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Abstract

For a symplectic vector space over Z/2 we give a non-inductive definition of a
family of isotropic subspaces with remarkable properties.
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0 Introduction

0.1. Let F = Z/2 be the field with two elements. Let V be an F-vector space of finite
dimension 2n > 2 endowed with a nondegenerate symplectic form <, > and with a collection
of vectors ég, €1, €a,..., €2, such that

< €g,61 >=< €1,63 >=... =< €51, €2, >=< €2p,€60 >= 1,

< E1,6) >=< 69,61 >=...=< €9y, Cop_1 >=< €, €y >=1

and < €;,€; >= 0 for all other pairs 7,j. (Such a collection is called a “circular basis”
in [3].)

In [3] we have introduced a family F (V') of isotropic subspaces of V with remarkable
properties:

There is a unique bijection F(V) = V such that any x € V is contained in the cor-
responding subspace of V. The characteristic functions of the various subspaces in F(V)
form a new basis of the complex vector space VC of functions V. — C which is related to
the obvious basis of VC by an upper triangular matriz with 1 on diagonal (in some partial
order < on F(V)).

(In fact the collection F (V') was already introduced in [2], but in a less symmetric form.)

A further property of F(V) was found in [3], namely that the matrix of the Fourier
transform V€ — VC with respect to the new basis is upper triangular with +1 on diagonal.
The proof of this property was based on the observation that the new basis admits a dihedral
symmetry which was not visible in the definition of [2].

In this paper we give a new non-inductive definition of F (V') which is visibly compatible
with the dihedral symmetry (the definition of [2] has no such a symmetry property; the
definition in [3] did have the symmetry property but was inductive). We also give a formula
for the bijection (V) = V above which is clearly compatible with the dihedral symmetry.
(See Theorem 1.4.)

Let V be an F-vector space with basis eg, e1, ..., ea, such that V is the quotient of V'
by the line F(eg+e1 + ...+ ean) and &; is the image of e; under the obvious map V — V.
In Section 4 we define an analogue F(V) of F(V') which is a refinement of F(V) and has

several properties of F(V).
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In Sections 5 - 7 we study a modification of the family F (V') which plays the same role
in the theory of unipotent representations of orthogonal groups over a finite field as that
played by F(V) in the analogous theory for symplectic groups over a finite field.

1 Statement of the Theorem

1.1. Let V be an F-vector space endowed with a symplectic form <, >: V xV — F and a
map e: S =V, s+— es where S is a finite set. Let € be the set of unordered pairs s # s’ in
S such that < eg, esr >= 1. This is the set of edges of a graph with set of vertices S. For
any I C S weset e; =) .;es €V and we denote by I the full subgraph of (S, €) whose
set of vertices is I. Let Z be the set of all I C S such that I is a graph of type A,, for some
m > 1. We have Z = Z° UZ! where Z° = {I € Z;|I| =0 mod 2}, I' = {I € Z;|I| = 1
mod 2}. For I,I' in I' we write I < I’ whenever I G I’ and I’ — I is disconnected. For
I,I' in 7' we write I&I' whenever I NI’ = () and I U I’ is disconnected. For I € ' let
I¢” be the set of all s € I such that I — {s} =I'UI", with I' € Z', I" € T', I'®I". Let
I°4d = [ — [°*. We have |I°°| = (|I| — 1)/2.

1.2. Let R be the set whose elements are finite unordered sequences of objects of Z'. For
B € R let Lp be the subspace of V generated by {er; I € B}; for a subspace L of V let
Bp={I€TI'e; €L} CR. ForseS, Be R we set

9s(B) = {1 € B;s € I}
(here |?| denotes the number of elements of ?7) and
€s(B) = (1/2)95(B)(¢s(B) +1) € F.

For B € R we set
€(B) =Y e(Bes € V.
ses

For B € R we set supp(B) = Urepl C S.

Let ¢(V) be the set consisting of all B € R such that (Fp), (P1) below hold.

(P)IfIeB,I"eB,then I=1I" or I&I';or I <I' or I' <1I.

(Py) Let I € B. There exist I1, I, ..., I} in B such that I¢* C Iy UL U...UI} (disjoint
union), Iy < I, I < I ..., I} < 1I.
We say that (V, <, >, e) is perfect if properties (i)-(iv) below hold.

(i) If B € ¢(V), then {er; I € B} is a basis of L := Lp; moreover, B = By,.

(ii) For any B € ¢(V) we have ¢(B) € Lp. Hence € restricts to a map ¢(V) — Vp
(denoted again by €) where Vo = UpegyvyLp C V.

(iii) The map € : ¢(V) — V; is a bijection.

(iv) If B, B" in ¢(V) are such that ¢(B’) € Lp, then g;(B’) < ¢gs(B) for any s € S.

For B, B in ¢(V) we say that B’ < B if there exist By, By, Ba, ..., B in ¢(V) such
that By = B/7Bk =B, E(Bo) S LBNE(BI) S LB27 - ,E(kal) S LBk~
We show:

(a) If (V, <, >,e) is perfect, then < is a partial order on ¢(V).
Assume that we have elements By, By, ..., By, By, B, ..., B] in ¢(V) such that
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E(Bo) S LBl7€(B1) S L327 e ,E(kal) S LBk7

E(Bé) S LBi,E(Bi) S LBév . ’E(Bl/—l) S LBL/’
and By = Bj, B, = Bj,. We must prove that By = By,. Using (iv) and our assumptions we
have for any s € S:

9s(Bo) < gs(B1) < gs(B2) < ... < gs(Bg) = 98(36)7

02(BY) < 0s(B}) < 9a(BY) < ... < ga(B}) = g+(Bo).
It follows that gs(Bo) < gs(B{), 9s(Bj) < gs(Bo), so that gs(Bo) = gs(B{). Since this holds
for any s, we see that €(Bg) = e(B{)). Using the injectivity of € (see (iii)), we deduce that
By = B|, as desired.

1.3. We will consider three cases:

(a) V,<,>,e: S — V are such that {es;s € S} is a basis of V and (5, &) is a graph of
type Ay_1, N € {3,5,7,...};

(b) V,<,>,e: S — V are such that {e,;s € S} is a basis of V and (S5, €) is a graph of
affine type Ay_1, N € {3,5,7,...};

(c) V,<,>,e: S — Vin (b) are replaced by V = V/Feg, by the symplectic form
induced by <,> (denoted again by <,>), and by me : S — V, where 7 : V — V is the
obvious map.

In cases (b),(c) we note that the automorphism group of the graph (.5, ) is a dihedral
group Dioy of order 2N. It acts naturally on V' in (b) by permutations of the basis; this
induces an action of Digx on V in (c).

Let I C S; in cases (b),(c) we assume that I # S. There is a well defined subset ¢(I) of
7 such that I'&I" for any I’ # I" in ¢(I) and I = Upe.)I’. Note that {I'; 1" € ¢(I)} are
the connected components of the graph I.

We now state the following result.

Theorem 1.4. In each of the cases 1.3(a),(b),(c), (V,<,>,e) is perfect.

1.5. In case 1.3(a), Theorem 1.4 is contained in [1]. Let F (V') be the set of subspaces of V'
of the form Lp for some B € ¢(V). Note that B + Lp is a bijection ¢(V) = F(V).

We can write the elements of S as a sequence $s1, 82, ...,Sy—1 in which any two consec-
utive elements are joined in the graph (S, €). Let I C S. Let ¢(I) be as in 1.3. Let ¢(1)%+
(resp. ¢(1)°7) be the set of all I’ € ¢(I) such that I’ = {sy, Sk1,...,s} where k is even, [
is odd (resp. k is odd, [ is even). Let Vj be the subset of V consisting of all e; where I C S
satisfies |c(1)*F| = |c(1)°~]. From [1] it is known that V; coincides with the subset of V'
appearing in 1.2(ii) that is,

(a) ULE]—'(V)L = Vo.

2 The case 1.3(c)

2.1. In this section we assume that we are in case 1.3(c). For s € S we set &5 = m(e(s)).
For I C S we set ey = ) . €s. Note that {€,;s € S} is a circular basis of V (in the sense
of [3]) and to this we can attach a collection F(V') of subspaces of V as in [3]. We recall
how this was done. For any s € S we set

s={s €eS;<es ey >=1rU{s} CS.
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We have || = 3. Weset el = {z € V;< 2,6, >= 0} and V, = L /Feé,. This is a symplectic
F-vector space with circular basis {€y;s" € S — 3} U {€;}. Thus the analogue of S when V'
is replaced by Vj is Sy = (S — 3) U {5} (a set with |S| — 2 elements). Let ps : - — V; be
the obvious linear map. We define a collection F (V') of subspaces of V by induction on N.
If N =3, F(V) consists of 0 and of p; 1(0) for various s € S. If N > 5, F(V) consists of 0
and of p; !(L’) for various s € S and various L’ € F(V;) (which is defined by the induction
hypothesis). In [3], F(V) is also identified with a collection of subspaces of V introduced
in [2] in terms of a chosen element ¢ € S. From this identification we see that:

(a) if L € F(V) and Bt :={I € Z;1 C S—{t},é; € L}, then {€1;1 € Bt} is an F-basis
of L, so that L = Lpt .
Now if I € Z, then S — I € 7 and we have é; = ég_;. Moreover, exactly one of I, S — I is
contained in S — {t} and exactly one of I,S — I is in Z'. We deduce that:

(b) If L € F(V), and

Brp:={leThecl}={IcTTeByu{le1",S-TcB:}

then {€r;I € By} is an F-basis of L, so that L = Lp, .

2.2. We show that for B € R:

(a) we have B € ¢(V) if and only if Ly € F(V).
The proof is analogous to that of the similar result in case 1.3(a) given in [1]. We argue by
induction on N. If N = 3, (a) is easily verified. In this case, B is either §) or it is of the
form {s} for some s € S. We now assume that N > 5. For s € S we denote by Z, R, the
analogues of 7!, R when S is replaced by Sy (see 2.1). For J € I} we write &; € V; for the
analogue of &7 € V, I € I'. We have

ps H(es) = {ér,er + &5}

for a well defined I € Z' such that s ¢ I; we set I = £(J). There is a well defined map
Ts : Rs = R, B] — B; where By consists of {s} and of all {,(J) with J € Bj. From the
definitions we see that (assuming that B} € R, and By = 75(Bj)), the following holds.

(b) Bj satisfies (Py) if and only if By satisfies (Py); BY satisfies (Py) if and only if By

satisfies (Py).
Assume now that B is such that L := Lg € F(V), so that B = Br. We show that B
satisfies (Py), (P1). If B = 0, this is obvious. If B # (), we have L = p; (L) where
s € S,L' € F(Vs). From the definition we have 7,(By/) = Br. By the induction hypothesis,
By, satisfies (FPp), (P1); using (b), we see that B = By, satisfies (Fy), (P1).

Conversely, assume that B satisfies (Py), (P;). We show that B = By, for some L €
F(V). If B = ) this is obvious. Thus we can assume that B # ). Let I € B be such that
|7| is minimum. If s € I¢” (see 1.1) then by (P;) we can find I’ € Bwith s € I, |I'| < |I|, a
contradiction. We see that I*¥ = (). Thus, I = {s} for some s € S. Using (P) and {s} € B,
we see that for any I’ € B — {s} we have {s} < I’ or I'#{s}. It follows that B = 7,(B’) for
some B’ € R;. From (b) we see that B’ satisfies (Py), (P;). From the induction hypothesis
we see that B’ = By, for some L' € F(V;). Let L = p;(L'). We have L € F(V) and
B = By,. This proves (a).

We see that we have a bijection
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(c) p(V) = F(V), B L. )
Using now 2.1(b) we see that 1.2(i) holds for any B € ¢(V).

2.3. We now fixt € S. Let Be F(V),let L= Lg € F(V) and let B* = B! (see 2.1). For
any s € S — {t} we set

f«(B)y=|{ITeB'nThsel}-|{IeB'Nn1’%scI} —|B' NI
where for any m € Z we set m = 0 if m is even, m = 1 if m is odd. We also set
€(B)= > (1/2)f(B)(f(B)+ e, € V.
seS—{t}

From [2],[3] we see using 2.2(c) that: B B
(a) we have €' (B) € Lp for any B € ¢(V) and B ~ ¢ (B) defines a bijection € : p(V) =

2.4. We wish to rewrite the bijection € : ¢(V) = V without reference to t € S. Recall that
for any B € ¢(V) and any s € S we have

(a) 0,(B) = {1 € B;s € T} € .
Setting 3 = |B' NZ°| where B = BL, L = L (see 2.1) we have

(b) 9:(B) = 5.
For s € S — {t} we show:

(c) fs(B) =gs(B)—B—p
that is,
HIe B NI scl}-|{I€B'NnI’%scl}={I€B;scl}—p.
To prove this, we substitute |{I € B;s € I}| by
HIeB'NIYsel}|+|{Ie€B'NI’%s¢I}.
We see that desired equality becomes

{I e B'NT';sel}|—|{I€B'NI%se I}
=|{IeB'NIYsel}|+|{IeB'NI%s¢ I} -8

which is obvious.
We shall prove the following formula for € (B):

(d.) €(B) = X ses(1/2)9s(B)(gs(B) + 1)és
Using (c) we have for s € S — {t}:
(1/2)fs(B)(fs(B) + 1) = (1/2)(gs(B) = B = B)(9s(B) = B =+ 1)
= (1/2)gs(B)(9+(B) + 1) + H

where

H = (1/2)(95(B)(—28 — 26) + (B + B)* = B — B).



292 Families of isotropic subspaces in a symplectic Z/2-vector space

Note that
—28-28=0 mod4,(8+8)?=0 mod4,—B—pB=—B(B+1) mod4
hence H = —f(6+ 1) mod 2. Thus,

dB) = > (1/2)9:(B)gs(B)+ &g+ Y (1/2)g:(B)(9:(B) + 1)e,

seS—{t} seS—{t}

> (1/2)9,(B)(g5(B) + D)es.

ses

We have used that ) _¢é, = 0. This proves (d). B B
From (d) and 2.3(a) we see that 1.2(ii),(iii) hold in our case with Vj = V; moreover, ¢’
in 2.3 is the same as € in 1.2.

2.5. From the results in [2],[3] it is known that if B, B" in ¢(V) satisfy € (B’) € Lp (that is,
€(B') € Lp), then fi(B’) < fs(B) for any s € S—{t} and |Bt, NZI°| < |Bt NZ°. (Notation
of 2.1 with L = Lg, L' = Lp/.) We show that

(a) gs(B') < gs(B) for any s € 5.
When s =t this follows from 2.4(b). We now assume that s # ¢. Using 2.4(c) we have

9s(B') + g:(B') 4+ g:(B') < gs(B) + g:(B) + g:(B)

hence it is enough to show that

(b) 9:(B) — g«(B') + g«(B) — g+(B’) = 0.
If g:(B") = g+(B), then (b) is obvious. Assume now that g;(B’) # ¢:(B). As we have
seen above, we have g;(B’) < g;(B) hence g;(B) — g:(B’) > 1. We have ¢,(B) — g:(B’) €
{0,1,—1}, hence (b) holds. This proves (a).

We see that 1.2(iv) holds in our case. Thus Theorem 1.4 is proved in case 1.3(c).

In the remainder of this paper we write € instead of € : ¢(V) — V to distinguish it from
€ in cases 1.3(a),(b).

2.6. We note:
(a) If B € ¢(V), then supp(B) # S.
This holds since B has property (FPp).

2.7. For t € Slet V(t) be the F-subspace of V with basis {es;s € S—{t}}. Then V(t) with
this basis and the restriction of <,> is as in 1.3(a). Let R(t) be the analogue of R when
V in 1.3(a) is replaced by V(t); we have R(t) C R. Then ¢(V (t)) (a collection of elements
of R(t)) is defined. From the definition we have ¢(V (t)) C ¢(V). Now let B € ¢(V). By
2.6(a) we can find ¢t € S such that supp(B) C S — {t}. Now B satisfies (Fp), (P1) relative
to V(t). Hence we have B € ¢(V(t)). We see that

(a) o(V) = Ures(V (1))

From the definitions we see that for any ¢ € .S the following diagram is commutative:

$(V () —= (V)

V(t)o ——
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Here the left vertical maps are as in 1.2; the horizontal maps are the obvious inclusions.

2.8. We wish to compare the approach to ¢(V) given in this paper with that in [4]. Let
S’ = €. We can regard S’ as a set of vertices of a graph in which {s1,s2} € € {s3,54} € €
are joined whenever [{s1,s2} N {s3,s4}| = 1. Thus the set & of edges of this graph is
in obvious bijection with S. Note that the graph (S’,&’) is isomorphic to (S, &) hence
the analogues V', 7’1, (V') of V, I, #(V) when (S, €) is replaced by (S’, @) are defined.
We can view V' as the F-vector space consisting of all subsets of S of even cardinal in
which the sum of X, X" is (X U X’) — (X N X’), which is endowed with the symplectic
form X, X’ — |X N X'| mod 2 and with a circular basis consisting of all two elements
subsets of S which are in &. This circular basis is therefore indexed by S’. Now an
object of Z'! is a subgraph of type Aaxi1 (K > 0) of ', that is with vertices of the form
{s1,82},{s2,83},- .., {S2k+1, Sak+2}; this is the same as a graph of type Agjy2 of S (with
vertices s1, Sa, ..., Sak+2) and is completely determined by the pair of (distinct) elements
51, 82x42. Thus Z'' can be identified with the set of two element subsets of S. In this
way Z'! appears as a subset of VV/ and each X in Z’! determines a subgraph of type Ao
(k > 0) of S; the set of vertices of this subgraph is denoted by X. (We have X C V' and
XCcX)

Now ¢(V") becomes the set of all unordered pairs X1, Xo, ..., X, of two element subsets
of S such that X; N X; = 0 for ¢ # j and such that for any i € {1,2,...,k} there exists
J1<ja<...<Jjsin{l,2,... k} such that

X, - X; =X, UX;,U.. . UX;..

This approach appears in [4] (in a less symmetric and more complicated way) where S

is taken to be Sy = {1,2,..., N} with € consisting of {1,2},{2,3},...,{N—-1,N},{N,1}.

The set Xy_; defined in [4, 1.3] is the same as ¢(V’) although its definition is less

symmetric and more complicated. Hence it is the same as ¢(V) if V, V' are identified by
es—{s,s+1}if s€{1,2,...,N —1} and ey — {N, 1}.

3 The case 1.3(b)

3.1. In this section we assume that we are in the setup of 1.3(b). Let V; be the set of all
vectors of V which are of the form e; with I € S, I # 0,1 # S such that |¢(I) NZ°| is even
(here ¢(I) C T is as in 1.4); let V; be the set of all vectors of V' which are of the form eg or
ey with I € S, 1 # 0,1 # S such that |c(I) NZ°| is odd. We have clearly:

(a) V= V() U Vl.
We show:

(b)y If I € S,1 # 0,1 # S, then ef € Vy if and only if es_; € Vi. In particular,
x =z +eg is a bijection Vo = V;.
We have ¢(I) = {I1,I3,...,Iop—1}, (S —I) = {Is,14,..., 2.} and (if » > 1) we have
LUul, e I, LUly € Z, ..., Is,_ 1 Uly. € I, I, UI; € Z; in particular, we have
le(I)| = |e(S — I)|. (This remains true also when 7 = 1.) Hence, setting c°(I) = ¢(I) N Z°,
ct(I) = ¢(I) N T, we have

(D] = 1S = D) = =" (D] + [e' (S = D).
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Modulo 2 this equals

' (D] + 1e! (S = X))

oM+ Y

I'ect (1) I'ec' (S-1)
D IR A E D DR R DI AR W 4
I'ect (1) I'ec' (S-1) I'ecO(I) I'ec(S-1)
= Y W+ Y = UI+IS-1=1s].
I'ec(I) Iec(S—1I)

Since |S| is odd, we see that

(c) |°(D)] = |°(S = 1) =1 mod 2
so that (b) holds.

We show:

(d) Let mo : Vo — V be the restriction of m: V. — V. Then mq is a bijection.
Assume that v # v’ in Vj satisfy 7w(v) = 7(v’). If v = 0, then v’ € 771(0)—{0} hence v’ = eg.
But es ¢ Vo, a contradiction. If v # 0, then v = ey, v’ = eg_; with I C S, T # 0,1 # S.
Now [c(I)| is even, |c°(S — I)| is even; but the sum of these numbers is odd by (c), a
contradiction. We see that 7 is injective.

From (b) we see that |Vy| = |V1| so that both of these numbers are equal to (1/2)|V] =
2N=1 We see that 7y is an injective map between two finite sets with 2V ~! elements; hence
it is a bijection. This proves (d).

3.2. Note that the sets R,Z for this V and for V in 1.3(c) are the same. Hence we have
#(V) = ¢(V). For B € ¢(V) we denote by Mp (resp. Lp) the subspace of V (resp. V)
generated by {er;I € B} (resp. {é;;I € B}). Since {é;;I € B} is a basis of Lp, we see
that {e;;I € B} is a basis of Mp and that 7 restricts to an isomorphism Mp = Lp. If
I € T is such that e; € Mp, then & = 7(er) € Lp and by 1.2(i) for V we have I € B. We
see that ¢(V) satisfies 1.2(i).

For B € ¢(V') we show:

(a) We have Mg C Vy (notation of 3.1). Moreover, 7=1(Lg) = Mp @ Feg.
By 2.7(a) we can find t € S such that B € ¢(V(¢)). By 1.5(a) the subspace of V' (or V (¢))
spanned by {er; I € B} is contained in V (t)g. Thus, Mp C V (t)o.

Let z € Mp. We have x € V(t)o; since eg ¢ V(t) we have x = ey for some I C S,
I # S. By the definition of V(t)g we have |c(I)°T| = |c¢(I)°~| (see 1.5) so that |°(I)| =
le()°F| + |e(I)°~| is even and e; € Vy. Thus z € Vp. This proves the first assertion
of (a). For the second assertion we note that Mp is a hyperplane in 7#=*(Lp) and that
es € mY(Lp). It remains to note that eg ¢ Mp (since eg ¢ V (1)).

3.3. Consider the map € : (V) — V in 1.2(ii). For B € ¢(V') we show:

(a) We have e(B) € Mp. In particular we have e(B) € Vj.
(See 3.2(a).) As in the proof of 3.2(a) we can assume that B € ¢(V(t)) where t € S. Using
the commutative diagram in 2.7 we are reduced to property 1.2(ii) for V' (¢) which is already
known.

We show:

(b) The map € : ¢(V) — V restricts to a bijection ¢(V) = V.
The composition 7e : ¢(V) — V is the same as the map e for V hence is a bijection. It
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follows that € : ¢(V) — V is injective and its image has exactly 2V ~1 elements. Since this

image is contained in Vj (see (a)) and |Vg| = 2V ~!, we see that (b) holds.

We show:

(¢) Vo = Upeg(v)Mp
The right hand side is contained in the left hand side by 3.2(a). Now let z € V5. By [2]
we have V' = Upc L. Thus, we have 7(z) € Lp for some B € ¢(V). It follows that
we have * € 771 (L) = Mp @ Feg. It is enough to show that x € Mp. If x ¢ Mp, then
x +eg € Mp so that by (a) we have  + es € V. Using 3.1(b) we then have z € V7,
contradicting = € V. This proves (c).

We see that ¢(V') satisfies 1.2(ii), (iii).

Now let B, B’ in ¢(V') be such that e(B’) € Mp. Applying m we see that we(B’) € Lp.
Note that e is the same as € relative to V. Since ¢(V) satisfies 1.2(iv), we see that
gs(B'") < gs(B) for any s € S. (The function g is the same for V as for V.) Thus, 1.2(iv)
holds for ¢(V'). This completes the proof of Theorem 1.4.

3.4. Let B € ¢(V) = (V) be such that B # (. Then supp(B) # () and by 2.6 we have
supp(B) # S hence the subset ¢(suppB) of Z is defined as in 1.3. As in the proof of 3.1(b)
we have c(supp(B)) = {I1,I3,...,Iap—1}, ¢(S—supp(B)) = {I2, Iy, ..., I} for some r > 1.
Since er,ursu... I, € Vo, from 3.1(b) we see that er,ur,u..1,. € Vi, so that

(a) |Ix| is even for some k € {2,4,...,2r}. In particular there exist s,s’ in S such that
{s,s'} € € and supp(B) N {s,s'} = 0.
We show:

(b) [B] < (IS] = 1)/2.
A proof identical to that of [2, 1.3(g)] shows:

(c) If I € B then |{I' € B;I' C I}| = (|I| +1)/2.
Using (c) we have

Bl = Y, = Y W{l'eBrcry

Iec(supp(B) Iex(suppB

< S oI+ 0/2= (L] +1)/24 (Il +1)/2+ ... + (20| + 1)/2
Iex(suppB
= (L] + L]+ .o+ [L2r—a| +7)/2 = (IS = [I2| = [Lu] — ... = [I2x| +7)/2 < |S]/2.

Thus |B| < |S]/2. Since |B] € N and |S] is odd we see that (b) holds.

We show:

(d) We have |B| = (|S]| —1)/2 if and only if we have |Iy| =1 for all k € {2,4,...,2r}
except for a single value of k for which |I}| = 2.
Assume first that |B| = (]S|—1)/2. The proof of (¢) shows that in our case (|S|—|Iz|— |I4]| —
.= |Iar|+7) /2 is equal to (|S|—1)/2 or to |S|/2, hence (|Iz] = 1)+ (|Is]—1)+...+(|I2r] —1)
is equal to 1 or 0. Thus either (d) holds or else we have |I| = 1 for all k € {2,4,...,2r}
without exception. This last possibility is excluded by (a). This proves one implication of
(d). The reverse implication follows from the proof of (c).

3.5. Let e be a two element subset of S such that e € €. Let [e] = €(g_gpoaas € V. We
define a linear function ze : V' — F by ze(€s) = 1 if s € e, zo(és) = 0if s € S —e. Note
that the radical of <,> [ -1 is Fle].

Let B € ¢(V). The following result is used in [4, 3.5].
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(a) If [e] € Lp then supp(B)Ne =10 and |B| = (|S] —1)/2.

Let B* € ¢(V) be the subset of R consisting of the various {s} with s € (S — e)°%. We
have [e] = €(B*) so that B* < B. Using 1.2(iv), we see that g;(B*) < gs(B) for all s € S.
It follows that gs(B) > 1 for all s € (S — e)°?. Thus (S — e)°? C supp(B).

Let {I;,, iy, ..., I;,} be the subset of {Iz,I4,..., I} consisting of those I;; (k even)
such that |[I| > 2. This subset is nonempty by 3.4(a). Let I € {I;,, L;,,...,I;, }. We have
INsupp(B) = ) hence I N (S —e)°% = (). If I # e then, since |I| € {2,4,6,...} we have
IN(S—e)°d £ (), a contradiction. Thus, I = e. We see that e N supp(B) = () that
is supp(B) C S — e. Moreover, {I;,,I;,,...,I; } consists of a single object namely e. It
remains to use 3.4(d).

Conversely,

(b) If supp(B)Ne =0 and |B| = (|S| — 1)/2, then [e] € Lg.

Note that Lp is an isotropic subspace of ¢;1(0) and in fact a maximal one since dim(Lp) =
(dim(¢;1(0))+1)/2. But any maximal isotropic subspace of (5 !(0) must contain the radical
Fle]. Thus, (b) holds.

194129 -

4 Complements

4.1. In this subsection we assume that (V,<>,e: S — V) is as in 1.3(a), but the condition
that N € {3,5,7,...} is replaced by the condition that N € {4,6,8,...}. From the results
in [1] one can deduce that (V,<>,e : S — V) is still perfect with Vy having the same
description as in 1.5. Let S’ be a subset of S such that S’ € Z, |S’| = |S] — 1. Let V' be
the subspace of V' spanned by {es;s € S’}. Then V' with the restriction of <,> to V' and
with S” — V', s — e, is as in 1.3(a) so that ¢(V') and the image Vj of € : (V') — V' is
defined. Let S°¥ C S be as in 1.1. (This is defined since S € Z'.) Note that the radical of
<,> on V is Fegoaa. One can show that

(a) VO = ‘/O/ (W (Vol + €Sadd).
Hence there is a unique fixed point free involution B +— B’ of ¢(V') such that e(B’') =
€(B) + egoaa for all B € ¢(V).

4.2. In this subsection we assume that (V,<>,e: S — V) is as in 1.3(b); we preserve the
notation of Section 3.

Let F(V) (resp. F1(V)) be the collection of subspaces of V of the form Mp (resp.
Mp @ Feg) for various B € ¢(V). Let F(V) = F(V) U FY(V). We show that F(V)
has properties similar to those of F(V). We define € : F(V) — V by &éMp) = €(B),
é(Mp ® Feg) = €(B) + eg. Note for any X € F(V) we have é(X) € X. (This is similar to
1.2(ii).)

Now € restricts to the bijection F(V) = Vg, Mp — €(B) and to the bijection F1(V) —
Vi, Mp @ Feg + ¢(B) + es (recall the bijection x + x + eg, Vo — Vi). Hence € is a
bijection. (This is similar to 1.2(iii).)

For X, X' in F(V) we say that X’ < X if one of the following holds:

X = Mp, X' = Mp and B’ < B in the partial order 1.2(a) on ¢(V);

X =Mp @ Feg, X' = Mp ® Feg and B’ < B in the partial order 1.2(a) on ¢(V);

X =Mp @ Feg, X' = Mp: and B’ < B in the partial order 1.2(a) on ¢(V).

This is a partial order on F(V). (This is similar to 1.2(iv).)
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4.3. In this subsection we assume that (V,<>,e : S — V) (as in 1.1) is perfect. Let
B € ¢(V). We will give an alternative formula for é(B).

We define a partition B = By LI By LI Bs U... as follows.

By is the set of all I € B such that I is not properly contained in any I’ € B. Now
Bs is the set of all I € B — By such that I is not properly contained in any I’ € B — Bj.
Now Bj is the set of all I € B — (B1 U Bs) such that I is not properly contained in any
I' € B— (B; U By), etc.

For k > 1 we set

vk(B) = Yrep, €1 €V
We have

(a) g(B) = Ul(B) + ’Ug(B) + 115(3) —+ ...

Let s € S. There is a unique sequence Iy € By,Is € Bs,...,I; € By such that s € I} C
Iy C...CIand s ¢ Urep,,,I. The coefficient of e, in vi(B) + v3(B) + vs(B) + ... is
0if /=0 mod4;is1ifl =1 mod4;is1ifl =2 mod4;is0if [ =3 mod 4. We have
gs(B) = 1. Note that (1/2)I(I+1) mod 2is0if I =0 mod 4;is 1 if I =1 mod 4; is 1 if
I =2 mod 4;is 0if [ =3 mod 4. This proves (a).

4.4. In this subsection we are in the setup of 2.1. Let V€ be the C-vector space of functions
V — C. For any z € V let f, € VC be the function which takes value 1 on the subspace
Le1(y) of V and the value 0 on the complement of that subspace; let f, € VC be the
function which takes value 1 on the subspace {2’ € V;< 2/, L¢-1(,) >= 0} of V and the
value 0 on the complement of that subspace. From Theorem 1.4 we see that for x € V
we have fI = Zye\'/ Cy,«fy Where ¢y, € Z. Moreover, from the triangularity of Fourier
transform [3] we see that c¢,, = 0 unless x = y or dim Lz-1(,) < dim Lz-1(,) and that
Cop = +2* for some k € N. We conjecture that

(a) for any x,y in V, we have either ¢, , = 0 or ¢, , = £2* for some k € N.
The dihedral group Disy of order 2N acts naturally on V; see 1.3. Let Zy be a set of
representatives for the Dign-orbits. Assume for example that £ = 0. Then y — ¢, is
constant on each Diy-orbit. We describe this function assuming that S = Sy (see 2.8) and
N = 7. We can take

(b) {1245}, {12345}, {1235}, {135}, {123}, {14}, {13}, {1}, {0}
where we write 4142 . ..1,, instead of &;, +€;, + ...+ &;,,. The value of y — ¢, at the 9
elements in (b) (in the order written) is

1,0,1,-1,-1,0,1,—-2,8.

5 The set w(V)

5.1. In this section we assume that (V,<>,7e : S — V) is as in 1.3(c). We fix a two
element subset e of S such that e € €.

5.2. For B € R we set
ng=|{I € Bje CI}| €N.

Let (V) = {B € ¢(V);supp(B) Ne # 0}.

If B € ¢(V)® (in particular if ng > 0), then using (P), (P1), we see that there is a
unique Ip € B such that [IpNe| = 1.

We have ¢(V)® = U ce(V)™ where ¢(V)™ = {B € ¢(V)®; 7 € Ip}.
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For B € ¢(V) we define B' € R by

B'=B - {Iz}ifnpe{1,3,5,...}

B'=Bifng € {0,2,4,}.

Note that for B € ¢(V) we have np = ng. We show:

(a) If B€ ¢(V), B' € (V) satisfy B' = B", then B = B'.
If np is odd, then from the definition we see that B' does not satisfy (P;). Hence to prove
(a) we can assume that both np and np/ are odd.

There is a unique I € B' = B" such that e C I and such that any I’ € B' = B'" with
I' < I satisfies eNI = (0. We have I € B,I € B'. Let I1,I5,..., Iy (vesp. I{,1},.... 1))
be defined in terms of I as in (Py) for B (resp. B’). We can assume that Ip = I (resp.
Ip = 1I;) and Iy, I3,..., I} (vesp. I4,14,...,1]) are the maximal objects of B' (resp. B'")
that are strictly contained in I. Hence {Is,Is,..., I} = {I5,1I5,...,I]}. Note that I; is
the unique object of Z! such that I;#I; for j > 1 and I®* C I; U Iy U... U I}; similarly
I{ is the unique object of Z' such that I{&I} for j > 1 (that is I;#I; for j > 1) and
I cjurliu...ulj (that is IV € [[ UL, U...UI). It follows that I; = I{ so that
B = B’. This proves (a).

Let

w(V)

{BBec¢V)}CR.

From (a) we see that

(b) B+ B' defines a bijection (V) = w(V).
For any B € w(V) WedeﬁneBEQS( ) yB_:B ) B
There is a unique bijection "€ : w(V') = V such that 'e(B) = &(B) for any B € w(V).

There is a unique involution ¢ : S — S preserving the graph structure and interchanging
the two elements of e. It induces an involution on R denoted again by ¢ which leaves stable
o(V) and w(V).

5.3. We now assume that instead of specifying an element e of & we specify an element
e’ € @ (see 2.8) that is a pair {s1, s}, {s2, s} of two distict two edges of S whose intersection
is {s} for some s € S. In terms of € we have a function (X1, Xo,...,Xk) — nx, x5, X,
from (V') (see 2.8) to N defined in a way analogous to the way B + np from ¢(V) to N
was defined in terms of e. We have

NX,, Xo,.. . X = |{Z € {1,2, ey k}, s C &* Xz}|
The analogue of the assignment B + I for B € ¢(V) such that ng > 0 is the assignment
(X1, Xo, .., Xi} = Iixy xo,x0) = X

for any {X1, Xo,..., Xz} € ¢(V') such that NX,,Xs,....X, > 0; here X is the unique X; such
that s € X;. Then w(V") is defined in terms of s in the same way as w(V) was defined in
terms in terms of e. Namely w(V’) consists of the sequences obtained from various sequences
{X1,X2,..., X} € ¢(V') by removing X = I{x, x,,.. x,} Whenever X is defined and by
not removing anything whenever X is not defined.

This approach appears in [4] (in a less symmetric and more complicated way) where
S = Sy as in 2.8. The set Xn_o defined in [4, 1.3] is the same as w(V) if V, V' are
identified as in 2.8 and if e is taken to be {N — 1, N} so that s = N.
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Hence w(V) is closely related to the theory of unipotent representations of even orthog-
onal groups over a finite field in the same way as ¢(V) is closely related to the theory of
unipotent representations of symplectic groups over a finite field.

5.4. For B € w(V) we denote by < B > the subspace of V spanned by {é;; I € B}.
For B’, B in w(V) we write B’ < B if there exists a sequence

B =By,B1,Bs,...,By =B

such that
(a) 'e(Bp) €< By >,’e(B1) €< By >, ..., e(Bk_1) €< By, > .

We show:

(b) = is a partial order on w(V).
In the setup of (a), for i = 0,1,...,k we have < B; >C Lj hence &B;) = 'e(B;) € Lg. .
We see that if B’ < B then B’ < B in ¢(V). It is enough t fo prove that if B’ < B in w(V)
and B < B’ in w(V) then B’ = B. We have B’ < B in ¢(V) and B < B in ¢(V). Since <
is a partial order on ¢(V) we have B’ = B. It follows that B = B’. This proves (a). (See
also [4, 2.10(a)]).

6 The subsets w™(bV),w (V) of w(V)

6.1. In this section we preserve the setup of 5.1. Let ze : Vo= be as in 3.5. Let

V= 251(0), V" = 251(1). We set wH(V) = e} (VF),w™ (V) = e~ (V). We have
w(V) = wt(V) Uw™ (V) and ’e restricts to bijections wt (V) — Vt, w= (V) - V~-. We
show:

(a) If B € ¢(V),np =2k + 1, then éB) € V* so that B' € wt (V).
By (P1) we can find I’ € B such that I’ Ne = {0} for some o € e; let 0’ € e,0’ # 0. We
then have g,(B) = 2k + 2, g,(B) = 2k + 1. We have

)=
& (B) + e, (B) = (1/2)(2k +2)(2k + 3) + (1/2)(2k + 1)(2k + 2)
(1/2)(2k +2)(4k+4) =0 mod 2

so that ze(€(B)) = 0 that is €(B) €
We show:
(b) If B€ ¢(V),np =2k, k > 1, then € B) € V™ so that B' € w= (V).
By (P1) we can find I’ € B such that I’ Ne = {0} for some o € e; let 0’ € e,0’ # 0. We

then have g,(B) = 2k + 1, g, (B) = 2k. We have
€&(B)+éx(B) = (1/2)(2k+1)(2k +2) + (1/2)2k(2k + 1)
= (1/2)(2k +1)(4k+2) = 2k +1)* =1 mod 2

so that z¢(€(B)) = 1 that is €(B) € V. Note that

{Bewh(V);np =0} ={B € ¢(V);supp(B) Ne =0},

{Bew (V)ing =0} ={B eV )|SUPP( )Nel=1}.
)-

6.2. Let B’ € w(V). We write B’ = B' where B € ¢(V).
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Assume first that B is as in 6.1(a). Then B’ € w*(V) and I is the only I € B such
that [T Ne| = 1; since B' = B — Ip we see that for any I € B’ we have |[I Ne| € {0,2}.

Assume next that B is as in 6.1(b). Then B’ = B € w~ (V) and I satisfies |[IgNe| = 1;
thus, for some I € B’ we have |I Ne| =1,

We now assume that ng = 0. If supp(B) Ne = 0, then clearly we have [I Ne| = 0 for
any I € B. If |supp(B) Ne| = 1, then clearly we have |[I Ne| =1 for some I € B.

We see that for B € w(V) the following holds:

(a) B € wt (V) if and only if [I Ne| € {0,2} for any I € B.

6.3. We show:

(a) Let B', B in w(V) be such that B' < B. If B € wt(V), then B’ € wt (V).
We can assume that 'e(B’) C< B >. (The general case would follow by using several times
this special case.) By 6.2(a) we have |[I Ne| € {0,2} for any I € B. It follows that any
r €< B > satisfies ze(z) = 0. In particular we have z¢("¢(B’)) = 0 so that 'e(B’) € V) =0
and B’ € wt (V). This proves (a).

7 The sets FH(V)", F (V)

7.1. In this section we preserve the setup of 5.1. For 7 € e let w(V)™ = {B € w( );B €
#(V)7}. We have w(V)™ = wt(V)" Uw™ (V)" where for § € {+.—} we setw’(V)r =
w(V)" Nl (V).

Under the identification w(V) = w(V’) in 2.8, 5.3 and with notation of [4, 1.4], the
following holds:

Ifne{l,3,5,.. .}, then

{B € wH (V)N ng =n} becomes X]ﬁ;+2, t=-n-—1;

{B cwt (V)N ng =n} becomes Xy',, t =n+1;

if n €{0,2,4,6,...}, then

{B e w*(V)Nfl,nB =n} becomes Xy _,, t = n;

{Bcw (V)N np =n} becomes Xy _,, t = —n — 2.

7.2. Let T ce.

(a) Assume that B' € wt(V),B € wt (V)" satisfy B' < B and ng > 0. Then we have
either ng: = np and B' € wt (V)™ or else ng: < np.

(b) Assume that B' € w=(V),B € w™ (V)T satisfy B' < B and np > 0. Then we have
either ng: =npg and B' € w=(V)7, or else ng < ng.
Using the identification w(V) = w(V’) in 2.8, 5.3 and the results in 7.1 we see that when
7 =N —1, (a) follows from [4, 3.2] and (b) follows from [4, 3.4]. Using the symmetry ¢, we

see that (a) and (b) for 7 = N follow from (a) and (b) for 7 = N — 1.

7.3. We choose a subset J of S — e such that |J| = N — 3 and such that when N > 3 we
have J C 7.

Let w(V); = {B € w(V);suppB C J}. Then ’e defines a bijection of w(V); onto a
subset Vo of V. We set

Vi1 ="e({B € w(V);supp(B)Ne=10}) — Vo C V.

Assume now that B’ € w(V), B € w(V); satisfy B’ < B. From [4, 3.3] we deduce:
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(a) We have B' € w(V) .
7.4. Let T € e. We set @ (V) = (V) Uw(Vy) o= (V)" =w (V).
Assume now that B’ € w®(V), B € &°(V)7 satisfy B’ < B. From 7.2(a),(b) and 7.3(a)

we deduce: ~
(a) We have either B' € @°(V)™ and np: = ng, or else ng < ng.

7.5. Let V = V/Fle] and let p : V — V be the obvious quotient map. Let V= p(VT),

— _ _ - = = —+ _ =

V =p(V~). Wehave [e] € VT hence V=V UV and|V |=1/2)|VT|=|V |
Let 6 € {+,}. Forn >0, 7 € e we set

VT ="e({B € W (V) ;np =n}) C V°.

From the results in [4, 2.7, 3.5] we see that

(a) the two subsets VO (with T € e) are interchanged by the involution x — = + [e] of
Ve

(b) Vs, Vs are interchanged by the involution x +— x + [e] of V.
(For (b) see also 4.1(a).)

For 7 € e we set

HYT ='¢(@°(V)7) c V°.

We have B B
HYT =V;50UUp>oV,™7,

H™T" =Up>oV, "

From (a),(b) we see that j restricts to bijections H>™ 5 V'

For y € V(S we denote by §7 € H®7 the inverse image of y under this bijection and we
define v, € N by:

v, = nif g7 € V7,

vy =0if 6 =+ and §" € V.

—6
7.6. Let § € {+.—},7 €e. Fory,yin V we say that y <, y if there exists
5

(a) a sequence ¥ = yo,y1,Y2,---,Yr =y in V such that fori € {0,1,...,k — 1} we
have §7 €<'e (g7 ) > or G0 + [e] €< e (§0,,) >.
We show that in this situation, for any ¢ € {0,1,...,k — 1} we have

(b) vy, < vy
We set B, = e (57), B = ' (57 +[e]) Bios ="

If g7 e< 'e” (ylﬂ) >, then B; < Bj;1 so that by 7.4(a) we have npg, < np, . But
nB;, = Vy,, MB,,, = Vy,+1, 50 that (b) holds.

If g7 + [e] €< e '(g7,,) >, then B] < Bj,1, so that by 7.4(a) we have ng < np,_,.
But np; = vy, np,,, = Vy,,,, so that (b) holds.

i+1
‘We now see:
(c) If ' <, y, then vy <.
‘We show:

—s
(d) <, is a partial order on V .
=3
For y € V' we have ™ €<’e"(§7) > so that y <, y. It remains to show that
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(e) if y,y in ‘_/6 satisfy y <,y and y' <, y, theny =1v'.
Using (c) we have vy < v, and v, < vy, hence v, = v,. Consider now a sequence
Y =1Y0,Y1,Y2,...,Yx = yasin (a). Using (b) and v, = v,y wesee that fori € {0,1,...,k—1}
we have vy, = vy, . Recall that we have either

(i) B; % Bjt1, or

(ii) B} = Biy1,
where as before we set B; = "¢ 1(y7), B} ='¢ *(y7 + [e]), Bit1 = "¢ *(§],). Note that
nBi = nt = nBi+1.

We have B; € @ (V)7, B, € &*(V)™, Byy1 € @°(V)7, where 7/ € e and 7 # 7.
Using 7.4(a), we see that if (ii) holds, then (since np, = np,,,) we would have 7 = 7/, a
contradiction. Thus, (i) holds. Using this for ¢ = 0,1,...,k — 1 we see that

By 2B By <... 2By

In particular we have B’ < B. Reversing the roles of y,y" we have similarly B < B’. Since

= is a partial order on w(V), it follows that B = B’. Applying ’e, we obtain §7 = §’* hence
y =%’. This proves (e) and hence (d).

=
7.7. Let 6 € {+.—},7 €e. Forany y € V we set <y >,:= p(<’e 1(§7) >) (a subspace

— =6
of V)and <y >, s5=<y >, NV . Note that if § = + then <y >, 5=<y >,;if § = — then
<y >, is the complement in <y >, of a hyperplane of <y >,. Now, the condition that
?J? e< /e_l(giT-H) > or gf +[e] €< /6_1<g?+1) >
(in 7.6(a)) is equivalent to the condition that y; € p(< ’e *(y7,1) >). Thus, the condition

—5
that v,y in V' satisfy ' <, y is equivalent to the following condition:

—5
there exists a sequence y' = yo,y1,Y2,...,yx =y in V such that for i € {0,1,...,k—1}
we have Yi €< Yit+1 >1,68-

Let F°(V)™ be the collection of subsets of ‘_/6 of the form <y >, s for various y € ‘_/6.
We show: s

(a) If v,y in V' satisfy <y’ >,5=<y >,5, theny =1
Indeed, we have y €< y >,5, y €<y’ >,5, hence y €<y >,5, ¥ €<y >,5, so that
y <,y ,y <,y. Since <, is a partial order, it follows that y = 3/, proving (a).

We show: s

(b) The map &*(V)T — FO(V)™, "e L (§7) =<y >,5 (fory € V) is bijective.
This map is obviously surjective. Moreover we have |@° (V)™ — F°(V)7| = |V6\. It is then

enough to show that |F°(V)7| = |I_/6|. This follows from (a).

We show: s

(c) Ify € V and B ="e Y(§") so that < y >,s= (< B >) then p restricts to an
isomorphism < B >5< Y >rs.
Indeed it is enough to show that [e] ¢< B >. But in fact we have even [e] ¢ Lp as a
consequence of 3.5(a).

7.8. Now the two sets F~ (V)7 (for the two values of 7 € e) are interchanged by the
involution induced by ¢; they do not depend on the choice of J in 7.3. This is not so for

the two sets F (V)7 (for the two values of 7 € e), at least if N > 3; these sets do depend
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on the choice of J in 7.3. But we prefer one of them over the other; namely we prefer the
value of 7 such that 7 is not joined in our graph to any element of J. (This determines 7
uniquely if NV > 3.) This is the choice made in [4].
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