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Abstract
Let R = k[z1,...,xs] be the polynomial ring in n variables over a field k and
let I be a monomial ideal of R. In this paper, we study almost Cohen-Macaulay
simplicial complex. Moreover, we characterize the almost Cohen-Macaulay polyma-
troidal Veronese type and transversal polymatroidal ideals and furthermore we give
some examples.
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1 Introduction

Throughout this paper, we assume that R = k[z1,...,2,] is the polynomial ring in n
variables over a field k, m = (z1,...,z,) the unique homogeneous maximal ideal of R and
I a monomial ideal of R. We denote, as usual, by G(I) the unique minimal set of monomial
generators of I. If I is generated in a single degree, then I is said to be polymatroidal if
for any two elements u,v € G(I) such that deg, (v) < deg, (u) there exists an index j
with deg, (u) < deg, (v) such that z;(u/z;) € G(I). The polymatroidal ideal I is called
matroidal if I is generated by square-free monomials (see [6] or [8]). One of the most
distinguished polymatroidal ideals is the ideal of Veronese type and the other is transversal
polymatroidal ideals. Consider the fixed positive integers d and 1 < a, < ... < a7 < d.
The ideal of Veronese type of R indexed by d and (ay, ... ,a,) is the ideal (44, ... q,) Which

is generated by those monomials u = x’f ...xln of R of degree d with i; < a; for each
1 < j < n. Let F be a non-empty subset of [n] and Pr = (z;|¢ € F) is the monomial prime
ideal. A transversal polymatroidal ideal is an ideal I of the form I = Pp, PF, ... Pg,, where
Fy,..., F, is a collection of non-empty subsets of [n] with » > 1 (see [9]).

Herzog and Hibi [7] proved that a polymatroidal ideal I is Cohen-Macaulay (i.e. CM) if

and only if I is a principal ideal, a Veronese ideal, or a square-free Veronese ideal. Note that
I is CM whenever R/I is a CM ring. Vladoiu in [21] proved that a Veronese type ideal T
is CM if and only if Ass(I) = Min(I). We say that the monomial ideal I is almost Cohen-
Macaulay (i.e. aCM) when depthR/I > dimR/I — 1. Tt is clear that all CM monomial
ideals are aCM. Several authors studied almost Cohen-Macaulay modules (see for example
2, 5, 12, 13, 14, 16, 17, 18]).
For a square-free monomial ideal I of R, we may consider the simplicial complex A for
which I = I is the Stanley-Reisner ideal of A and K[A] = R/Ia is the Stanley-Reisner
ring. Eagon and Reiner [3] proved that I is CM if and only if the square-free Alexander
dual IV has linear resolution.
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In this paper we are interested in studying the aCM simplicial complex. Also, we
characterize the aCM polymatroidal Veronese type and transversal polymatroidal ideals
and we give some examples. For any unexplained notion or terminology, we refer the reader
to [8, 20]. Several explicit examples were performed with help of the computer algebra
system Macaulay?2 [4].

2 Preliminaries

In this section, we recall some definitions and known results which is used in this paper.
Let A be a simplicial complex on the vertex set V' = {z1,...,z,}. Every element of A
is called a face of A and a facet of A is a maximal face of A with respect to inclusion.
If all facets of A have the same cardinality, then A is called pure. Let AY be the dual
simplicial complex of A, that is to say, AY = {V\ F | F ¢ A}. If I is a square-free
monomial ideal, then I = N!{_;p; where each of the p; is a monomial prime ideal of I.
The ideal IV which is minimally generated by the monomial u; = ijepi x; is called the
Alexander dual of I. For the simplicial complex A and F' € A, link of F' in A is defined
as lka(F) = {G e A|GNF =0,GUF € A}. Let M be a finitely generated graded
R-module, the regularity of M is defined by

regM :=max{j | Bi+,;(M) # 0}.
Terai [19], defined the initial degree of M by
indegM :=min{j | M; # 0} = min{j | 5o (M) # 0}.

It is clear that regM > indegM , with equality if and only if M has linear resolution. Also,
Terai proved the following interesting results:

Theorem 1. Let A be a simplicial complex on the vertex set [n] . Then
reg(Ia) — indeg(In) = dim(k[AY]) — depth(k[AY]).
In particular reg(Ia) = pd(k[AV]) and indeg(Ia) = embdim(k[AV]) — dim(k[AV]).

Theorem 2. ([11, Theorem 3.4]) Let I = (uy,...,u,) be a monomial ideal of R. If
UL, ..., Ur 18 an R-regular sequence with deg(u;) = d;, then reg(I) =d; +...+d, —r + 1.

Herzog, Rauf and Vladoiu in [9] defined the following definition:

Definition 1. Let I be a transversal polymatroidal ideal of the form I = Pg, Pp, ... Pp,.

The graph G associated with I is defined as follows: the set of vertices V(Gy) is the set
{1,...,r} and {i,j} is an edge of Gy if and only if F; N F; # 0.

Theorem 3. ([9, Theorem 4.7]) Let I be a transversal polymatroidal ideal. Then
Ass(I) ={Pr : T is a tree in Gr}.

Corollary 1. [9, Corollary 4.10]) Let I be a transversal polymatroidal ideal with the set
of associated prime ideals Ass(I) = {Py,...,P}. Consider Ty, ..., T mazimal trees of Gy
such that P; = Pr; for all j =1,...,1. Then

k l ka;
1" =nl_ pra,
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is an irredundant primary decomposition of I* for every k > 1, where a; = |V(T;)| for all
j-
Theorem 4. ([9, Theorem 4.12]) Let I = Pp, Pp, ... Pr, be a transversal polymatroidal

ideal. Then
depth(R/T) = o(Gr) =1+ — | UL, F,

where by ¢(Gr) we denote the number of connected components of the graph G .

Vlddoiu in [21] proved the following interesting result about associated prime ideals of
Veronese type:

Theorem 5. Let I = Ijq,, ...q, be an ideal of Veronese type with d > 1 and a; > 1 for
i=1,...n. Then Py € Ass(I) <= Y1 ja;, >d—1+| A| and g4 a; < d—1.

3 The aCM polymatroidal ideal

We start this section by the following definition:

Definition 2. Let I be a square-free monomial ideal in R. We say that I has almost linear
resolution precisely when reg(I) < indeg(I)+ 1.

Remark 1. Let I be a square-free monomial ideal in R and IV be the Alexander dual of I.
Then, by Theorem 1, we have

dim(R/I) — depth(R/I) = reg(I") — indeg(I").
Hence I is aCM if and only if IV has almost linear resolution.

By the Auslander-Buchsbaum formula, it is known that the monomial ideal I is CM if
and only if ht(I) = pd(R/I). We extend this result:

Proposition 1. Let I be a monomial ideal of R. Then I is aCM if and only if ht(I) >
pd(R/I) — 1.

Proof. Suppose that I is aCM. Then depthR/I = dimR/I or depthR/I = dimR/I — 1. If
depthR/I = dimR/I, then I is CM and so ht(I) = pd(R/I). Thus we have the result in
this case. Let depthR/I = dimR/I — 1. Then by the Auslander-Buchsbaum formula, we
have pd(R/I) =n —depthR/I = n—dimR/I +1 = ht(I) + 1. Therefore the result follows.
Conversely, let ht(I) > pd(R/I) — 1. Then dimR/I + ht(I) > dimR/I + pd(R/I) — 1 and
son —pd(R/I) > dimR/I — 1. Again by the Auslander-Buchsbaum formula depthR/I >
dimR/I — 1. Thus I is aCM, as required. g

Let I be a monomial ideal of R. Then the big height of I, denoted by bight(I), is
max{ht(p) | p € Ass(I)}.

Corollary 2. Let I be an aCM monomial ideal of R. Then bight(I) — ht(I) < 1.

Proof. Tt is known that bight(I) < pd(R/I). Thus by using Proposition 1, we have
bight(I) — ht(I) < pd(R/I) — ht(I) < 1. O
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Theorem 6. Let I be an ideal of Veronese type. Then the following statements are equiv-
alent:

(i) I is almost Cohen-Macaulay
(i1) bight(I) — ht(I) <1

Proof. (i) = (4i) : This is obvious by Corollary 2.
(#4) = (4) : Since I is a Veronese type ideal, by Theorem 5, we have

Py € Ass(I) <:>Zaifd+l > | Al Zai <d-1.
i=1 igA

If bight(I) = Y1 ;a; —d+ 1, then ht(I) > >  a; —d. By [9, Corollary 5.7], we have
depth(R/I) = max{0,d +n —1— Y  a;} and so depth(R/I) = 0 or depth(R/I) # 0.
If depth(R/I) # 0, then dim(R/I) = n—ht(I) < n—> " a; +d = depth(R/I) + 1.
Thus I is aCM in this case. If depth(R/I) = 0, then m € Ass(I) and so ht(I) > n — 1.
Thus dimR/I < 1. Hence I is aCM. Now, suppose that bight(I) < Y, a; — d. Assume
Pp = (z;,,...,x;,) € Ass(I) such that bight(I) = ht(Pp). Then Pc = (xi,..., 2., Ti.,,)
satisfies the conditions in Theorem 5, since Z?zl a;—d+1>|C| and Ziec a; < ZieB a; <
d — 1. Therefore Po € Ass(I) and this is contrary to bight(I) = ht(Pg). This completes
the proof. 0

Corollary 3. (Compare with [21, Theorem 3.4]) Let I be an ideal of Veronese type. Then
I is Cohen-Macaulay if and only if bight(I) = ht(I).

Proof. If I is CM, then it is clear that bight(I) = ht(I). Conversely, suppose that bight(I) =
ht(I). By [9, Corollary 5.7], we have depth(R/I) = max{0,d +n —1—>"  a;}. If
depth(R/I) = 0, then m € Ass(I) and so I = m’ for some ¢t € N. Thus we have the result
in this case. Let depthR/I # 0 and so depth(R/I) =d+mn—1—3 " a;. On the other
hand, by using the proof of Theorem 6 we conclude that bight(I) = > ;a; — d + 1 and
so dimR/I =n—ht(I) =n—>Y a; +d—1 = depth(R/I). Therefore I is CM. This
completes the proof. 0

The following example shows that the above theorem is not true for all square-free
transversal polymatroidal ideals.

Example 1. Let I = (v124, 7125, 7126, T127, T2T4, T2T5, T2T6, T2T7, T3T4, T3T5, T3T6, T3T7)
be a monomial ideal of R = k[z1,...,x7]. Then I is matroidal ideal and has the following
primary decomposition,

I = (1,72, 23) (24, T5, T6, T7).

Therefore bight(I) — ht(I) < 1, but I is not aCM.

In the following result we use the ideal P, = (z1,29,...,Z;,...,2y), where z; in the
generated of P; is omitted.

Proposition 2. Let I be an aCM polymatroidal ideal of degree d such that m € Ass(I).
Then I is a Veronese type ideal.
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Proof. Since m € Ass(I), then depth(R/I) = 0. Since I is aCM, it follows that dim(R/I) =
1. Therefore ht(I) = n—1. Since I is a polymatroidal ideal, I has the following presentation,
I= P{h ﬂPQd2 N...N P Nmd where P; = (x1,22,...,%;,--.,%,) and d; = reg(Ip,) for all
i=1,2,...,7 (see [10, Theorems 2.4, 2.6]). Since I(Pg;;) =1 : af" = Pl Amd-e = pi=a

for large a;, this implies that I is a Veronese type ideal by using [15, Proposition 1.10]. O

The following example says that the assumption of m € Ass(I) in the above proposition
is essential.

Example 2. Let I = (x129,2123) be a polymatroidal ideal of R = k[x1,x2,23]. Then
dim(R/I) =2 and depth(R/I) =1 and so I is aCM but I is not a Veronese type ideal.

In the following example I is aCM, but pd(R/I) # bight(I).

Example 3. Let [ = (z123,2124, Tax3, Tox4) be an ideal of R = klx1,22,23,24]. Then
I is matroidal ideal of R with dim(R/I) = 2, depth(R/I) = 1 and so I is aCM, but
3 =pd(R/I) # bight(I) = 2.

For a monomial ideal I of R and G(I) = {u1,...,us}, we set supp(l) = Ul_, supp(u;),
where supp(u) = {z; | v = z{'...2%", a; # 0} and we say that the monomial ideal I is
full-supported if supp(I) = {z1,...,Tn}.

Theorem 7. Let I be a full-supported transversal polymatroidal ideal of degree d > 1 with
I =PrPp,...Pp,. Then I is aCM if and only if

-
(i) T is principal ideal.

(i)) I =(z1...%...2n,21...55...2y), where 1 <i< j<n.

(i) I = (21 ... 24— 123%i41 .. Tp—1,T1T2 ... Ty), where 1 < i <n—1.

(iv) I = I(ga,,...a,) Such thatay =---=ap,_r=d and an_ry1 = ... = a, =d — 1, where
0<r<n.

(v) I = Pp, Pr, such that | Fy |=| F2 |=2 and Fy N Fy =0.

Proof. First of all we relabel the non-empty subsets F; by |Fi| < |[Fa| < ... < |Fy4|.

(<=) The case (i) is obvious. Let consider the cases (ii) and (v). Then by using the
Alexander dual of I and Theorem 2 we conclude that IV has almost linear resolution
and so I is aCM. Thus we have the result in these cases. For case (iii), we have I =
(1) ... (x5) ... (@p—1)(xs, xpn) where 1 < ¢ < n — 1. Hence dimR/I = n — 1. Since Gy
has n — 1 connected components, by Theorem 4 we have depth(R/I) = n — 2. Thus [
aCM in this case. Let consider the case (iv). We assume that I = I(4,,,. a4,) such that
ap = -+ = Gppr =dand ap_py1 = ... = a, = d— 1, where 0 < r < n. Therefore,
by Theorem 5, Ass(I) = {Pr,,..., Pr,_,,m} where Pp, = (z1,...,&n—rti,...,Zn). Hence
dimR/I =1 and depthR/I = 0. Therefore I is aCM.

(=) By Theorem 3, dim(R/I) = n — min{|F;| | i = 1,2,...,d}. Therefore we have
dim(R/I) = n— |Fy|. Also by Theorem 4, we have depth(R/I) = ¢(Gr) —1+n—|UL, Fi|.
Since I is full-supported transversal polymatroidal ideal, I is aCM if and only if ¢(Gy) >
n — |Fy|. Since n > ¢(Gy)|Fi] it follows that ¢(Gr) = n — |Fi| > (¢(Gr) — 1)|Fy|. Therefore
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this inequality is valid if and only if (1)c(Gr) =1, (2)|F1| =1 or (3)|F1| =2 and n = 4.
Assume ¢(Gy) =1, then |Fi| > n—c¢(Gy) =n — 1. If |Fy| = n, then I is a Veronese ideal.
Now, we assume that |F;] =n—1for 1 <i<rand |F;]=nforr+1<i<d. Since I is a
full-supported transversal polymatroidal ideal without loss of generality we may assume that
I = Pg, P, ... Prm% " such that Pr, = (21,...,%n_r44,--.,%n). Therefore by Corollary
1, I = Pp, N Pg,N...N Pr. Nm? and by [1, Proposition 2.11], I is Veronese type ideal of
the form I = I(4.q,.....a,) such that a1 = ... =ap, =dand ap_ry1=... =a, =d - 1. If
|Fi| = 1, then ¢(Gy) > n — 1. If ¢(G1) = n, then I is a principal ideal. If ¢(G;) =n — 1,
then the number of connected components of the graph G are n — 1 and so we have two
cases for considering. Casel: Pr, = (2;) for 1 <i<n-—2and Pr,_, = (x—1,Zn). Since I
is a transversal polymatroidal ideal, we have I = (z1)(x2)...(zn—2)(Tn—1, ). Therefore
I=(21...0p9Tp_1,21...Tpn_2Ty).

Case 2: Pp, = (z;) for 1 <i<n—1and Pr, = (2;,2,). Thus

— 2
I = (fL‘l o L1 T4 1 -0 - Tp—1,T1 - - .’En)

If |Fy| = 2, then ¢(Gy) > 2¢(Gy) — 2. Therefore ¢(Gr) < 2 and n < 4. If ¢(Gy) = 1, then
the result follows as above. If ¢(Gy) = 2, then n = 4. Since |F}| = 2, we have I = Pp, P,
such that |F1| = |Fa| =2 and Fy N Fy = 0.

If |F1| > 3, then ¢(Gr) = 1. Hence the result follows as above in this case. g

4 The aCM simplicial complex

We say that a simplicial complex A is almost pure if for every two facets F; and F}; belonging
to A, one has ||F;| — |F}j|| < 1.

Lemma 1. Let A be an aCM simplicial complex. Then it is almost pure.

Proof. Set A = (G1,Ga,...,Gy), where Gy,...,G,, are facets of A. Recall that the
Stanley-Reisner ideal of A has the presentation I = In = Pp, N Pp, N...N Pp, such that
F; = G4, by [8, Lemma 1.5.4]. The minimal prime ideals of I correspond to the facets of
A. Hence A is almost pure if and only if bight(I) — ht(I) < 1. Since A is aCM, we have
the result by Corollary 2. a

Let A be a simplicial complex on [n] of dimension d—1. Recall that, for each 0 < i < d—1,
the simplicial complex A® := {F € A| |F| < i+ 1} is called the i-th skeleton of A. In
addition, for each 0 < i < d — 1, the pure i-th skeleton of A is defined to be the pure
subcomplex A(7) of A whose facets are those faces F' of A with |F| =i+ 1 (see [8, Section
8.2.6)).

The simplicial complex A is said to be connected if there exists a sequence of facets
F=Fy,F,...,F,_1,F, = E such that F; N F;;1 # 0 (see [8, Section 1.5.1]).

In the following we use ﬁi(A; k) which is the ith reduced simplicial homology group of
A with coefficients in k.

Lemma 2. Let A be (d —1)-dimensional (d > 3) simplicial complex such that for all faces
Fe A andi < dimlkaF — 1, one has H;(lkaF;k) = 0. Then A is connected.
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Proof. 1t is clear that f{i(lkA@; k) =0 for i < dimlkal) — 1, as 0 is a face of A. Therefore
H;(A;k) =0 for i < dimA — 1. Since dimA > 2, one has Hy(A; k) = 0. Now by applying
[20, Proposition 6.2.3], we have A is connected. |

Example 4. Let A = ({1,2},{4,5},{3}) be 1-dimensional simplicial complex on [5]. Then
In = (21,29, 23) N (23, 24, 5) N (1, X2, x4, x5). Set I = Ian. Then

I= ($19€3,$19€475311357332$3733296‘4,302$5,$3$4,$3905)
1s aCM but A is not connected.

Theorem 8. A simplicial complex A of dimension d — 1 is aCM if and only if
(i) Hi(lkaF:;k) =0, for all F € A\ A(d—1), i < dimlkaF and
(ii) Hi(lkaF;k) =0, for all F € A(d—1), i < dimlkaF — 1.

Proof. Let A be aCM, by Hochster’s formula fIi_|F|_1(lkAF;k) =0 for all F € A and
i <d-—1. If FF € A, then there is a face F; of dimension d — 1 or d — 2 containing F
such that dimlkaF = |Fy \ F| — 1, since F} \ F € lkaF and A is almost pure by Lemma
1. Therefore dimlkaF = d — |F| — 1 for F € A(d — 1) and dimlkaF = d — |F| — 2 for
F e A\ A(d—1). Hence H;(lkaF;k) =0, for all F € A\ A(d — 1), i < dimlkaF and for
all F e A(d—1),1 < dimlkaF — 1.

Conversely, it is enough to show that A is almost pure simplicial complex. Indeed, if A be
almost pure, then dimlkaF = d—|F|—1 or dimlkaF = d—|F|—2 for all F € A. Therefore
ﬁi,‘F|,1(lkAF; k)=0for F € A and i < d—1. We proceed by induction on the dimension
of A. If dim(A) = 1, then A is almost pure. Assume d > 3 and F' = {z;} be a face of A
such that x; is a vertex. If ' € A(d—1), then by induction hypothesis lka F' is almost pure,
i.e, if G be a facet of lkaF, then |G| =d — 2 or |G| = d — 3, since dimlkaF = d — 2. Set
I':=1kaF. If F € A\ A(d — 1), then by hypothesis for all G € I" and for all i < dimlkrG,
H;(lkrG; k) = 0, since GUF € A\ A(d—1) and lkpG = lka FUG. Hence by [20, Theorem
6.3.12], lka F is CM. Thus if F; and F} be a facets of A such that have a vertex F' = {z;} in
common , then cardinality of F; and Fj is equal d or d — 1 for F' € A(d —1) and |F;| = |F}]
for F € A\ A(d—1). let H and E be two facets of A. Since A is connected, there exist
facets Fi, ..., F. with H = F} and E = F,. such that F; N F;;1 # () for i = 1,...,r. Since for
each 7, F; and Fj,; have a vertex in common, it follows that the cardinality of F; and Fj
is equal to d or d — 1. In particular |H| and | K] is equal to d or d — 1. Hence A is almost
pure. O

Corollary 4. Let A be 2-dimensional simplicial complex. Then A is connected if and only
if A be aCM.

Proof. (<) This follows by Lemma 2 and Theorem 8.

(=) Let A be connected. If |F| = 2, then l[kaF' consists of a discrete set of vertices or
lkAF is empty set . Therefore dimlkaF < 0. Thus F satisfies the condition of Theorem
8. If |F| = 1, then [kaF consists of faces of dimension one or discrete set of vertex or
both of them. Therefore dimlkaF =0 for F € A\ A(2) and dimlkaF =1 for F € A(2).
Hence in this case F' satisfies the condition of Theorem 8. Since A is connected, we have
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dimﬁo(Aj k) = 0. Since f{O(Aik) is free k-module of rank 0 (see [20, Proposition 6.2.3]),
we have Hy(A;k) = 0. Hence Hy(lka®; k) = 0. O

Corollary 5. Let A be an aCM simplicial complex and F be a face of A. Then lkaF is
aCM. In particular, if F € A\ A(d — 1), then lkaF is CM.

Proof. Set I := kA F and let G be a face of I'. Since lkrG = lkaF UG and A is aCM, we
have H;(lka FUG; k) = 0 for FUG € A\A(d—1), i < dimlka FUG and for FUG € A(d—1),
i < dimlkaFUG—1. f FUG € A\ A(d—1), then G € T\T'(d — |F| — 1). Thus by
Reisner’s criterion I' is CM in this case. If FUG € A(d — 1), then G € I'(d — |F| — 1) and
so H;(lkrG; k) = 0 for all G € I'(d — |F| — 1), i < dimlkrG — 1. Hence by Theorem 8, lka F
is aCM . 0
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