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Abstract

In this paper, we consider the double obstacle problem for a subelliptic equation of
p-Laplace type with VMO coefficients in Carnot groups. The interior Holder regularity
for solutions to the double obstacle problem with subcritical growth is established while
p is close to 2.
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1 Introduction

Let G = (RY,0) be the Carnot group of step r > 2 and let X;, i = 1,...,m, be the
left-invariant smooth vector fields on G associated with a fixed orthonormal basis of the
bracket-generating layer of its Lie algebra g. Let Xu = (Xju,...,Xu) and let Q be
a bounded domain in G. In this paper we consider the double obstacle problem for the
following subelliptic equation of p-Laplace type

X*((A(x)Xu,Xu>pT_2A(x)Xu) = B(z,u, Xu), (1.1)

where A = (a;;(2))mxm is a symmetric positive-definite matrix with measurable coefficients
and B(x,u, Xu) satisfies a subcritical growth. Here X = —X; is the formal adjoint to X:

/(X;‘u)qbda: = / uX;pdx, Yu,p € C5°(Q).
Q Q

Obstacle problems appear in various branches of the theoretical and applied sciences,
such as nonlinear potential theory and free boundary problems, control theory and optimal
stopping, mechanical engineering and robotics, financial mathematics, fluid filtration in
porous media, see [20, 5, 24]. In the Euclidean case (when X =V, A(x) = 1), regularity of
solutions to single and double obstacle problems for elliptic and degenerate elliptic equations
has been extensively studied, see for example [22, 7, 8, 9, 17, 28, 32]. Lieberman [28]
proved that the solutions to some degenerate double obstacle problems are as regular as
the obstacles 1 and 2 when B satisfies a natural growth condition

|B(z,u, Vu)| < (1 + [VulP).
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In [32], Mu and Ziemer proved the Holder regularity for double obstacle problems of p-
Laplace type with controllable growth condition

|B(z,u, Vu)| < c(l+ |Vu|p71).

Independently, relying on a perturbation argument, Choe [8] proved that the solutions of
double obstacle problems (when B satisfies natural growth condition) have C%% or C1:*
regularity under various regularity assumptions on the obstacles. Here we also mention
that the authors in [36] got the Holder continuity for weak solutions to degenerate elliptic
equation

div((A(z)Vu, Vu}prQA(x)Vu) = B(z,u,Vu), =€,

where A(x) belongs to VMO(Q2) and B satisfies natural growth condition. Recently, the
local C1@ regularity of solutions to the fully nonlinear equation with variable exponents

| DulP@ + a(x)|Du\Q(””)] F(D*u) = f(z), z€Q

was obtained by Fang et al. [19]. For more regularity results about the equations with
p-Laplacians, please refer to [18, 6] and the references therein.

Based on Hoérmander’s fundamental work [25], there has been tremendous work on
subelliptic PDEs and corresponding obstacle problems arising from non-commuting vector
fields, see, for example [4, 3, 29, 34, 33, 12, 35, 13, 10] for subelliptic equations or systems,
and [11, 21, 31, 1, 14, 15, 16] for subelliptic obstacle problems. Dong and Niu [13] obtained
the Morrey regularity and Holder continuity for weak solutions to nondiagonal quasilinear
subelliptic systems with bounded VMO coefficients for p = 2. Zheng and Feng [35] studied
the C}(’O‘ regularity for weak solutions to subelliptic p-harmonic systems with subcritical
growth in Carnot group. In [31], Marchi proved the C}ga regularity of solutions to a class of
double obstacle problem on Heisenberg group. In [16], Du and his collaborators got the CS(’O‘
and C’;(’a regularity of solutions to the single obstacle problem for (1.1) with controllable
growth under different restrictions on the coefficients.

Motivated by the above works, we try to generalize the results in [8] of double obstacle
problem for p-Laplace equation (i.e. A(z) =1I) to the double obstacle problem for a class of
p-Laplace type subelliptic equation with discontinuous coefficients in Carnot group. Specif-
ically, we consider the double obstacle problem for (1.1) with obstacles 11 and 13, i.e., the
problem of finding a fuction u € K(2) satisfying the variational inequality

/((AXu,Xu)pTJAXu,X(v—u))dx+/B(x,u,Xu)(v—u)d;vZO, (1.2)
Q Q

for all v € K(Q) = {v e HW'P(Q) :v— 0 € HWIP(Q), 4, < v < iy ace. in Q} Here 0 €

HW?P(Q) is a boundary value function with 1; < @ < 15 a.e. in Q. We make the following
assumptions:

(H1) The matrix of coeflicients A(xz) € VMO(R) is symmetric, positive-definite and
satisfies the uniform ellipticity condition that for some A > 0,

ATHEP < (A(2)€,€) < A|E]?, ae. x€Q, VEER™. (1.3)
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(H2) For some L > 0, B(z,u,§) satisfies the subcritical growth condition
|B(z,u, &) < LIE|?, VO < g < p, (1.4)

when z € Q and (u,&) € R x R™.
(H3) The obstacle functions 1,9 € C’;(’XOC(Q), 0<vy<1.
Let @ be the homogeneous dimension of G. We prove the following result.

Theorem 1. Suppose that (H1)-(H3) hold and u € () is a solution to the double obstacle
problem for (1.1). If p is close to 2, then for any 0 < A < Q, we have Xu € Lfo’i‘(Q).
Moreover, there exists 0 < o < 1 such that u € C3*(Q).

The remainder of the paper is divided into two sections. In Section 2, we recall some
basic facts of Carnot group and some preliminary results that will be used in our proof. In
Section 3, Theorem 1 is proved by establishing a Morrey type estimate for solutions to the
double obstacle problem for (1.1).

2 Some Preliminaries

Let us first recall some preliminary facts on Carnot groups. We refer the reader to [2] and
references therein for further details.

A Carnot group G = (R, o) of step 7 is a simply connected Lie group whose Lie algebra
g admits a decomposition g = V4 @ --- @V, such that (i) g is stratified, i.e., [V1,V;] = V11
for 1 < j <r—1; (ii) g is r-nilpotent, i.e., [V},V;] = 0 for 1 < j < r. The homogeneous
dimension of G is

Q=" idim(V;)
=1

which is often larger than the topological dimension Y_;_, dim(V;) of the group. The trivial
Carnot group with step one is RV. The most important prototype of Carnot group with
step two is the Heisenberg group H™.

For a Carnot group G of step r» > 2, the left invariant orthonormal basis X1, ..., X,, for
V1 is called the horizontal directions and the left invariant vector fields of V; (2 < ¢ < r) are
called commutator directions in the sense that they are generated as commutators of order
1 of linear combinations of Xy,...,X,,. It is well known that the family of vector fields
{X1,..., X, } satisfies the Hormander finite rank condition: rank (Lie{Xy,..., X;n}) = N.
Let f be a function defined on a bounded domain of Q C G, then Xf = (X1f,..., X;nf)

denotes the horizontal gradient of f and hence | X f| = (Z;nzl |Xjf\2) ’.

An absolutely continuous path v : [a,b] — G is said to be X-subunit if there exist
functions ¢;(t), a <t < b such that

Zci(t)Q <1land~'(t) = Z ci()X;(y(t)) a.e. t € [a,b].

The Carnot-Carathéodory distance dx (x,y) is defined as the infimum of those T' > 0 for
which there exists a X-subunit path v : [0,7] — G with (0) = = and v(T) = y. This
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metric dx is left invariant and 1-homogeneous with respect to the group dilations ¢y, i.e.,

dx(zomx,z0y) =dx(z,y), dx(0x(2),0r(y)) = Adx(z,y)

for all z,y,z € G and A > 0. Using these properties, one infers that the Haar measure of
B, (z) ={y € G:dx(z,y) < r} is given by

| By (z)] = wer?, (2.1)

where |B,.(z)| denotes the Lebesgue measure of B,.(x), wg = |Bi(e)| and e is the group
identity.

For any 1 < p < oo, let HWP(Q2) be the set of LP(Q) functions whose distributional
horizontal gradient is LP(Q):

HW'P(Q) ={uec LP(Q): Xu € LP(Q),j =1,2,--- ,m}.
HW?P(Q) is a Banach space with the norm
lullawr@) = [lullLe@) + 1 XullLe ().

Denoted by HW,*(€2) the closure of C§°(Q) w.r.t. |- | gwe. We will write u € HW,-?(Q)
to mean u € HWP(K) for every compact set K C Q.

Lemma 1 (Sobolev Inequality [23, 29]). For any 1 < p < oo and u € HWP(Bg), there
exists a constant C' > 0 such that

(][ lu — uR|”’pdx> v <CR (][ |Xu|pdm> ’ , (2.2)
Br Br

where ug = JCBR udx 1s the integral average of u on B, and1 <k < Q/(Q—p) if 1 <p < Q;
1< k<o ifp>Q. Moreover, for any u € HWOLP(BR),

<][ |u|“pda:> v <CR (][ |Xu|pdas) " (2.3)
Br Br

Let us recall several function spaces in G ([30, 33]). For convenience, we set

Qz,R)=QNB(z,R), for= m - f(y)dy.

Definition 1. Let 1 < p < oo and X > 0. We say that f € LY _(Q) belongs to the Morrey
space LP(Q) if

P
I fllrr) = sup <PA/ |f(y)|pdy> < o0;
2€Q,0< p<diam® Q(z,p)

we say that f € LY. (Q) belongs to the Campanato space LP(Q) if

loc

Sl

e, 0< p<diam2

Hf||LM(Q) = sup (P’\/ |f(y) — fz,p'pdy> < 0.
Q(w,p)
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Definition 2. Let a € (0,1). The Holder space CY*(Q) is a Banach space with respect to

the norm |f(x) — f(y)]
_ /(@) = fw)]
I logeeo =spplfl+sup "y <o

We say f € Cg(’a(Q), if f € Cg(’a(K) for every compact set K C .
Definition 3. We say that f € L (Q) belongs to BMO(Q) if

loc

1
fll« = sup 7/ fy) = fe,pldy < o0;

2€Q,0< p<dy

f belongs to VMO(Q) if f € BMO(Q) and

1
n(f)= sp / F(W) — fopldy =0, 7 0.
z€N,0<p<r |Q(a:,p)| Q(z,p) .

As in the Euclidian space, the Holder space C;J(’O‘ can equivalently be characterized by
the integral representation, see [30], [33]. So we have the following lemma.

Lemma 2. Ifu € LPOFPY(Q), 1 <p<oo,0<a< 1, thenu € Cg(’o‘(ﬂ).

Lemma 3 (Iteration Lemma [22]). Let ®(p) be a nonnegative and nondecreasing function
on [0, Ro] satisfying

®(p) < A ((%) +2)@(R)+ BR', 0<p<R<R,,

where A,a,b and B are nonnegative constants, b < a. Then there exists a constant g =
eo(A4,a,b) such that if € < g9 we have

B(p) < C <(2)b<b(R) +pr) , 0<p<R<R,,

where C' is a constant depending on A, a and b.

3 Proof of the main result

For the fixed z € Q and a small R > 0, let B = Bgr(z) CC Q. We first recall a result
about Morrey type estimate for weak solutions to the following subelliptic equation with
constant coefficients

X*((ApppXw, Xw) T ApjppXw) = X*((AgoXth, X01) T ApppXep1),  (3.1)
where Ap/y = fBR/2 A(z)dz is the integral average of A(x).

Lemma 4 (see [16]). Let w € HW'P(Bpg/3) be a weak solution to (3.1) with p close to 2.
Then for any 0 < p < R/2 and € > 0, we have

J

Q
| Xw|Pdr < ¢ <(p) + 5) / | Xw|Pdz + cRY. (3.2)
R Br/2

P
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We also need the following higher integrability result for solutions to double obstacle
problem for (1.1).

Lemma 5 ([14]). Let u € K(Q2) be a solution to the double obstacle problem for (1.1) and
(H1)-(H3) be satisfied. Then u € HVVI})Ct(Q) for some t > p and there exists a constant
¢ > 0 such that for any Br CC €2,

1

<]Z |Xu|tdx> <c (]l |Xu|pdw) ’ + <]l (1 X91]" + X¢2|t)dz> t
Br/2 Br Br

where ¢ does not depend on R.

] , (3.3)

Lemma 6 (see [27]). Suppose that A(x) satisfies (H1). Then for any &,n € R™, we have

((A&,6) "7 AE — (An,m) "% An, & =) > C) (1€ + In|>) 7" |& = nf?; (3.4)

particularly, for p > 2,

(A&, €)% AE — (An,n) "= An,€ — 1) > C(p)|€ — n|P. (3.5)

On the basis of the above lemmas, we can prove the following Morrey type estimates of
solutions to the double obstacle problem for (1.1).

Lemma 7. Ifu € K(Q) is a solution to the double obstacle problem for (1.1) and p is close
to 2, then for any 0 < p < R, B CC Q, and n,0, > 0 it holds

Q
/ | XulPdz < c ((,0) + 19) / | XulPdz + c¢R?, (3.6)
B, R Br

where ¥ = ||A||Sjl_g/))2/t +n+o+e.

Proof. Let w € HW"?(Bpg/s) be a weak solution to the Dirichlet problem for (3.1) (the
existence of weak solutions can be found in [26, Theorem 2.13)), i.e.,

/ ({(ApjaXw, Xw) T ApjpXw, X ¢)dw

Bry2

:/ <<AR/2X¢1,X¢1>pT_ZAR/2X¢1,X¢>d$ (3.7)
Bry2

for all ¢ € C§°(Bprys) and u — w € HWyP(Bgys). Since u —w € HW,"?(Bgjs) and
u > 1Py on OBR/3, we know that w > 91 in Br/p by the maximum principle. On the other
hand, we note that 1 < w A9s < 99 in Bryy and w A —u € HVVol’p(BR/g), where
w A Y = min{w, o }. Hence we can choose w A 1) as a test function in Bp/o. Applying
w A g to (1.2), it follows

/ ((AXu,Xu)przAXu,X(u—w/\w2)>dx < / B(x,u, Xu)(w Aty —u)dz. (3.8)
Brya Br/2
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On the other hand, from (H1) and (3.7)
/ | Xw[Pda < c/ <AR/2Xw,Xw)§dx
Bpg/2 Brya
= C/ <<AR/2Xw,Xw>¥AR/2Xw,Xu>d3;
Bry2

+C/ <<AR/2X?/11,X1/11>1)2;2AR/2X1/117Xw—Xu>dx
Bry2

§c/ \Xw\P—1|Xu\dx+/ | X [P X w — Xul|de
BR/2 R/2

< g/ | Xw|Pdx + Ce/ | XulPdx + CE/ | X1 |Pd.
BR/2 BR/2

Bry2

Taking € small enough, we have
/ XwlPde < c/ XulPda + (| Xt | ) RO
Br/2 R/2
Then it follows by (3.2) and (3.9) that for any 0 < p < R/2 and ¢ > 0,

/ |Xu|pdx§2p/ |Xw|pdx+2p/ | Xu — Xw|Pdx
B By

By

Q
Sc((p) +g)/ IXwI”d:v+cRQ+2’°/ | Xu — Xw|Pdz
R Brya B

P

Q
<e((B)+e) [ xurarser s [ pxu- xopan
R BR/2 BR/2

P
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(3.9)

(3.10)

To estimate the last term in the right hand side of (3.10), we consider two cases: p > 2

and p < 2.
Assume p > 2. From (3.5) and (3.7), we have

/ | Xu — XwPdz
Bry2

< c/ <<AR/2XU,XU>Z%2AR/2XU - (AR/QXw,Xw>p2;2AR/2Xw,X(u —w))dz
Bry2

:c/ ((AR/QXU,Xu>pT_2AR/2Xu,X(u—w/\z/12)>dx
Br/2
+c/ ((AR/QXu,Xu>%2AR/2Xu,X(w/\wg—w)>dx
Bry2

_C/ <<AR/2X¢)17X¢1>1)2;2AR/2X1/J1,XU—Xw>d1:
Br/2

=1+ 1T+ 1IIL

(3.11)
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By Young’s inequality and Hélder’s inequality we conclude that
HIS{:‘/ |Xu—Xw|pdx—|—c/ | X )1 |Pdx
BR/2 BR/Z
ge/ | Xu — Xw[Pdx + cR®
Br/2
and
IIgn/ \Xu|pd:r+c/ (| XwlP + | X1bo|P)dx.
Bry2 w>ha
Choosing ¢ = w — w A 15 as the test function in (3.7), it follows
/ |Xw|pda:§c/ (AR/QXw,Xw>%dx
w>1a w22
:c/ ((AR/QXw,Xw)%;QAR/QXw,X(wAi/)g))dx
w22
p—2
o [ (A Xin, Xen) T A Xy, X(w - w A ) d
w>1pa
<cf Xl Xaldet [ 1X0PXw - Xulds
w>a w>12

< e/ |Xw|pdx+c€/ (| X1 + [ Xtp2|P)d.
Brya R/2

Hence

/ Xw|Pdz < c/ (X1 [P + | Xepo|P)dar (3.12)
w>12 Bry2
Therefore, the integral II can be estimated by
IIgn/ \Xu\pdx—i-c/ (| X1 |P + | X1o|P)d.
Bry2 Bry»
By (3.8), one gets
I:c/ ((AR/QXu,Xu>p2;2AR/2Xu,X(u—w/\wg)>dar
Bry2
<c / ((AgjaXu, Xu) "% Ay Xu — (AXu, Xu) "5 AXu, X (u—w A ))da
Bry2

+c B(z,u, Xu)(w A g — u)dz
Brya

=1 +1L5.

For every £ € R™, we have (see [27])

(A, 6)"7° A& — (ARjat, )7 Aot < c(p, M)A — Appll€P~ " (3.13)
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Using (3.13), (3.12) and noting that w A ¢y = 1) for x € supp(w — w A ¥3), we infer
I, < c/ |A — AR/2||Xu|p*1(|Xu — Xw|+ | X(w—wA)|)dx
Brj2

SE/ |Xu—Xw\pdx+c/ |X(w—w2)|”dm+cg/ |A—AR/2\ﬁ|Xu|pdx
Brya w>ha Brya

Se/ [ Xu— XwPde
Bry2

+c/ (|X1/11|p+|Xw2|p)dx+cs/ A — Apo| 77 | XulPda. (3.14)
Br/2 B

R/2

For Iy, we have by the subcritical growth (1.4) and Holder’s inequality that
Iggc/ | B(x,u, Xu)||w A g — uldz
Bry2

§c/ | Xu|w A the — u|dz
Br/2

Sc(/ |Xu|pda:> </ |u—w/\¢2|§da:> ,
Br/2 Br/2

where d = p — ¢ > 0. Since ¥1 < u < 9o and 1,10 € C’)lg”, we deduce that |u| < M for
some M > 0. In view of w = u on 0Bp/s, we have by the maximum principle that [w| < M
in Bg/,. Consequently, we conclude by Young’s inequality that

Lo<eh¥ sup (ul+ful+1al) { [ [XuPdo
Bry2

wEBR/g

Qs
<c(p,q, M,L)R > (/
B

<n / \XulPdz + c(p,q, M, L) RS. (3.15)
Br/2

q

P

|Xu|pd:c>

R/2

Combining (3.14) and (3.15) gives

Ige/ |Xu—Xw\pdx—|—77/ | Xu|Pdx
BR/2 BR/2

+ Cs/ |A = Agyo| 7T | XulPdz + c(p,q, M, L, | X b1 || poe, | Xba| oo ) RC.
Bry2

Putting the above estimates of I, IT and IIT into (3.11) and then taking ¢ = 1/4, it
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follows

/ | Xu — Xw[Pde < c/ |Arjs — Al7T | XulPdzx
Bry2 Br/2

+ 277/ | Xu|Pdz + cR®. (3.16)
Brya

We continue to estimate the first integral in the right hand side of (3.16). From Holder’s
inequality and Lemma 5 we know that there exists ¢t > p such that

c/ |Agj2 — Al71| XulPdz
Bry2

< ClBR/Q‘ (][ |AR/2 — A‘ (P*ll))ftfp) dqj)
Bry2
%
< A (t—p)/t B X td
< cllAll; gy3 |Bry2l | Xul'dz
Brya
2
<Al [ 1o AT Bel (f (xel+ xee) . @an
Br Br
Inserting (3.17) into (3.16) yields
/ \Xu_wadxgc(||A\|§f;7;/t+n)/ | Xu|Pdz + cRO. (3.18)
Br/2 ’ Br

Thus for any 0 < p < R/2, the estimate (3.6) follows by taking (3.18) into (3.10) and letting

I(Rm.e) = A+ +e.

When 1 < p < 2, using Holder’s inequality, Young’s inequality and (3.9) we have

/ | Xu — Xw|Pdx
Br/2
5 p(2—=p)

:/ (1760 = Xwl? (1Xul + Xl )" (Xul + [ Xul) T do
Bry2

(/ (| Xu| + [ Xw|)” dx)
Bry2

2—-p

2
/ | XuPdz + RC
Bry2

p—2
o (/ |Xu|pdsc—|—RQ> —i—cg/ | Xu— Xw® (| Xul* + |Xw|?) * dz.  (3.19)
Bry2 Br/a

p
2

IN

¢ / |Xu— Xwl? (| Xu| + | Xw])P*da
Bry2

p—2
¢ / |Xu— Xw|® (| Xu]?> + | Xw|?) * dz
Br/2

2

IN

IN

To estimate the last term in (3.19), we apply the inequality (3.4) and the estimates of I-III
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and (3.17) in the case p > 2. It follows that
p=2
/ | Xu — Xw|? (|Xu|2—|—|Xw|2)p2 dx
Brys
S C/ <<AR/2X’U,,XU>[)T72AR/2X’U, — <AR/2X’U}, XU}>FQ;2AR/2XU),XU — Xw>da?
Bry2
< 25/ | Xu — XwlPde + (|| A] ) + n)/ | XulPdx + cR9. (3.20)
Br/2 ’ Br
Combining (3.20) with (3.19) and choosing € small enough, we find that
/ |Xu — XwlPde < c (||A||§g;2/t 0+ a) / | XulPdz + cR?. (3.21)
Bry2 ’ Br

Now for 0 < p < R/2, the desired estimate (3.6) follows from (3.21) and (3.10).
On the other hand, it is easy to see that for R/2 < p < R,

Q
/ | XulPdx < / | XulPdr < 29 (£> / | X u|Pdx
Bp Bgr R Br

and this finishes the proof of Lemma 7. 0

Proof of Theorem 1 Let u € K(£2) be a solution to the double obstacle problem
for (1.1) with p close to 2 and let Br(x) CC Q. It follows from Lemma 7 that for any
0<p<Randn,oe>0,

Q
/ |Xu|pdx§c(<p) +19> / | XulPdz + ¢R?,
B, R Br

where ¥ = ||A||>(f;,11;)2/lt +1n+ 0 +e. Since A(z) € VMO(Q), we can choose R, 7,0, and € so

small that ¥ is small enough. By virtue of Lemma 3 we see that for any 0 < o < 1,
Q—ptpa
/ | Xu|Pdx < ¢ (ﬁ) / | Xu|Pdz + cp@—PTPe,
B, R Br

which implies Xu € LP’A(Q), A =@ — p+ pa. By Poincaré’s inequality,

loc
/ lu — u,|Pde < cpp/ | Xu|Pde < Cp@tPe,
B, B,

where C' is is independent of z, p. By Lemma 2, we have

ueCY*(N), Vo<a<l,

Acknowledgement This work is supported by the Natural Science Foundation of Shandong
Province of China (ZR2020QA017, ZR2019MA067), the Key Scientific Research Project
of the Colleges and Universities in Henan Province (22A110013) and the Key Specialized
Research and Development Breakthrough Program in Henan Province (222102310265).



102

Regularity for double obstacle problems in Carnot group

References

[1]

2]

F. BIGOLIN, Regularity results for a class of obstacle problems in Heisenberg groups,
Appl. Math., 58, 531-554 (2013).

A. BonrigLioLl, E. LANCONELLI, F. UGUZZONI, Stratified Lie groups and potential
theory for their sub-Laplacians, New York, Springer (2007).

M. BRAMANTI, L. BRANDOLINI, LP estimates for uniformly hypoelliptic operators
with discontinuous coefficients on homogeneous group, Rend. Semin. Mat. Torino,
58, 389-433 (2000).

M. BrRAMANTI, M. ZHU, L? and Schauder estimates for nonvariational operators
structured on Hormander vector fields with drift, Anal. PDE, 6, 1793-1855 (2013).

L. CAFFARELLI, The obstacle problem revisited, J. Fourier Anal. Appl., 4, 383-402
(1998).

J. CHAKER, M. KiM, Regularity estimates for fractional orthotropic p-Laplacians of
mixed order, Adv. Nonlinear Anal., 11, 1307-1331 (2022).

H. J. CHOE, A regularity theory for a general class of quasilinear elliptic partial
differential equations and obstacle problems, Arch. Ration. Mech. Anal., 114, 383~
394 (1991).

H. J. CHOE, Regularity for certain degenerate elliptic double obstacle problems, J.
Math. Anal. Appl., 169, 111-126 (1992).

H. J. CHOE, J. L. Lewis, On the obstacle problem for quasilinear elliptic equations
of p Laplacian type, SIAM J. Math. Anal., 22, 623-638 (1991).

L. D’AMBROSIO, E. MITIDIERI, Uniqueness and comparison principles for semilinear
equations and inequalities in Carnot groups, Adv. Nonlinear Anal., 7, 313-325 (2018).

D. DanNIELLI, N. GAROFALO, A. PETROSYAN, The sub-elliptic obstacle problem:
C1* regularity of the free boundary in Carnot groups of step two, Adv. Math., 211,
485-516 (2007).

A. DoMOKOS, On the regularity of subelliptic p-harmonic functions in Carnot groups,
Nonlinear Anal., 69, 1744-1756 (2008).

Y. DonNgG, P. N1u, Regularity for weak solutions to nondiagonal quasilinear degen-
erate elliptic systems, J. Funct. Anal., 270, 2383-2414 (2016).

G. Du, F. Li, Global higher integrability of solutions to subelliptic double obstacle
problems, J. Appl. Anal. Comput., 8, 1021-1032 (2018).

G. Du, F. Li, Interior regularity of obstacle problems for nonlinear subelliptic systems
with VMO coefficients, J. Inequal. Appl., 53, (2018).

G. Du, P. Niu, J. HAN, Regularity results for quasilinear degenerate elliptic obstacle
problems in Carnot groups, Rend. Semin. Mat. Univ. Padova, 141, 65-105 (2019).



G. Du, X. Wang 103

[17]

[18]

[19]

M. ELEUTERI, Regularity results for a class of obstacle problems, Appl. Math., Praha,
52, 137-170 (2007).

Y. FANG, V. D. RADULESCU, C. ZHANG, X. ZHANG, Gradient estimates for multi-
phase problems in Campanato spaces, Indiana Univ. Math. J., 71, 1079-1099 (2022).

Y. FANG, V. D. RADULEScU, C. ZHANG, Regularity of solutions to degenerate fully

nonlinear elliptic equations with variable exponent, Bulletin of the London Mathe-
matical Society, 53, 1863-1878 (2021).

A. FrRIEDMAN, Variational principles and free-boundary problems, New York, Wiley
(1982).

U. GIANAZZA, S. MARCHI, Interior regularity for solutions to some degenerate quasi-
linear obstacle problems, Nonlinear Anal., 36, 923-942 (1999).

M. GIAQUINTA, Multiple integrals in the calculus of variations and nonlinear elliptic
systems, Annals of Mathematics Studies, 105, Princeton University Press (1983).

P. Hajtasz, P. KOSKELA, Sobolev met Poincaré, Mem. Am. Math. Soc., 688, 101
(2000).

J. HEINONEN, T. KILPELAINEN, O. MARTIO, Nonlinear potential theory of degener-
ate elliptic equations, Oxford, Clarendon Press (1993).

L. HORMANDER, Hypoelliptic second order differential equations, Acta Math., 119,
147-171 (1967).

A. Kassymov, D. SURAGAN, Existence of solutions for p-sub-Laplacians with non-
linear sources on the Heisenberg group, Complex Var. Elliptic Equ., 66, 614—625
(2021).

J. KINNUNEN, S. ZHOU, A local estimate for nonlinear equations with discontinuous
coefficients, Commun. Partial Differ. Equations, 24, 2043-2068 (1999).

G. M. LIEBERMAN, Regularity of solutions to some degenerate double obstacle prob-
lems, Indiana Univ. Math. J., 40, 1009-1028 (1991).

G. Lu, Embedding theorems into Lipschitz and BMO spaces and applications to
quasilinear subelliptic differential equations, Publ. Mat. Barc., 40, 301-329 (1996).

G. Lu, Embedding theorems on Campanato-Morrey spaces for vector fields of
Hormander type, Approximation Theory Appl., 14, 69-80 (1998).

S. MARCHI, Regularity for the solutions of double obstacle problems involving non-
linear elliptic operators on the Heisenberg group, Matematiche, 56, 109-127 (2001).

J. Mu, W. P. ZIEMER, Smooth regularity of solutions of double obstacle problems

involving degenerate elliptic equations, Commun. Partial Differ. Equations, 16, 821—
843 (1991).



104 Regularity for double obstacle problems in Carnot group

[33] C. Xu, C. ZuiLy, Higher interior regularity for quasilinear subelliptic systems, Calc.
Var. Partial Differ. Equ., 5, 323-343 (1997).

[34] A. ZATORSKA-GOLDSTEIN, Very weak solutions of nonlinear subelliptic equations,
Ann. Acad. Sci. Fenn. Math., 30, 407-436 (2005).

[35] S. ZHENG, Z. FENG, Regularity of subelliptic p-harmonic systems with subcritical
growth in Carnot group, J. Differ. Equations, 258, 2471-2494 (2015).

[36] S. ZHENG, X. ZHENG, Z. FENG, Regularity for a class of degenerate elliptic equations
with discontinuous coefficients under natural growth, J. Math. Anal. Appl., 346, 359—
373 (2008).

Received: 26.05.2022
Revised: 09.04.2023
Accepted: 10.08.2023

() School of Mathematical Sciences, Qufu Normal University,
Qufu, 273165, P. R. China
E-mail: guangwei87@mail.nwpu.edu.cn

) School of Mathematics and Statistics, Huanghuai University,
Zhumadian, 463000, P. R. China

E-mail: shingw@sina.com



