Bull. Math. Soc. Sci. Math. Roumanie
Tome 64 (112), No. 3, 2021, 255-280

Krein-Rutman operators and a variant of Banach contraction principle in
ordered Banach spaces
by
ABDELHAMID BENMEZAI() | NADIR BENKACI-ALI(?)

Abstract

Let F be a real Banach space, K be a cone in E and L be a linear positive and
compact self mapping defined on E. The operator L is said to be a Krein-Rutman
operaor if it has a positive characteristic value A such that for all h € K \ {Og},
the nonhomogeneous equation u — 0 Lu = h has no positive solution if § > Ar and a
unique positive solution if 8 € (0,Ar). M. G. Krein and M. A. Rutman have proved
that if L is strongly positive then L is a Krein-Rutman operator with Ay, = 1/r(L).
Here r(L) refers to the spectral radius of L.

The main goal of this article is to provide sufficient conditions making of L a
Krein-Rutman operator. The particular case where E is a Hilbert space and L is a
self-adjoint operator is examined.

We also present in this article a version of the Banach contraction principle adapted
to the case where the cone K is normal and minihedral, making of the Banach space
E a Riesz space.
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1 Introduction

Throughout this article, E is a real Banach space. The standard notations E* and L (E)
refer respectively to the topological dual of F and the set of all linear bounded self-mapping
defined on E. Let K be a cone in F inducing the order <x on E and let L be a positive
compact operator in £ (F). We are mainly concerned in this work with the solvability in
K ~ {0g} of the abstract equation

u—plu = h (1.1)

where p is a positive real parameter and h € K.

The set of positive characteristic value (pcv for short) of the operator L consists of the
set of positive real numbers p for which Equation (1.1) for h = O is solvable in K \ {0g}.
The Krein-Rutman theory concerns the case of Equation (1.1) where the operator L is
strongly positive and it states that:

a) The operator L has a unique pev pur, = 1/r(L), where r(L) denotes the spectral radius
of L.
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b) Equation (1.1) within h € K \ {0g}, is uniquely solvable in K for u < p7, and has no
solution in K for u > py.

c) As a pev of L, puy, is algebraically simple.

d) ur is a simple pev of the adjoint operator L* of L.

For a detailed presentation on the Krein-Rutman theory we refer the reader to [7] and
[12].

It is proved in [3] (Proposition 3.16) that if the operator L is strongly positive, then its
unique pcv has the property:

e)
uL:)\Z’K:sup{)\ZO: Ju =k Og such that ALu < u}
:)\Z7K:inf{)\20: Ju =k Op such that ALu =g u}.

The constants A\, ;- and A] ;- have been introduced in [1] and [3] for positive maps in
L (E) and for more general positive maps in [4] and [5]. Define for a positive mapping
N : E — E the nonnegative real number Ay x = sup Ay g where

Ank={A>0: Ju>g Og such that A\Nu <g u}.

We have from the above cited works, that if N, N; : E — E are two positive mappings
such that Ay, xk > 0 and N(u) <x Ni(u) for all u = Og, then Ay x > Ay, x > 0. This
property becomes more interesting when the mapping N is completely continuous. In such
a case, we have that the set Iy defined by

In={6>0: i(6N,B(0g,p)NK,K) =0 for all p > 0}

is nonempty, where i(-, -, -) refers to the fixed point index. Roughly speaking, this property
still holds in the case where the condition N(u) =k Ni(u) for all u >k Og,, is replaced by
N(u) =g Ni(u—g(u)) for all u >k Op, where g : E — E is o (||u]|) at Og or at co. In such
a situation, we have that the set Jy defined by

In = {(8,p) € (0,400) : i (ON,B(0g, p)NK,K) =0}

is nonempty. Such operators N; are said to have the strongly index jump property, see [1,
3, 4, 5] where this topological property was extensively used to obtain fixed point theorems
for positive maps.

Unfortunately, there are functional spaces whose natural cone is not solid and the Krein-
Rutman theorem can not be used. This is the case of LP(I) where I is an interval of R. Its
natural cone {u € LP(I) : u > 0 a.e. in I} is not solid as it is mentioned in Example 1.1.3 in
[9] and on page 219 in [7]. Thus, the main goal of this work is to adapt the Krein-Rutman
theory to such spaces. In this article, a positive compact operator L € L (E) having a
pev Ar such that Equation (1.1), within h € K ~ {Og}, is uniquely solvable in K for
p < pr and has no solution in K for yu > pr, is said to be a Krein-Rutman operator (KRO
for short). Theorems 3, 6 and Corollaries 2, 3 provide sufficient conditions for a positive
compact operator to be a KRO.
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We also present in this article a version of Banach contraction principle in the case
where the cone K is normal and minihedral, making of the Banach space E a Riesz space.
We end the paper with two applications of our main results. The first application concerns
the generalized Fisher equation and in the second one, we apply our version of the Banach
contraction principle to obtain an existence and uniqueness result for a third-order boundary
value problem (bvp for short) posed on the half-line.

2 Abstract background

Definition 1. A nonempty closed and convex set K is said to be a cone in E if
i) (tK) C K for allt >0 and
i) KN(—K)={0g}.

It is well known that if K is a cone in F, then K induces a partial order in the Banach
space E. We write for all z,y € X : ¢ gy (ory =g z) if y— 2z € K and z <g y (or
y>gx)ify—ax € K~ {0g}. Thus, vectors lying in K \ {Og} are said to be positive.

Definition 2. Let Q) be a nonempty set in E. Then
a) u € F is said to be an upper bound of Q if v <k u for all v € Q;
b) u € E is said to be a lower bound of Q if v =k u for all v € Q;

c) u € E is said to be the least upper bound of Q and we write uw = sup , if u is an upper
bound of Q0 and v <k w for all v € Q implies u <K w;

d) u € FE is said to be the greatest lower bound of Q and we write u = inf Q, if u is a lower
bound of Q) and v = w for all v € Q implies u =k w.

Definition 3. Let K be a cone in E. Then K is said to be
a) total, if K — K = E,

b) normal if there is a positive constant nx such that for all u,v € E, Op <g u <g v
implies [lul| < ng [,

c) mianihedral if sup (z,y) exists for all x,y € E.

Remark 1. Notice that if a cone K is minihedral then inf (z,y) exists for all z,y € E.
Moreover, we have inf(z,y) = —sup(—z, —y).

Remark 2. It is well known that if K is a minihedral cone inducing the order <k on E,
then (E,<k) is a Riesz space or a Banach lattice in the sence given in [10]..

Definition 4. Let K be a minihedral cone in E inducing the order <k on E. Forx € E, we
define the positive part, the negative part and the absolute value of the vector x respectively
by

xt =sup(z,0), 2~ =sup(—=,0) and |z|=zT+z".

Proposition 1. ([10]) Let K be a minihedral cone in E inducing the order <k on E. Then
the absolute value define then a self-mapping on E and it has the following properties:
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i) |z| =k Op for allz € E,

ii) |z| =0 = z = 0g,

iii) |tz| = |t| |z| for allx € E and t € R,
iv) |z +y| 2k |z|+ |yl for all z,y € E,
v) lzl =1yl 2k |z —y[ for all x,y € E.

Proposition 2. Let K be a minihedral cone in E, then the following assertions are equiv-
alents.

i) The mapping || : E — K is continuous.
ii) The mapping |-| : E — K is continuous at Op.
iii) There exists n > 0 such that |||ull] < nl|u|| for all u € E.

Proof. The equivalence between i) and ii) is due to the inequality in v) of Proposition 1. It
is easy to see that iii) implies ii) and , hence let us prove that ii) implies iii). Let ¢g > 0,
there is 09 > 0 such that for all u € E, |Ju|| < &y implies |||u||] < €y. Therefore, for all u € E
with u # O, we have

50 50U
el = |25 < e
[[wll [[ul
leading to
Hull] < nllul|l for allw € E
with n = 6()/(5(]. ]

Remark 3. It follows from Proposition 2 that the mapping |-| : E — K is continuous if
and only if sup =1 |/|ul[| < oc.

Definition 5. Let K be a cone in E, a mapping L € L (E) is said to be:
i) positive, if L (K) C K,
i) strongly positive, if K is solid and L (K ~ {0g}) C int (K).

For a cone K in E, Lk (F) will denote the subset in £ (E) of all positive mapping. The
dual cone associated with K is defined by

K'={peE": (p,u)>0 forallue K}.

In general, K* is a not a cone with respect of the Definition 1, it happens that K* N
(=K*) # {0p~}. However, K* is a cone if and only if K is total. With this definition of the
dual cone, for all operators L in L (F), L* the adjoint operator associated with L belongs
to EK* (E*)

Definition 6. Let K be a cone in E. A vector u € K is said to be strictly positive if
(p,u) >0 for all p € K* \{0g~} and a functional ¢ € K* is said to be strictly positive, if
(p,u) >0 for allu >k Og.
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Definition 7. Let K be a cone in E and L € Lk (E), a positive real number 1 is said to
be a pcv of L if there exist u >~k Op such that pLu = u. The vector u is then a positive
etgenvector associated with the pcv .

For detailled presentations on cones and positivity we refer the reader to [7] and [9]. The
reader will observe that the definition of the minihedrality given here is that of [7]. In [9],
a cone C' is said to be minihedral if sup(x,y) exists for all pair (z,y) € E? having an upper
bounded. To ensure the existence of sup(z,y) for all z,y € E when such is the definition
of the minihedrality, one may assume that the cone C is generating (i.e. F = K — K).
Indeed, for all x,y € E there exist x1,z2,y1,y2 € K such that xt = x1 — x5 and y = y; — yo.
Therefore, we have x <g 1 + y1 and y <g =1 + 1.

In all this work, we use the following notations: for L € £ (E), CV (L) denotes the set
of all characteristic values of L. The spectral radius of L, is defined to be

T(L)_{ inf{mrl: ueOV(L)} if OV (L) £ 0,
0 if OV (L) #0

and we have by the Gelfand formula

_ ; n||1/n
KD = tim 27"

For ¢ CV (L), R(u,L) = (I — pL) ™" is the resolvent mapping associated with L and
we have for all u € C with |u| < 1/r(L),

R(uL)= (I-p)" = S urLm. (2.1)
n=0

Notice that if K is a cone in E we have from (2.1) that R(u,L) € Lk (E) for all
L€ Ly (E)andal0< p<1/r(L).

We recall now briefly what is known as the Riesz-Schauder theory. Let L € L (E) be
compact, we have:

A) CV (L) is empty or finite or consists of a sequence (p) with lim |puy| = 400,
B) L* is compact,

C) if p € CV(L) then the geometric multiplicity of p, m(u) = dim N(I — puL) < oo and
R (I — pL) is closed,

D) We have that CV(L) C CV (L*). Moreover, for all 4 € CV (L),
N(I = pL)* = R(I* — pL?),

N(I* — uL*)* = R(I - uL),
dim N(I — pL) = dim N(I* — puL*).
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E) For all p € CV(L), there is a smallest n (u) such that for all k > n (p)
N, = N(I —uL)"® > N(I —puL)*, R, =R(I —pL)"" c R(I —uL)",
L(N,)CN,  L(R)CR, and N,&R,=E.
F) If p € CV(L) and P, and @, are respectively the projections of £ on N, and R,,, then

LP,=P,L, and LQ,=Q,L.

The integer s (1) = dim N(I — uL)"*" is the algebraic multiplicity of the characteristic
value p. For a detailed presentation on the Riesz-Schauder theory, we refer the reader to
[11].

The following theorem is due to M. G. Krein and M. A. Rutman and plays a key role
in this paper.

Theorem 1 ([7, 12]). Let K be a cone in E and let L be a compact operator in Li (E).
Assume that the cone K is total in E and r(L) > 0, then 1/r(L) is a pcv of L and L*.

3 Main results

3.1 Notations and preliminaries

The statements of the main results in this article as well as their proofs need to introduce
some notations and preliminary lemmas. For any cone K in F and any operator L in
Lx (E), we let

Fr=K—K
CVk(L)={u>0: Ju>k Og such that pLu = u},
inf CVi (L) if OV (L) # 0

PLE =\ foo it CVic(L) = 0
+ [ supCVgk(L) if CVk(L) #0
PLe = 400 if CVi (L) = 0.

Notice that K is a total cone in Fg, L(Fkx) C Fx and Lp, the restriction of L to Fp,
belongs to Lx (Fi) and is compact if L is. Moreover, we have CVi (L) = CVg(Lp).
With any cone K in F and any operator L in L (E) is associated the abstract equation:

u—pulu=nh (Eun,L)

where p is a positive real parameter and h € K.
As it is mentioned in the section Introduction, we are concerned by the solvability of
the equation (£,5,r,) in K. For this reason, we introduce the following constants v, , and

WZ i that are related to the positive solvability of Equation (&, 1)

N =sup { | >0: forall p€(0,7) and h =k Op, Equation
LK (€u,n,1.) has a unique solution in K
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+ e 2 0: for all p € (v,400) and h >k Og, Equation
LK = (Eu,n,r) has no solution in K ’
Notice that for all y € (0,400) ~ CV(L) and h >g Og, v = R(u, L) h is the unique
solution of Equation (€, ,z). This means that the constant 'y; x represents the nonnegative

real number at which the resolvent mapping stops to be positive, i.e. R (u, L) (K) ¢ K for
> vf’K. Furthermore, since (2.1) guarantees that for all 4 < 1/r(L), R (u, L) is a positive

mapping, we have 'y'f, x = 1/r(L). The definition of the constant v , implies that for all
1> gk the set R (u, L) (K) N (K \ {0g}) is nonempty, we can say that the constant
YLk represents the first nonnegative real number at which the resolvent mapping starts to
be positive. Clearly, it yields from their definitions that v, , < 'yi K-

Let /\27 x and /\; x be the constants associated with the cone K in F and the operator
L in Lk (E), defined by

+ +
)\L’K = supALK,

P inf Ay o AL i #0,
LE™ | 400 if Ap o =0.

where
AL g ={A>0: Fu>k Op such that A\Lu = u},

AZK:{/\ZO: Ju >k Op such that ALu < u}.

It is proved in [2] that if L is compact then ALk and )\JLF’ x have the following properties:
G) ALk <Ak
H) If p € OV (L) then Ay, < < A g,

I) if A} i # 0 then A} j is the smallest pcv of L and if Y L.k < too then AiK is the
largest pev of L (see Propositions 3.14 and 3.15 in [5]).

For u € CVk(L) we denote by Py, and Pr, the projections on the Banach subspaces
of E, N, and Ry, respectively.
The following lemmas will be used in the proof of the main results in this paper.

Lemma 1. Ifr(Lp) > 0 then Ap x > 1/r(Lp).
Proof. We distinguish two cases:
i) A7 ¢ = 0, in this case we have A} - = +00 > 1/r(LF).
ii) AZ’K # (), in this case let A\g > 0, ug =k O be such that A\gLpug = N\gLug =k ug

and let us show that Ao > 1/r(Lr). By the contrary, suppose that Ay < 1/r(Lp) and set
ho = MoLug — ug = \gLrug — ug. We obtain then the contradiction

OE <K Uy = _R<>\0,LF)h() = — Z )\gLylf—‘ho <K OE.
n>0

This ends the proof. 0
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Lemma 2. Let K be a cone in E and let L be a compact operator in Li (E). If for
p e CVk(L), KNR,={0g}, then Py, (K) is a cone in N,.

Proof. Since Assertion E guarantees that the linear mapping II : £ — N, x R, defined
by II(z) = (P, (z), Pr, (%)) is a continuous bijection between Banach spaces, we conclude
by the open mapping theorem that II is a linear homeomorphism between Banach spaces.
Therefore, IT (K) is a closed set in Ny, x Rz, and in particular Py, (K) is a closed set in N,,.
Because of the linearity of the projection Py, , we have that Py, (K) is a convex set and
(tPn, (K)) C Py, (K) for all t > 0.

Let © € Py, (K)N (=Py,(K)), then there exist y, 2 € K such that z = Py, (y) and
—x = Py, (). This implies that Py, (y +2) = Op and y +2 € KN R, = {Og}, that is
y+ 2z =y =z = 0p proving that z = Og, ending the proof of Py, (K) is a cone. |

3.2 A variant of Banach contraction principle

In all this subsection, we let K be a normal and minihedral cone in E.

Theorem 2. Let T : E — E be a continuous operator such that for all u,v € E
|Tu — Tv| <k cL (Jlu—vl|)
where L € L (E) and ¢ > 0. If er (Lp) <1, then T admits a unique fized point.

Proof. The case ¢ = 0 is obvious, so we suppose that ¢ > 0.
Uniqueness. If u; and ug are two fixed point of T' with uy # ug, then w = Ju; — ug| > g
0g and satisfies

w = |u; —ug| = [Tuy — Tus| <k cL (Jlug —uz|) = cLw.

Hence, ¢ € A} ;- # 0 and r(Lp) > 0. Indeed, we have by induction
L"w =g —w,
Cn

and then the normality of the cone K leads to

LR lwll > [[LEw] = [[Lpw] > [l

ngc”

. 1
r(Lp) = tim /ILE = - >0

Therefore, this together with Lemma 1 lead to the contradiction

From which we see that

ALk > 1/r(Lp)>c>inf{A > 0:3Ju =k Op such that ALu =g u} = A} k.

The uniqueness is proved.
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Existence. Let uy € E and consider the sequence (u,) defined by u, = Tu,_1. We
have then for all n > 1,

[unt1 — un| = [T(un) — T(un—1)| 2x cL(|tn — up-1l),
Since the operator L is increasing, we obtain
[Unt1 — un| 2 " L™ (Jur — uol)

Therefore, if m,n are two integers with m > n > 1, then

|Um — Up| K |um - um—1| + |um—1 - Um—2| + ...+ |un+1 — Un

jK an—le—1U+cm—2Ler—2v+ ...—i—an"’U

where v = |u; — ug.
Thus, the normality of the cone K leads to

A

= nll < g ("L ]| £ 2L 20|+ .+ | L))
= nkg (Sm—l - Sn—l) )

where S,, = S7=0 || LFu||.
Since v =k Og, we have that

3 n n n — ] n T n < 3 n n n — .
Jim Lol = tim (e Lpoll < tim /el Il = er(Le) <1

that is (S,,) converges and

RETOO ([t — un|| < HETOO [[Sm—1 — Sn—1]| = 0.
Therefore, the sequence (u,), is a Cauchy sequence and the completeness of E leads to
lim,, 4 oo u, = u € E. At the end, passing to the limit in wu,4+1 = Tu,, we obtain u = Tu.
Ending the proof. 0

Remark 4. Obseve that Theorem 2 holds true if T : E — E is replaced by T : Q — )
where Q is a nonemplty closed convexr subset of E.

Remark 5. Clearly if L = I then r(Lp) = 1 and Theorem 2 coincide with the standard
Banach contraction principle. Notice that if L is compact then the condition r(Lp) > 0
i Theorem 2 is equivalent to that L has a positive eigenvalue, i.e. there are A > 0 and
u = O such that Lu = A\u.

Remark 6. An operator satisfying the condition of Theorem 2 is not necessaraly a contrac-
tion. Indeed, let E = C ([0,1]) equipped with its sup-norm ||-|| ., K the cone of nonnegative
functions lying in E and G : [0,1] x [0,1] — R the Green’s function associated with the
differential operator % and the Dirichlet boundary conditions, given by

_f s(1—-1),if0<s<t<1,
G(t’s)_{ tl—s), if0<t<s<l.
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Let L,T : E — E be the operators defined for u € E by

Lu(t) = [y G(t,s)u(s)ds,
Tu(t) = [, G(t,s) (cu(s) + h(s)) ds,

where ¢ >0 and h € E.
It well known that K is normal genartor and minihedral with

ut(t) = max(u(t),0), v (t) = max(—u(t),0) and |u|(t) = u" (t) +u (t)

and L € Lk (E) with

1 1 1
r(L) = = and ||L|| = tgttl)?l]/o G(t,s)ds = g

After simple computations we obtain that for all u,v € E
c
1T = Tolloe = cllL(w = v)]lo < |l Ll u = vlloe = £ llu— vl (3.1)

and
T (u—v)| = leL (u - v)] < eL (ju — v]) (3.2)

Being the best constant realizing (3.1), i.e. |L|| = inf {k > 0 : ||Lu| ., < k|ju|| Vu € E},
we conclude that the mapping T is a contraction if and only if ¢ < 8. Moreover, we deduce
from (8.2) that the condition of Theorem 2 is satisfied if and only if ¢ < 2.

Notice that for c € (8,7r2) the operator T satisfies the condition of Theorem 2 and it is
not a contraction.

Corollary 1. Assume that the mapping |-| : E — K is continuous and let T : E — E be
such that for all u,v € E

|Tu — Tv| <k cL (Jlu—vl|)

where L € L (E) and ¢ > 0. If r (Lp) >0 and cr (Lp) < 1, then T admits a unique fized
point.

Proof. We have to prove that the mapping T is continuous. For all u,v € E, we have

[Tw =Tl n ||[Tw = Tol|
nice L (ju—v])|

nice | Ll [lfu — ol

IA A CIN A

niene | LI u — o]l

where 7 = sup =1 [|[ull| < oo (see Remark 3).
Hence the mapping T is continous. 0
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3.3 Krein-Rutman operators

In all this subsection, we let K be a cone in E and L a compact operator in Lx (E). The
first result of this subsection concerns constants A\, -, V. ks 17 k> uf 5 /\z e fyZ'K.

Proposition 3. We have
- A= + +
Lk = T,k = ML K < Hp K < )‘L,K =7L,K-
Moreover, if )\};K < 400 then )\JLF’K = 'VZF,K = LLZ’K.

Proof. We distinguish the following two cases:

i) AL ¢ = 0, in this case we have from Assertion H CVik (L) = 0 and A} , = pp , =
uz x = +oo. Moreover, we have R (u, Lr) is defined and positive for all 4 > 0 and so, for
all h =g O, w = R (u, Lr) h is the unique positive solution to Equation (&g p,,1), proving
that v, = AL x = Hp x = ,uJLr’K = +00. Therefore, Assertion G leads to )\E,K = ,uj{’K =
WEL,K = +oo.

ii) Ap , # 0, we prove that v, , < pp o < pf o < 77 k- To this aim, let u be an
arbitrary pcv of L having a positive eigenvector ¢ and let (e,) be a sequence such that
lime, = 0 and for all n > 1, (u—e€,) ¢ CV (L). Such a choice is possible because of
Assertion A. Since for alln > 1, ¢ — (u—e,) L) = 29, we have p1 — €, < ’VZF,K leading
top=lm(u—e€,) < 731{-

Suppose that p < v , and let 6 € (u,’yi K) ~ CVk(L), then the nonhomogeneous

equation (g p,.r) with hg = (%) 1, admits a unique positive solution uy. Consequently,
vo = up+1 > O solves the equation vg —fLuvg = O, contradicting 6 ¢ CV (L) and proves
that 1 > 7 . Since p is arbitrary, all the above proves that 77 , < pp , < /.LZ,K < ’yz"K.

At this stage, we conclude by means of Assertion I, that Aj o = 1/r(Lr) = py . We
have to prove now that A\ p <7 . Let 0 <A} x =1/r(Lp) be arbitrary and notice that
u is a positive solution to Equation (£g 5,1 ) if and only if w is a positive solution of Equation
(Eo.h.r). Because up, = R(8, Lp)h is the unique positive solution, Equation (£g . 1,.) has
a unique positive solution. This shows that A\ - = up =7 k-

Because of Assertion H, we have ,u}i < )\2'7 o and if (Ay,), (uy,) are two sequences such
that lim \,, = )\ZK, U, =k 0p and u, — A\, Lu, =k Og, then for all n > 1 the equation
(En, .h,,.L) Where h,, = u, — Ay Lu,, has a positive solution and A, < 'VZK' Thus, passing to
the limit, we obtain )\};K =lim\, < 7;1('

On the contrary, suppose that )\JLF’ k< 7; - Since for all 0§ € ()\JLr K,’yz, K) and all
u >k 0, u—0Lu % 0g, Equation (&g p, L, ) has no positive solution for all A =5 0g. This
contradicts the definition of the constant 'y; - Thus, we have proved that A} - =77 j =
pp e =1/r(Lr) < HZ,K < /\Z,K =1 k-

At the end, for the particular case where )\f x < 400, we have from Assertion I that

+ o+ 4+
)‘L,K =ML = VLK: o
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Definition 8. The operator L is said to be a KRO if it has a pcv Ap, such that Equation
(Euh,1.) has a unique positive solution if p < A\, and Equation (€, p,1.) has no positive
solution if p > Ap.

We obtain from Proposition 3 and the above definition the following proposition.
Proposition 4. If L is a KRO, then
T _ ot
AL=AL Kk =YLk =Prx =LKk = VZ,K =My K

is the unique pcv of L.
Reciprocally, if

N ™ S
AL=AL Kk =YLk =PLx =Aok =VLk =B kg <

and for all h =k Og Equation (Ex, n1) has no positive solution then L is a KRO having a
unique pcv Ar.

Definition 9. The operator L is said to have the property (H) if
w € CVi (L) implies p has a strictly positive eigenvector.
The first main result of this subsection is:
Theorem 3. Assume that )\Z7K < oo and L% has the propety (H), then L is a KRO.

Proof. Since K is total in F' and L% has the property (H), we have from Theorem 1 that
ALk =1/r(Lr)isapcvof Lp and L} and A} g has a strictly positive eigenvector ¢ € K*.
Let fori =1,2, A\; > 0, u; = Og be such A\ Lu; <k uy and Ao Lus = g us, we have then

0 < (p,ur) < (@, AiLlur) = (¢, \iLruy)
= M (Lrpp,u) =

— (Qovul)
/\L K

s

and

0 < ((p,Uz) Z (@?)\QL'UQ) = (@7)‘2LFUI2)

A
= N (Lipu) = == (pymw),
LK

leading to Ay < )\Z,K < A
Because that Ao, A\; are arbitrary, we obtain from Assertion G and Proposition 3 that
AL = )‘Z,K =Vok = ML g = )‘ZF,K = ’YIJ/F,K = /G,K
is the unique pcv of L.
It remains to prove that for all h =g Op, equation u — A Lu = h has no positive

solution. On the contrary, if this fails and for some h =g Op there is u > Og such that
u — A\r, Lu = h, we obtain the contradiction

0 < (907 h) = (@7”) - (‘Pv ALLU)

Il
/\g/—\
£ £E

I
—~~ ~~

>

~

h

o

s

£
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Thus, Proposition 4 leads to L is a KRO, and this ends the proof. 0

Theorem 4. Assume that A} ;- < oo and the operator L salisfies the condition (H), then
AL i 18 the unique pcv of L and L} is a KRO.

Proof. Notice that p is a pev of L if and only if i is a pev of Lg. Since K is total in F' and
AL # (), by Theorem 1 we conclude that ALk =1/r(Lr)is apevof L and of L} Let u

be the strictly positive eigenvector associated with Aj - as a pcv of L and let p € K* be

the eigenvector associated with A} - as a pev of L. Thus, if p € CVk(L) has a strictly
positive eigenvector v, we obtain

0 < (p,v) = (g, plv) = (uL*p,v) = (p,0),

>‘L,K

leading to p = A} .
Now, let h >+ Op~ and suppose that Equation (5'/\Z ok L}) has a positive solution .
We obtain then the contradiction Y

0 < (hou) = (,u) — (ApicLirth,u)
= (,u) — (¥, ALk Lru)
= () ~ (b, u) = 0.

This proves that for all A > g+ Op«, Equation (£,- , ;.) has no positive solution. There-
L,K»"~F

fore, we conclude from Proposition 4 the operatoryL}} is a KRO, and the proof is finished.
O

We obtain from Theorem 1 and Theorem 4 the following corollary.

Corollary 2. Assume that the cone K is total and r(L) > 0. If the operators L and L*
have the property (H), then L and L* are KRO.

The following theorem consider the case where E is a Hilbert space.

Theorem 5. Assume that E is a Hilbert space and the operator L has the property (H) .
If AL ¢ <00 then AL ¢ is a pcv of L* and L* is a KRO.

Proof. Denote by < -,- > the inner product in £ and let W be the orthogonal subspace
of F. Because that K is a total cone in F and A\ - = 1/r(Lp) = 1/r(L}) > 0, we have

from Theorem 1, that A} , is a pcv of L} having an eigenvector u > g~ Op«, namely, for
all v € F, we have

<u,v >=< )\LKL}U,'U >=<u, A\ g Lpv >
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Since L* (K*) ¢ K* and u € K*, we have L* (u) € F* = F and so, L*u — Lu € F.
Moreover, we have for all v € F

AL <L'u—Lpu,v >=<Ap g L*u,v>— < Ap pLpu,v>
=< )\iKu,LU > — < )\Z’KU,LF’U >
=< AL gU, Lpv>— <AL gu, Lpv >=0,

proving that L*u — Lju € W. Therefore, L*u — Lyu € WNF = {0g}, leading to
L*u = Lpu = Ap gu. This ends the proof. O

We deduce from Theorem 5 the following corollary.

Corollary 3. Assume that E is a Hilbert space and the operator L is selfadjoint having the
property (H). If A g < oo then L is a KRO.

Theorem 6. Assume that A}, < 00, m(Ap x) = x#(Ap i) and for all h -k O Equation
(S)\Z K’h’L) has no solution in E. Then L is a KRO.

Proof. We have from Assertion E that £ = N,- @ R,- and notice that K N R,- =
LK LK LK

k
{0g}. Indeed, if for h > Op thereisv € F and k > 1 such that h = (I — )\Z’KL) (v), then

k—
h=w—Ap xLw where w = ()\Z’KI — L) (v), contradicting Hypothesis that Equation
(EAZ o 1) has no solution in E. Therefore, we conclude by Lemma 2 that C'= Py _ (K
Kol LK
is a cone in N,- .
L,K
Since dim(N, -
L,K

) < oo, namely N - is separable, we conclude from Assertion ¢) of
Proposition 19.3 in [7], that there is ¢ € 'N*_ such that (p,u) >0 for all u =¢ Op.
L,K

Consider ¢ = <poPNA_ , clearly ¢ € E* and observe that for all u = Og, PNA_ U >c
LK LK
Ogp and (p,u) = (SO’PN)\_ u) > 0. Indeed, PN)\_ u = O for some u =, Op leads
LK LK

to the contradiction u = Pp _ w € KN Ry = {O0g}. Thus, taking in consideration
L,K ’

m(AL i) = #(Ap i) and Assertion F, we obtain for all u € E

(Ll Bo0) = BALxLw) = @ ALiPy, L) = (p A0 LPy, )

L,K

=(p AL kLN _ Py _ u) = (o, Py _ u)=(p,Pn _ u)

. L,K L,K E,K L,K
= (p,u),

proving that ¢ is a strictly positive eigenvector associated with the pcv ALk of L*.
Thus, we conclude by Proposition 4 that L is a KRO. This ends the proof. 0

We deduce from Theorem 6 the following corollary.

Corollary 4. Assume that A\j o < oo, m(Ap ) = 1 and for all h =k Op Equation
(€ - K,h,L) has no solution in E. Then L is a KRO.
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4 On the generalized Fisher equation

4.1 Notations and main results
Let ¢ and A be two positive constants and consider the linear bvp
{ —u" 4+ cu' + Au = pqu + h in R,
u(—o00) = u(+00) =0
where p is a real parameter, and g, h € €T with

E={ueC(RR):limy_ou(t) =0},
Et={uef:u>0inR}.

For the physical interest, we refer the reader to [8], where authors were interested by
existence of positive eigenvalues to the bvp (4.1).

The statement of main results of this section and their proofs need to introduce some
notations. In what follows, we let G and G* be the functions defined by

_ 1 exp(ri(t—s))if s <t

Glts) = ro — 1] { exp(re(t —s)) ift <s

X 1 exp(p1(t—s)) if s <t
G*(t = .

(t,5) P2 — p1 { exp(pa(t —s)) ift <s

where 71 < 0 < ro are the solutions of the characteristic equation —X2 + cX + A = 0 and
p1 < 0 < po are the solutions of the characteristic equation —X? — cX + A = 0.
We let E, be the linear space defined by

E, = {u e C(R,R): ‘ llim p(t)u(t) = O}
t|—o0
where p(t) = e~"2Il. Equipped with the norm [[[I,,» where for u € Ey, [lul|,, = sup,cg p(t) [u(t)],
E, becomes a Banach space.
The subsets E and K, of E, given by

Ef ={uc E:u>0inR},
Ky={ueE:u(t) >~y ()]|ul forallteR}

where
entif ¢t >0,

_ : 2rot (Tlf’l’z)t (7’1+T2)t _
1 0) = ployin (1,20t el ey - 72

are obviously total cones of F.
In the case where ¢ does not vanish identically on any interval, we let

Ll = {u : R — R measurable such that /

q qu|<oo}
R

equipped with natural norm ||, = where for u € Ly, |uly 0= Jralul.
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The subset
K={ueL):u(t)>0aetcR}

is a total cone in L.
The dual space and the dual cone associated respectively to respectively of Lé and K
are then

Ly = {u : R — R measurable such that supq|u| < oo}
teR

and
K*={uelL?:u(t)>0actecR}.

Theorem 7. Assume that q does not vanish identically on any subinterval, then there exists
a unique real number py = p1 (g, A, ¢) > 0 such that:

i) If h =0, then the bup (4.1) admits a solution in K ~ {0} if and only if pn = p.

ii) For all h € L' ~ {0} the bup (4.1) admits a unique solution in K if u < ui and no
solution in K if u > py.

Theorem 8. Assume that q does not vanish identically and the ratio p/q belongs to £,
then there exists a unique real number py = p1 (g, A, ¢) > 0 such that:

i) If h =0, then the bup (4.1) admits a solution in K, ~ {0} if and only if p = p1.
ii) For all h # 0 the bup (4.1) admits a unique solution in K, if u < p1 and no solution in
Ky if p = pa.

4.2 Preliminary Lemmas

We begin this section, by two results of compactness that are respectively versions of
Frechet-Kolmogrov theorem ([11] p. 275) and Corduneanu theorem ([6], p. 62).

Lemma 3. Let g € C(R,R) with ¢ > 0 a.e. in R. A nonempty set S in Lé, is relatively
compact if and only if the following conditions hold:

(a) S is bounded in L},

(b) for all € > 0 there is 6 > 0 such that for allu € S and all n € (0,6),
Jg la(t 4+ h)u(t + h) — q(t)u(t)| dt < €, and

(c) for all € > 0 there is € > 0 such that for allu € S fR\[fg,g] q(t) Ju(t) dt < e.

Lemma 4. A nonempty set S in E, is relatively compact if and only if the following
conditions hold:

(a) S is bounded in Ep,

(b) functions in S = {pu : u € S} are equicontinuous in compact intervals, and

(c) for all € > 0 there is there is T > 0 such that for allu € S e~ |u(t)| < € for all
t, |t|>T.
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Lemma 5. Assume that g € E, then for all € > 0 there is 64 > 0 such that for allt € R
and allm € (0,04.) lgt +1n) —q(t)| < e

Proof. Let € > 0, since limp; o q(t) = 0 there is T > 0 such that q(t) < €/2 for all ¢,
[t| > T. Let t € R, if ¢ > T then |q(t+n) —q(t)] < |¢(t +n)| + |¢(t)] < € and if ¢ < —2T
and h € (0,T) then |q(t +n) — q(t)] < |q(t+n)|+|q(t)| < e. Now, because the function g is
uniformly continuous on the interval [—2T, T, there is 07 > 0 such that for all ¢ € [-2T, T
and all 9 € (0,d7.) |q(t+n) —q(t)] <e.

We conclude from the above discussion that for all t € R and all n € (0,6,.),
lg(t +n) — q(t)| < € where §, ¢ = inf (61, T) . d

Lemma 6. The function G has the following properties:
1) 0 < G(t,s) < 1r1 for allt,s € R,

— ro—

i) For all t,7,s € R

pt)G(t,s) =7 (1) p(T)G(7, 5)

where 7 () = inf(1, e2"2¢, e(rlfm)t (Tﬁ’"?)t)
#t) For all u € E, v(t fR s)ds belongs to E N C?(R) N E, and satisfies
—v" +cv' + Mv = . Moreover if u € L1 then ve L.

Proof.
i) is obvious.
iy pt)G(t, 5) e
ii) Set Q(t,7,s) = ————=. We distinguish then four cases.
)8t QTS = G s)

a) 7,¢t > 0, in this case we have

exp (— (ro — )t + (ro —ry)7) > et if s < 7 <t
exp (= (rg =) t4 (rg —r1)s) > e 2mmtif £ < 5 < ¢,
lifr<t<s,
exp (= (rg =)t + (rg —11)7)
exp((rg —r)7—(r2—11)s) =
lift<7<s

Q(t,T,8) =

> F(t).
>etemmitifg<p<r =10
lift<s<m,

b) 7,t <0, in this case we have

exp ((ro +7r1)t — (ro +71)7) > et if s < 7 < ¢,

exp (— (ro —ri)t — 2ram + (r9 — ry) s)>e (ot if r < 5 < ¢,
Qt, 7 ) = exp (2rat — 2ro7) > 272t if T <t < s, ~
Y exp ((ro +r1)t — (ro +71)7) > e(ra )t if o <t<r,

exp (2rot — (ro+71) 7 — (ro — 1) )>62T275 ift<s<r,

exp (2rot — 2ro7) > €22t if t <7 < s

c) 7 <0,t >0, in this case we have
exp (— (re —r)t— (ro+7m1)7) > e (2t if s < 7 < ¢,

Q(t,7,8) =< exp(—(ro —7r1)t— 27+ (ro —71)s) > e (2t if 1 < s < t, >7F(t).
exp(—2ro7) > 1if 7 <t <s,
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d) 7 >0, ¢t <0, in this case we have

exp ((ro +71) t+ (ro — 1) 7) > ezt if s <t < 7,
Q(t,’r, S) = exp (27“2t+ (T‘2 — ’[“1)7' — (7"2 — 7«1)5) > 62r2t if ¢ <s< T, > %(t)
exp (2rqt) ift <7 <3

iii) We have

1 t —+o0
v(t) (e”t/ e " u(s)ds + em/ e‘”%(s)ds)
t

To —T1 — 0

1 <fioo e "u(s)ds N ;roo e”%(s)ds) .

o —T1 e~rt e—"rat

This shows that v € C? (R,R) and by means of L’Hopital’s rule we see that lim o0 v(t) =

0. Thus, we have proved that v € (ENC? (R,R)) C E,.
Moreover if u € L', we obtain by means of Fubbini’s rule

1 t “+o0

/|v(t)|dt < /(w/ e—“s|u(s)|ds+er2t/ o7 |u(s)ds> dt
R T2 =71 Jr —00 ¢

1 +oo s

|u(s)] (e_“s/ e“tdt—l—e_“s/ e”tdt> ds

T2 —T1 Jr s —00

— [ uds
—rire Jr '

The proof is complete. |

Set for u € L}, Lu(t) = [, G(t,s)q(s)u(s)ds

Lemma 7. Assume that ¢ € E and does not vanish identically on any inerval, then L
define a compact operator in Ly (Lé).

Proof. Since Assertion iii in Lemma 6 states that for all w € L}, Lu € L' and ¢ is a
continuous bounded function, we have that ¢Lu € L', that is Lu € L;. The linearity and
the positivity of L are obvious, so let us prove the compactness of L. Let Q C B (0, R), as
in proof of Assertion iii in Lemma 6, we have for all u € Q

doo R
—7“17”2.

= oo S)luls S
/un) |LU(t)\dtSqoo/R\LU(t)ldt— /Rq< ) Jus)| ds <

—Trir2

We have for all w € Q and all n > 0

/R lq(t +n) Lu(t +n) = () Lu(t)| dt < Li(n) + L2 (n) + J1(n) + J2(n)
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where

L) = //ﬂ gt +mem™ — q(8)] () u(s) dt,
b@)béz*mq@+mawqanaﬁsh@>w$mwu
A1) :.//ng+maww“ﬂ«$W@mwu
B = //‘ a(t + n)ermer2=5)g(s) [u(s) | dsdt.

Straightforward computations lead to

t
/ lat +m) = q(t)] ™" / e =q(s) [u(s)| dsdt
R —o0o
t
+ [aterm =1l [ et gs) u(s) dsde,
R —o0

+oo
Lin < Ama+m—amawl €729 q(s) u(s) | dsd,
+oo
e — e2(t=9) 0(8) |u(s)| ds
+ [aw - [ als) uls)] dct

t

t+n
Ji(n) < qooe””// =) (s) Ju(s)| dsdt
= (oo e”"/ “Mq(s) Ju(s |/ (t=5) dtds
1—em"
. /d@wwws
T1 R
i _
< qooe 1 1R
T1
and ran 1
er2m _
J2(77) < (o
T2

where ¢oo = sup,cp q(t).
Let € > 0, we obtain from Lemma 5 there is J, > 0 such that for all ¢ € R and all
n € (0,0q.), lg(t+mn)—q(t)] < e and there is §. > 0 such that for all n € (0,d.),

sup (€7 — 1,1 — e™") < e. Thus, for all € (O,gﬁ) where &, = inf (0g,e59¢, 1) we have
t
hi) < kaw)e [ e fulo)| dsi
RJ—oc0
- we/ q(s) |u(s)| ds < w@
R -1

-7
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T2
2

R
J1(77) < QDOIG

and
R
J2 (77) < oo —E.
T2

All the above estimates show that Condition b in Corollary 3 is satisfied.
Now, let T' > 0 such that ¢(t) < € for all ¢, |[¢t| > T. We have

Jo o 4) [Lu()] dt < € [ gy [Lu(t)]dt < € [ [Lu(t)| dt
<e(fo Sl e q(s) [uls)] dsdt + fi, [ e2=*)q(s) [u(s)| dsdt

=e(fp eroo e (=) g(s) |u(s)| dtds + Iz fiooe 2t=9)q(s) |u(s)| dtds
< (252) Re.

This show that Condition ¢ in Lemma 3 is satisfied and achieve the proof of compactness
of the operator L. 0

Lemma 8. Assume that ¢ € E and does not vanish identically on R (it may vanish on
some intervals), then L define a compact operator in Ly, (Ep).

Proof. Since for all u € E, qu = 1% (pu) € &€, Assertion iii in Lemma 6 guarantees that Lu €
E,. The linearity of L is obvious. Now, we prove that L (K},) C K, that is L € Lk, (£,).
Let u € E;r, for all ¢,7 € R Assertion ii in Lemma 6 gives

p(t) Lu(t) = / ()G, 5)g(s)u(s)ds > 7 (1) / p(7)G (7, 8)a(s)u(s)ds,

R

leading to
(t)
p(t)
Since 7 is arbitrary in R, we obtain that for all ¢ € R, Lu(t) > [|Lul[,. Proving that
L(E}) C K,.

Now, let © be a subset in E, bounded by R > 0 and set Q = {pLu:u e Q}. We have
for any u € Q and t > 0

4

Lu(t) >

/Rp(T)G(T, s)q(s)u(s)ds =~ (t) p(r)Lu(T).

p()Lu ()] < fp BE Gt 5)a(s) [p(s)u(s))| ds

< Jlull, p(t) fp L3 Gt 5)ds

< Rsupcp (p ) fo p(s)G (t,s ds)

This proves that L (€2) is bounded in Ep.
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Let t1,t2 € [,¢] C R, for all u € Q we have

[p(t2) L (t2) — p(t) Lu (t1)] < [p1(t2) — pa(ta)] [< ., e71* L ds

+ |pa(te) — pa(t1)| f:oo —rzs%ds
+ (suprep T(0)) 2 = 1

where for i = 1,2, p;(t) = e "2[t1F7it and T'(t) = (e2(r2—m)ltl 4 edraltl) g(¢).

Because p1, p2 are uniformly continuous on compact intervals, the above estimates prove
that Q is equicontinuous on compact intervals.

We have for allu € Qand ¢t > 0:

[p(t) Lu(t)| < Rp(t) /R ]‘jgaa, $)ds == RA(D)

Since limj¢_ 400 H (t) = 0, we have that Q is equiconvergent at +o0o. This ends the proof.
O

4.3 Proof of Theorem 7

Notice that w is a positive solution to the bvp (4.1) if and only if u — pLu = h where
h(t) = fjooj G(t, s)h(s)ds. Since Lemma 6 guarantees that i belongs to K and Lemma 7
states that L is a compact operator in ,CK(Lé), we have to prove that L is a KRO.

Let [a,b] be any interval in R and consider the function

(s—a)(b—s) if s€]a,b
UO(S)_{ 0 if s¢la,b].

We have then, Lug > Aoug where Ao = mine(q 5 (Luo(t)/uo (t)) > 0, proving that A} - # 0

and p1 = p1 (g, A ¢) = Ap g, = 1/r(L) is a pev of L. It is easy to see that that adjoint
operator L* of L where L* € £ (L$°) is defined for u € L® by L*u(s) = [, G( Ju(t)dt.
Moreover, Theorem 1 states that u; is a pcv of L* havmg a posmve elgenfunctlon 0.

Now, we have just to prove that L* has the property (#). First, notice that a function
w in K is strictly positivity if and only if v > 0 a.e. in R. Consequently, we have to prove
that if p is a pev of L* having a positive eigenfunction ¢, then ¢ > 0 in R. Since p > 0 and
q >0 a.e. in R, we have

= u/ G*(t,s)q(s)p(s)ds > 0 for all t € R.
R

Thus, Theorem 7 follows from a direct application of Theorem 3.

4.4 Proof of Theorem 8

Let [a,b] be an interval such that ¢(s) > 0 for all s € [a,b] and consider the function

(s—a)(b—s) if s€]a,b
uo(s) = { 0 if s¢ab].
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We have then, Lug > Aoug where X\g = minge(q (Luo(t)/uo (t)) > 0. This proves that
AL g, #0and p1 = p1 (g, A, ¢) = AL g, = 1/7(L) is a pev of L having a positive eigenfunc-
tion .

At this stage let us prove that p; is geometrically simple. Suppose that t; is an
eigenfunction associated with py and W be the Wronksian of ¢ and ;. We have then
W' — cW =0, leading to W = ae®’. Since

pary [T eTTq(s)(s)ds g [T e g (s)b(s)ds

¥'(t)

(TQ - 7”'1) et (7’2 — 7’1) e—T2t ’
,(/)/ (t) _ H1T1 fioo eirlsq(s)wl(s)dS n 1172 f:_oo e—?‘zsq(s)wl(s)ds
1 - (rg —ry)e "t (ro — 1) e—"at ;

we have lim;_, 1 o ¥’ (t) = limy_, 1 oo ¥ () = 0 and

lim_ac = Tim W(r) = lim (0)ui(t) - ¢/ (1) = 0.

t——+oo

Leading to a = 0 and so, to W = 0. Thus, we have proved that p; is geometrically simple.
Consider now the eigenvalue problem

P/ _ .
{ U cu' + Au = pqu in R, (4.22)

u(—00) = u(+00) = 0.

We claim that taking p1 = p1 (g, A,¢) = Ap g, is a positive of the bvp (4.2a). Indeed, we
have that p is a positive eigenvalue of the bvp (4.2a) if and only if u is a pev of the linear
compact operator L* € L(FE) where

L*u(t) :/RG*(t,s)q(s)u(s)ds,

Asfor L, r(L*) > 0 and A}. &, is a pev of L* having a positive eigenvector . Moreover,
we have

/R (=" + ' +2A0) ¥ = pu /R 4.

Integrating by parts, we obtain

” /R 4

/R (=" +c¢’ + o)

/R (=t — el + M) &

= AZ*,K‘,/R(ICWJ

leading to Ap. x = p.
Let h € K, ~ {0} and suppose that the equation u — g Lu = h has a solution v and let
w = v — h. Thus w satisfies

—w" + cw' + M = p1qw + p1gh in R,
w(—00) = w(+00) =0
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Therefore, we have

/R(*W"JrcwW/\w)sb:uléqw¢+u1/ﬂ§qh¢

and two integrations by parts lead to

ul/qhas 0.
R

But this is impossible since 1 > 0, h € K, \ {0} and

¢@ﬁqﬂ4G@@ﬂ@M@@>ObtheR

Indeed, if ¢ (to) = 0 for some t; € R then ¢(s)¢(s) = 0 for all s € R, and there is an
interval [a, B8] such that ¢(s) = 0 for all s € [, 8]. In particular there is ¢. such that
@ (t«) = ¢’ (t«) = 0 and since ¢ satisfies a linear second order ordinary differential equation,
¢ vanishes identically. This contradicts the fact that ¢ is an eigenfunction associated with
1. Thus, Theorem 7 follows from a direct application of Corollary 4.

5 Existence and uniqueness for a third order bvp

We are concerned in this section by existence and uniqueness of solution to the third-order
bvp
{ —u" 4+ au” +bu’ = f(t,u) in (0,400), (5.1)

u(0) = a, v (0) =3, v (+00) =0

where a, b, a, 8 are real numbers with a,b > 0 and f : Rt x R — R is a continuous function.
In what follows, we let

P m € C(RT,RT) : m(ty) > 0 for some ¢ty >0
B and lim;, oo (1 +t)m(t) =0 ’
t)|
E = € CR* R) :sup MO L
{reom il <o

lu(t)]
T+t

by ET the cone of nonnegative function in E.
The Green’s function G associated with the bvp (5.1) is given by

{%@wxw+%@wx$m@mx@ﬁsgt
—5(s)p1(t) ift<s

Equipped with the norm ||u|| = sup;>g E becomes a Banach space. We denote then

G(t,s) =

1
W (s)
where
W(s) = r3ry (re — r1) exp((r2 +71) 8),

d1(8) = (ro — r1) — roexp(r1s) + r1 exp(ras),
d2(s) =1 —exp(r1s),
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and 71, 7o are the solutions of the equation —X2+aX +b = 0 and are such that r; < 0 < 5.
We have

aﬁ(t s) = 1 { —¢1(s)h(t) if s <t
ot W(s) | —¢5(s)g1(t) if t <s

1 (e7ms —e T28)e Mt if 5 < ¢
T o —1 { (em2t — emit)er2s if t < s.

Arguing as in the proof of Assertion iii in Lemma 6, we see that for h € C (R*,R) with
lim¢_, oo h(t) = 0, the function v(t) = O+°O G(t, s)u(s)ds belongs to E and satisfies
" +av” + b’ =hin (0,+00),
v(0) = v/(0) = v'(4+00) = 0.

Consequently, for ¢ € P the operator L, : ¥ — E where for v € E,

Lu(t) = 0+°° G(t,s)q(s)u(s)ds, is well defined and is linear bounded and positive, that is
L,(E*) C Et. Moreover, arguing as in the proof of Theorem 8 we see that Ljyug > pouo
for some pp > 0 and up € E* ~ {0} and so, r(Ly) > 0.

Let ¢(t) = a — ﬁ(l —exp(rit)). It is easy to see that ¢ is the unique solution to
1
—u"" +au” +bu’ =0, in (0,+00)
uw(0) = a, w'(0) = B, v/ (+00) = 0.
The main result in this section is:

Theorem 9. Assume that lim;—, o f(t, ¢ (t)) = 0, there exists ¢ € P and ¢ > 0 such that
for all u,v € R and all t € RT,

|f(tu) = f(t,0)] < cq(t) [u— vl
If er(Ly) < 1 then the bup (5.1) admits a unique solution.

Proof. Notice that u € F is a solution to the bvp (5.1) if and only if v = u — ¢ satisfies

{ "+ av” + b = f(t,v+¢) in (0,400) (5.2a)

v(0) = v'(0) = v'(+00) =0,

Set for v € E, Tv(t) = f0+°o G(t,s)f(s,v(s) + ¢(s))ds. We have from the hypotheses in
Theorem 9,

+0o0 +oo
[To(t)] < ¢ ; Gt 5)q(s) v(s)| ds + ; G(t,5)f (s, 6(s))ds

and
/ T oG e oG
oy o <e [ Gt bl ds+ [ Gt (s o)

The above two estimates prove that Tv € E and T define a self-mapping on E. Moreover,
v € E is a solution to the bvp (5.2a) if and only if v is a fixed point of T.
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At the end, since Et is a normal and minihedral cone in E and for all vi,v, € E
|Tv1 — Twa| < cLg|u—v| with ¢ < 1/r(Lg),

we conclude from Theorem 2 that the mapping admits a unique fixed point v, then u = v+¢
is the unique solution to the bvp (5.1). 0
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