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On the derivative of a self-reciprocal polynomial
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Abstract

Similar to a polynomial P(z) with zeros w1, wa, ..., wn, being called a self-inversive

polynomial (see [8]) if
{wi,wa,...,w,} = {1/w1,1/ws,...,1/wn},
we have called a polynomial p(z) with zeros z1, 22, . . ., 2n, a self-reciprocal polynomial
if
{z1,22,...,2n} ={1/21,1/22,...,1/2n}

and have obtained for a self-reciprocal polynomial p(z) of degree n

max(|p’(2)] + [p'(2)]) = nmax |p(2)],

||
similar to

max |P/(2)| =

m 5 max|P(2)]

2 |zl=

for a self-inversive polynomial P(z) of degree n ([8]).
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1 Introduction

O’Hara and Rodriguez [8] called a polynomial P(z) with zeros wi,ws, ..., wy,, a self-
inversive polynomial if

{wi,wa,...,w,} = {1/w1,1/w3,...,1/w,}
and they obtained

Theorem 1. If P(z) is a self-inversive polynomial of degree n then

n
P = — P(z)|.
max | P(2)] = 5 max |P(2)]
We have similarly called a polynomial p(z) with zeros z1, 29, ..., z,, a self-reciprocal poly-
nomial if

{z1,22,. ..,z ={1/21,1/22, ..., 1/zn}.
For a self-reciprocal polynomial of special type there exist many results ( [5], [2], [3], [1],

[4], [9], [7], [10], [11]) in literature. In this paper we obtain a result similar to Theorem
1 for a self-reciprocal polynomial. More precisely we prove
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Theorem 2. If p(z) is a self-reciprocal polynomial of degree n then

max(|p'(2)] + [p'(2)]) = nmax p(2)] (1.1)

|z|=1 z|
and on unit circle, |p'(2)| + |p/(Z)| and |p(z)| attain mazimum at same point.
Using (1.1) we obtain the following interesting sharp result.

Corollary 1. If p(z) is a self-reciprocal polynomial of degree n then

min [p’(z)| < 2 max Ip(2)| < max |p'(2)], (1.2)

lzl=1 2 |z=1 l=l=1

with equality holding in (1.2) for p(z) = 2™ + 1.

2 Lemmas
For the proof of Theorem 2 we require the following lemmas.

Lemma 1. If p(z) = Z?:o a;jzl is a polynomial of degree n then the following are equiva-
lent:

(i) p(2) is a self-reciprocal polynomial.
(i) anp(z) = apz"p(1/z) for each complex number z.
(iii) apaj = Gnan—j;j =0,1,...,n.

Proof of Lemma 1. 1t follows easily from the definition of a self-reciprocal polynomial.

Lemma 2. Ifp(z) = Z?:o ajzl is a self-reciprocal polynomial of degree n then

an(np(z) — 2p'(2)) = apz" " 'p'(1/2), for each z (2.1)

and
I (Z)| = |np(2) — 2p'(2)| for each z on |z| = 1. (2.2)

Proof of Lemma 2. (2.1) follows from (ii) of Lemma 1 by differentiation and (2.2)
follows from (2.1) and the fact |ag| = |ay|, (by (iii) of Lemma 1).

Lemma 3. Let p(z) be a polynomial of degree n and

q(z) = 2"p(1/Z). (2.3)

Then
' (2)] +1d'(2)] < n max Ip(2)|, [2] = 1.

This lemma is a special case of a result due to Govil and Rahman [6, Lemma 10].
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3 Proof of Theorem 2

Using (2.2) of Lemma 2 we obtain

P'(2)] + 1P (Z)| = nlp(2)], |2 =1.

Further, let

‘m‘ax |p(2)] = |p(#1)] for certain z; with |z1| = 1.
z|=1

Then using (3.1) we obtain

[P (20)| + P (Z0)] = nmax [p(2)]

and

max([p' ()| + ' (2)]) = nmax [p(2)].

Now on using Lemma 3, along with parts (ii) and (iii) of Lemma 1 (which, by (2.3)

(of Lemma 3), give |¢'(2)| = [p'(Z)]), we obtain

[P(2)] + [P (2)] < nmaxp(e)], |2l =1,
thereby implying
p'(21)| + [p'(Z1)] < nmax|p(2))|

|z|=1
and

glg(lp'(Z)l +IP'@)) < nmax Ip(2)]-

On combining (3.4) and (3.6) we get

max(|p(z)| + [p'(2)]) = nmax|p(2)],

|z|=1 2|

thereby proving (1.1). Further on using (3.3) and (3.5) together in (3.7) we obtain

gl‘i}i(\p’(Z)I + ') = I (2] + 'z,

195

(3.3)

(3.4)

which, by (3.2), helps us to assert that on unit circle, |p/(z)| + |p/(Z)| and |p(z)| attain

maximum at same point, thereby completing the proof of Theorem 2.
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