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Abstract
In this present paper, we recover the well-known finite dimensional representation

theory of the classical Drinfeld-Jimbo quantum group Uy(sl2) in a new and elementary
way.
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1 Introduction

The origin of quantum groups lies in solving the quantum Yang-Baxter equation (abbr.
QYBE) appearing in the quantum inverse scattering method [2, Chapter I.1]. In fact, the
representation theory of quantum groups can be used to construct interesting and useful
solutions for QYBE. In the early 1980s, Kulish and Reshetikhin [7] introduced the first
such quantum group U, (slz) with its Hopf algebra structure discovered in [8, 9]. Nowdays,
U, (sl2) has become the simplest and most important model in the theory of quantum groups
(cf. [2, 4, 6]).

The main results in the finite dimensional representation theory of quantum group
Uy(slz) can be summarized in the theorem below (see Chapter 2 in [4]).

Theorem 1. (1) Each simple U, (sl2)-module of dimension n+1 is isomorphic to a Uy(slz)-
module L(n,w) with basis vo,v1, -+ ,v, and w? =1 such that for all 0 <i <n

Kv; = wg® v,
w[n—i][iJrl]vi_H, if 1 < n,

Evi=1 if i =n, (1.1)
v, ifi>0,
Foi=930,  ifi=o.

2) Each finite dimensional U,(sla)-module is semisimple.
q

Denote by U,(slz)-mod the category of finite dimensional Ug(slz)-modules. In this
present paper, we reprove Theorem 1 in the following four steps.

(1) In virtue of the notion of g-chain module and the classical Krull-Schmidt theo-
rem, we prove that each indecomposable object in U,(slz)-mod is a ¢>-chain module, and
Uy(slz)-mod is the direct sum of its four full subcategories, i.e.,

Uq(slg)—mod =0,90_1® Oq D O_q,
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where Oy (resp. O,) is isomorphic to O_; (resp. O_,) under an additive functor Ty (resp.
T,). See Theorem 2.

(2) We deduce the most fundamental observation of our work which says that if the di-
mensions of all the weight spaces of an indecomposable object M in O; ® O, are equal, then
they must be 1 and the weight set Ay = {q*”, g "2 g2, q"}, where n = dim(M)—1.
See Theorem 3.

(3) Applying the fundamental observation in (2), we construct all the simple objects
in O1 & Oy (Theorem 4) and show that the categories O and O, are both semisimple
(Theorem 5).

(4) Via the additivity and equivalence of the functors T, and Y,, we can reprove The-
orem 1.

Throughout the paper, the notations C,C*, Z and ZZ° denote the complex field, the
set of all nonzero complex numbers, the set of all integers and the set of all nonnegative
integers, respectively. We always assume that ¢ € C* is not a root of unity. For n € Z, we
fix the following notation

qn_q—n
[n] = —=.
qa—9q

All linear spaces, algebras, modules and unadorned tensors are over the complex field C.

2 Block decomposition theorem for the category
U,(sly)-mod of finite dimensional U,(sl;)-modules

Recall that the classical Drinfeld-Jimbo quantum group U, (sl2) is the associative algebra
with unit 1 generated by four generators K, K ~!, E, F' and subject to the following relations

K—K!
KK '=K 'K=1, KE=¢EK, KF=q °FK, EF—-FE="————.
q—dq

Let M be a finite dimensional U, (slz)-module. The nontrivial linear space
My ={ve M|Kv=>\}

is called a weight space of M, and A is called a weight of M. If M is the direct sum of its
weight spaces, then we call M a weight module of Uy(slz). In this case, we call the set Ay
consisting of all the weights of M the weight set of M.

Proposition 1. [}/ Fach finite dimensional Uy (sly)-module M is a weight module, and
Ay C Aq = {:tqc|C € Z}

Definition 1. (1) Let A = {1, Ao, -+, A} be a subset of A,. If there exists X € A such
that

A= {/\7(12/\’... ’q2(l—1)/\}’

then we call A a ¢*-chain in A,.
(2) If the weight set Ay of a finite dimensional Uy (sly)-module M is a ¢*-chain in A4, then
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we call M a ¢°-chain module.
3) For any A\, pu € Ay, if there exists an integer | € Z such that X\ = ¢*'p, then we say that
q

2
X and p are ¢2-linked and denote by A& p.

2
It is easy to check that the relation ~ on A, is an equivalence relation. For any A € A,
denote by [A] the equivalence class containing X. Set [A4] = {1,¢, —1, —¢}. Then obviously

A4 can be expressed as the disjoint union of [A] with A € [Ay], ie., Ay = U [A.
AE[A]

Definition 2. For A € [A,], we define the category Oy to be the full subcategory of
Uq(sly)-mod with object M satisfying Ayr C [A]. We call Oy a block of Uy(slz)-mod.

Now we prove the block decomposition theorem for the category U,(slz)-mod which
enables us to focus on the blocks O; and O,.

Theorem 2. (1) Each finite dimensional indecomposable U, (slz)-module is a ¢*-chain mod-
ule.
(2) The category Uy(sly)-mod is the direct sum of the blocks Oy as A ranges over the set
[Ag], i.e.,
Uy(slz)-mod = @B O,.
AE[A4]
(3) Under an additive functor, the block Oy (resp. Oy) is isomorphic to O_q (resp. O_y).

Proof. (1) Let M be a finite dimensional indecomposable U, (sly)-module. Define a relation
~ on the weight set Aps = {A1, A2, -+, A} of M as follows: A\; ~ \; <= there exists a se-
quence
)\i:)\il,)\i2,"~,)\i7,:)\j or )‘j:)‘ilv)‘iza"'7)‘ir:)‘i
in A,s such that Xippr = q2/\il for 1 <1 <r—1. It is easy to check that the relation ~ is
an equivalence relation on Ajys. Denote by Apr/ ~= {A1,Ag, -+, As} the set consisting of
all the equivalence classes. Since A; is a g?-chain for any 1 <1 < s, then My, = /\EBA M, is
€N,

a g*-chain submodule of M. Noting that M = é My, and M is indecomposable, we know
i=1

that s = 1. Therefore, M is a ¢*>-chain module of U, (sl2).

(2) By (1) and the classical Krull-Schmidt theorem (cf. [1, Section 12.9]), each object
in U, (slz)-mod can be decomposed as the direct sum of finitely many indecomposable ¢2-
chain modules My, My, --- , My, where each M; lies in a unique block. On the other hand,
it is easy to check that Homy, (s1,) (M, N) = 0 for any M € Oy and N € O, with A, u € [A/]
and \ # p.

(3) There is a unique automorphism o of U, (slz) defined by

o(K)=-K, o(F)=-E, oF)=F
For any A € [A,], we define the transitive functor Ty as follows

Tr:0n — Oy, (2.1)
M s Ta(M) = M°,

ML N 1o 2V v,
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where M? = M with the action of U,(slz) on M given by
Ko,m=o0(K)m, Eo,m=0c(E)m, Fo,m=doc(F)m.
It is easy to check that each functor YTy is a well-defined additive functor, and
YT _\Ty=Idp,, TaYT_y=Ido_,.

Hence T is an isomorphism of categories. 0

Remark 1. Though we make use of the term “block”, the blocks here just satisfy some but
not all the conditions described in Section 1.13 in [3].

3 A fundamental observation

In this section, we deduce a fundamental observation about the indecomposable objects
in O, ® O, which will play a key role not only in reconstructing all the simple objects in
Uy(slz)-mod but also in reproving the semisimplicity of Uy (slz)-mod later.

Suppose that M is a (n+1)-dimensional indecomposable module in the category O ®0,.
It follows from Theorem 2 (1) that M is a ¢?-chain module. Assume that Ay, = {¢°7% | 0 <

l
i <[} for some s € Z and [ € ZZO, then M = @ Mgst2:. For 0 <@ <[, set dimMgs42i = n;

1=0
and choose a basis {v;1,vi2, - ,Vip, } of Myst2i. Then

BM = {00170027“' ﬂ’UUno?”' , Vi1, V52, ° + 0 7vi’ni7"' , Vi1, Vi, - - 7Ulnl}

is an ordered basis of M. Since KE = ¢? EK and KF = ¢ ?FK, then EM«t2: C M+26+1)
and F'Mgs+2i C© M t2¢-1). Therefore, the matrices of K, F, F' acting on M relative to the
ordered basis By, respectively have the following forms

¢ In,
qs+2In1
K = ,
qs+2lIm
0
& 0
& = & , (3.1)
0
-1 0
0 Fo
0 A
Fo= . :
0 Fia
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where I, is the n; x n; identity matrix, & is a n;41 X n; matrix and F; is a n; X n;41

matrix. Unless otherwise specified, we always assume that & = 0 and F; = 0 when ¢ < —1
-1

or i >1. Since EF — FE = E=K__ then K, £, F must satisfy

a—q T
E=F=0, s=0, ifl=0, (3.2)
EiaFi1 —F&=[s+2il, (0<i<l), ifl>1. (3.3)
It is easy to check that
Ao
Endy, (o1, (M) = Ay . EiAi=Ain&(0<i<I-1), (3.4)

A F; = fiAi+1(0 <i<l-— 1) ’
A

where A; is a n; X n; matrix for 0 < i <.
The following result is the most important observation of this present paper which lays
a fundamental foundation for us to recover the representation theory of U, (sl2).

Theorem 3. Let M be a (n+ 1)-dimensional indecomposable module in the category O1 ®
Oq. If the dimensions of all the weight spaces of M are equal, then they are all equal to 1,
and

AM _ {qfn’q7n+2’ . 7qn72,qn}. (3.5)

Proof. In the following proof, we will retain all the notations above. Since the dimensions
of all the weight spaces of M are equal, then dimMgs+2: = ng for all 0 < ¢ < 1. When | = 0,
noting that M is indecomposable, we can see from (3.2) that ng = n+1 =1and Ay = {1}.
From now on, we assume that [ > 1. For any 0 <7 <[ —1, set
a; = ) [=s =2k = [-s —d][i + 1],
" (3.6)

bi= Y [s+2k=[l—i][s+1+i+1]
k=i+1

We claim that a; = b; # 0 for any 0 < i <[ — 1. It follows from (3.6) that there exists at
most one a; (resp. b;) with 0 <4 <[—1 such that a; = 0 (resp. b; = 0). If there exists some
0 < iy <1—1such that a;, = 0, then by (3.6) one has s = —ig and b; = [[—i][l4+1+i—ig] # 0
for all 0 < ¢ <[ — 1. By respectively adding the top ip + 1 formulas with i = 0,1,...,14¢
and the bottom [ — ig ones with i =g+ 1,0+ 2,...,1 in (3.3), one has

.7:1‘051‘0 = aiOInO =0 and 51'0.7:1‘0 = biOIno 7& O,
which is a contradiction. Hence a; # 0 for all 0 < ¢ < [ — 1. Similarly, b; # 0 for all
0<i<l—1. When a; # 0 and b; # 0 for all 0 <i <[ — 1, by respectively adding the top

i+ 1 formulas and the bottom [ — ¢ ones in (3.3), one has

-Figi = a,-[no and 51.7:1 = bilnm (37)
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which imply that a; = b; # 0. Now for any 0 < i <[ — 1 one has
EFi=Fi& = ail,,. (3.8)
Combining (3.4) and (3.8), one has
Enqu(5[2)(M) >~ Mat,, (C), (3.9)

where Mat,,, (C) is the matrix algebra consisting of all ny X ng complex matrices. Since M
is indecomposable, then Endy, (s1,)(M) is local, which implies no = 1.
Next we show that Ay, = {¢7", ¢ "*2,--- ,¢""2,¢"}. Since M is (n + 1)-dimensional,

!
then n +1 = Y n; = 14+ 1. So we can obtain Ay, = {¢°,¢°F2,--- ,¢*t2(»=1) g5t} By
=0

(3.6), one gets -

n

a; —b; = Z[—S—Qk] = [-s—n][n+1]. (3.10)

k=0
Because a; = b; and ¢ € C* is not a root of unity, one must have s = —n. The proof is
finished. n

4 Reformulation of finite dimensional representation
theory of U, (sly)

In this section, we will apply the fundamental observation in Section 3 to recover the finite

dimensional representation theory of Ug(slz).

Lemma 1. The blocks O1 and Oy of Uy(slz)-mod are both closed under taking submodules
and quotient modules.

Proof. For any object N in Oq or Oy, denote by gy () the characteristic polynomial of K
acting on N. Noting that gy (z) = gr(2)gn,r(z) for any submodule L of N, we can finish
the proof. 0

For all n € Z, set

qu _ qanfl
[Kinl=—— =
q-q
Recall a formula in Section 1.3 in [4] below:
EF" —F'E = [r]F"YK;1—7]. (4.1)
Let
C,mppy CEFET g Rt K
v (¢—gq1)? (¢—gq1)?

be the Casimir element in U, (sls).
Now we can clearly describe the simple U, (slz)-modules in the category O1 & O,.
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Theorem 4. Let M be a (n+1)-dimensional simple U, (sl2)-module in the category O1SO,,.
(1) The dimensions of all the weight spaces of M are equal to 1.

(2) M is isomorphic to the simple module L(n, 1) with basis wo, w1, -+ ,wy, and the actions
of K,E,F on M given below

Kw; = q2i7nwi’
[n—d[i + Ywig1, if i <n,

Bwi =1, if i =mn, (4.2)
_ wi_q, if i >0,
Fuwi =1, if i = 0.

(3) The Casimir element Cy acts on M by the same scalar c¢q(n) as on L(n, 1), where
. (n) B qn—i-l +q—(7b+1)
! (@—aq7')?
Proof. In this proof, we also retain the notations in the second paragraph of Section 3.

l )
(1) Choose any nonzero vector v; € Mor2i. It follows from (4.1) that @CF' v, is a
i=0

!
submodule of M. The simplicity of M implies that M = @ CF!~*v;. The proof is finished.
i=0
(2) It follows from Theorem 3, (3.1), (3.2) and (3.3) that M can be presented by

KU'L = q2iinvia
gi'UiJrla if i< n,

Evi=1 0, it i = n,
L Fi_1vi_1, ifi>0,
Foi=1o, if i =0,

where vg,v1, -+ ,v, isabasisof M and &;, F; € C (0 < i < n—1) satisfy & F; = [n—i|[i+1].
Since the following set of linear equations

gi)\iJrl = [n — Z][Z + 1])\z (O <i<n-— 1),
fi)\i:/\i-i-l (nggn—l)
has a nonzero solution (Ag, A1,---,A,) with all A\; # 0, then it is easy to check that the

map M 2, L(n, 1) defined by ¢(v;) = A;w; is an isomorphism of U, (slz)-modules.
Next we will prove that L(n,1) is simple. Otherwise, the length ¢ of L(n,1) is at least
2, i.e., there exists a composition series of L(n,1) as follows

0=LyCLiCLyC---CL=L(n,1).

Since L; is a nontrivial simple submodule of L(n, 1), then by (1), Theorem 3 and Lemma

1 one obtains Ay, = {¢7h, ¢ 02 ... ¢h=2 ¢} C Ap(n,1), where [; = dimL; — 1 < n.
n+lq
2
Therefore, L1 = €@ Cuw;. However, the formulas in (4.2) show that L; is not a submodule
n—1ly

=

2
of L(n, 1), which is a contradiction.

(3) Noting that (3.7) and (3.8) both hold for M and L(n,1), and Ay = Apy,, 1y, we can
deduce that C;; acts on M by the same scalar ¢,(n) as on L(n, 1) by direct calculations. 0
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Corollary 1. For a given A € {1,q}, let L and L' be finite dimensional simple Uy(sla)-
modules in the block Oy. If Cy acts on L by the same scalar as on L', then L is isomorphic
to L.

Proof. Suppose that dimL = n + 1 and dimL’ = n’ 4+ 1, then by Theorem 4 (2) one has
L = L(n,1) and L’ = L(n/,1). By Theorem 4 (3), C, acts on L (resp. L’) by the same
scalar c¢q(n) (resp. cq(n')) as on L(n,1) (resp. L(n',1)). If C, acts on L by the same scalar
as on L', then ¢,(n) = ¢,(n'). By direct calculations, c4(n) = ¢4(n’) if and only if

’

g (g 1) ("~ 1) =0,

which is equivalent to say n = n’. Therefore, L = L(n,1) = L'. a

Now we can prove the semisimplicity of the blocks O; and O,. Although our proof has
some similar ideas as that of Theorem 2.9 in [4], the applications of some new strategies
contained in Theorem 2, Theorem 3 and Lemma 1 make it different.

Theorem 5. The blocks O1 and O, of Uy(slz)-mod are both semisimple.

Proof. By Krull-Schmidt theorem and Lemma 1, we only need to show that each indecompos-
able U, (slz)-module M in the block Oy with A € {1, ¢} is simple, i.e., the length I(M) of
M is 1.

Assume that g(x) = (& — p1)™ (@ — p2)™ -+ (x — ps)" is the characteristic polynomial
of Cy acting on M. Then M is the direct sum of the generalized eigenspaces for Cy, i.e.,
M = @ M*":, where M* = {v € M|(Cy — p;)"*v = 0}. Since Cj is central in U,(sly), each

k=1
M*" is a submodule of M. Hence M = M* = {v € M|(Cy — p)"v = 0} for some p because

M is indecomposable.
Suppose that [(M) = I. By Lemma 1, we can pick a composition series

O=MyCcMyCMyC---CM; =M (43)

of M in the block O, containing M. Since M = M*, then Cy — p acts nilpotently on
each M;/M;_1(1 < i <1). On the other hand, by Schur lemma C; acts by a scalar v; on
M;/M;_;. Hence for all 1 <i <1 one has v; = u. Moreover, by Corollary 1 there exists an
integer ng > 0 such that each M;/M;_1(1 < ¢ <) is isomorphic to L(ng, 1).

Let N be a submodule of M. Since dimM, = dimN, + dim(M/N), for any v € Ay,
then we apply this repeatedly to the composition series (4.3) and obtain

l
dimM, = "dim(M;/M;_1), = ldimL(no, 1), =
i=1

for any v € Ajps. It follows from Theorem 3 that the dimensions of all the weight spaces of
M are equal to 1, i.e., [ = 1. Therefore, M is simple. 0
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Proof of Theorem 1 Note that the transitive functor T defined in (2.1) is an additive
functor. On one hand, we can obtain all the finite dimensional simple U, (sl2)-modules listed
in Theorem 1 (1) by applying YTx(A = 1,¢) to the simple modules presented in Theorem
4 (2). On the other hand, we can see from Theorem 2 (3) and Theorem 5 that the blocks
O_1 and O_, of U,(slz)-mod are also semisimple.

Remark 2. The method in this paper can be generalized to deal with the finite dimensional
representation theory of the quantum groups Uq(f(K)) introduced in [5].
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