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Abstract
The main purpose of this paper is to define a cohomology complex of n-Hom-Lie
algebra morphisms and consider their deformation theory. In particular, we discuss
infinitesimal deformations, equivalent deformations and obstructions. Moreover, we
study (n + 1)-Hom-Lie algebra morphisms induced by n-Hom-Lie algebra morphisms
and provide examples.
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1 Introduction

Filippov [8] introduced n-Lie algebras which are a generalization of Lie algebras. The
binary bracket is replaced by a n-ary multilinear operation which is skew-symmetric and
satisfies the n-Jacobi identity or Filippov identity, for n > 2. The motivation for ternary Lie
algebras came first from Nambu mechanics [15], generalizing classical mechanics and allowing
more than one hamiltonian. The algebraic formulation of this theory is due to Takhtajan [18].
Ternary operations appeared also is String Theory and were used to construct solutions of
the Yang-Baxter equation [17]. Hom-type generalizations of n-Lie algebras called n-Hom-Lie
algebras were introduced by Ataguema, Silvestrov and the last author in [2]. These type of
algebras were motivated by g-deformations of algebras of vector fields like Witt and Virasoro
algebras. Their main feature is that usual identities are twisted by linear maps. Structure,
representations and extensions of n-Hom-Lie algebras were studied in [1, 7]. Methods to
construct n-Hom-Lie algebras from n-Lie algebra have been discussed in [2]. Furthermore,
3-Lie or 3-Hom-Lie algebras can be obtained from Lie or Hom-Lie algebras, respectively,
using a so-called trace maps, see [4, 5]. The construction provides similarly (n+1)-(Hom-)Lie
algebras from n-(Hom-)Lie algebras. These (n+ 1)-ary algebras are called (n+ 1)-(Hom-)Lie
algebras induced by n-(Hom-)Lie algebras. The relationships between their properties have
been studied in [6, 13].

Deformation theory is based on formal power series and is closely related to a suitable
cohomology. The approach was introduced first by Gerstenhaber for rings and associative
algebras using Hochschild cohomology [10] and then extended to Lie algebras, using Chevalley-
Eilenberg cohomology, by Nijenhuis and Richardson. They considered deformations of Lie
algebras morphisms in [16], that were also studied by Frégier in [9]. Generalizations for
n-Lie algebras have been considered in various papers see [14] for a review and [3] for n-Lie
algebra morphisms. Cohomology of multiplicative n-Hom-Lie algebras were provided in [1].
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This aim of this paper is to deal with n-Hom-Lie algebra morphisms, construct a
cohomology complex and study their deformations. For that, we define a cohomology
structure of n-Hom-Lie algebras with values in a module compatible with that of n-Hom-Lie
algebra morphisms. The major line of this paper consists on deformations of n-Hom-Lie
algebras morphisms. We discuss concepts of infinitesimal deformations , equivalence and
obstruction. We denote by A" and N’ two n-Hom-Lie algebras. Equivalence classes of
infinitesimal deformations of n-Hom-Lie algebras are characterized by the cohomology
groups H2(N,N') and by HY(N, ) for that of the morphism ¢ : N'— N’. Furthermore,
we study (n + 1)-Hom-Lie algebra morphisms induced by n-Hom-Lie algebra morphisms
and compare their corresponding cohomologies.

The paper is organized as follows: In Section 1, we review the basics about n-Hom-
Lie algebras and their representation theory. In Section 2, we define the cohomology of
n-Hom-Lie algebras with values in an adjoint module. Thus, we define coboundary operator
and the n-cochains module C"(¢, ¢) in the cohomology of n-Hom-Lie algebras morphisms.
Section 3 deals with deformations of n-Hom-Lie algebras morphisms. We study infinitesimal
deformations and equivalent deformations, as well as obstructions. We show that the
obstruction to extend a deformation of order N to a deformation of order N 4+ 1 is a
coboundary. In the last Section, we study (n + 1)-Hom-Lie algebra morphisms induced by
n-Hom-Lie algebra morphisms. We restrict ourselves to 3-Hom-Lie algebras induced by
Hom-Lie algebras and provide examples.

2 Basics

In this section, we summarize the definitions and basic properties of n-Lie algebras and
n-Hom-Lie algebras. We recall as well their representation theory.

Definition 2.1. A n-ary Hom-Nambu algebra is a triple (N, [-,...,-],&) consisting of a
vector space N, a n-linear map [-,...," ] : N™ = N and a family & = (a;)1<i<n—1 of linear
maps o; : N — N, satisfying
[ar(z1), - an—1(@n-1),[y1, .. yn]] =
n (2.1)

D laa(n), i io1), 21, B, il (i), s e ()]

=1
forall (z1,...,2p-1) € N"Y (y1,...,yn) € N™. The identity (2.1) is called Hom-Nambu
identity, it is also called fundamental identity or Filippov-Jacobi identity.

Let z = (z1,...,24-1) € N1, a(z) = (a1(z1),.. ., an_1(xn_1)) € N™1 and let
(Y1,---,Yn) € N™. The Hom-Nambu identity (2.1) may be written in terms of adjoint map
as

n

ad(@(@))([yr,- - ynl) = D _lar(yn), s @i1(gio1), ad(@) (Yi), i (Yig1)s -5 n1 (yn))-

i=1

Definition 2.2. A n-ary Hom Nambu algebra (N, [-,..., ], &) where & = (;)1<i<n—1 18
called n-Hom-Lie algebra (n-ary Hom-Nambu-Lie algebra) if the bracket is skew-symmetric
that is

[To(1),-- > Tom)] = Sgn(o)[x1,...,2,] VoS, and xi,...,2, €N.
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Remark 2.3. When the maps (o;)1<i<n—1 are all identity maps, one recovers the classical
n-Lie algebras. The Hom-Nambu identity (2.1), for n = 2 corresponds to Hom-Jacobi
identity, which reduces to Jacobi identity when oy = id.

Definition 2.4. Let (N, [-,..., ],&) and (N, [-,...,-], &) be two n-Hom-Lie algebras where
a = (;)iz1,..n-1 and &' = (a})i=1,..n-1. A linear map f : N = N’ is a n-Hom-Lie
algebra morphism if it satisfies

f([ajlw'-axn]) = [f<x1)>7f(mn)]/

foa; = alof Vi=1,...,n—1.
Definition 2.5. A multiplicative n-Hom-Lie algebra is a n-Hom-Lie algebra (N, [-,..., "], &),
where & = () 1<i<n—1) With a1 = -+ = ap_1 = «a, satisfying

a[z1,. .. z0]) = [ax1), ... a(zn)], Ve, ..., 2, €N

We denote a multiplicative n-Hom-Lie algebra by (N, [-,..., ],a), where a : N — N is a
linear map.

Remark 2.6. Let (N, [,...,]) be a n-Lie algebra and let p : N — N be a n-Lie algebra
endomorphism. Then (N,po [, ...,],p) is a multiplicative n-Hom-Lie algebra.

The concept of representation of n-Lie algebras is generalized to n-Hom-Lie algebras in
a natural was as follows.

Definition 2.7. Let (N, [, ..., ],a) be a multiplicative n-Hom-Lie algebra. A representation
p of N on a vector space V is a linear map p : Nt — End(V) such that for x =
(1, Zn1), Y= (Y1, Yn_1) EN" L and y, € N, we have

pla(z)) o p(y) = plaly)) © p(z) + pla, yla 0 v

plal1), .., a@n—2), 1, yu]) v =

—

Z(—l)"‘ip(a(yl), v (Yi)s e a(yn)) o p(T, - T2, Yi),

where v € End(V) and [x,yla = Y (a(y1), ..., ad(x)(y;),...,a(yn—1)). The representation
1

space (V,v) is said to be a N -module.

Let (N, [.,...,.],a) and (N, [.,...,.]",&’) be two n-Hom-Lie algebras and ¢ : N' — N’
be a n-Hom-Lie algebra morphism. Let A" !N be the set of elements z; A --- A z,_1 that
are skew-symmetric in their arguments. On A" A, for ¢ = 21 A - A xp_1 € APTIN,
Y=y A Ayp_1 € A" N, z € N', we define

e a linear map L' : A" N AN = N L'(z) -z = [¢p(z1),-+,- ., (Tn_1),2]. for
zeN'.
e a bilinear map [, Jo : A" TN x AMTIN = APTIN
n—1

by [:9la = L(@) say = 2 (@lyr), - L(@)-gis - alyn1))-
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e The map ¢ : A" IN — A" 7N by ¢(2) = p(x1) Ao Ap(Tn_1).
We denote by L£(N) the space A" "' N and we call it the fundamental set.

Lemma 2.8. Let (N,[.,...,.]J,a) and (N, [.,...,.], &) be two multiplicative n-Hom-Lie
algebras and ¢ : N' — N’ be a n-Hom-Lie algebra morphism.
For x,y € LIN) and z € N, we have

L'([z,yla) - o/ (2) = L'(a(x)) - L'(y) - 2 = L'(aly)) - L' () - 2.
Proof.

L'(a(z1),...,c(zn-1)) - L'(y1, .-, yn-1) - &' (yn)

= L(a(or)se s a@no)) - (G- s Bn),a (yn)])

= [Baln))s- s Ba(on), [B), - Bva), @ ()T

S0 ). (60 $0s), DTS00 .. o)) ()]
b 0 [B(a1), . ), )T

= S0, (s} 80 1 )0 ) )]

o ool ol ) [6e). ... 1), )Y

= jjL’(a<y1)7...,ad<x><yi>7...,a<yn1>>.a’<yn>

+ ¢ O‘(yl))7 ) (b(a(y?L*l)): [¢($1), ey ¢('T"*1)7 a/(y7L)]/]l
On the other hand,

n—1
L'([z,yla) - o' (yn) = L'(O_ (), ..., ad(z) (1), . .., a(yn-1))) - & (yn)-

1=1
Thus, the result holds. O
Example 2.9. Let (N, ].,...,.],a) be a multiplicative n-Hom-Lie algebra. The map ad is a
representation, where the operator v is the twist map «.
Corollary 2.10. Let (N, [.,...,.],a) and (N",[.,...,.]",a) be two n-Hom-Lie algebras and
¢ : N = N be a n-Hom-Lie algebra morphism.
The map L' defined above is an adjoint representation of the n-Hom-Lie algebra (N, [.,...,.], a)

via ¢, where the operator v is the twist map . Thus M = (N', L', a') is a N'-module.

Moreover, we have the following fundamental result, providing a representation of a
n-Hom-Lie algebra by a Hom-Leibniz algebra. Recall that a Hom-Leibniz algebra is a triple
(V,[—, =], @), consisting of a vector space, a binary bracket and a linear map satisfying the
following identity :

[X, Y], a(2)] = [[X, Z], a(Y)] + [a(X), [\, Z]].
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Remark 2.11. The triple (L(N),[, |a,a) is a Hom-Leibniz algebra.

Notice that A""!A merely reflects that the fundamental object X = (z1,...,2,) €
AN is antisymmetric in its arguments; it does not imply that X is a (n — 1)-multivector
obtained by the associative wedge product of vectors.

3 Cohomology of multiplicative n-Hom-Lie algebras
with values in an adjoint module

The algebra valued cohomology theory was studied for multiplicative n-Hom-Lie algebras
in [1]. The purpose of this section is to construct a cochain complex C7, ., (N, N”) that
defines a Chevalley-Eilenberg cohomology for multiplicative n-Hom-Lie algebras with values
in an adjoint module.

Definition 3.1. Let (N, [-,...,-], @) and (N, [-,...,]", &) be two multiplicative n-Hom-Lie
algebras and ¢ : N' — N’ be a n-Hom-Lie algebra morphism. Regard N' as a representation of
N wvia ¢ wherever appropriate. An (m+1)-cochain is a (m+1)-linear map f : QT LN)AN —
N7 such that

o o f(x1,22,. s Tm, 2) = fla(x), a(z2),. .., a(zm),a(2))

for all x1,29,...,2m € LIN) and z € N. We denote the set of (m + 1)-cochain by
Cho (N N'). Form > 1, the coboundary operator is the linear map gmtl . Ol o N NT) —

C™ YN, N) defined by

"M f (21, T, Tng1, 2)
= Z v(—l)if(a(:cl)7 .. ,m, cooalzio), @z, a(@mgr), a(2))
+ > (=D fle@r), - a(@i), - a(@mn), ad(2:)(2))
i=1 (3.1)
m—+1

D (D)L (@ (@) f (@1, Ty T, 2)
=1

+ i(fl)m[d)(am(xin-!—l))’ sy f(??l, s Tm, xin-ﬁ-l)’ R ¢(am(x;111))7 ¢(am(z))}/

Theorem 1. The pair (C*(N,N”),8) defines a cochain complex. The corresponding coho-
mology, denoted by H*(N,N"), is called the cohomology of the n-Hom-Lie algebra N with
coefficients in the representation N”.

Proof. The operator is well defined since 6”F1(f) o @2tV A a) = o o §™FI(f). A
Straightforward computation based on the property of multiplicative algebra and the
compatibility condition of the morphism ¢ with the morphisms « and o' that is poa =

o’ o ¢ and requires some simplification using mainly Leibniz structure on L(N), leads to
gmt2o §mtl =, O



110 Cohomology and deformations of n-Hom-Lie algebra morphisms

Remark 3.2. In the particular case where N' = N and L' = ad, the n-Hom-Lie algebra is
a N'-module over itself. We recover the coboundary operator defined in [1]. One considers
the previous definition with L' = ad and the last sum without ¢ and denote C7, .(N,N") by
CHN,N).

3.1 Cohomology of multiplicative n-Hom-Lie algebra morphisms

The original cohomology theory associated to deformation of Lie algebra morphisms was
developed by Frégier in [9]. The aim of this part is to define explicitly a cochain complex
with a coboundary operator and the n-cochains module C™(¢, ¢) providing a cohomology of
n-Hom-Lie algebra morphisms.

Let ¢ : N' = N’ be a multiplicative n-Hom-Lie algebra morphism. Regard N’ as a
representation of A/ via ¢ wherever appropriate. We define the module of (m + 1)-cochains
of the morphism ¢ to be

C™(p,9) = Co' (W, N) ® CH (N N) @ C NN,

where C7'(N, V) is defined in Remark 3.2 and C['_/' (N, V") is given in Definition 3.1. The
coboundary operator §™*1 : C™ (¢, ¢) — C™ (¢, ¢) is defined by

3" (o1, 020 03) = (0" 01, 8™ 0o, 0™ 3 + (1) (P 0 01 — P2 0 (6% A 9))),
where 6™+, and 6™+, are defined in [1] and 63 by (3.1).

Proposition 3.3. We have 6™*2 0 6™+ = 0. Hence (C*(¢,¢),d) is a cochain complex.
The corresponding cohomology is denoted by H* (¢, ¢).

4 Deformations of n-Hom-Lie algebra morphisms

In this section, we aim to study one parameter formal deformations of n-Hom-Lie algebra
morphisms. Deformations of n-Hom-Lie algebras have been discussed in terms of Chevalley-
Eilenberg cohomology, see [1]. Recall that the main idea is to change the scalar field K to a
formal power series ring K[t], in one variable ¢. The main results provide cohomological
interpretations.

Let Nt] be the set of formal power series whose coefficients are elements of the vector
space N, (Nt] is obtained by extending the coefficients domain of N from K to K[¢]).
Given a K-n-linear map ¢ : N x ... x N/ = N, it admits naturally an extension to a
K[t]-n-linear map ¢ : Nt] x ... x Nt] — NTt], that is, if 2, = 3°;5a]t?, 1 <i <n then

(1, xn) = ‘ Z . thtdnp(al', ... alr).
J1iseesInZ

Definition 4.1. A deformation of a multiplicative n-Hom-Lie algebra (N, [.,...,.],a) is
given by a K[t]-n-linear map [-,..., |+ : N[t] x --- X N[¢] = Nt] of the form [-,..., ]+ =
St ..., )i, where each [-,...,]; is a K-n-linear [-,...,"]; : N x ...x N — N and
i>0
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[o-osJo=1,.-.,] such that

[z, .oy a(Tp_1), [Y1,- -, YUnltle

z_: a(yi-1); 71, o1, e, a(Yira), - alyn)e 4y

Let ¢ : N — N7 be a n-Hom-Lie algebra morphism. Define a deformation of ¢ to be a triple
O = ([> sy ']N,tv ['7 CER ']N’,ta ¢t) in which

o0

o [ v =21, nit’ is a deformation of N,
i=0
=S .
o [y vt =Dl s aritt is a deformation of N,
i=0

° gbt :N[[t]] — N'[t] is a deformation of the n-Hom-Lie algebra morphism of the form
= Z ¢it" where each ¢; : N — N is a K-linear map and ¢g = ¢, such that ¢,

satzsﬁes the following equations
Ge([1, - xnlne) = [De(21), oo Ge(zn)vre  and ¢poa =o' ogy. (4.2)

The deformation is said of order N if the sums run from 0 to N.

Remark 4.2. Equation (4.1) can be expressed as

Li([z,yla) - alyn) = Le(a(@)) - (Le(y) - yn) — Le(a(y)) - (Le(@) - yn),
where © = (21, .., Zn-1),Yy = W1, Yn—1) and Ly(x) - yn = [T1, ..., Tp—1, Yn]t-

Proposition 4.3. The linear coefficient, 61 = ([.,.]xr 1, [, Ia7 1, 91), which is called the
infinitesimal of the deformation ©; of ¢, is a 2-cocycle in C?(¢, ¢).

Definition 4.4. (1) Let (N, [, ..., ], @) be an-Hom-Lie algebra. Let Ny = (N¢], [.,- .-, ]+, @)
and N} = (NTt], [+ - - -, ]4, @) be two deformations of N'. We say that Ny and N are equiv-
alent if there exists a formal automorphism 1y : Nt] — Nt] that may be written in the

form by = " it where 1; € End(N) and 1o = Id and such that
>0

wt([l'lv' . ~;xn}t) = [wt(ml)v' . adjt(xn)% and ’ll)t o = 0401/%'

(2) Let O = ([ .- It [y -l @) and ©¢ = ([ oo Yargs [y Jss @) be two defor-
mations of a n-Hom-Lie algebra morphism ¢ : N — L. A formal automorphism ¢ : ©; — (:jt
is a pair (Yare, Vo), where Yoy Nt] — Nt] and oy L[t] — L[t] are formal auto-
morphisms, such that qSt Vet G %\ft Two deformations ©; and @t are equivalent if and

only if there exists a formal automorphism ©; — ;.

Theorem 2. The infinitesimal of a deformation ©; of ¢ is a 2-cocycle in C?(p, ¢) whose
cohomology class is determined by the equivalence class of the first term of ©y.
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Theorem 3. Let (N,[,...,]n) and (N,[.,...,.Jn") be two n-Hom-Lie algebras. Let
Or = ([ s N s [ose -5 N7t B1) De a deformation of a n-Hom-Lie algebra morphism
¢: N — N'. Then, there exists an equivalent deformation ©¢ = ([,..., Jhr 1 [y Jhr s D1)

such that 0, € Z%(¢,¢) and 0 ¢ B%(¢,¢). Hence, if H*(¢,¢) = 0 then every formal
deformation is equivalent to a trivial deformation.

Let (M, [-,...,-],a) and (N',[-,...,],a’) be two n-Hom-Lie algebras and let ¢ be a
n-Hom-Lie algebra morphism. A deformation of order NV of ¢ is a triple
615 = ([7 SRR ']t; ['7 R ]Qa ¢t)a
N , N 4 N 4
where [,..., e = Y[ o ulit, [ )i = Dol lit and ¢y = 7 4ht", satisfying
i=0 i=0 i=0
Oe([1y .oy xnlt) = [de(z1), ..., de(n)];. Given a deformation ©; of order N, it extends

to a deformation of order N 4 1 if and only if there exists a 2-cochain #y41 such that
6, =06,+tVt1g N1 is a deformation of order N + 1. The deformation 0O, is called an order
N + 1 extension of ©;.

Set Obys (resp. Oby) be the obstruction of a deformation of a n-Hom-Lie algebra N (resp.

N"):

Oby = — 3 afad),...,a(@y™h), [zd, . 207 2]kl
k4+l=N+1
k,1>0
! 1 1 n—1 i1 1
+ . ZZN L _1[01(562)7 705(‘7722 )v[xla ,If Il]ka (IZ2 )a ,O[(SCS ),OL(Z)]Z
oo T
+ Z Oé(ﬂf%), 701("173_1)7[1'%3 7x?_1az]k]l

Let Obg be the obstruction of the extension of the n-Hom-Lie algebra morphism ¢:

/

Obd> = Z ¢ 0 [‘Tlu cee 71'77,]]' - Z[¢l1(x1)7 T vd)lz‘(xi)v' e a¢1n(xn)];

i+j=N+1
1,5 >0
with
/ N N n
IIEDIDIED DD DEEEEDD >
J=L L0 J=l b, >0 S e T4l =N+
1<i<n ;>0 1;>0,5=0
1<i<n 1<i<n
Theorem 4.5. Let (NV,[.,...,.]) and (N',[,,...,.]") be two n-Hom-Lie algebras and ¢ be
a n-Hom-Lie algebra morphism. Let Oy = ([.,..., ¢, [+ ]}, 0¢) be an order N one-

parameter formal deformation of ¢. Then Ob = (Obpr, Obprr, Oby) € Z3(¢, $). Therefore
the deformation extends to a deformation of order N + 1 if and only if Ob is a coboundary.
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5 Morphisms of ternary Hom-Lie algebras induced by
morphisms of Hom-Lie algebras

In [4] and [5], the authors introduced a construction of a 3-Hom-Lie algebra (ternary
Hom-Lie algebras) from a Hom-Lie algebra along a linear form, and more generally a
(n + 1)-Hom-Lie algebra from a n-Hom-Lie algebra, called (n + 1)-Hom-Lie algebra induced
by n-Hom-Lie algebra. In this section we will investigate morphisms of 3-Hom-Lie algebras
induced by morphisms of Hom-Lie algebras.

Definition 5.1. Let ¢, : N* — N be a n-linear map and 7 : N' = K be a linear form.
Define o, : N" Tt = N by

n+1

(X1, xp) = Z(—l)k_lT(xk)go(ml, cey Zhy ey Tnp1)
k=1

where the hat over Ty on the right hand side means that xy, is excluded, that is ¢ is calculated
ON (T1y vy Tty Tt 1y vy Tppl)-

Definition 5.2. For ¢ : N™ — N, we call a linear map 7 : N — K a @-trace or trace map
if

T(p(1,.-.,20)) =0 for all z1,...,2, €N.

Theorem 5.3. [4, 5, 13] Let (N, ¢, a1,...,a,) be a n-Hom-Lie algebra and T a @-trace.
Iftoa; =7 fori=1,....,n then (N,¢r,01,...,an+1) is a (n + 1)-Hom-Lie algebra.
Moreover, if (A, ¢, a) is a multiplicative n-Hom-Lie algebra, then, under the same condition,
(A, pr, @) is a multiplicative (n + 1)-Hom-Lie algebra.

Let (M1, [, ]1,01) and (N2, [., ]2, @2) be two Hom-Lie algebras. let 71 be a [.,.];-trace

and 72 be a [, .Jo-trace. Let (Ny1,[...]r,01) and (N;2, [ .]r, @2) be two 3-Hom-Lie
algebras induced respectively by (N1, [.,.]1,@2) and (N, [, ]2, @2). Let ¢ : N7 — N2 be a
Hom-Lie algebra morphism between (N, [.,.,.]J1,@1) and (Na, [.,.,.]1,a2), i.e. ¢([z,y]1) =

[p(x), p(y)]2. We want to extend this morphism to induced ternary Hom-Lie algebras. We
should have

gb([m, Y, Z]Tl) = [¢((E>, (;S(y)v (]5(2)]7-2
according to the definition of the ternary bracket
o([7,y, 2l7,) =0z, T1(2)0([Y, 2]1) =Osy,» T1(2)[B(y), (2)]2

In the other hand,

[gf)(.’t), ¢(y)7 ¢(Z)]Tz :O¢(2¢),¢(y),¢(z) TQ(Qb(x))[Qb(y)v ¢(Z)}2

A theorem for constructing 3-Hom-Lie algebra morphism induced by Hom-Lie algebra can
be formulated as follows:

Theorem 5.4. The map ¢ is a morphism of 3-Hom-Lie algebras induced by binary Hom-Lie
algebras morphism if To(¢) = 7.
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Remark 5.5. A necessary and sufficient condition for the construction of 3-Hom-Lie algebra
morphism induced by Hom-Lie algebra morphism can be written as

(11(2) = 12(0(2))[0(y), d(2)] + (11 (y) — 72(D(Y)) [9(2), ()] + (12(2) = 72(d(2)) [P (), ()] = 0,
for all x,y,z € N7.

The previous results can easily and similarly stated for general situation of (n+1)-Hom-Lie
algebras induced by n-Hom-Lie algebras.
5.1 Cohomology

In this section, we study the connections between the cohomology of a given n-Hom-Lie
algebra morphism and the cohomology of the induced (n + 1)-Hom-Lie algebra morphism.

Proposition 5.6. [13] Let (N, [,...,],a) be a multiplicative n-Hom-Lie algebra, T be a
trace map and (N, [-,..., ]+, 1) be the induced multiplicative (n + 1)-Hom-Lie algebra. Let
© € Z2(N,N) such that:

n
Z ( 1)k+”_17-(y’i)7—(yk)§0(y17'" 7yk7"'7yi717Xn 'mnvyi+17-'-aynaz)7
k=1,k#1

M:

1.

Il
-

i

n
Z# ( 1)k+n_17—(yi)7—(yk)[yl7 e 7:&/(?’ cee 7yi713S0(Xn7xn)7yi+1a e 7y’nvz]a
1,k#1

o
it

8. Top=0.

Then (X, 2) = > (=1 r(z:)o(Xi, 2) + (—=1)"7(2) (X, 2 is a 2-cocyle of the induced
i=1
(n+1)-Hom Lie algebra for X = xq1 A...Axyy € N"N, X; =21 Ao AT ATigp1 A .. ATy €

APTIN

Theorem 5.7. Let (N1, [ ..., ],a1) (resp. Na, [, ..., ],a2)) be a multiplicative n-Hom Lie
algebra, Ty (resp. T2 ) be a trace map and (N7, [, ..., |7, a1) (resp. (Noy, [ ..., ]m, a2)) be
the induced multiplicative (n+ 1)-Hom-Lie algebra. Let ¢ be a morphism of (n+ 1)-Hom-Lie
algebra induced by a morphism of n-Hom-Lie algebra.

Let ¢, (X, z) be a 2-cocyle of the induced (n+1)-Hom Lie algebra (N7 1,1[.,...,]r, 1) (resp.

©r, (X, 2) a 2-cocyle of the induced (n + 1)-Hom Lie algebra (N, [, ..., |m,2) defined in

the pervious proposition. Let p € ZY(N1,N2). Then p,(z;) = > (1) ri(z)p(z;) +
i=Titj

(=1)"71(2)p(xn) is a 1-cocyle of the induced (n + 1)-Hom-Lie algebra morphism. Hence
(@r1+Pras pr) s @ 2-cocycle in Z2(¢7 ).

Proof. Let ., (X, 2) € Z*>(N,,,Ny,) and ¢, (X, 2) € Z*(N,,,N,,) satisfying the condition
above, then

Pv— X7 Z) 0901 T(X Z) 502,7'((;57 ¢)(X,Z) _51PT(X7 Z)

n

z;)$ 0 p1(Xi, 2) + (—=1)"11(2)¢ 0 p1(Xpn, T0)
z:l
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= (=1 (@) pa(d(Xi), $(2)) — (—1)"7a(2)p2((X), Sn))
i=1
*ZZ(*U% Ti(z)[p(z1), ..o, p(2i), - -, Blan), ¢(2)]

=1
= Z(—l)i_lTl(xi)62p(Xi,z) + (=D (2)0%p(Xp, 2,) =0+0=0
i=1
O
5.2 Deformations
Let (N1, [...,],a1) (resp. Na,[,...,],a2)) be a multiplicative n-Hom Lie algebra,
(resp. T2 ) be a trace and (N, [ ..., ]r,a1) (resp. (N, [+, ]m,@2)) be the induced

multiplicative (n + 1)-Hom-Lie algebra. Let ¢ be the morphism of (n + 1)-Hom-Lie algebra

induced by a morphism of a n-Hom-Lie algebra.
o] .
Now, let [-,-]1,: = Y[, ]1,st" be a one-parameter formal deformation of N7 and [, ]2, =
i=0
o0

> [+, ]2.it" be a one-parameter formal deformation of Na. Let ¢; : Ni[t] — N2[t] be a
=0

o0
deformation of the Hom-Lie algebra morphism ¢ : N7 — A5 of the form ¢, = > ¢,t" such
n=0
that ¢, satisfies the following equation

de([z1, x2)1t) = [de(@1), de(z2)]2¢ and  ¢poar = ag 0 Py

Assume that 7y satisfies 7 ([z,y]1,,) = 0, then [., ., .], ¢ is a one parameter formal deformation
of the induced 3-Hom Lie algebra (N7, [., ., ] ¢ a1) if

k
[, 2yt =Oye (@)Y, 21e = D 1 Oy 71 (@)Y, 21
=0

Also, assume that 7o satisfies 71 ([x,y]2¢) = 0. Then [,.,.],, is a one parameter formal
deformation of the induced 3-Hom-Lie algebra (N2, [., ., .|~ , a2) if

k
[1’72/7 Z]Tg,t zom,y,z TQ(x)[ya Z]Q,t = Ztl Ow,y,z T1 ($)[ya Z]Q,i-
=0

Futhermore, ¢; is a deformation of the induced morphism ¢, if

Gu([2,9: 21 1) =Oay,z T1(2)0e([Y; 2110) =Oay,2 T1(2)[B(y), P(2)]2,t-
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In the other hand

[¢t(m>7¢t(y>7¢t(z)]m, O%(I +(y),Pt(2) 7—2(¢t( ))[¢t< ) (bt( )]7'27
Then ¢; is a deformation of the induced (n + 1)-Hom-Lie algebra morphism if 7 (z) =
T2(¢¢(x)).

Example 1. Consider the table below, which gives an example of construction of two induced
multiplicative 3-Hom-Lie algebras (given in [13]).

Hom-Lie algebra Trace induced 3-Hom-Lie algebra
[e1,e2]1 = ea le1,e2,e3]1- = eq
[e3; ea]r = e2 T1(z) = z1 + 23 le1, e3,e4]1,r = €2
ai(e1) = ez +eq; ar(e) =es ai(er) = ez +eq; ar(ez) =es
ai(es) =e1 + e2; ai(es) =e2 ai(es) =e1 +ez; ai(es) = ez
[f1, fol2 = fa; [f1, f2, f3l2,r = fa
az(fi)=fri+fo+ fa+ [a To(z) = 11 a(fiy)=hH+fo+fas+ fa
a2(f2) = fa az(f2) = fa;
az(f3) = 0; az(fs) =0 a2(f3) =0; a2(fs) =0

Morphism of Hom-Lie algebra
oler) =Aafi+Aafe+ A1 fa+2 101 @e2) =0
dles) =Aafi+Aafe+A1fa+2 1 fs; ¢es) =0
Morphism of 3-Hom-Lie algebra induced by morphism of Hom-Lie algebra

dler) = fi+ fo+ fa+2f1; P(e2) =0
dles) = fi+ fo+ fs+2f1; dlea) =0

Let (A1,], |1,01) be the first Hom-Lie algebra and (Aa, [, ]2, a2) be the second Hom-Lie
algebra. We denote by (Ar, [, -, ]r, @) the multiplicative 3-Hom-Lie algebra induced by the
first Hom-Lie algebra and (B, [.,.,.]r,«) the multiplicative 3-Hom-Lie algebra induced by
the second Hom-Lie algebra. We construct the morphisms ¢ of 3-Hom-Lie algebras induced
by the morphisms of Hom-Lie algebras, satisfying the condition mo(¢) = 71, where 71 is a
[, ]i-trace and 72 is a [, ]2-trace.

Denote the structure constants of a Hom-Lie algebra (A,[.,.],«) of dimension n with
respect to a basis B = {e1,...,en}, by (c ”)1<” k<n and by (CZj,k)ISi,j,k,an those of the
induced 3-Hom-Lie algebra ( y[os e 7). A linear map o : A — A will be represented by a
n xn matriz, b = (b} )1<i j<n. A bilinear map p : A® A — A (2-cochain) will be represented
by n X n matriz, p = (Pf,j)lgi,j,kgn- The condition for ¢ (represented by the matriz p) to be
a 2-cocycle for a Hom-Lie algebra is written as follows

n n

Z(Z _c(]s’k:bz)a’gv + kab%a Cmbﬁ gv + bz })kcsv b a’lk:csv + bs azg s’u) =0. (51)

s=1 v=1
A trilinear map ¢ : AQ A® A — A (2-cochain) will be represented by a n X n matriz,
a=(a};)1<ijkv<n- The condition for 1 (represented by the matriz a) to be a 2-cocycle
for a 3-Hom-Lie algebra is written as follows

Z(Z(Z - bqbg s t,v b Oztj qbpas t,v bkchzvj p (s)t v + bibgclg,q,pa;t,v
s=1 t=1 v=1

+bib{az,q pcgtv bkbq : Cgtv - zgkbqb C;)tv bk : bpcgt v)) 0

ljp 91](1’0
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Solving the equations (5.1) for the first Hom-Lie algebra, we obtain the necessary conditions
applied respectively to p = (pﬁj)1§i7j,k§n and b = (bij)1<i,j<n. We get

pi(e1,e3) =prea —pies;  @iler,eq) = paea +p3;  p1(e1,e2) = —paea + paey;
p1(e2,e3) = —paea — p3ea;  @i(ea,eq) = 0; pi1(es,eq) = (pa — p3)ea,

where p1,pa, p3, pa are parameters. Now, for a 2-cocycle @1 € Z?(Ay, A1), let us consider
01+ € Z3(A,,, A;,) defined as in Proposition 5.6 [13]. We get

p1(e2,e3) + pi(e1, e2) = —2paea + (—p3 + pa)es
pi1(e2,e4) =0
@r,(e1,e3,e4) = pi(e3,ea) — p1(e1,ea) = —p2 + (ps — 2p3)es
o7, (e2,e3,e4) = —p1(e2,e4) = 0.
All the 2-cocycles of A;, are induced by 2-cocycles of A1. We eliminate all constants
underlying coboundaries and we deduce that dimH?(A,,,A;,) = 0. In a similar way, we
determine the 2-cocycles of the second Hom-Lie algebra As. We get

)

or (e1,e2,€3
(
(

)=
e1,e2,64) =
eq) =
)=

©a(f1, f2) = ki fo + kaes + kseqs  a(fi1, f3) = kaes + ksey;
w2(f1, fa) = koes + kioea; ©2(f2, f3) = kses + keea;
©2(fa, fa) = kres + kgey; ©2(f3, fa) = (ko — k7)es + (k1 — k1o — kg)eu,

where ki, ka, k3, ky, ks, ke, kv, ko, k1o are parameters. For a 2-cocycle oy € Z*(Ag, As), let
us consider o2, € Z*(Ar,, As,).

Pr, (€1, €2,€3) = pa(ea, e3) = ks f3 + ke fa
pa(

Pry(e1,e2,64) = pa(e2,e4) = kr fz + ks fa
or,(e1,e3,e4) = pa(es, eq) = (—ko — k) f3 + (k1 — k1o — ks) fa
‘sz(€2’€3,€4) = —<P2(€2,€4) =0.

Solving the equations (5.2) for the second 3-Hom-Lie algebra, we obtain the necessary
conditions applied respectively to p = (pf,j)lgi,j,kgn and b = (b;;)1<i j<n. We get, the space
of 2-cocycles of A,, is generated by

Yr,(e1,€2,e3) = c1fs + ca fa

Vry(€1,€2,€1) = c3f3+ cafs (5.3)
Vr,(e1,€3,€4) = 5 f3 + o f4 '
Pry (€2, €3,€4) = C7f3 + c fa,

There exist 2-cocycles of A., which are not induced by a 2-cocycle of Ay. We eliminate
all constants underlying coboundaries. Gluing these bits of information together we deduce
that dimH?(A,,, A,,) is equal to the number of independent constants remaining in the
expression of the 2-cocycle (5.8). Thus, we can see that dimH?(A,,, A,,) =5 and spanned
by the following 2-cocycles

Ya1.7(f1, f2, f3) =0 Y22.-(f1,f2,f3) =0 Ya3.-(f1,f2, f3) =0
Va1, (f1, f2, fa) = f3 V22, (f1, f2, f4) =0 Y237 (f1, f2, fa) =0
Uo1,7(f1, f3, f4) = Vo2, (f1, f3, fa) = f3 V2.3 (f1, f3, f4) = fa
1;[}2,1,T(f27f37f4) w2,2,'r(f2,f37f4) 07 1/}237(f27f3af4) 0.
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Vo4, (f1, f2, f3) =0 Ya.5,7(f1, f2, f3) =0
Ya24,7(f1, f2, f4) =0 Y257 (f1, f2, f4) =0
V2,47 (f1, f3,f2) =0 V2.5, (f1, f3, f4) =0
V2.4.7(f2, f3, f4) = fa. Va5.7(f2, f3, f1) = fa.

By a direct computation, using a computer algebra system, we deduce that the first
space of cocycles Z!(Ay, As) of the Hom-Lie algebra morphism ¢ is generated by

p1(e1) = pfi +pfe+pfs +2pfs = d1(e3);  ¢i(e2) = ¢1(es) =0,

where p is parameter.
Now, for a 2-cocycle ¢y € Z2(Ay, Az), let us consider ¢; , € Z%(A,,, A,,) defined as in
Theorem 5.7.

d1,r(e1) = —Ti(e2)p1(e2) + Ti(e3)pr(es) — Ti(es)d1(es) = P1(es3)
¢1,r(€2) = (61)¢1(€1) - 7’1(63) 1(63) - 71(64)¢1(€4) =0
¢1,7(e3) = Ti(e1)d1(e1) — Ti(e2)d1(e2) — Ti(ea)di(ea) = d1(er)
b1, (eq) = T1(er)pr(e1) — Ti(e2)o1(e2) — Ti(es)p1(es) =0

By a direct computation, we see that all the 2-cocycles ¢1 » are induced by a 2-cocycle ¢;.
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