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Abstract

Let G(A™A...,272 1™ 0"9) be the set of simple graphs with the degree sequence
deg(A™A,...,2"2,1™ 0™°), and G*(A"A,...,2"2,1™) the set of connected graphs
with the degree sequence deg(A™2, ...,2"2 1"1). In this paper, we first give the
numbers of spanning tree of a bicyclic graph as well as a tricyclic graph, and then
show that some degree sequences of graphs in G(2"2,1™1,0™°) (resp. G*(3"2,2"2,1™1),
G*(4™4,2™2 1™ ) and G*(4™4,3"™3,2™2 1™1)) are determined by Laplacian spectra (write
as DLS for short) of the corresponding graphs. Moreover, for the non-DLS degree se-
quences we present some L-cospectral mates to indicate that their L-cospectral degree
sequences do exist. By the way, all of these extend the previous results about Lapla-
cian spectral determinations of some degree sequences in [23]. Besides, we revise the
references of Theorems 6 and 7 in [23].
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1 Introduction

Throughout this paper, all graphs considered are undirected, finite and simple. Let G be
a graph with vertex set V(G) = {v1,vq,...,v,} and edge set E(G) = {e1,ea,...,em},
where |[V(G)| = n and |E(G)| = m. If § # E'(G) C E(G), then we say that G[E'(G)]
is an edge-induced subgraph of G. Often, we denote by dg(v;) and Ng(v;) the degree
and the neighbor set of a vertex v; in G, respectively. Let A(G) be the adjacency ma-
triz, and D(G) the diagonal degree matriz of G. The Laplacian matriz and the signless
Laplacian matriz of G are defined as L(G) = D(G) — A(G) and Q(G) = D(G) + A(G),
respectively. The L-spectrum of G, denoted by Specy,(G), is a multiset consisting of the
L-eigenvalues together with their multiplicities. Conventionally, the Laplacian eigenval-
ues and the signless Laplacian eigenvalues of graph G are ordered respectively in non-
increased sequence as follows: p1(G) > uz(G) > -+ > pn-1(G) > pp(G) = 0 and
71(G) > @2(G) > -+ > gn-1(G) > ¢u(G) = 0.

A sequence d = (A" ... k™ ... 1™,0™) is graphic [1] if there is a simple graph with
the degree sequence d. We denote by deg(G) = (A™2, ... k™, ..., 1™ 0™) the degree se-
quence of G, where ng+ni+...+na = n and k™ means that G has ny vertices with degree k.
Besides, we also express the degree sequence of G in non-increasing order of nonnegative in-
tegers, i.e., di1(G) > da(GQ) > -+ > dn(G), where dg(v;) = d;(G) for i € {1,2,...,n}. For a
given graphic sequence (A™ ... k™ ... 1M 0"0) let G(A™ ..., 2"2 1™ (") be the set
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of simple graphs with the degree sequence deg(A™4, ..., 2"2 1™ (") and G*(A™2 ..., 2"2
1™1) the set of connected graphs with the degree sequence deg(A™a ... 22 1"1). In ad-
dition, if there is no risk of confusion, we simplify dg(v;), d;(G), Ng(v;), p:(G) and ¢;(G)
as d(v;), di, N(v;), p; and ¢;, respectively.

As usual, Ky 1, Pp, Cp, and K,, always denote the star, path, cycle and complete graph
with n vertices, respectively. A connected graph G with n vertices and n + ¢ — 1 edges is
called a c-cyclic graph. Such a c is called cyclomatic number of G and denoted by ¢(G). A
p-rose graph is a graph with p (> 2) cycles that all cycles meet in one vertex. Let R(s,t)
stand for the 2-rose graph ( called co-graph also) with Cs and C; where n = s+t — 1.

Two graphs are called to be L-cospectral if they have the same Laplacian spectrum.
Especially, if H 2 G, in this case H is said to be a L-cospectral mate of G. A graph G
is called to be determined by its (signless) Laplacian spectrum, simplified as (resp. DQS)
DLS if there does not exist other non-isomorphic graph H such that H and G are (resp.
Q-) L-cospectral. Similarly, a degree sequence of a graph G is determined by the (signless)
Laplacian spectrum if any graph H is (resp. @-) L-cospectral with G such that they have
the same degree sequence.

Which graphs are determined by their spectra seems to be a difficult problem in the
theory of graph spectra. In particular, the Laplacian spectral determination of graphs is an
important branch and it had drawn more and more attention. In 2003, van Dam et al.[5]
reconsidered this question and showed that some graphs such as C,, and P,, are DLS. Up
to now, many graphs have been proved to be determined by their L-spectra. Wen et al.[22]
proved that the wind-wheel graphs are DLS as well as D@S, and then, Liu et al.[14] gave
a Laplacian spectral characterization of the butterfly-like graphs. In addition, we refer the
readers to [10, 13, 15] and the references therein.

As we all know, in order to prove that a given graph G is DLS, we first need to char-
acterize the degree sequence of any graph H that is L-cospectral G, and then prove that
G and H are isomorphic. Thus, considering the Laplacian spectral determinations of the
graphic degree sequences is an interesting problem for the Laplacian spectral characteriza-
tion of a graph. In 2007, Zhang et al.[24] considered the degree sequence determined by
Q-spectrum, and obtained the spectral certainty of degree sequence with some restrictions.
After then, Liu et al. in [17] proved that except for two exceptions, the degree sequence
of a connected graph G with d2(G) = 2 is determined by Laplacian spectra of G. Wen
et al. in [23] investigated the Laplacian spectral determinations of the degree sequences of
G*(3ms,2m2 1) and G*(4™4,2"2,1™), and independently of Liu et al. [17] proved that any
graph G € G*(A',2"2 1™1) (A > 3), whose degree sequence is determined by Laplacian
spectrum except that G is a bicyclic graph with A = 4.

Motivated above, in this paper, we focus to consider which degree sequences are deter-
mined by the Laplacian spectra of the corresponding graphs. Firstly, we give the numbers
of spanning tree of a bicyclic graph and a tricyclic graph, respectively. Next, we show that
some degree sequences of graphs in G(2"2,1"t,0™0) (resp. G*(3™3, 2"2 1™), G*(4"4 272 1™1)
and G*(4™,3"3 22 1™1)) are determined by Laplacian spectra of the corresponding graphs.
Moreover, for the non-DLS degree sequences we present some L-cospectral mates to indicate
that their L-cospectral degree sequences do exist. By the way, all of the above extend the
previous results about Laplacian spectral determinations of some degree sequences in [23].
Besides, we revise the references of Theorems 6 and 7, which were recalled as preparative
knowledge in [23].
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2 Preliminaries

Lemma 1 ([5], Lemma 4; [18], Theorem 3.1). From the Laplacian matriz of a graph, one
can obtain the following cospectral invariants by its Laplacian spectrum.

(i) the number of vertices;
(i) the number of edges;
(iii) the number of spanning trees;
(iv) the number of components;
(v) the sum of the squares of degrees of vertices.

Lemma 2 ([3], Corollary 4.3; [13], Lemma 5.1). Let G be a graph with n vertices, m edges,
and t triangles. Then

> o ud Zid?+3zﬂ:df—6t, iqf=id§+3id§+6t.
i=1 =1 =1 =1 =1

i=1

Based on Lemma 1 and the first equation of Lemma 2, Liu and Huang in [12] gave a
Laplacian cospectral invariant

n

e(G)=6t— Y (di —2)°.

=1

Lemma 3 ([12], Lemma 3.3). Let G and H be two graphs with deg(G) = (d1,da,...,dy,),
deg(H) = (dy,d5,...,d)), and triangles t and t', respectively. If G and H are L-cospectral,
then e(G) = e(H).

Lemma 4 ([3], Proposition 2.1, Theorem 4.7; [8], Corollary 2). If G is a connected graph
with n vertices and at least one edge, then

di +1 <1 (G) <q1(G) <dy + da

where the first equality holds if and only if di = n — 1, the second equality holds if and only
if G is bipartite, and the third equality holds if and only if G is regular or G =2 K1 ,,_1.

Lemma 5 ([19], Lemma 5.5). Let G be a c-cyclic graph. If ¢ € {3,4}, then t(G) < c+1,
where t(G) is the number of triangles in G.

Lemma 6 ([8], Corollary 2). Let G be a graph containing at least one edge. Then ui(G) >
d1(G) + 1, the equality holds if and only if d1(G) =n — 1.

For convenience, we denote by H1 = {F, Co41|l > 1} and Ho = {K13, K13+ ¢, K4 —
€, K4, Cgk(k‘ Z 2)}

Lemma 7 ([21], Corollary 2.3). Let G be a graph of order n. Then

(a) pu1(GQ) < 4 if and only if G is disjoint union of graphs in Hy; and
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(b) w1 (G) = 4 if and only if G is disjoint union of graphs in Hy U Ha with at least one
component in Ho.

Lemma 8 (See [5], Propositions 1 and 5; [15], Lemma 2.5). For any n > 3, Cy,, P, and
Ky pn—1 are DLS.

Lemma 9. Let G be a connected graph with deg(G) = (42,2"2,1™). Then t(G) < 3, and
the equality holds if only and if G € {G1, G2}, where t(G) is the number of triangles in G.

Proof. Let G be a graph of G*(4%,2"2 1™). To attain the maximum number of triangles
of G, we first assume that there are three vertices, vy, vo and vz (say) forming a triangle
v1v903 in G. Since G has no degree-3 vertex and A(G) = 4, there must be two vertices vy
and vs (say), incident with one vertex of the triangle vqvovs. Without loss of generality, we
suppose that vs is the vertex associated with v4 and vs.

Case 1. vy ~ vs.

One can see that both v, and vs are non-adjacent to any vertex of v; and vy due to
nz = 0. Noticing that ny = 2, so we claim that one of the vertices vy, vs, v4 and vs
must be the another degree-4 vertex since if not, there exists a degree-4 vertex on another
branch of G, which is linked by a path as G is a connected graph, and so, it will always
produce a degree-3 vertex in GG, a contradiction. Therefore, we may suppose that v, is just
the degree-4 vertex, and vg and vy are the other two adjacent vertices. To maximize the
number of triangles in G, vg and v7 should be adjacent and they have no other neighbors
in G. Hence G = G; (see Fig. 1), and here t(G) = 3.

Case 2. vy o vs.

If N(vg) N{v1,va} =0 and N(vs) N{v1,v2} = 0, there is just one vertices of vy, vo, vy
and vs appends at most one triangle since G has no degree-3 vertices, and so, t(G) < 2;
if N(vg) N{v1,v2} # 0 and N(vs) N {v1,v2} = O (say), then we claim that vy is possibly
adjacent to one of the vertices v; and v, since if not, G must be contained a vertex with
degree 3, which leads to a contradiction, and thus ¢(G) = 2; otherwise, v4 and vs should be
adjacent to the vertex in {vy,v2}. We notice that deg(G) = (42,2"2,1™), hence, v4 and vs
are only adjacent to one of v; and vq, simultaneously. Thus, G = G5 (see Fig. 1), and here
t(G) = 3.

Therefore, we have t(G) < 3 for any G € G*(42,2"2,1™), and ¢(G) = 3 if only and if
G e {Gl, GQ} 0

Figure 1: Graphs G; and G2

Corollary 1. Let G € G*(42,2"2,1™) and ny > 0. If t(G) = 3, then G is isomorphic to
either Gy or Ga; if t(G) = 2, then G is one of B(4%,2"2,1™) shown in Fig. 2.



R. Wang, F. Wen, M. Yuan 53

G e

IAI’f\G

I : f \ : :

G()‘ G7

G-

Figure 2: Graphs in B(42,272,171)

Lemma 10. Let G be a bicyclic graph, and 7(G) the number of spanning trees of G. Let Iy
and ly denote the lengths of the first two shortest cycles of G (not necessary strictly ordered
from first shortest length to second shortest length), if the two cycles share s common vertices

in G, where 0 < s < LMJ +1. Then

lila, if s =0;
T(G) = 2 . min{l,l2}
hily —s*+2s—1, ifl1<s<[—52]+ 1.

Proof. Let C7 and Cs be the first two shortest cycles in G, and let [; and I, denote the
lengths of Cy and Cy, respectively. Then one can obtain 7(G) by the well-known Breaking
circle. Since G is a bicyclic graph, we only need to delete one edge on each cycle of G. So
we discuss each case as follows.

If s = 0, then barbell graph is the base graph of G. So we have [l ways to yield G to
be a tree, and thus 7(G) = l1ls.

Otherwise, C; and C5 have s common vertices, and yield s — 1 common edges in G.
Clearly, there are l1ls ways to break C; and C5. Note that if two edges delete in those s — 1
common edges, then the remainder always contains one cycle, and so, there are (s — 1)?
ways in this case. Therefore,

7(G) =lily — (s = 1)? = l1ly — s + 25 — 1.

A tricyclic graph is said to be a tricyclic base graph if it contains no pendant vertices.
From reference [9] we know that there are exactly 15 types of tricyclic base graphs. Based
on these we re-divide into 17 types of such base graphs, and present the numbers of spanning
trees of tricyclic graphs below.
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Figure 3: Graphs Go1 — G17
Lemma 11. Let G be a tricyclic graph. Suppose that C;(i = 1,2,3) are the first three
shortest cycles of G, and let l; denote the length of each cycle C; in G (not necessary

strictly ordered from first shortest length to third shortest length). If Cy and Cs share s1
common vertices, Co and C3 share so common vertices, and Cy and Co share s3 common

vertices in G. Then
(1) If s1 <1 and sy <1 and s3 <1, then 7(G) = l1lsl3;

(2) If 2<s5 < L%J +1 and s2 <1 and s3 < 1, then 7(G) = lilalz — la(s1 — 1)?;
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3) If 2< s < L%J+1 and 2 < s9 < L%Jle and s3 < 1, then 7(G) =
lllglg — 128% + 2[281 — llsg + 2[182 — ll - l2,’

(4) Otherwise, let E13, FEa3 and Ei2 denote the shared edge sets of Cy1 and Cs, Co and
Cs, and C1 and Csq, respectively. Then

a, if B3 = Fag = Eha;

B, if E1g = Eaz C Eia;

v, if E13 # Fas # E15 and Fy3 N Eyo = Eag;

n, if Ev3 # Fag # E12 and Eyj3 N Ey3 N By = 0;

where

a = lylsls + 681 + 28101 + 28115 + 28113 + 25? — S%ll — S%lg — 8%13 — 65% -l =1
—l3 - 2;

ﬂ = 111213 + 25111 + 25112 + 253[3 + 481 + 253 + 28%53 — S%ll — S%lg — S%lg — 25%
—48183 — ll — 12 — 13 — 27

v = l1lsl3 + 2518983 + 251 + 252 + 253 — 28159 — 25153 — 28283 + 25113 + 25211
+2s3l3 — S%lg — S%ll — Sglg -l =y —1l3—2;

n = l1lol3 — 2818983 — 281 — 289 — 283 + 25189 + 25183 + 28983 + 25119 + 28511
+25313 - S%lg - S%ll - S%lg - ll - lg - lg + 2.

Proof. Let 7(G) be the number of spanning trees of G, and let E15, E13 and Ea3 be the
shared edge sets of C; and C3, C7 and C5, and Cy and Cj, respectively. Note that a
tricyclic graph and its base graph have the same number of spanning tree. Thus, if there is
no confusion, we may assume that G is the base graph of a tricyclic graph. For the graph
G, one can obtain 7(G) by the well-known Breaking circle. Now, we discuss it in the
following.

Case 1. If s; < 1 and s2 < 1 and s3 < 1, then each two of three cycles C7, Co and
C5 have no common edges in G, that is, G € {Go1, Gos, - .., Gor} (see Fig. 3 for instance).
Note that I; is the length of each cycle C; for i = 1,2,3. So, there are l;l5l3 ways to obtain
a spanning tree, and thus 7(G) = l1lal3.

Case 2. If 2 < 51 < L%J + 1 and s5 < 1 and s3 < 1, then G is obtained
from 6-graph by attaching a cycle or appending a cycle, see Gog — G11 in Fig. 3. Since
2<s < L%J + 1 the O-graph consists of Cy and C3. Together with Lemma 10 we
know that, #-graph has ;I3 — (51 — 1)? ways to break the circle. Note that Cy has Iy ways
to break the cycle. Therefore,

7(G) = [z — (s1 — 1)%)lo = lilalz — I2(s1 — 1)*.

Case 3. If2<s; < L%H—l and 2 < 59 < L%H—l and s3 < 1, G has either
the form G2 or Gi3, shown in Fig. 3. Since s3 < 1, C; and Cs share no common edges in G,
that is, |E12| = 0. For the sets of E13 and Eag, if one of the edges in F13 and Fs3 are deleted
simultaneously. Then the remainder still contains a cycle. Hence, it is necessary to break
the cycle again, and so, we can get (s; —1)(s2 —1)(I1 + 1o+ 13 — 251 — 255+ 4) ways to make
G become a tree; if just one edge is deleted from Fy3 or Fo3, then the remainder becomes a
bicyclic graph with a shared edge set Fa3 or E13. So, we can continue to delete an edge on
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each of the two cycles except for the common edge set in the bicyclic graph. Thus, one can
get <81—1>(11 +13—2s1 —82+3)(l2—82+1)+(82—1)([2+l3—282—81 +3)(l1—81+1) ways to
break the two cycles; otherwise, there are (I1 —s141)(la—s2+1)(I3—s1 —s2+2) ways to break
all cycles of G. Thus, summing up the above, 7(G) = l1lolz3—l53+2la51 —1153+2l1 89 —11 5.

Case 4. Otherwise, any two cycles in G share the common vertices no less than 2. For
convenience, we may assume that |Ea| > |E13| > |Fa23|, and here consider the relationships
among F1o, E13 and Es3 in the following.

Case 4.1. When Ei5 = Ej3 = Fy3 = E’ (say), we see that Cy, Cy and C3 have the
same shared edge set, and thus, G has the form G14 (see Fig. 3). If one deletes an edge
in E’, the remainder becomes a bicyclic graph. Since it is hard to determine which two
cycles in the bicyclic graph are the first two shortest cycles, we can proceed to delete one
edge from each of any two sets in E(Cy)\E’, E(C2)\E" and E(C3)\E’, so we can obtain
(s1—=1)((Iz—s14+1)(la—s1+ D)+ (Us—s1+1)(l1 —s1+1)+(l1 —s1+1)(la — 51+ 1)) ways
to break circles. Otherwise, we only delete one edge on each C;(i = 1,2,3) other than F’,
there are (I3 — s1 + 1)(l2 — s1 + 1)(I1 — s1 + 1) ways to break the cycles. From the above,
we can get 7(G) = a.

Case 4.2. When two of Ej3, Fo3 and E15 are the same, without loss of generality, we
denote by Eja # F13 = Ea3 = E” (say). Clearly, E13 = E»3 implies that C; and Cy share
the same edges as C3, so we have E” C Fp5 because Fio is the common edge set of C;
and Cs. Note that F15 # E”. Hence E” C FEjo, which implies that G has the form Gi5 as
shown in Fig. 3. Now, according to the deleted edges we classify the following cases.

e If one edge is deleted in E” but not in E15\E”, then we can respectively delete one
edge from two sets in E(C1)\F12, E(C2)\E12 and E(C3)\E12. So, one can get(s; —
1)((11 — 83 + 1)(l2 — 83 —+ ].) + (11 — 83 —+ 1)(13 — 81 + ].) —+ (ZQ — 83 =+ 1)(13 — 81 —+ 1)) ways;

e If one edge is deleted in E15\E” but not in E”, then the remainder becomes a bicyclic
graph in which the two cycles share no common edges, and thus we have (s3—s1)(l5—
S1 =+ 1)(11 + l2 — 283 + 2) ways;

e If one edge is respectively deleted in E” and F13\E"”, then the remaining is a unicyclic
graph, we have that (s1 — 1)(s3 — s1)(l1 + o — 283 + 2) ways to break its cycle;

e Otherwise, one can delete one edge in each C;(i = 1,2, 3) other than in F1s, there are
(I3 —s1 + 1)(I1 — s3 + 1)(Is — s3 + 1) ways to break cycles.

Summing up above four cases, we can obtain 7(G) = £.

Case 4.3. When Ej5 # FEi3 # Fo3, we consider the relationships between the those
sets.

Case 4.3.1. If Ey3 C Ejo, then Ej3 C E(Cs) since F15 C E(Cs). Note that Fy3 C
E(Cs). Thus Eq13 C Es3. Together with |Eq3| > |Eos| we have Eq5 = FEag, a contradiction.

Case 4.3.2. If Ei3 ;{ E12 and E13 N Ejp # 0, then Ej3 is compose of partial Eja (
denoted by E* ) together with some edges in E(C7)\E12. Meanwhile, G[E13] should be a
path since G is a tricyclic graph. Moreover, we claim that Es3N(E(C2)\E12) = 0 since if not,
it follows from sg < L%J +1 that |E(C1)\E12| > |E12]. We notice that G is a tricyclic
graph, which implies that G[E13 U Ea3] must be a path, thus |Ey3| > |E(C1)\E12| > |F12l,
which contradicts |E12| > |E13|. Therefore, Faz C Ejo, and we further have Fs3 C Ej3
since Fo3 C Fqo C E(Cl), FEy3 C E(Cg) and Fo3 ;é FEis. Thus, FEo3 C E1sNE3. In fact,



R. Wang, F. Wen, M. Yuan 57

E5 N Ey3 = E* since Ey3 is compose of E*(C Ej3) and some edges in F(C1)\FE12. Hence,
Es; C E*. On the other hand, since E* C F13 C E(C5) and E* C Ej2 C E(C3), we have
E* C Fy3. Thus, E* = FEa3, that is, Fo3 = E12 N E13. Therefore, G has the form Gig (see
Fig. 3). Now, according to the deleted edges we consider the following subcases.

e If just one edge in Fo3 is deleted, we can proceed to delete one edge from each
of any two sets in E(C1)\(E12 U E13), E(C3)\E12 and E(Cs3)\E13. Thus, we have
(so—1)((lh—s1+s2—s3+1)(la—s3+1)+(l1—s1+s2—s3+D)(ls—s1+ 1)+ (la —
sg + 1)(I3 — s1 + 1)) ways to break cycles.

e If just one edge in F15\Fa23 ( or E13\Fa3) is deleted, then the remainder becomes a
bicyclic graph with a shared edge set of E13\Fa3 (or E12\ Fa23). Then, we can continue
to delete an edge on each of the two cycles except for the common edge set in the
bicyclic graph. So, there are (s3 —s2)(l1 +1lo —s1+ 52 —253+2)(I3 —s1 + 1) + (51 —
s2)(l1 + 13 — 281 + 82 — 83 + 2)(I2 — s3 + 1) ways to break cycles.

o If two of the edge sets Fa3, F12\Fa3 and Ej3\Es; are selected, and one edge is
deleted in each selected edge set, then the remainder still contains a cycle. Hence, it
is necessary to break the cycle again, and so, one can get (so — 1)(s3 — s2)(l1 + 12 —
81+ 89 — 253 +2) + (52 — 1)(51 — 52)(11 +lg — 251 + 89 — S3 + 2) + (83 — 82)(51 — 52)(11 +
Iy + 13 — 2s1 + s9 — 2s3 + 3) ways to make G become a tree.

e If one edge in Ea3, F12\Fa3 and E13\Eas is respectively deleted, then the remaining
becomes a spanning tree of G. Therefore, there are (s3 — s2)(s2 — 1)(s1 — s2) ways.

e Otherwise, one can delete one edge in each C;(i = 1,2, 3) other than in Fa3, E12\Ea;3
and E13\Eas, there are (I3 — s1 + 82 — s3+ 1)(Ia — s3 + 1)(I5 — s1 + 1) ways to break
all cycles of G.

From the five subcases above, 7(G) = .

Case 4.3.3. If E13 € E12 and E13NEj3 = ), then Fa3NEjs = 0 since if not, we suppose
that Fo3 N Eg = E 7£ @, then E C F13 because E C FEs3 C E(Cg) and E C Es C E(Cl)
Together with E C FE12, we therefore have E C E13N Es # 0, a contradiction. By similar
reasoning as above, we can obtain that Ea3 N Ej3 = (). Hence, E13 N Eas N Ejp = . We
notice that G is a tricyclic graph and s1, s2, 3 > 2, so G has the form G17 (see Fig. 3). We
also consider whether the deleted edges are in the common edge set. Clearly, we can only
select at most two sets in F13, Fa3 and E15 to delete edges since if not, the remaining will
be disconnected. Now, according to the deleted edges we classify the following subcases.

e If just one edge is deleted in the set E5 (or Fy3, or Ea3), then the remainder becomes a
bicyclic graph with the shared edge set of E13UFEa3 (or E1aUFEs3, or E13UE;3). We can
continue to delete an edge on each of the two cycles except for the common edge set in
the bicyclic graph. Thus, there are (s1—1)(l1+Il3—2s1—s2—s3+4) (lo—s2—53+2)+(s2—
1)([2%‘137282781783%»4)([17817834’2)‘{“(8371)(11+l2*283*81782+4)(l3781782+2)
ways to obtain the spanning tree of G.

e If one selects two edge sets in E1o, F13 and Fog, and then deletes one edge in each
selected edge set. Now, the remainder graph still contains a cycle. Hence, it also need
to break the cycle again, and so, we can get ((s1 —1)(s2 — 1)+ (s1 —1)(s3 —1) + (82 —
1)(s3 — 1))y + 12 + 15 — 251 — 289 — 283 + 6) ways to make G become a tree.
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e Otherwise, one can delete one edge in each C;(i = 1,2, 3) other than in F15, F13 and
Ess3, then G has (I; — s1 — s3 +2)(la — s2 — s3 + 2)(I3 — $1 — s2 + 2) ways to obtain a
spanning tree.

To sum up above, 7(G) = 7. O

3 Degree sequence deg(G) = (2"2,1™,0™)

Theorem 1. Let G be a graph of G(2™2,1™ 0™0). If either ng = 0 or ng > 1 and G
contains no even cycle as its component, then deg(G) = (2™2,1™ 0™) is determined by
Laplacian spectrum of G; otherwise, G has a L-cospectral mate H with deg(H) = (3™0~F,
Qrz=3not3k nit3no=3k k) yhere 0 < k < ng.

Proof. From deg(G) we know that G is disjoint union of paths and cycles. Let H be a graph
L-cospectral with G. Recall that the L-spectrum of a disjoint union of graphs is obtained
by stringing together the spectra of the components (see [4]). So we may suppose that G*
(resp. H*) is the maximal component with u1(G) = p1(G*) (resp. p1(H) = p1(H*)). Then
by Lemma 4 and Lemma 6 we have

di(H) +1 < m(H) = (H") = (G") < di(G") + d2(G7) < di(G) + da(G) =4,

and thus, di(H) < 3. Suppose that H has degree sequence deg(H) = (3%3,2%2 171 (%),
Then by Lemma 1 (i), (ii) and (v), one can obtain that

To+T1+To+T3="n
T1+ 229+ 33 =n+n9 —nyg
T, +4xrs + 923 = n+ 3ns — ng

Thus, it follows that
1 =n1 + 3ng — 3x9, T2 =ng —3ng+ 3xg, T3 =ng— To. (31)

If ng = 0, then x3 = 0 since x3 is non-negative integer, and so z; = ny and 3 = no.
Hence, deg(QG) is determined by Laplacian spectrum of G.

If nop > 1 and G has no even cycle as its components, then from Lemma 7 u1(G) < 4,
and further we get di(H) + 1 < 3 by Lemma 6. So di(H) < 2, which implies that z3 = 0,
that is, g = ng, 1 = n1 and x5 = ny. Thus, deg(G) is determined by Laplacian spectrum
of G.

Otherwise, G maybe have a L-cospectral mate H with deg(H) = (
1m+3n0=3k 0F) where 0 < k < ng is an integer. 0

—k -3 3k
310 )2712 no-+ ,

According to G*(2"2,1™) we know that ny = 2 if G is a tree, since otherwise, if ny > 4,
then 4 4+ 2ny < 2m = 2(n; + ng — 1), which leads to n; = 3, a contradiction. Thus,
G € G*(2"2,1™) is a path if G is a tree, and furthermore, it is easy to obtain the following
corollary.
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Corollary 2 ([5], Proposition 1). For any positive integer n, P, is determined by its
Laplacian spectrum.

In Theorem 1, if G € G*(2"2,1™) and n; = 0. Then G = C,.

Corollary 3 ([5], Proposition 5). For any positive integer n(> 3), C,, is determined by its
Laplacian spectrum.

Corollary 4 ([21], Theorem 3.1). The degree sequence of the disjoint union of paths and
odd-cycles is determined by the L-spectrum.

Next, we give a counterexample to illustrate that for some graph G in G(2"2,1™ (™0)
is not determined by its Lapalcian spectrum if G contains even cycles. Moreover, G has a
L-cospectral mate H with deg(H) = (3mo—F 2nr2=3no+3k 1ni+3no=3k k) where 0 < k < ng.

Example 1. Let G and H be two graphs shown in Fig. 4, which can be found in [21]. One
can see that deg(G) = (2°,1%2,0') and deg(H) = (3,22,15,0°) but they are L-cospectral.

G H

Figure 4: Graphs G and H

4 Degree sequence deg(G) = (3"3,2"2 1™)

Theorem 2. Let G be a graph of G*(3"#,2™2 1™) with ny +ng +n3 =n. If
(1) 0<n3 <1
(2) ng>2andny =0;
(3) n3 > 2 and ny > 1, and G satisfies the following conditions;

o G is a tree or unicyclic graph;
o (G is a c-cyclic graph with mazimum number of triangles, where ¢ > 2;
Then deg(G) = (3™3,2"2 1™1) is determined by the Laplacian spectrum of G. Otherwise,

if G has L-cospectral mate H, then deg(H) = (1™—F 2n2+3k 3na=3k 4k} yhere 1 < k <
min {ny, [%]}.

Proof. When n3 = 0, by Theorem 1 the conclusion holds; when ng = 1, it is obvious from
literature [23] (see Theorem 8).
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When ng > 2, let H be a graph L-cospectral with G. Then pi,,—1(H) = pp—1(G). Since
G is a connected graph, (1 (G) > 0. Thus H is also a connected graph (see [6]). Therefore,
it further follows from Lemma 4 that

di(H) +1< pi(H) = i (G) < di(G) + da(G) = 6,

and hence, dy (H) < 5. We now suppose that H has degree sequence deg(H) = (573,474, 33,
272 171). Then by Lemma 1 (i), (ii) and (v),

1 +2o+2x3+ Ty +T5 =n,
1 + 220 + 323 + 44 + 55 = N+ ng + 2n3, (4.1)
r1 + 4x9 + 923 + 1624 + 2525 = n + 3no + 8ns.

From (4.1) one can get
x3 + 3x4 + 625 = ng. (42)

For dy (H) we distinct three cases in the following.

Case 1. d;(H) < 2.

If di(H) < 2, then 23 = 4 = 25 = 0. By Eq. (4.2) we have ng = 0, it contradicts
ns 2 2.

Case 2. d;(H) = 5.

From Lemma 4, 6 = di(H) + 1 < i1 (H) = 11(G) < q1(G) < d1(G) + d2(G) = 6, it
implies that G is either isomorphic to K7 ,—1 or a bipartite regular graph and dq (H) = n—1.

If G = Ky,-1, it follows from di(G) = n—1 = 3 that n = 4 and d2(G) = d3(G) =
d4(G) = 1. So, it is contrary to d2(G) = 3 due to ng > 2.

If G is a bipartite regular graph with d;(G) = 3, then no = n; = 0. And n = 6 since
di(H) =n—1=5. Since H is L-cospectral G and G is a regular graph, H is also a regular
graph of order 6 (see Proposition 2 in [5]). So H is Kg. It contradicts Lemma 1 (ii).

Case 3. 3 < d;(H) < 4.

Clearly, 5 = 0. From Eq. (4.1) we have

1 +2Xo+2x3+2Tyg=n,
x1 + 229 + 3x3 + 44 = 1+ No + 2ng,
x1 + 4z + 923 + 1624 = 1 + 3N + 8ngs.

Therefore, it follows that
r1=n1—k, xo=n9+3k, x3=n3—3k, r4=F (43)

where k is non-negative integer.

Case 3.1. When ny =0, kK = 0 by Eq. (4.3). So we have x1 = 0, x2 = na, 3 = ng and
x4 = 0, that is, deg(G) = (3™3,2™2) is determined by the Laplacian spectrum of G, where
N2 + N3 = N.

Case 3.2. When ny > 1, we suppose that H and G have t' and ¢ triangles, respectively.
Then by Lemma 3 we get

6t — (n1(1 —2)3 +no(2 —2)3 +n3(3 — 2)3)
=6t' — ((n1 — k)(1 —2)% + (n2 +3k)(2 — 2)% + (n3 — 3k)(3 — 2)® + k(4 — 2)3).

Thus, it follows that t' — ¢ = k.
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(a) If G is a connected graph with 0 < ¢(G) < 1, then by Lemma 1 (i) and (ii) we know
that H has the same cyclomatic number, and further by (iii) we get k = 0 since H
L-cospectral with G implies that the two graphs have the same number of spanning
tree. Hence, the degree sequence of GG is determined by its Laplacian spectrum;

(b) Let tmax be maximum number of triangles of a c-cyclic graph, where ¢ > 2. If G is
a c-cyclic graph with ¢p,.x, then by Lemma 1 (i) and (ii), H is also a c-cyclic graph.
Combine with ¢/ —t = k and t = tnax we have k + tnax = t/, hence, it further follows
k+ tmax = t' < tmax, s0 we have k = 0. Therefore, deg(G) = (3"3,2"2 1) ig
determined by Laplacian spectrum of G;

(c) Otherwise, G maybe have a L-cospectral mate H with deg(H) = (1™—k 2n2+3k
3ns =3k 4F) Note that n; —k > 0 and n3 — 3k > 0. Hence 1 < k < min {nl, [%]},
where [z] is taken integer of x.

The proof is completed. 0

Remark 1. Under the assumption of Theorem 2, for a graph G € G*(3™3,2"2 1™), if
deg(G) = (3™3,2™2 1™) s not determined by Laplacian spectrum of G, then G has a L-
cospectral mate H with deg(H) = (1™ =k 2n2¥3k 3na=3k 4k) ywhere 1 < k < min {nq, [22]}.
Here we give a pair of L-cospectral mate Gy and Hy (see Fig. 5), which can be found in
[23] (see Example 1), to illustrate that the bound of k is best possible.

From Fig. 5 we see that deg(G) = (3*,23,1%), by Theorem 2 one can get 1 < k <
min {2, (3]} =1, that is, k = 1. Thus, deg(H) = (4',3",2°,11).

G1 Hl
Figure 5: Graphs Gy and H;

Corollary 5. Let T be a tree with A < 3. Then the degree sequence of T is determined by
its Laplacian spectrum.

A graph G is a minimal 3-degree [23] graph if G € G*(3™#,2"2,1™t) where n1+ns+ng =n
and ni,n3 > 0 and ny > 0.

Corollary 6 ([23], Theorem 1). Let G be a minimal 3-degree graph of order n. If the
cyclomatic number ¢(G) < 1, Then the degree sequence of G is determined by it Laplacian
spectrum.

A graph G if whose vertex set can be partitioned into two subsets V7 and V5 such that
d(v;) = r for v; € V3 and d(v;) = r+ 1 for v; € Vs is called (r,r + 1)-almost regular graph
(see [20]). From Theorem 2 one can obtain the following corollary.
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Corollary 7. Let G be a connected (2,3)-almost reqular graph. Then the degree sequence
of G is determined by its Laplacian spectrum.

Note that bicyclic graph has 2 triangles at most. For c-cyclic graph G with ¢ € {3,4},
by Lemma 5 we know that the number of triangles of G is no more than ¢ + 1. Thus, by
Theorem 2 one can obtain the following corollary.

Corollary 8. Let G € G*(3",2"2 1™). If G is a bicyclic graph with 2 triangles, or a tri-
cyclic graph with 4 triangles, or 4-cyclic graph with 5 triangles, then deg(G) = (3"2,2m2 1™1)
1s determined by Laplacian spectrum of G.

5 Degree sequence deg(G) = (4™,2",1™)

Theorem 3. Let G be a graph of G*(4™4,2™2 1™ with ny + ny +ng =n and ngy < 2. If
(1) 0<nyg <1 and G is not isomorphic to either R(3,4) or R(3,5) (see Fig. 6);
(2) ny =2 and G satisfies the following conditions;

e (G is a tree or unicyclic graph;

o G is a c-cyclic graph either with ¢ (2 < ¢ < 3) or without triangles;

Then deg(G) = (4™4,2"2 1™ ) is determined by the Laplacian spectrum of G. Otherwise,
if G is a bicyclic graph with t(G) = 1, then G has a L-cospectral mate H with deg(H) =
(41,33,27273 13) if G is a tricyclic graph with t(G) = 1, then G has a L-cospectral mate H
with deg(H) = (4%,33,2"273 1), and if G is a tricyclic graph with t(G) = 2, then G has a L-
cospectral mate H either with deg(H) = (3%,27276.12) or with deg(H) = (41, 33,2273 11).

Proof. When ng = 0, it is trivial; when ny > 1, let H be a graph L-cospectral with G. Then
H is a connected graph since pi,—1(H) = pn—1(G) > 0 (see [6]). Furthermore, by Lemma

4 we have
di(H) +1 < pi(H) = m(G) < qi(G) < di(G) +d2(G) =8

hence, it follows that di(H) < 7.

Case 1. d;(H) =T7.

From Lemma 4, 8 = di(H) + 1 < u1(H) = 11(G) < ¢1(G) < d1(G) + do(G) = 8, it
implies that G is either isomorphic to K7 ,—1 or a bipartite regular graph and dq (H) = n—1.

If G = K ,,—1, then G = K; 7 since di(H) =n—1=7, contrary to di(G) = 4.

If G is a bipartite regular graph with d;(G) = 4, then ny = ny = 0. Combine with
di(H) =n—1="7 we have n = 8. Moreover, since H is L-cospectral the regular graph G,
H is also a regular graph of order 8 (see Proposition 2 in [5]). Hence H = K, it contradicts
Lemma 1 (ii).

Case 2. d;(H) < 6.

Suppose that H has the degree sequence deg(H) = (1*1,2%2 3%3 4%+ 5% (%6). Then by
Lemma 1 (i), (ii) and (iii) we have

Z?:] Ty =N,
Yooy iw; = n +na + 3na, (5.1)
Z?:l iQ-Ti =n+3ng + 15n4.
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Thus, it follows from Eq. (5.1) that
r3 4+ 3x4 + 625 + 1026 = 304. (5.2)

Let ¢t and ¢’ be the number of triangles in G and H, respectively. Since G and H are
L-cospectral, by Lemma 3 it follows that

3(t - t/) = T3 — 61‘5 — 20336. (53)

Case 2.1. ng = 1.

From Eq. (5.2), it follows that either 4 = 1 and 23 = x5 = 26 = 0 or 3 = 3 and
Ty =1x5 =26 = 0.

If x4 =1 and 23 = x5 = 26 = 0, then by Eq. (5.1) 21 = n; and x5 = na;

If 23 = 3 and 24 = x5 = xg = 0, then by Eq. (5.1) we have 1 = ny + 1 and
o = ng — 3. Since deg(G) = (4™4,2™2 1™ ) is graphic degree sequences, n; is even. Let
G € G*(4™+,2™2 1™) be a c-cyclic graph. Then

_4+2n2+n1

47711
>0
2 )

5 =

c —(mi+na+1)+1=
therefore, it follows that n; < 4. We notice that ny is even, so we have ny = 0, 2, 4, and the
corresponding graph G is bicyclic graph, unicyclic graph and tree, respectively.

e When n; = 2, G is a unicyclic graph with deg(G) = (41,2"3,12). We declare that
deg(@) is also determined by Laplacian spectrum of G since if not, then by Lemma 1
(i) and (ii), H is also a unicyclic graph with deg(H) = (3,2"6,13). From Eq. (5.3)
we have t —t' = 1. However, it follows from Lemma 1 (iii) that ¢ = ¢/, so we have
0 = 1, a contradiction.

e When ny = 4, similar to the case of ny = 2, one can prove that deg(G) is also
determined by Laplacian spectrum of G if G is a tree with deg(G) = (41,2775, 1%);

e When n; = 0, G is a bicyclic graph with deg(G) = (4*,2"71). From Lemma 1 (i) and
(i), H is also a bicyclic graph and deg(H) = (33,2"~4,11). Clearly, G € G*(4!,2"71)
is a oo-graph. In fact, He and van Dam in [10] have proved that oo-graph is determined
by its Laplacian spectrum except for two graphs R(3,4) and R(3,5), and R(3,4) and
R(3,5) are L-cospectral with B; and Bs, respectively. Thus, deg(G) = (4%,2"71) is
determined by Laplacian spectrum of G except for deg(G) € {(41,25), (41,29)}.

B[ B2

Figure 6: Graphs B; and Bs

From the discussion above, deg(G) = (4%, 2"2,1") is determined by Laplacian spectrum
of G except for that G is a bicyclic graph with deg(@) € {(4',2°), (4*,25)}.



64 Some degree sequences are determined by Laplacian spectra

Case 2.2. ny = 2.

It follows from Eq. (5.2) that x3 + 3z4 + 65 + 1026 = 3ng = 6, and so xg = 0 and
x3 + 3x4 + 6z5 = 6. Thus, one can see that 0 < x5 < 1.

If x5 = 1, then x3 = 24 = ¢ = 0. From Eq. (5.1) one can obtain that deg(H) =
(5%, 221 1m1=1) By [16] we know that the degree sequence is determined by L-spectrum,
it therefore contradicts dy(G) = 4 since G and H are L-cospectral.

If 25 = 0, it follows from Eq. (5.1) that z3 = 6 and 4 = 0, or 3 = 3 and 24 = 1, or
x3 =0 and x4 = 2. Now we consider three subcases in the following.

Case (1). When 23 = 0 and 24 = 2, we have 21 = nj, 22 = ny. Clearly, deg(H) =
deg(G) = (42,2m2, 1m),

Case (2). When 23 = 6 and x4 = 0, deg(H) = (36,27276 1m1+2),

If 0 < ny < 5, then deg(H) does not exist; otherwise, ny > 6. Then by Lemma 9, ¢ < 3.
Thus, it follows from Eq. (5.3) that ¢’ < 1.

Case (2.1). If t/ = 1, then t = 3. By Corollary 1 we get ny = 5 or ny = 3. Note that
T9 = ng — 6. So, it leads to a contradiction.

Case (2.2). If ' = 0, then t = 2. Let G be a c-cyclic graph with deg(G) = (4%,272,1™).
From ¢ = m —n + 1 we deduce that n; = 2(3 — ¢), that is, ¢ < 3. Note that ¢ = 2. Thus,
G is just a bicyclic graph or tricyclic graph.

e Suppose that G is a tricyclic graph, then n; = 0, and so, it follows from Eq.(5.1)
that deg(H) = (35,27276,12). In fact, we find that if G = G} and H = H; (see
Fig. 7), then G and H are L-cospectral. Thus, G has a L-cospectral mate H with
deg(H) = (3%,2m27612).

e Suppose that G is a bicyclic graph, then G € {G3, G4, G5} by Corollary 1. By Lemma
10 we have 7(G3) =8, 7(G4) = 7(G5) =9, hence 7(G) < 9. Combine with Lemma 1
as well as t' = 0 we see that, H is also a bicyclic graph without containing triangles.
Let Cy and Cs be the first two shortest cycles of H, respectively. And let [; be
the length of C; for ¢ = 1,2. Clearly, l1,ls > 4. Suppose that C; and C5 share s
common vertices, and l; > ls. Then by Lemma 10, 7(H) = l1ls > 16 if s = 0; and
T(H) =lily —s*+2s—1if 1 < s < L%’J + 1. For the latter one, one can see that
7(H) is the smallest when s = |2 ] 4 1. Note that both fi(lo) = —13 + (4l1 +2)l» — 1
and fy(la) = —13 + 41115 are increasing functions on the interval 4 < Iy < [;. Thus,

T(H) :l1l2782+2871

> Ll — (2] +1)2+2(%]+1) -1
AL +2)l-1 > 91
= e >

if 5 is odd, and
T(H) =hly—s*+2s—1
>hly— (%) +1)2+2(l%)+1) -1

1244l
=—=2,——2>12

otherwise. Hence, 7(H) > min{16, 21,12} = 12, it therefore contradicts 7(G) < 9.
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*
Gl Hi
Figure 7: Graphs G§ and H}

Case (3). When z3 = 3 and x4 = 1, deg(H) = (4',33,27273 1™ 1), Thus, it follows
from Lemma 9 and Eq. (5.3), that ¢ < 2.

Case (3.1). If ¢/ = 2, then ¢t = 3. By Corollary 1 we have G € {G1,G2}. Combine
(1) with (4) in Lemma 11, we have 7(G1) = 27 and 7(G2) = 20, hence 7(G) < 27. Also
by Lemma 1 and ' = 2 we see that H is also a tricyclic graph with containing 2 triangles.
Let C;(i = 1,2,3) be the first three shortest length cycles of H, and [ be the length of the
third shortest cycle in H, where [ > 4. And we suppose that C; and C3 share s; common
vertices, Cy and C3 share sy common vertices, and C7 and Cs share s3 common vertices.
And let Ei3, E23 and E1o denote the shared edge sets of C; and C3, Cy and C3, and C;
and Cj, respectively. Noting that H contains 2 triangles, we have 0 < s; <2 for 1 <17 < 3.
Now, according to the value of s; we classify the following subcases.

(a) When s; <1 for 1 <i<3, by Lemma 11 (1) we have 7(H) = l1l2l3 = 9] > 36.

(b) When one of s; (1 <1i < 3) is equal to 2, without loss of generality, we assume that
s1 = 2 and g, s3 < 1. Then by Lemma 11 (2) we have 7(H) = l1lal3 — lo(s1 — 1)% =
9] — l5. Since H contains 2 triangles and C; (i = 1,2, 3) are the first three shortest
cycles of H, I is equal to 3 or [ possibly. If o = 3, then 7(H) =9l —3 > 36 — 3 = 33;
otherwise, Iy =1 > 4, then 7(H) = 8] > 32. Therefore, 7(H) > min{33, 32} = 32.

(¢) When two of s; (1 <1 < 3) are equal to 2, we may suppose that s; = s3 = 2 and
s3 < 1. Then it follows from Lemma 11 (3) that 7(H) = 9] — [; — l5. Similarly, Iy
and lo are equal to 3 or [ possibly. If one of 1 and ls is equal to [, then 7(H) =
9] —3—-1=8l—3>32—-3=29. Otherwise, both I; and Iy are equal to 3, and so
T(H)=91—-6>36—6=30. Thus, 7(H) > min{29,30} = 29.

(d) When s1 = so = s3 = 2, by Lemma 11 (4), if Ej3 = Fa3 = Ej2, we have 7(H) =
a:91711712713+2:81742 3274:28, and ifElg #EQ:J, #Elg and
E130E230E12:®,theIlT(H):?7:9l71171271372:8178.

Note that 7(G1) = 27 and 7(G2) = 20. Since H and G € {G1, G2} are L-cospectral, by
Lemma 1 (iii) 7(H) = 7(G) € {20,27}. If one of above (a), (b) and (¢) occurs, then 7(H) >
min{29, 32,36} = 29 > 7(G), a contradiction; otherwise, if E13 = Fa3 = FE12, similarly, it
is also a contradiction; if F13 N Eag N E12 = 0, then 7(H) = 8] — 8. Now we consider the
graph G, when G = G2, we have 7(G) = 20, which contradicts 7(H) > 32 — 8 = 24 due to
1 > 4; when G = Gy, we have 7(H) = 7(G) = 27, it leads to 7(H) = 8] — 8 = 27. Thus
81 = 35, it contradicts | being an integer.

Case (3.2). If t/ =1, then t = 2. By Corollary 1 we see that G is a bicyclic graph or a
tricyclic graph.
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e Suppose that G is a bicyclic graph, by similar method as Case (2.2), we have that
if s=0,7(H)>12; and if 1 < s <2, 7(H) = —s®> + 25 + 3l — 1 > 11. Therefore,
7(H) > min{12,11} = 11. Therefore, it contradicts 7(G) < 9.

e Suppose that G is a tricyclic graph, then n; = 0. So, it follows from Eq.(5.1) that
deg(H) = (4,33,27273 11). Thus, G has a L-cospectral mate H with deg(H) =
(41,33,2m2=3 11). In fact, we find that the degree sequence exists since if G = G}
and H = HJ (see Fig. 8), then G and H are L-cospectral.

] <L

* *
G 1,
Figure 8: Graphs G and H3

Case (3.3). If ' =0, then ¢t = 1. One can see that G is a k-cyclic graph for 1 < k < 3.

e Suppose that G is a unicyclic graph, then by Lemma 1 H is also a unicyclic graph.
Moreover, G and H have the same number of triangles since H L-cospectral with
G implies that the two graphs have the same number of spanning tree. Thus, it is
impossible since ' = 0 and ¢ = 1.

e Suppose that G is a bicyclic graph, then ny = 2, by Eq. (5.1) we have deg(H) =
(41,33,2m273 13). In fact, we find that the degree sequence exists since if G = G and
H = Hj (see Fig. 9), then G and H are L-cospectral. Thus, G has a L-cospectral
mate H with deg(H) = (4',33,27273 13).

es H
Figure 9: Graphs G% and Hj
e Suppose that G is a tricyclic graph, then n; = 0, it follows that deg(H) = (4%,33,2"273 11).

Therefore, G has a L-cospectral mate H with deg(H) = (4%,33, 27273 11). In face,
we have that G and H are L-cospectral if G = G} and H = H} (see Fig. 10).
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G Hy

Figure 10: Graphs G and H}

Remark 2. In [23], Wen et al. showed that deg(4',2"2,1™1) is not determined by La-
palcian spectrum of the corresponding bicyclic graph G, where G € G*(41,2"2 1™). As a
complement, in Theorem 3 we present a precise characterization for the degree sequence

with the help of [10].

6 Degree sequence deg(G) = (4™,3"s,2"2 1™)

Theorem 4. Let G be a graph of G*(4™,3™3, 2™ 1™) with ¢(G) < 1. If ny < 3, then the
degree sequence of G is determined by Laplacian spectrum.

Proof. Let H be a graph L-cospectral with G. Then H is a connected graph since pi,, 1 (H) =
tn—1(G) > 0 (see [6]). Furthermore, by Lemma 4 we have

di(H)+1<m(H) = m(G) < q1(G) < di(G) + dao(G) =8

hence, it follows that d;(H) < 7.

Case 1. d;(H) = 1.

From Lemma 4, 8 = dl(H) +1< ,Ul(H) = Hl(G) < ql(G) < dl(G) + dz(G) =8, it
implies that G is either isomorphic to K4 ,—1 or a bipartite regular graph and dq (H) = n—1.

If G= Ky 1, then G = K, 7 since di(H) =n —1 =7, contrary to d;(G) = 4.

If G is a bipartite regular graph with d;(G) = 4, then ny = n; = 0. Combine with
di(H)=n—1=7we have n = 8. And since H is L-cospectral G and G is a regular graph,
H is also a regular graph of order 8. So H = K, it contradicts Lemma 1 (ii).

Case 2. d;(H) < 6.

Suppose that H has the degree sequence deg(H) = (1¥1,2%2 3%3 4%+ 5% (%6). Then by
Lemma 1 (i), (ii) and (iii) we have

Z?:l T, =N,
Zle iT; =1+ ng + 2ng + 3ny, (6.1)
Z?:l i2x; = n + 3ny + 8ns + 15n4.

Thus, it follows from Eq. (6.1) that

z3 + 3x4 + 625 + 1026 = ng + 3n4. (62)



68 Some degree sequences are determined by Laplacian spectra

Let ¢ and ¢’ be the number of triangles in G and H, respectively. Since G and H are
L-cospectral, by Lemma 3 it follows that

t—t= T4 + 4xs + 1026 — ny. (63)

Since 0 < ¢(G) < 1, then by Lemma 1 (i) and (ii) we know that H has the same
cyclomatic number, and further by (iii) we get ¢’ = ¢ since H L-cospectral with G implies
that the two graphs have the same number of spanning tree. Then ny = x4 + 425 + 10x6.
Hence, if ny < 3, then x5 = z¢ = 0 and ny = x4. Together with Eq.(6.1) we have 1 = nq,
To = N, x3 = n3. Thus, the degree sequence of G is determined by its Laplacian spectrum.

O

7 Erratum Remark

Wen et al. in [23] recalled two basic theorems in Section 5 (i.e., Theorems 6 and 7), but
didn’t label their references for a misprint, the two theorems can be found in [2, 7, 11], we
here revise the references of Theorems 6 and 7 of [23] below:

Theorem 5 ([7], Section 3, Lemma 2; [2], Theorem 3.2.2). Let M be irreducible and n be
an eigenvalue of M. Then |n| < p(|M]), with equality if and only if M = e N|M|N~!,
where p(|M|) is the spectral radius of |M| and |[N| = I.

Theorem 6 ([11], Theorem 8.1.22; [7], Section 3, Remark 2). For any irreducible non-
negative matrix M, let R;(M) be the sum of the i-th row of M. Then

min{R;(M)|1 <i<n} < p(M) <max{R;(M)|1 <i<n}
with equality iff all row sums are equal.
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