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Abstract
Let K be a finite field, K(x) be the quotient field of the ring of polynomials in z
with coefficients in K and K be the field of formal power series over K. In this paper,
we treat polynomials whose coefficients belong to a field extension of degree m over
K (z). We show that the values of these polynomials at certain U;-numbers in the field
K are U,,— numbers in K.
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1 Introduction

1.1 The field of formal power series over a finite field

Let K be a finite field with ¢ elements. We denote the ring of all polynomials over K by
Kz], the quotient field of K[z] by K(z) and the degree of a non-zero polynomial a(x) in
K|[z] by deg(a). A non-Archimedean absolute value | - | is defined on K (z) by

a(x)

b(x)
where a(z) and b(x) are non-zero polynomials in K[z]. The completion of K (x) with respect
to | - | is called the field of formal power series over K and is denoted by K. The absolute
value | -| is uniquely extended from K (z) to K and denoted by the same notation |- |. Every
non-zero element £ of K can be written uniquely as

o
5 = Z anx*’ﬂ7
n=r

where a, € K forn = r;r +1,... with a, # 0 and r is the rational integer such that
|€] = ¢~ ". The elements of K are called formal power series.

Let P(y) = ap+a1y+---+a,y™ be a non-zero polynomial with coefficients in K[z]. The
height H(P) of P(y) is defined as H(P) = max{|aog|, |a1], ..., |an|} and the degree of P(y)
with respect to y is denoted by deg(P). An element £ of K is called an algebraic formal
power series if it is algebraic over K (z) and ¢ is called a transcendental formal power series
otherwise. Let o be an algebraic formal power series and P(y) be its minimal polynomial
over K[z]. Then the height H(«) and the degree deg(c) of o are defined by H(P) and
deg(P), respectively. Moreover, the roots of P(y) are called the conjugates of o over K(x).
Throughout, by algebraic formal power series, we mean algebraic formal power series in K.

|O| =0 and _ deg(a)—deg(b)

)
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1.2 Mabhler’s classification in K

In 1932, Mahler [10] gave a classification of complex numbers and separated transcendental
complex numbers into three disjoint classes called S—, T— and U—numbers. (See Bugeaud
[2] for detailed information about Mahler’s classification of complex numbers.) In 1978,
Bundschuh [3] introduced a classification similar to Mahler’s classification and separated
transcendental formal power series into three disjoint classes as follows.

Let £ be a transcendental formal power series and let n and H be any positive rational
integers. Set

wn (H,€§) = min {|P(€)| : P(y) € K[2][y]\{0}, deg(P) < n,H(P) < H},

wn(i)—hénjgop g w(é“)—hgsogp —

Bundschuh [3] proved that
wn(H, &) < H™"q" max{1, [¢[}".

This gives us w,(§) > n for n = 1,2, ... and therefore w(§) > 1. If w,(§) is infinite for some
integers n, then denote by (&) the smallest such integer. If w,,(£) is finite for n = 1,2,.. .,
put v(§) = oo. Then & is called

e an S—number if 1 < w() < oo and v(§) = oo,
e a T—number if w(§) = co and v(£) = oo,
e a U—number if w(§) = oo and v(§) < oco.

Moreover, ¢ is called a U, —number if v(£) = m.

In 1980, in the field of formal power series K, the first explicit examples of U,, —numbers
were constructed by Oryan [14]. Recently, [4], [6], [7] and [8] contributed to constructing
explicit examples of U—numbers in K. Observe the field K is not algebraically closed.

1.3 Continued fractions in K

As in the classical continued fraction theory of real numbers, any formal power series can
be represented as a continued fraction. A formal power series § is in K(z) if and only if
its continued fraction expansion is finite. Let & be a formal power series in K\ K (z), then
there is a unique representation of ¢ as follows.

— [bo, by, ba, .. ] =g+ —————
§ = [bo, b1, b2, .. ] 0 bl+21¢

where by, b; € K[z] with |b;| > 1fori=1,2,....
Define P11 = 17 Po = b07 qg—1 = Oa qo = 1 and

DPn = buPn—1 + Pn_2, Gn = bnQn_1+ qn—2 (TL =1,2,.. )
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By induction on n, it is easily seen that

n 1
Pr e lbo, by bg) = b4 ————
In by + p—=—

oy
+h71,

Moreover, by induction on n, we have the following properties:
ﬁpn +pn71

1) =———— =[by, b1,...,by, n=0,1,2,...), where g € K\{0},

()Bqn+qn—1 [bo, by Al ( ) B e K\{0}
2) Pnldn—-1 — Pn—-19n = (_l)n_l (n2071727~'~)7
) lan] > lgn-11 (n=0,1,2,...),
) lgn] = |b1b2 - bn| (n=1,2,...),
)
) (€

5 |pn| = |bob1b2 bnl = |b0||qn| (77,2071,2,...),

(
(3
(4
(
(6

—| = < n=12,...).
Can| Ibasallgnl® T lgnl? (

It follows from the properties (3) and (6) that lim,, oo Pn/qn = §. Therefore, p,, /g, (n =
0,1,2,...) are called the convergents of the continued fraction expansion of £. The reader is
directed to [5], [12] and [15] for detailed information, proofs and further results on continued
fractions in K.

1.4 Construction of our main results

In 1979, Almagik [1, Chapter I, Theorem I, Theorem III] gave a method to construct explicit
examples of complex U,,—numbers. In the present paper, in Theorem 1 and Theorem 2,
we establish the following analogues of Theorem I and Theorem III of Almagik [1, Chapter
I] over K, respectively.

Theorem 1. Let ag,a1,...,a, (k> 1,0 # 0) be algebraic formal power series and m be
the degree of the field extension K(x)(ao,...,ar) over K(x). Let & be a Uy—number with
convergents p,/qn (n =0,1,2,...). Forn >0, let w, be defined by the condition

| | Wn
n
n

-
q

If iminf,, o wy > km(m — D)[(km + 1)(m — 1) + 2] + m + 1, then ag + a1€ + - + a&F
is a U,,—number.

Theorem 2. Let ag,a1,...,a(k > 1,ar # 0) be algebraic formal power series and m
be the degree of the field extension K(z)(ao,...,ar) over K(x). Let & be in K\K(z) and
{pn/an},—y be a sequence in K(x) with p,,q, € K [x] and |q,| > 1 such that the following
conditions

1
1. limsup 08 [qn+1] |11 =
n—oo  10g ‘Qn|

2. limsup 7g 9011 |_1

n—oo log’é- DPn

dn

< o0
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are satisfied. Then there exist a subsequence {pn;/qn,} such that im; .o pn,/qn, = & and
& is a Uy—number. Further, ag + a1§+ - + akfk is a U,,—number.

We recommend the reader to see LeVeque [9] and compare it with Theorem 1. In the
next section, we cite some results we need to prove Theorem 1 and Theorem 2. We prove
Theorem 1 in Section 3 and Theorem 2 in Section 4.

2 Auxiliary Results

Lemma 1 (Miiller [11], page 291). Let « be an algebraic formal power series and P(y) be
a non-zero polynomial in y with coefficients in K[x]. If P(a)) # 0, then

|P(a)] = H(P)! =€) H (a)~ 4,

Lemma 2 (Ooto [13], Lemma 3.2). Let o, 3 be in K and P(y) = ap + a1y + -+ + apy” €
K[y] (o, # 0) be a non-constant polynomial. Let C > 0 be a real number such that |o— ] <
C. Then
[P(a) = P(8)] < max {C.lo]}" o~ 8] max {|oil}.
Theorem 3 (Can and Kekeg [4], Theorem 1.2). Let L be a finite extension of degree m
over K(z) and aq,qs,...,ar be in L. Let n be an algebraic formal power series. Assume
that F(n,a1,...,a,) =0, where F(y,y1,...,Yk) is a polynomial in y,y1,...,yr over K|x]
with degree at least 1 in y. Then
deg(n) < dm

and
H(n) < H™H(ay)""™ - H(ay)'*™,

where d is the degree of F(y,y1,-..,Yx) iny, l; is the degree of F(y,y1,...,yx) iny; (j =
1,...,k) and H is the mazimum of the absolute values of the coefficients of F(y,y1,.-.,Yk)-

Lemma 3 (Kekeg [8], Lemma 2.1). Let ap,...,ax (k > 1,ar # 0) be algebraic formal
power series. Then for 0 € K(x) the algebraic formal power series ag + 10+ - - - + ad” is
a primitive element of K(x)(ao,...,ax) over K(z) except for only finitely many 0 € K(x).

3 Proof of Theorem 1

We prove Theorem 1 by adapting the method of the proof of Almagik [1, Chapter I, Theorem
I] to the field K.
By the assumption of the theorem,

lf_zn =g, <1 (n=0.1,...). (3.1)
We apply Lemma 2 with
P(y)=C(y):=ap+ary+ - +ay® €Ky, a=¢, B:@ (n=0,1,...)

qn
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and get
¢ P

n

‘C(E) e (p> <o | (3.2)

an

where ¢; = max;—1,_ {1, |¢|} " max;—1 _ x{|as|}. Since lim,, o0 pr/gn = &, there exists a
positive integer ng such that for all n > ng

Pn

< 2l¢l. (3.3)

n

Let P,(y) be the minimal polynomial of C(p,/qn) over K[z] for n > ng. By Lemma 3,
there exists a positive integer ny with n; > ng such that deg(C(pn/gqn)) = deg(P,) = m
holds for all n > ny. It follows from (3.1) and (3.2) that

w-c ) ==

qn

We apply Lemma 2 with

and get

co-c(2)ar) wxm. Gy

where co = maxi—1,. . m{c1,|C(€)|}~!. Note that P,(C(pn/qn)) = 0. Using (3.2) in (3.4),
[Po(CE)] < esH(Po)lgal ™" (n2m), (3-5)

where ¢3 = coc;. We will give an upper bound for H(FP,). Put

Y = C (”’L) (n > n1).

dn

Then the polynomial
F(Y,50: Y15+, Yk) = GnY — dn¥o — Py Y1 — - — Dali
is zero for y =7, and y; = «; (1 = 0,..., k). From (3.3),
H < |gn|* max{1, (2[¢))"}, (3.6)

where H is the maximum of the absolute values of the coefficients of F(y,yo,y1,-.-,Yk)-
We apply Theorem 3 with n = ~,,,d = 1,[; = 1(i =0,...,k) and F(y,y0,v1,--.,Yx) and
get

H(vn,) < H"H(ag)™H(ap)™ -+« H(og)™.

Using (3.6) and the fact that H(y,) = H(FP,) in the inequality above, we obtain

H(P,) < calgnl®™™ (0= m), (3.7)
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where ¢y = (max{1, (2[¢))*} H(ap)--- H(a))™. Since lim, o0 |gn| = 00, there exists a
positive integer no with no > ny such that

H(P,) < |gn|*™* (3.8)

holds for all n > ny. Combining (3.5) and (3.8),
c3

0 <[P(C(8))] < W

(n > no). (3.9)

Note that P,(C(&)) # 0 as £ is transcendental over K (z). Since limsup,,_, . w, = 00, we
have a subsequence {wy,, }52, such that lim; o wy,, = co. We infer from (3.9) that

0 < | P, (C(&))| < e3H(Py,) " (3.10)

for sufficiently large j, where

Wn,

n, = -1, lim 6,,, = oo.
T km+1 j—oo

The sequence { H (P, )} is not bounded from above and so it has a subsequence { H (P, ) }72,
such that

L< H(Py, ) < H(Py,,) < H(P,

UFEY

)<, lim H(P,, )= oc.

t—o0

Since deg(P,,;) = m, (3.10) implies that C'(§) is a U-—number with
v(C(&)) <m. (3.11)

Now we wish to show that v(C(£)) > m to complete the proof. If m = 1, then v(C(§)) =
m. Let m > 1 and P(y) be a polynomial over K[x] with 1 < deg(P) < m — 1 and with
sufficiently large height H(P). Similar to (3.4), we apply Lemma 2 with P(y) and get

[P(C(§)) = P(m)| < 2|C(§) = m|H(P) (= n2). (3.12)
Using (3.1) and (3.2) in (3.12),
[P(CE)] = [P(v)| = eslgn| ™ H(P)  (n = ny). (3.13)

Since deg(yn) = m (n > ng) and deg(P) < m, it follows that P(v,) # 0(n > ng). Hence we
apply Lemma 1 with & =, (n > n2) and get

P(ya)| > H(P)' "™ H(3,)' ™ (n > ny), (3.14)

Using (3.7) and the fact that H(P,) = H(v,) in (3.14),

C5

‘P(’Yn)| Z H(P)m_1|qn|km(m_l) (Tl Z n2)7
where ¢5 = ¢;~™. Combining this with (3.13),
Cs CgH(P)

[P(C(&)] = —  (n=ny). (3.15)

HPY™ a0~ a,
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—Wn

It follows from |£ — pn/qn| = |q,,] and the properties of continued fractions in K that

|qn|wn = ‘QTL+1||Qn‘- (316)

By the assumption of the theorem, there exists a positive integer ng with n3 > ns such that
wp > km(m—1)[(km+1)(m—-1)+2]+m+1 (n>n3). (3.17)

Let v be the unique positive integer satisfying |q,| < H(P) < |gy+1]- It follows from (3.16)
and (3.17) that

60| < 1o |TFFTTTE (v 2 ).

If |q| < H(P) < |quyq|"/[Fm+D0m=1+2] holds, then we take n = v in (3.15), (3.16) and get

Cs C3
‘P(C(f)” Z H(P)(km"'l)(m_l) - H(P)(km+1)(m—1)+1'

Since H(P) is sufficiently large, we have H(P) > 2c3/cs. This implies together with the

inequality above that
Cs

)| =z 2H(P)(km+l)(m—l) ’
If |qyiq |/ [FmFDMm=D+2] < [(P) < |gys1] holds, then we take n = v + 1 in (3.15) and get

Cs C3
|P(C(€))| = H(P)km(m—l)[(km+1)(m—1)+2]+m—l o H(P)wv+1—1'

[P(C(¢) (3.18)

Using (3.17) and H(P) > 2c3/cs in the inequality above, we obtain

Cs
|P(C<£))| = 2H(P)km(mf1)[(km+1)(m71)+2]+m71 ’

(3.19)

We infer from (3.18) and (3.19) that

C5
| = QH(P)km(m—1)[(km+1)(m_1)+g]+m_1

[P(C(£))

holds for all polynomials P(y) € Klz][y] with 1 < deg(P) < m — 1 and with sufficiently
large height H(P). This gives us
AC(E) > m. (3.20)

We deduce from (3.11) and (3.20) that v(C(§)) = m. Thus, C(§) is a Uy, —number in K.

4 Proof of Theorem 2

We prove Theorem 2 by adapting the method of the proof of Almagik [1, Chapter I, Theorem
ITI] to the field K.

From the conditions of the theorem, since there exist a subsequence {log |gy,+1|/10g [gn, |}
such that lim; o 10g |gn, +1]/10g[gn;| = 0o, we have

lim |g,.| = oo, lim —————— = . 4.1
Jim g, | A log I, (4.1)
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This implies that lim; o pn, /qn; = £ and ¢ is a U;—number in K.
To prove the last assertion of the theorem, we put C(y) = ag + a1y + - - - + apy® and
will first show that v(C(£)) < m. Set

Pn; —wn,
e B =
From (4.1), we have
lim w,; = oo. (4.2)
Jj—o0
Put
Yn; i=C (Z"j) e K.

Let P, (y) be the minimal polynomial of 7,,; over K[z]. By Lemma 3, deg(vy,) = deg(P,;) =
m holds for sufficiently large j. We apply Lemma 2 with

P(y)=C(y) €K[y], a=¢, Bz% (G=0,1,...).

Using the steps between (3.2) and (3.9) in the proof of Theorem 1, we get

0 < |P,(CE)| € ——  (j =N, (4.3)

Wn

H(Pnj)m_l

where V7 is a positive rational integer and cg is a real constant. As in the proof of Theorem
1, we infer from (4.2) and (4.3) that C'(§) is a U—number with

v(C(E)) < m. (4.4)

Now we wish to show that v(C(£)) > m. If m = 1, then v(C(§)) = m. Assume that
m > 1. As in the steps between (3.2) and (3.7) in the proof of Theorem 1, there exist
positive real constants c; and cg such that

co-c(2)|sal-2 G2 (45)
and
H(P,,) < cslgn,|"™  (j = Na), (4.6)

where Ny is a positive integer with Ny > Nj. Let P(y) be a polynomial over K[z] with
1 < deg(P) < m—1 and with sufficiently large height H(P). As in (3.12), we apply Lemma
2 and get

[P(C(€)) = P, < colC(E) =, [H(P)  (j = Na).

Using (4.5) in the inequality above,

Pn;

[P(CE)| = |P(n;)] = c10

é’,

H(P) (j = N2, (4.7)

nj
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where c19 = cycg. Put

1
A = limsup M—Fl'_l.

n—oo _ Pn
log ¢ — 2

From the second condition of the theorem, A is a non-negative real number. There exists a
positive integer ¢ such that t > A. Then

log [qn, +1] .
——T <t (j > Ns),
P
log ‘f = Gy

where N3 is a positive integer with N3 > N5. So we have

pn]‘ 1 .
’g_ | < T a7t (j = N3). (4.8)
Combining (4.7) and (4.8),
cioH (P )
PO > POw)| - 2250 (> M) (4.9

Since deg(vn,) = m (j > N3) and deg(P) < m, it follows that P(v,,) # 0(j > N3). Hence
we apply Lemma 1 and get

|P(yn,)l = H(P)' " H (P, )t ™™ (j = Na). (4.10)
Combining (4.6), (4.9) and (4.10),

I > C11 _ CloH(P)
= H(P)m—1|qnj|k:m(m—1) |Qn]'+1‘1/t

[P(C(£)) (j = N3), (4.11)

where ¢1; = cé_m. Since lim;_, % = 00, there exists a positive integer Ny with
N4 > N3 such that ’
log |Qn_7+1‘ (4 12)
log |qn_7 ‘ .

holds for j > Ny, where p = km(m — 1)[(km + 1)(m — 1) + 2]t + (m + 1)t. Let v be the
unique positive integer satisfying

|Qnu < H(P) < |an+1"
If |gn,| < H(P) < |gn, +1|/HEm+Dm=1+2] holds, then we take n; = n, in (4.11) and get

IPCO) 2 gprmtrrmT

(4.13)

If |gp, 41 |2/ HEMAD=D+2) < [1(P) < |g,,, 11| holds, we take nj = n, + 1 in (4.11) and get

C11 CloH(P)
|[P(C(E))] > H(PyFmlm—Dim A D (m— D+ m—1  |g 11/t

(4.14)
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Now we take nj = n, + 1 in (4.12) and get

|Qn,,+2|1/t > |qn“+1|km(mf1)t[(km+1)(m71)+2]+m+1'

Using the inequality H(P) < |gn,+1| in the inequality above, we obtain

|an+2|1/t > H(P)km(m—1)t[(km+1)(m—1)+2]+m+1. (4.15)

Combining (4.14) and (4.15),

C11
\P(C’(é‘))| > QH(P)km(mfl)t[(km+1)(m71)+2]+m71' (4.16)

We infer from (4.13) and (4.16) that

C11
|P(C(f))‘ > 2H(P)km(m—1)t[(km+1)(m71)+2]+m*1

holds for all polynomials P(y) € Klz][y] with 1 < deg(P) < m — 1 and with sufficiently
large height H(P). This gives us
Y(C(©) > m. (4.17)

We deduce from (4.4) and (4.17) that v(C(§)) = m. Thus, C(§) is a U,,—number in K.
We give the following example to illustrate Theorem 2.

Example 1. In Theorem 2, let us take

n

o0
&= fo‘g“, Dp = 3" ing% and qn=2" (n=0,1,...).
i=0 i=0

Then, by Theorem 2, & is a Up—number and 1+ & + -+ ¥ + =/xek is a U, —number,
where m is any positive rational integer, 1 denotes the identity element of K and <z is
defined as a root of the polynomial y™ — x.

Acknowledgement This work is part of the first author’s PhD thesis Transcendental Num-
bers in Fields of Formal Power Series under supervision of the second author in the Institute
of Graduate Studies in Sciences of Istanbul University. The authors would like to thank the
referee for the valuable suggestions.

References

[1] K. ALNIAGIK, On the subclasses Uy, in Mahler’s classification of the transcendental
numbers, Istanbul Univ. Fen Fak. Mecm. Ser. A, 44, 39-82 (1979).

[2] Y. BUGEAUD, Approzimation by algebraic numbers, Cambridge Tracts in Mathemat-
ics, Cambridge University Press, Cambridge (2004).

[3] P. BUuNDsCHUH, Transzendenzmasse in Korpern formaler Laurentreihen, J. Reine
Angew. Math., 299-300, 411-432 (1978).



B. Can, G. Kekeg 89

[4] B. CaN, G. KEKEG, On transcendental continued fractions in fields of formal power
series over finite fields, Bull. Aust. Math. Soc., 105, 392-403 (2022).

[5] T. CHAICHANA, V. LAOHAKOSOL, A. HARNCHOOWONG, Linear independence of
continued fractions in the field of formal series over a finite field, Thai J. Math., 4,
163-177 (2006).

[6] G. KEKEQ, U-numbers in fields of formal power series over finite fields, Bull. Aust.
Math. Soc., 101, 218-225 (2020).

[7] G. KEKEG, On transcendental formal power series over finite fields, Bull. Math. Soc.
Sci. Math. Roumanie, 63 (111) (4), 349-357 (2020).

[8] G. KEKEg, On Mahler’s classification of formal power series over a finite field, Math.
Slovaca, 72, 265-273 (2022).

[9] W. J. LEVEQUE, On Mahler’s U-numbers, J. London Math. Soc., 28, 220-229 (1953).

[10] K. MAHLER, Zur Approximation der Exponentialfunktion und des Logarithmus I, 11,
J. Reine Angew. Math., 166, 118-150 (1932).

[11] R. MULLER, Algebraische Unabhéngigkeit der Werte gewisser Liickenreihen in nicht-
archimedisch bewerteten Korpern, Results Math., 24, 288-297 (1993).

[12] T. OoTo, Quadratic approximation in F,((T')), Osaka J. Math., 54, 129-156
(2017).

[13] T. OoTO, On Diophantine exponents for Laurent series over a finite field, J. Number
Theory, 185, 349-378 (2018).

[14] M. H. ORYAN, Uber die Unterklassen Uy, der Mahlerschen Klasseneinteilung der
transzendenten formalen Laurentreihen, Istanbul Univ. Fen Fak. Mecm. Ser. A, 45,
43-63 (1980).

[15] W. M. ScHMIDT, On continued fractions and Diophantine approximation in power
series fields, Acta Arith., 95, 139-166 (2000).

Received: 05.05.2022
Revised: 08.10.2022
Accepted: 17.10.2022

M Istanbul University, Institute of Graduate Studies in Sciences,

Esnaf Hospital Building 4th floor, Siilleymaniye, Istanbul, Turkey

and

Dogus University, Faculty of Engineering, Department of Computer Engineering,
Esenkent District, Nato Yolu Street, No: 265, 34775, Umraniye, Istanbul, Turkey

E-mail: busra.can.2018Qogr.iu.edu.tr, bcan@dogus.edu.tr

(2) Istanbul University, Faculty of Science, Department of Mathematics, 34134,
Vezneciler, Istanbul, Turkey
E-mail: gulkekec@istanbul.edu.tr



