p™) Rpe (h + 1)
h=1

— %pz%(p“) Kl - pla> (1 - an> B g% (1 - p12>] '

For the results on Hardy sums see [2,3,10,13].
In 2000, Cochrane introduced the following sum analogous to the Dedekind sum,

q

e () (4))

a=1

where a is defined by the equation aa = 1 (mod ¢). Furthermore, the generalized Cochrane

sum is
I a\ = ah
C h/7q7m7n = Bm () Bn () )
tamn =3B (5) 5. (4

where

- B, (z — [z]), if  is not an integer,
0, if  is an integer,

called the n-th periodic Bernoulli function. Clearly, C(h,q¢;1,1) = C(h,q) is the classical
Cochrane sum.

Naturally, we might consider whether the mean value of Ramanujan sum and Cochrane
sums would yield similar results? In fact, in the case of one variable, it is difficult to get a
asymptotic formula for the mean value as

q
S Clhyq,myn)RE(h +1).
h=1
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Let k,1, s be positive integers and A1, A2 be real numbers with 0 < A1, Ao < 1. In this

paper, we will study the mean value

ST VW (a, b,k myn),

b<A1g d<Azq

q

W(a,hk,m,n) = 3 Clah, g,m,n)RE(a + 1),

where

by using mean value theorems of Dirichlet L-function. Noting that if (h,q) =1

(3o (2)-E 0 () (2

C(haqan7m) :Z Bn q q

without losing generality we assume m > n. Denote
( m+1 _ 1)2(pn+1 _ 1)2

_ G+ HEm+1) @
{(m,mq) - C(n+m+2) g pm+n+2(pm+n+2 _1) )

where ((s) is the Riemann-zeta function. We draw the following conclusions
Theorem 1.1 For any positive odd integers m, n with m > n,

(i) if ¢ > 3 is a square-full integer, then we have
a q

! ! 2m/!n! 4¢( ) 4+e
E E deq((I, bd, 17 m,n ) 7(2772)771"!‘”71—2 g(m n, q) —+ O( )

(1) if ¢ > 3 is an odd square-full integer, then we have
N mlnlg®$(q) 2+
Z Z W(I(a7bda]-aman) = WH(mvn)g(man7Q) +O(q E);

b< 2 d<?

(#ii) if ¢ > 3 is a square-full integer and 31 q, then we have
9m!n! 2¢( ) 24
> Wolabd, 1m,n) = Sy 2 €M 30) + O(a*7);
b<4 d<g
(iv) if ¢ > 3 is an odd square-full integer and 3t q , then we have
3m!n!qg?
ST 2D . m)(m.m.q) + O (¢+):

Z Z W (L bd 1 m, ) (27.”;)m+nﬂ.2

b<% d<i%
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where

2—m—3n—1 +2—3m—n—1(2'm + 1)2 +2—2’m—2n—1(2’m+1 + 1)

H(m,n) =

2m+n+2 _ 1
(2m+1 _ 1)2(2n+1 _ 1)2
2m+n+2 -1 ’
(2m+1 _ 1)(2n+1 _ 1)(1 4+27M 4 9N 2—m—n—1)
Q(man) = 2m+n+2 -1

B o)
37n+n+2 -1 :

Theorem 1.2 Let o be a positive integer and H(m,n) be the same as before, for any
positive odd integers m,n with m > n, we have

(i) if p > 3 is a prime,

p“/ p“/
Z bdWye (a,bd, 2, m,n)
b=1 d=1
2m!n!p5a¢(p ) 2pm,+n—l _ pm+n -1 o o
N (27Ti)m+n72 ' b= pm+n §(m7 n,p ) + O(p5 +6);

(ii) if p > 3 is an odd prime,

Z/ ZI Wpa(a, bd, 2, m, n)

b<f d<i
m!n!p?’o‘qb(pa) 2pm+n71 _ pern 1
Gt g g R n)E(mnp) + 0 ).

From Theorems 1.1 and 1.2, we immediately deduce the following corollary:
Corollary 1.3 Let p > 3 be a prime, then we have

Sy Y C’(abd,p)Rp(a+1):—%p 1O+,

a<p—1b<p/3d<p/3

Z Zl Z/ C(abdap)Rp(a—i— 1) = —634}9 _|_O( 2+€)

a<p—1b<p/4d<p/3
45
> Z Z C(abd, p)R2(a+ 1) = pt+0(p*He),
1024
a<p—1b<p/4d<p/4
p—1p—1p—1

SN bdC(abd, p) R (a + 1) = —%p +O0(p°*e).

a=1b=1d=1

Let s <2 and [ < 2, for any positive integer k, the mean value

o4 a
/!

p P
SN VA W (a, bd, k, myn)

b=1 d=1
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can be determined in the same way of Theorem 1.2. But the calculation will be very
complicated if k > 4.

2 Some Lemmas

Before proving the main theorems, we give some useful lemmas in this section.
Lemma 2.1 Let integer ¢ > 3 and (h,q) = 1. Then for any odd numbers m,n, we
have

4m!n! _ > G(x,r = G(x, s
C(h,qzm,n) = m Z x(h) (Z (:fn)> (Z (251)> ,

x mod q r=1 s=1
x(=1)=-1

where x denotes an odd Dirichlet character modulo q and G(x,n) =Y {_,x(b)e (7”) denotes
the Gauss sum corresponding to x.
Proof See Theorem 2.1 of [6]. O

Lemma 2.2 Let p > 3 be a prime and «, i be positive integers with a > 2 and © < .
Then we have the identity

i L= x(=1)p** (1 - % , if x is a primitive character mod p%,
(a ,
' x(=1)p*> (1 - % , if x is a primitive character mod p°.

Note: if a =1, then we have

P
Z a)Ry(a+1) = x(=1)p(p - 2).
Proof See Lemma 1 of [4]. O

Lemma 2.3 Let g be a positive integer, x be a primitive character modulo q with
x(=1) = —1. Then we have the identity

> ou = Lo (L1, x),

where L(s,x) denotes the Dirichlet L-function corresponding to x.
Proof See [9]. O

Lemma 2.4 Let q and r be integers with ¢ > 2 and (r,q) = 1, x be a Dirichlet
character modulo q. Then we have the identities

S =X w(d) et

x mod q d|(g,r—1)

= ud)s (g) ;

dlq
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where >_"  denotes the summation over all primitive characters mod q, and J(q) denotes
x mod q
the number of all primitive characters mod q.

Proof See Lemma 3 of [15]. O

Lemma 2.5 Suppose x is an odd character modulo q, generated by the primitive
character ., modulo m. Then we have

ZGX(G) = % H (1= xm(p)) <Z aXm(a)> .
a=1 plg

ptm
Proof See Lemma 6 of [12]. O

Lemma 2.6 For any positive integer k, let x be a non-primitive character modulo k,
and k* denote the conductor of x with x = x1Xs-- If (n, k) > 1, then we have

G(x,n) = X" ((,ﬁk)) X*(k*(’;,k))ﬂ(k*(i7k))¢(k)¢_l((nlfk))7'(x*)a if k= 7(,1]?;21)7
, otherwise,

where x1 denotes the principal character modulo k, ki is the largest divisor of k that has
the same prime factors with k*. If (n,k) = 1, then we have

k k

GO6n) =X ()" () p()T(¢)-

If x be a primitive character modulo k, then

G(x;n) = X(n)7(x)-

Proof See Lemma 3 of [14]. O

Lemma 2.7 Let g > 1lbe a square-full number, for any non-primitive character x mod

q, we have the identity
q
Zx(a)e (a) =0.

Proof See Lemma 5 of [10]. O

Lemma 2.8 Let ¢ be an odd number and x be a Dirichlet character modulo q such
that x(—1) = —1. Then we have the identity
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Proof See Lemma 3 of [11]. O

Lemma 2.9 Let g > 3 be an integer and 31 q. For odd primitive character x modulo
q. Then we have the identity

S x0) = T 119,

274
b<d

Proof Taking p =3 in Lemma 4 of [7], we have

> o x(b) = % ((1—%3)) L(l,x)+L(1’2XX3)>.

b<g
Furthermore,
oo — (oo} — oo — —
_ X(n xX(n x(n Y 3 _
L(1,X) =ZT) = > %+ZT> =L(1,x><3>+%L<1,x>
n=1 n=1 n=1
(n,3)=1 3|n
X3 (xB)) 3 o
=L(1 14+ 22 LA = L(1
(,Xx3)< +73 +< 5 )t 350 (L, xx3)
Therefore,
37(x
= L
> x(b) = = 22 L1 Xx§).

O
Lemma 2.10 Let s,t be positive odd integers with t > s. For os(n) is a divisor

function and oo(n) = 7(n), p(n) = %:XP,( ), we have

(i) if ¢ > 3 is a positive integer, then

(ii) if ¢ > 3 is an odd integer, then

% T(n)o,_y(2tn)  2sTL(2tHL _1)2 — b+l 9l(s=1) (2541 _ 12
Z ns+1 - (20+1 — 2s+1)(2s+142 _ 1) &t s,q); (2)

n=1

(iii) if ¢ > 3 is an odd integer and 31 q, then

p Us t 2l ) 2s+1(2t+1 _ 1)2 _ 9t+1 .2l(sft) (2s+1 _ 1)2
21 ns+l - (2t+1 _ 28+1)(28+t+2 _ 1)
(3t+1 _ 1)(3s+1 _ 1)
3s+t+2 _ 1 g(tv 87 q) (3)
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Proof We give the proof of identity (2.2) as an example here and the others can be
proved similarly. Let ®(n) = 7(n)os_+(n), it is clear that ®(n) is a multiplicative function

and we can write

Us t 21 B 0 e (2l+i )
Z ns+1 - Z Z 2%(5+1)ns+1
n=1 z:O :1
)
_ = Us t 2l+l - US t )
- Z s+1) Z nerl :
=0 n=1
(n,29)=1
From Euler’s product, we arrive at
i T(n)os—¢(n)
n5+1
n=1
(n,29)=1
L 207 (p")
_H <1 + 9+1 p2(+D) oot pr(s+1) L
pf2q

Ly 20 =ptT) 30— peTY)
- ps+1(1 _ psft) p2(5+1)(1 _ psft)

(n+1)(1 = pr )
=] *)

_ ps+t+2 (ps—&-t-&-Q _ 1)
oiaq P = 12 = 1)
Note that ((s) = [],(1 - #)_1, hence
= 7(n)os_¢(n)
231 TS &(t,s,2q).
(n.20)=1

In addition,

SN T(2)0s—(2F) N i+ 11— 260D
— W _Z; 2i(s+1) 1 — 95—t

2s+t+2[2s+1 (2t+1 _ 1)2 _ot+1. 2l(s—t) (25+1 _ 1)2]
= (20T — s F1y(25F1 — 1)2(20+1 — 1)2

Therefore,
o T(n)os_y(2in)  25HL(2HFT — 1)2 — 2t+1 . QUs—t) (9s+1 _ 12
Zl s+l = (20T — Qs fLy(2sFEH2 — 1) &(t,s,q).

(|
Lemma 2.11 Let s be positive odd integer, T(n) and p(n) be the same as Lemma 2.10,
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(i) if ¢ > 3 is a positive integer, then we have

Z SHf &(s,5,q); (4)

(ii) if ¢ > 3 is an odd integer, then we have

o0

l(zs-&-l 1)+29+1+1
Z nerl 28+1+1

£(s,5,9); (5)

(i11) if ¢ > 3 is an odd integer and 3 1 g, then we have

- U@ 42 41 3
> A rtesad ©
e~ nt 25+l 41 35+l 41
Proof Similar to the proof of Lemma 2.10, we have
= 72(n) I+ <+1
> T B =0
n=1 pi2q P
(n,2¢g)=1
Moreover,
(272 SN+ DI +i+ 1) (141236 4 (1 —1)226+D
Z 9i(s+1) - Z 9i(s+1) - (25+1 _ 1)3 :
=0 =0
Therefore,
= @t -2t 4
Z n9+1 2§+1 +1 g(S,S,q).
This proves identity (2.5), the rest of the identities can be proved similarly. O

Lemma 2.12 Let s,t be positive odd integers with t > s, we have the asymptotic
formulas,

(i) if ¢ > 3 is a positive integer,

S (0L 0L ) = et 5,0) + O(6°): 7)
2

x mod q

x(=1)=-1

(ii) if ¢ > 3 is an odd integer,

> x(@)LA(1,X)L(s, X)Lt ¥)
x mod q
x(=1)=-1
J(q) 25+1(2t+1 o 1)2 o 2t+1 . 2l(sft) (2s+1 o 1)2
T 9ls+1 (2t+1 — 2s+1)(2s+t+2 1)

£(t,s,q) +O(q%); (8)
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(#ii) if ¢ > 3 is a integer and 3 1 q,

S L)L 0Lt ) = LWt .30) + 0(0"): Q
x mod q
x(=1)=-1

() if ¢ > 3 is an odd integer and 31 q ,

S @)L, X)L, xxG)L(s, DL, X)

x mod q
x(=1)=-1
J(Q) 23+1(2t+1 _ 1)2 _ 2t+121(57t) (2s+1 _ 1)2
Tols+l (2041 — s FIy(2sFE+2 — 1)
(3t+1 o 1)(35+1 _ 1)
x T (L X O(q°). (10)

Proof Let
Ay, x,0) = > x(n)os(n)

N<n<ly

where N is a parameter with N > ¢, o5(n) were defined in Lemma 2.10. Then from Abel’s
identity, we have

ZX Z x(n / A(y,X,O)dy

y? ’

L( - — :ZX Js t Z X Js t )+S/ A(?JaXvs_t)dy.

s+1
n=1 1<n<N N Yy

Hence, we can wrtie

ST X@)LA(L ) L(s, )LL)

x mod q
x(-1)=-1
* x(n)7(ni) [ Aly, x,0)
SDMRCIHIDY [ Ay
x mod q 1<ni <N N Yy

x(=1)=-1

ng)os_¢(n * Aly,x,s —t
% Z X (n2) t(2)+$/N (y, X )dy

ns s+1
1<n,<N 2 Yy

= X aen| X )| 3 e
x mod q 1<n1 <N n2

1<n,<N
x(—1)=-1
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* x(n1)7(n1) “Aym
> >o Ml (o [T AL
x mod q 1<n1 <N N
x(—1)=-1
* ’ng O’S t TLQ b A
DY > X ([
x mod q 1<n, <N N
x(=1)=-1
* A(yx7 > Ay, X, s — 1)
e X e (] s/ =
x mod q N N
x(—1)=-1

:ZBl + B2 + B3 + B4.
Now we calculate each term in the expression (2.11).

For By, from Lemma 2.4, we know that

365

_ )dy>
0) dy)

)

Z XnZUstn2)

* x(n1)7 n1)
B, = E x(2") E
x mod q 1<n1 <N 1<n<N 2
x(=1)=-1

2. >

nl Us t nz)

Y x@)x(m)x(ne)

1<n1 <N 1<ns<N x mod q
x(—1)=-1
(n1)os—¢(n2) * _
=0 >y Tl S ot xs)
2 in 1<ns<N ning mod
sSn1s 2SS X q
1 (n1)os—t(n2) * l c
-5 > > ; > x(=Dx(@)x(n)x(n2)
1<ni1 <N 1<ny<N x mod q

DD

nl Cfs t Tl2)

D

1<n1<N 1<ns <N d|(q,2'n1m2—1)

53X ¥

1<n; <N 1<ny<N

=32 (@)

dlg

-3k (g)o

dlg

T(n1)os—¢(n2) Z u(%)

nins
172 d|(g,2'n1mz+1)

DS 7”1 o-tina)
1<n1<N 1<n<N
2ln1=nq(mod d)

> ¥

1<n1 <N 1<n3<N
2n1=—na(mod d)

T(n1) Us +( nz)

where E/lgngN denotes the summation over n from 1 to N such that (n,q) = 1.
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For calculation convenience, we split the sum over ny or no into following cases:

d d
i)ggnlﬁN,dSnggN; ii)lgnlgi—l,dSnQSN;
d d
iii)ESmSN,lgnggd—l; iv)lgnlgg—l,lgnzgd—l.
So we have
q T(n1)os—¢(n2)
Su(B)ew >y TRt
n1n2
d|q d/2'<n; <N d<nz<N
2lny=ng(mod d)
o d+1)0us(rod + 1)
7“1 1 Us t(T2 2
<o Y X X Z
dlq 1<r <2!N/d1<rs<N/d l1=1 =1 (r1d +11)(r2d + 12)°

l1=l2(mod d)

T1d+l1 ’[‘2d+l1)8
<<Z¢( Z Z Z (rid+ 1) (rod +11)°

d|q 1<r1<2!N/d1<ry<N/dl1=
7“1d+1 € 7‘2d+1 €
<y 4y y Tl
dlq 1<r <2!N/d 1<ry<N/d 172
q 711 CTs t nz)
Su(BHow S TR
d|q 1<n1<d/2!—1d<n2<N

2lni=ng(mod d)

T ¥ % <E§>

dlq 1<ni<d/2!—11<r,<N/d

and

q ! I T(ny)os—¢(ng
Z“(g) o) > 3 Lj()<<qa’
ning
dlg d/2'<n; <N 1<na<d-—1
2ini=no(mod d)

where we have used the estimate 7(n) < nf.
For the case (iv), the solution of the congruence 2'n; = ny(mod d) is 2'n; = ny. Hence,

q ’ r 1(ny)os—¢(ng)
Su(B)ow Yoy Tmen
ning
dlq 1<n;<d/2! 1<ny<d-—1
2iny1=ns(mod d)

q 1 T(ny)os_i(2Mng)
=>on(g)ew ST TR
dlq 1<n, <d/2! 1

oo

1 7(n1)os—¢(2'ns
= () o 3 T I s oy

dlq n1=1
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Now from Lemma 2.10, we immediately get

1 q ’ r 1(ny)os—¢(ng)
sn(g)e >3 TR
2 d ning
d|q 1<n;<d/2! 1<na<d-1
2inj1=ns(mod d)
J(q) 23+1(2t+1 _ 1)2 _ ot+1 | 2[(sft)(25+1 _ 1)2
:213+1 : (2t+1 . 28+1)(23+t+2 _ 1) f(t, S, Q) + O(qg)

Similarly, we can also get the estimate

1 q (n1)os—¢(n2)
sy n(Bo@ Y YT DRI <
dlq 1<n1<N 1<no<N 1702
2ln1=—ns(mod d)

Then from (2.12), (2.13) and (2.14), we have

J(q) 28+1(2t+1 _ 1)2 _ot+1 | 2l(s—t) (23+1 _ 1)2

By =

If 6 < 0, noting that the partition identity

Ay, x,0) = > x(mn® > xtm)+ Y x(m) Y x(n)n’

n<\/y m<y/n m<\/y n<y/m

—[ > xmn’ ) | D xm) | = D xmn® > x(m)
n<\/y n</y n<VvN m<N/n

= > xm) > xtmn®+{ D x| | DD x(n)
m<VN n<N/m n<VN n<VN

and from the Pélya—Vinogradov inequality, we have

Y 1Al x.0)| < Vg Ing.

x mod q
x(=1)=-1
Then we have
ng [ 1 * B
B2 < Z ’I’Lf ys+1 Z |A(ya X8 — t)| dy
1<n1 <N LJN xmod q
x(=1)=-1

o0 3
1 VY s q21Ing
<N /N Jerrd? Ingdy < S

215+1 ' (2t+1 728+1)(25+t+271) f(t7S>Q)+O(qE>

367

(13)

(15)
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£ oo 1 *
By< Y 2 | 3 A0 | dy

1<ma<n 2N YT ined
x(—1)=-1
1 s ¢¢lng
e—s e
<N /N Ji q2 Ingdy < Need (17)

For My, from [15], we can obtain the estimate
> A X 0))F <y e%(g),
X#X0

where x( denotes the principal character modulo ¢q. Hence,

=X 1AWy, x, 0)* dy . 20
By < / e < ¢2(q)/ —dy < 1 (18)
N Y N Y N

Now, taking N = ¢?, combining (2.11) with (2.15)-(2.18), we obtain the asymptotic formula

S X@YLA(L ) L(s, D)L, X)

x mod q
x(—1)=-1
J(q) 23+1(2t+1 _ 1)2 _ 2t+1 . 2l(sft) (25+1 _ 1)2

Tolst1 (2041 — 25F1) (25142 — 1) £(t,s,q) + O(qs)'

This proves formula (2.8), other formulas can be determined in the same way.
Lemma 2.13 Let s be a positive odd integer, we have
(i) if ¢ > 3 is a positive integer, then
* _ J(g)
S e = 226 5.0) 1+ 0(0):
x mod q
x(=1)=-1

(i) if ¢ > 3 is an odd integer, then

S x@HLA(1 LA (s, )

x mod q
x(—1)=-1
O Ve

:2ls+1 : 2s+1 +1 g(s7s7q)+0(qe)a

(iii) if ¢ > 3 is a integer and 3 1 q, then

* N J R

S )60 = L P%(s,.30) + O();
x mod q
x(=1)=-1
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(iv) if ¢ > 3 is an odd integer and 31 q, then

S @)L )LL) L (5, ¥)

x mod q
x(=1)=-1
J(g) 12Tt —1) 425t 41 35t -1
:2ls+1 : 2s+1+1 3s+1+1§(S7S7Q)+O(q8)

Proof Similar to Lemma 2.12, combining with Lemma 2.11, we obtain the results. [

3 Proof of theorems

In this section, we will complete the proof of the theorems
Ramanujan sum and the properties of Gauss sums, we have

o - o (22)

q

b:X <>Z= () TO0T()- (19)

.1), Lemmas 2.1, 2.3, 2.7, 2.12 and 2.13, we know that

. First, form the definition of

Then from (3

=Gra (Z,X(G)Rq(a+1)> (Z'bx(b)>

x mod q a=1
x(=1)=-1

= G(x,r = G(x, s
(£ou) (£
4m!n!

* 7, © Gxr < Gles
= @riymrolg) Yo ) (Z bx(b)> <Z (;Cn )> <Z(X)>

x mod q
x(~1)=-1
et X%dq —T(OL(Lx) ) 7 ()L(m, x)L(n, X)
x(-1)=-1
4m!n!q5 N _
__ dminlg® e »
Erperse | 2, HIHm LD
x(=1)=-1
2mtalo() :
Wﬁ(ﬂhn,q) _|_O(q4+ ).
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By the same method, from Lemmas 2.8 and 2.9, we obtain other expressions in Theorem

1.1.
For any primitive character x modulo p® and 3 < a, from Lemma 2.6, we have

% (29 ) X (5 ) 1 (58 ) S0)7(0)

= (r,p“ri a—p Tm¢((’"p )
X o(p*)7(x)L(m, X)
- ¢( m(a ﬂ) Z B(pP)pmlea—B) (20)

(r ,p’f) 1

By Lemmas 2.3 and 2.5, we know that

Q

hS]

o) = [ TLO x| [ o) | =2z )
b=1

1 plp>
pipP

b

Hence, if a > 2, from(3.2), (3.3), Lemma 2.1, 2.2, 2.12 and 2.13, we have

P ’ P I
bdWpe (a,bd,2,m,n)
b=1 d=1
4m!n! Z pal ( )R2 ( 1) pa/b (b) ’
= x(a)R;.(a + X
(27rz)m+”¢(pa) x mod p* a=1 ! b=1
x(=1)=-1
o~ GO6r) ) (v Glxs 5)
x <Z rm Z sn
r=1 s=1
a 2
4dm!n! o * P ", R 1 b
(27T’L)Tn+7b(b( )Z XXp“‘ (a) ( + ) Z XXp("

. ; .
e ED DN DORIOL AT N DO ( G(:;;r))

x mod p™ a=1 b=1
x(=1)=-1

) 4m!n! - 2
- (Z ) R G T Z > XXpe (@) Ryo (a + 1)
s=1 [3 1 x mod pP a=1

x(=1)=-1
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p* 2
Yo =L GOXXGe) ) (= GG )
(g ) () (O
b=1 r=1 s=1
4m!n!pbe < 2) * ) B )
: 1-=) > PLx)Lm)Lnx)
m—+n -2 (e
(2mi)mHra2e(p) r)
x(—1)=-1
4mlnlpieg(p®) 1\ &= 1 - -
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p=1 x mod pP
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2minlp>*¢(p™) 2pm Tt —prtn —1 o 50
~ (rimtna? b &(m,n,p™) + O(p>**°).
Furthermore, if o = 1, we have
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pa/ pal
bdWpe (a,bd,2,m,n)
b=1 d=1
2mnlpPep(p®) 2pmtnl — pmin 1 . )
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From Lemmas 2.3, 2.5, and 2.8, we arrive at

S gy = 2EXR (@)

i (L1, x)- (22)
b<
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Similarly, we obtain other expressions in Theorem 1.2.
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