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Abstract

Homological stability for unordered configuration spaces of connected manifolds
was discovered by Th. Church and extended by O. Randal-Williams and B. Knudsen:
H;(Cx(M);Q) is constant for k > f(z). We characterize the manifolds satisfying strong
stability: H*(C(M); Q) is constant for k > 0. We give few examples of closed oriented
manifolds with even cohomology, whose top Betti numbers are stable after a shift of
degree.
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For a topological space X we consider the k-points ordered configuration space Fi(X) and

the unordered configuration space Cy(X) defined by
Fu(X) = {(z1,...,2%) € X¥|2; £ aj fori#j}, Cr(X)= Fp(X)/Sk,

with the induced topology and quotient topology respectively.



160 Strong and shifted stability for the cohomology of configuration spaces

One of the first results in the study of configuration spaces was the cohomological strong
stability theorem of V. I. Arnold [1]: for k > 2

. Q, ifi=0,1
H(Ck(RQ)QQ):{O $i> o

The abelianization of Artin braid group is Z; Arnold proved that higher cohomology groups
are finite groups (they are trivial for ¢ > k) and also he proved cohomological stability for
the torsion part:

H'(Cai—2(R?); Z) = H'(Cyi—1(R?); Z) = H'(Co;(R?); Z) = . ..
The isomorphisms (for k large depending on %)
H'(Cy(M); Q) = H'(Croy1(M); Q) = H' (Cry2(M); Q) = ...

were generalized for open manifolds by D. McDuff [24] and G. Segal [31]. Using represen-
tation stability, Th. Church [7] proved that

H'(Cx(M); Q) = H'(Cyr1(M); Q) = H'(Chy2(M); Q) = ...

for kK > i and M a connected oriented manifold of finite type. This result was extended by
O. Randal-Williams [27] and B. Kundsen [21].

We will define and study other stability properties of the rational cohomology of un-
ordered configuration spaces of connected manifolds of finite type. Without a special men-
tion, the (co)homology groups will have coefficients in Q. For a manifold M of dimension
n, its Betti numbers, its Poincaré polynomial and its total Betti number are defined by

Bi(M) = dimgH' (M), Py (t)=>_ Bi(M)t', B(M)= Py(1).
=0

The top Betti number B-(M) is the last non-zero Betti number of M, its cohomological
dimension is ¢cd(M) = 7(M) = 7 and its g-truncated Poincaré polynomial contains the last
q-Betti numbers:

PY(t) = Br— g (M)~ 4 B (M)

A space X has even cohomology if all its odd Betti numbers are zero, and a space Y has
odd cohomology if all its positive even Betti numbers are zero (and it is path connected):

H*(X) = H®*"(X), respectively H*(Y) = H°¥(Y).

We say that a manifold M*™ is a homology projective plane if its Poincaré polynomial
is 1+ t2m 4 ¢4m,

Remark 1. There are classical results on topological spaces with three nonzero integral
Betti numbers; see many example in the paper of J. Eells and N. Kuiper ”Manifolds which
are like projective planes” [12]. In all of them m takes values 1, 2, 4. More rational projective
planes are described in [26], [17], [20] and [33].
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The computation of H*(Cy(M)), using cohomology algebra of M, is easy in the odd
dimensional case (see [5] and [16]):

Theorem 1. (C-F. Bdidigheimer, F. Cohen, L. Taylor — Y. Féliz, D. Tanré)
For a manifold M>™+! we have

H*(Cp(M)) = Sym"(H*(M)).

In the even dimensional case, the cohomology groups H*(C.(M)) are given by the
cohomology of a differential bigraded algebra (Q*(x)(V*,W*),9) introduced by Y. Félix
and J. C. Thomas [15] and extended by B. Kundsen [21] (the two graded vector spaces V*,
and W* and the differential 9 depend on various cohomology groups of M and cohomology
product):

Theorem 2. (Y. Féliz, J. C. Thomas — B. Knudsen,)
For a manifold M>™ we have

HY(Cp(M)) = H*(Q(k)(V, W), 9).

We recall the definition of V*, W* and 0 in Section 4, for a closed oriented manifold
M?™  and in Section 5, for an arbitrary even dimensional manifold; the model Q* introduces
a bigrading on the cohomology of Cj(M):

=@ H (Cu(M)), H(Cr(M)) = D HY (Cr(M))
i20 >0
and we can use the two-variables Poincaré polynomial
Pe,, (my(t, s) Z dlmQH”(C’k tlsj Z &]tlsj
4,70 4,70

(of course we have Pe, (ar)(t) = Po, (an)(t,1))-
We will prove a bigraded version of classical stability:

Theorem 3. For a manifold M?™ we have:
a)ifi <k
HY(Cp(M)) = HY(Cry1 (M) = H(Cry2(M))

b)ifj>1andi<k+(2m—2)j—1

1%

HY (Cr(M)) = H (Cly1(M)) = H (Crya(M)) = ...
Here is our first definition:

Definition 1. A connected manifold satisfies the strong stability condition for its unordered
configuration spaces {Cx(M)}i>1, with range r, if and only if the cohomology groups are
eventually constant:

H(Cr(M)) = H*(Cr1(M)) = H* (Cri2(M)) = .. ..
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In the literature there are few examples of manifolds satisfying this condition: R2-V. I.
Arnold [1], R™-F. Cohen [9] (see also [28]), S?-M. B. Sevryuk [32], S™-P. Salvatore [29] (see
also [28]), CP2-Y. Félix and D. Tanré [16] (see also [22]), RP"-B. Knudsen [21].

Remark 2. The (strong) stability property is missing in the torsion part of homology: E.
Fadell and J. Van Buskirk [13] computed the first homology group of Ci(S?) : Z/(2k—2)Z.
Also D. B. Fuchs [18] proved that, for an arbitrary degree ¢, one can find a large k such
that H=*(Cy(R?); Zy) is non-zero, hence S? and R? have not the strong stability property
with integral cohomology.

The first results say the previous examples are essentially all manifolds with the strong
stability property.

Theorem 4. A manifold of odd dimension has the strong stability property if and only if
M has odd cohomology. In this case the range of stability is:

1, if M is rationaly acyclic,
r =
B(M) —1, otherwise.

Theorem 5. A closed oriented manifold of even dimension has the strong stability property
if and only if M is a homology sphere or a homology projective plane and the ranges of
stability are 3 and 4 respectively.

Corollary 1. A closed oriented manifold M has the strong stability property if and only if
M is a homology sphere or a homology projective plane.

Various results and conjectures on stability of the top Betti number could be found in
the literature: J. Miller and J. Wilson [25], Th. Church, B. Farb and A. Putman [8] or M.
Maguire [23] and, recently, S. Galatius, A. Kupers and O. R. Williams [19]. Here is our
second definition:

Definition 2. A connected manifold M satisfies the shifted stability condition for its un-
ordered configuration spaces {Cy(M)}r>1, with range r, shift o and length ¢ (r,0,q > 1),
if and only if the q-truncated Poincaré polynomial is stable after a shift: for any k > r we
have

lq] _ 4o pld
PC?k+1(M) (t) =t PC?’“(M)(t).

We give two examples, CP! x CP! and CP?, where classical stability and shifted stability
properties combined give the entire two variable Poincaré polynomials:

Proposition 1. The product of two projective lines, CP* x CP', has the shifted stability
property with range 8, shift 2 and length 5:

(5] _ ,2pl5]
P0k+1(CP1><CP1)(t7 s)=t Pck(cpGCPl)(t’ s) fork>8.

More precisely, for k > 8, we have:
Py cpixepny(ts) = 14262 +3t1 + 25 4205 + .+ 2t%F 4
+ 5(2t7 + 487 + 5t 4 413 4 41 4 4 4R o2k 4
+ 52 (tM 4 2016 4 218 4 2p2R ),
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Proposition 2. The complex projective space, CP?, has the shifted stability property with
range 8, shift 2 and length 6:

(6] _ 2 plé]
PCk+1(CP3)(t’ s) =1 PCk(CP3)(t’ s) fork >8.

More precisely, for k > 8, we have:

Pey,opoy(tys) = 1+ + 25 + 20 + 265 + 410 42 124
+s(tM 4 2613 4 3¢5 4 31T 4 310 4 2421 4 2473 L 4 2RS4 2Ry
+ 82(t24 + t26 o+ t2k+12).

More examples will be given in [4].

In Section 2 we introduce the algebraic tool to analyze Félix-Thomas model and Knudsen
model, a sequence of weighted spectral sequences. As a first application we give the proof of
Theorem 3 and an improved version of it. The proof of Theorem 4 is given in Section 3 and
the proof of Theorem 5 in Section 5. Partial results for even dimensional manifolds, open or
non-orientable, are presented in Section 5. In Section 6 we introduce three new notions of
shifted stability and we describe their relations. T'wo necessary conditions for these shifted
stability conditions are given. For large k, combining the classical stability with the shifted
stability, we obtain the whole Poincaré polynomial Pg, a)(f). Section 7 contains stability

properties of CP! x CP' and CP? and the proofs of Propositions 1 and 2.

2 Weighted spectral sequences

In this section we analyze algebraic properties of the differential algebra (Q*(x)(V*, W*),9)
introduced by Y. Félix and J. C. Thomas [15] and extended by B. Knudsen [21].
Let us introduced some notation. For a graded Q-vector space A* = ®;cz A" we will use

the notation
AZq — @AZ7 Aeven _ @A%’ A* _ @A1,
i>q i€Z i#£0

and similarly A=9 and A°%; the degree i component of the shifted graded space A*[r] is
A7 We suppose that A* is connected: if A° # 0, then A° = Q. The symmetric algebra
Sym(A*) is the tensor product of a polynomial algebra and an exterior algebra:

Sym(A*) = @ Sym¥(A*) = Polynomial (A®V°") ®E3:terior(A°dd),
k>0

where Sym?* is generated by the monomials of length & (without any other convention, the
elements in A* have length 1).

Fix a positive even number 2m, the “geometric ” dimension, and consider two graded
vector spaces V*, W* and a degree 1 linear map Jy :

2m 4m—1
V=@V, wr= @ W, ow: W — Sym*V".
=0

j=2m—1
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By definition, the elements in V* have length 1 and weight 0 and the elements in W* have
length 2 and weight 1. We choose bases in V* and W7 as

Vi = Q<’Ui71,7)1'72,...>, WJ = Q<wj71,wj’2,...>

(the degree of an element is marked by the first lower index; ] stands for the product
i Ax; A ... Ax; of g-factors). Always we take VO = Q(vg). The graded vector space V* is
(h — 1)-connected if V* = VO g V2",

The definition of the bigraded differential algebra Q*(k) is

Q) (VW) = P (k) (V*, W),
E>1
O () (V7 W) = @RV, W) = Symt (V7 @ W),
i>0
where the total degree i is given by the grading of V* and W* and the length degree k

is the multiplicative extension of length on V* and W*. The differential is defined by
O|ly+ =0, dlw+ = Ow and it has bidegree (1,0). For instance,

H*(Q (1) (V*,W*),0) = H*(Sym*(V*),0 =0) = V*.
We are interested in the stability properties of the sequence {H*(Q*(k)(V*, W*),0) }k>1
i.e. we have to compare H*(Q*(k—1)(V*,W*),0) with H*(Q*(k)(V*,W*), ), and for this
we introduce a sequence of weighted spectral sequences.

The subspace of Q*(k) containing the elements of weight w is denoted “Q*(k) and we
have

O (R)(VE, W) = é“ﬂ*(k% (k) = Sym*(V™),
w=0
D: 90 (k) — “TIQ (k).

We define an increasing filtration of subcomplexes {F'Q* (k)(V*, W*)}izo.. . am:

FiQ (k) = [V @ Q" (k — 1)(V*, W] + [W=2 @ Q" (k — 2)(V*, W*))].
Obviously we have

oV (k—1) c VS®Q*(k—1)and
OW=2@0*(k-2) C VS5Q(k-1)+W=2Q"(k-2).

The filtration {F*};—o . 2m and the weight decomposition {“Q(k)}o—o,.. | & are compa-
tible:

15)
FiQ* (k) = FI 0 °Q* (k) @ F' 0 ' (k) @ ... @ F' 0 LB (k) = @ Flar (k),
w=0

hence the spectral sequence E;*(k) associated with the filtration {F*Q*(k)}izo,. . 2m is
weight-splitted at any page:

L5)
B (k) = DY B (k)
w=0
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with differential
dbd . YER (k) — TRt (),
Some general properties of these spectral sequences are obvious:

Proposition 3. Every EI(k) is a first quadrant spectral sequence; as EZ*™+14(k) = 0,
the spectral sequence degenerate at 2m + 1.

Here are few pictures of the polygons containing the support of the weighted components
of the first page of the spectral sequences E;* (k):

w=20 w=20 w=1
q, q, q
2m
2m — 1
k=1 k=2 " a/
m ©® B
m—1
00 0 0 0 0> > >
‘ m 2mp m 2m p m 2m p

w=0 w=1

q, q,

dm 7
4dm — 1

k=3 &b

2m v

2m —1
. 1 . 2

The equations of the lines are y: ¢ =2pand 6 : g=p — 1.
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‘q w=20 fl w=1 ‘q w=2
6m
m — 1
m — 2 0
6m — 4
5m —1
4m
€ n
k=4 3m
3m—1 3m—1
2m
2m —1
S%; S)
m 277”:;0 m 2Tr;p m2m—1p

The equations of the lines are e : ¢ =3p, 0 : g=p+2m—-1,n: ¢ =3p—1 and
0:q=p+4m— 1.

‘q w=20 ? w=1 ‘q w=2
8m [ 7
RBm—1 m — 2 b
: 8m — 3
8 —5
6m
A
k=5 am
4m —1 4m — 1
2m
2m —1
S5 ®
m 2m7p m 2mrp m2m—1p

The equations of the lines are A : g =4p, p: g =4p—1 and v : ¢ = 4p — 1. Using the
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definition of the filtration F*, one can describe the support of “ E;"*(k), in general:

Proposition 4. a) If 2w > k, then “Ey " (k) = 0.
b) The support of the weighted componenets of “Ey ™ (k) are contained in the following
regions:

w=0: the triangle defined by 0 < (k — 1)p < ¢ < 2(k — 1)m;
w=1: ifk=2, the trapezoid defined by m —1 < p—1 < g < min(p,2m — 1);
if k > 3, the quaddrilateral defined by
max((k—=3)p+2m—-1,(k—1p—-1)<qg<2(k—1)m—1;
w>2: ifk=2w, the trapezoid defined by m < p <2m — 1 and
(k=1p—-1<qg<p+(2k—4)m—k+3;
if k> 2w+ 1, the pentagon defined by
max((k—2w—1)p+2wm—1,(k—-1p—-1)<g<2(k—-1)m—-2w+1
and the exterior point (p,q) = (2m — 1,2(k — 1)m — 2).

Proof. In the table there is a list of elements of minimal degree (in bottom position) and el-

ements of maximal degree (in top position) in the column F?/FP~! of the spectral sequence
wEy ™ (k):
0

(w, k) 0<p<m-1 m<p<2m-1 p=2m
k—1 k—1 k
w=0 UpUym UpUym Ugm
’Uk ’Uk ’U]C
j2 j2 2m
w=1 e Wap Wyp—1
k=2 Wap—1 Wap—_1
_ k—3 k—3 k—2
w=1 VUpUgy, Wam—1 UpUogy, W4m—1 Vo, Wiam—1
k—2 k—2 k—2
k>2 Up "W2am-—1 Up "W2p-—1 Vop, Wam—1
w—2
w=>2 - WpWap ~ o Wam—1 o
k=2w w—1
Wap—1Wq,
k—2w—1, w—1 k—2w—1, w—1
w = 2 UpVam Wypy—2Wam—1 UpUam, Wy —2Wam—1 I
k—2 w—1 k—2w w—1
k> 2w vy Y wam 1 Wy, vy~ YWy 1wy),

There is a unique exception: if p = 2m — 1, w > 2 and k£ > 2w + 1, the element of

maximal degree is v’z“;lzwwfn:;wz;m,l. 0

Proof of Theorem 3. Let us define

|k, if j=0
k(j) = , s
E+(@2m—-2)j—-1 ifj>1.

On the 0-th page of the spectral sequence * E:™*(k + 1) we find that  EZ"*(k + 1) has no
element under the line p+¢ = k+1 for j = 0 and nothing under the line p+q = k+(2m—2)j
for j > 1.
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q q
. . A
7=0 j>1
) k+1-25,.1 i—11172m
OES’*(k—i-l) ]ES’*(k‘i‘l) A Tot Wy —1.Sym? W
INEE
k
p+g=k+1 p+qg=k+ (2m—2)j
1 P i~ P

On the column 0 we have 7 EY™* (k + 1) = H*7(C,(M)) and also

H<RGI(C (M) 2 IEYSFO) (4 1) 2 I EOSEO) (K 4+ 1) = HSKO Oy (M)).

Theorem 6. For a (h — 1)-connected closed orientable manifold M>™ we have:
a)ifi<h(k+1)—1

H™(Cr(M)) = HY(Crsr (M) = H(Crpa(M)) = ...
b)ifj>1andi<hk+(2m—h—-1)j—1
H% (Cy(M)) 2 HY (Cpyr (M) =2 HY (Cpyn(M)) 2. ...
Proof. In this case the two graded spaces V* and W* are given by
V=V Vhevitlg. vinhgy?m

W* — W2m71 EB W2m+h71 @ W2m+h EB o EB W4m7h71 @ W4m71’

where the first (and last) components are one dimensional:
VO = (vp), W2 = (wo,_1) (see [15]or Section 4).
As in the previous proof we find out the lowest lines:

p+q="h(k+1)forj=0and p+q=hk+ (2m —h—1)j for j > 1.

q q
j=0 1 i>1
YEyT(k+1) TES (k+1) SymFH1=23yh g, _; SymI — 1 2mth-1
SymFtiyh
p+q=hk+1) p+qg=hk+(2m—h—1)j
> P - P
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Corollary 2. (Th. Church) For a (h—1)-connected closed oriented manifold M?™ we have
H'(C(M)) = H(Cy1(M)) = H (Crpa(M)) = ...
fori < hk+h-—2

Proof. As M?™ is not a homology sphere, we have the relation m > h and the Theorem 6
gives the inequality min{h(k +1) —1,hk + (2m —h —1)j —1};j>1 > hk+h — 2. d

3 Strong stability: odd dimensional case

In this section the manifold M has odd dimension.

Proof of Theorem 4. If there is a non-zero cohomology class (of positive degree) x € H?'(M),
then zAzA. .. Az = z* will give a non-zero cohomology class in H2¥¢(C},(M)), with arbitrary
high degree, hence H*(Cy(M)) cannot be stable.

If M has odd cohomology, with total Betti number (M) = S, and a basis {1 =
x1,%2,...,x5} of H*(M), then the highest degree of a product of length 8 + ¢ — 1 is
Zf;o 1B;(M), the degree of the product x({*l A (/\?zgxi)‘ We have the sequence of isomor-
phisms:

H*(Cp-1(M)) H*(Cs(M)) H*(Cp1(M))

lg lg lg

331/\ le/\ 1‘1/\
Sym?~H(H* (M) = Sym®(H*(M)) —= = Sym" 1 (H* (M)

|

|

Proof of Corollary 1. If M?™*! is a closed oriented manifold, by Poincaré duality we

find that SBo;41(M) # 0 implies Bay,—2;(M) # 0; if M has the strong stability property, this
implies m = 1.

If M has even dimension, the statement is a direct consequence of Theorem 5. (]

4 Strong stability: closed orientable even dimensional
manifolds
First we give a necessary restriction for the strong stability property.

Proposition 5. If M?™ has negative Euler-Poincaré characteristics, then M?™ cannot
have the strong stability property.
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Proof. From [15] and [14] we have
(o)
L4+ > X(Cr(M))tF = (1 4 1),
k=1
hence, if x(M) is negative, the sequence {x(Cx(M))}>1 is not eventually constant. 0

In this section we analyze the strong stability property for a closed oriented manifold
of even dimension M?™. The DG-algebra introduced by Y. Félix and J. C. Thomas [15] is
defined by

V*=H,(M), W*=H.,(M)2m—1]

and the differential 0 is dual to the cup product
H* (M) Q) H* (M) = H*(M).

Lemma 1. If M?™ is a homology sphere, then M has the strong stability property with the
range of stability 3.

Proof. As H*(M) = Q[z]/(2?), the two graded vector spaces are V* = Q(vp, va,), and
W* = Q(wam—1, Wam—1) with differential

2
OWam—1 = 200V2m, OW4m—1 = V3,,.

The second spectral sequence is

E;7(2) Ey7(2) = ERr(2) E.(2) = Bx*(2)
0 1 w=20 w=1 w=0
2m 2m om L+ 1 2m
m m rga— 1 m
m  2m m  2m m  2m
and this implies that P, (ap)(t,s) = 1.
The third spectral sequence is
Eg"(3) EyT(3) =Ex(3)
, w=0 , w=1
4m
3m—1 b
2m
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therefore Poy(apy(t,s) =1+ stim—1,
By induction on k, we suppose that Pc, (M)(t,s) = 1+ st*™~1. In the k + 1-th spectral
sequence we have

® 2km —1 ka 9
Qk [ ] Qk
Ey"(k+1) 6m — 2
2m —1

The differential dy kills the 2m-th column; the 0-th column has the cohomology of Cj,(M):

Ey*(k+1) = Ex*(k+1) dm —1

hence P, ., (t,s) =1+ st*™~ 1. O

The case m = 1 in the following lemma, that is M = CP?, was obtained by Y. Félix
and D. Tanré [16].

Lemma 2. If M*™ is a homology projective plane, then M has the strong stability property
with the range of stability 4.

Proof. The two graded spaces are V* = Q(vg, Vam, Vam); W* = Q{Wam—1, Wem—1, Wem—1),
with differential

OWam—1 = 200Vam + V3,  OWem—1 = 2V2mVam, OWsm—1 = Vi,
The sequence of spectral sequences starts with:
ET(1) = B 2 VT

and
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w=0 w=1 w=0 w=1 w=0
4m ° ° ¢4m . 4m
4m 1 ° \
2m b 3m 1 T 2m 3mi1 e 2m
2miE—1 e
2m  4m om 3m 4m  2m 3m s

so Po,an(t,s) = Peyany(t,s) = 1+ t2m 4 ¢4m The result for the spectral sequences
*E"(k), k= 3,4,... are given in the following table

k non-zero terms  *E=1*(k) = *Ezl* (k)

3 1Ef’rn,bm—1(3) — <U4mw4m—1> 1Ef’m,7m—1(3) _ <v4mw6m_1>

4 LEP™ 171 (4) = (203, Wim—1 — V2mVimWem—1)

5 -
hence

PC3(M) (t, S) =14 t2m 4 t4m 4 S(tSmfl 4 thmfl)

and

PC4(]W) (t,S) =1 + t2m + t4m 4 S(t8m—1 + thm—l + t12m—1).

From k = 6 the spectral sequences become stable at *E;"" :

w=20 w=1
q q
y k=1 & y
dm(k — 1)| vomvy,, V4 s s
4m(k; — 1) -1 Vom Uy, ’u'}gm_l Vg W8M—1
2m(2k — 3) +m — 1 L2

k—2 k—3
2m(2k — 3) — 1| vy, “Wam—1 V2m Vs Wem—1-

o2m(k + 1) : VAT
2mk Vom Udm :

2mk — 1 : v§;2w6m,1
2m(k — 1) v&
2m(k — 1) — 1 |vh 2wy
00 (k —1) L (k—1)

2m 4m 2m 3m 4m
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w=2

q

A
2m(2k — 3) +m — 2 U§;4w6m—1w8m—1
2m(2k — 3) — 2 Vg W s 1Wsm—1 Vam VU Wem—1Wsm—1
o2m(2k — 4) — 2 Vg W1
2m(k +2) — 2 0 W —1Wsm—1
2m(k+1) —2 v§;4u;4m,1wgm,1
2mk — 2 'U§7714w4m71w6m71

20%(k — 1)
2m 3m
w=3

k—6
2m(2k — 4) -3 Vg Waim—1Wem—1W8m—1

2m(k + 2) -3 U§;6w47n—1w6m—1w8m—1

30 (k- 1)

2m TP

The differential dy is given by do(wWam—1,Wsm—1) = (v3,,,v3,,) and

0, ifa=0

do oy ’Uﬁ Wem—1) =
(VUi Wom-—1) QUS‘T;Elvfﬂtl if @ > 1.

On the column p = 0 we get “(Cj—1) and nothing on the last two columns, p = 3m and
p = 4m; the differential dj is also an isomorphism in the cases:

1E§m,2m(k71)71(k) — OEgm,Zm(kfl)(k)

2m,2m(2k—2)—1 2m,2m(2k—2
Ly Rl (1 Ly 0 g 2mhe) (),
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In general, we have the exact sequence (j =k+2, k+3,..., 2k —4)

3E§m,2mj—3(k_) s zEgm,zmj—Q(k) d_0> 1E§m,2mj—1(k) N OEgm,Qmj(k) .
1] [3] (3] (

in the square brackets are given the dimensions the first and last terms are of dimension
one and the matrix of dy is
-2 -1 0
d=11 0 -1
o 1 2

2E§m,2mk72(k) NN 1Egm’2mk71(k) _y OEgm,ka(k)
(1l (2] (1]
zEgm,Qm(k+1)—2(k) . 1E§m,2m(k+1)—1(k) _ oEgm,Qm(k+1) (]C)
(1] (2] (1]
QEgm,Qm([Q;c—&—l(k) NN 1E§m,2m([2;c+l)—1(k) N 3E§m,2n’[L(]2k—3) (k)
1 2 1

In conclusion, we get
"BV (k) = "B (k) = "B (k) @ TEYT (),
with the Poincaré polynomial (k > 4) :

Pe, oy (t,8) = 14 827 4 47 4 g5 1 4 ¢10m =1 4 gl2mT),

Proof of Theorem 5. Lemmas 1 and 2 give one implication of the theorem. For the
opposite implication, we show in the next three lemmas that M cannot have strong stability
property in the following cases:

Case 1) the Poincaré polynomial of M*™ is 1 + B, t2™ + 4™, By, > 2;

Case 2) there is a non-zero odd Betti number $2;41;

Case 3) there is a non-zero even Betti number of M?™, Bs;, i # 0, 5, M. (]
Lemma 3. If M*™ has the Poincaré polynomial 1+ bt>™ +t4™ with b > 2, then M cannot
have the strong stability property.

Proof. The associated graded spaces are V* = Q(vo; Vam, 1, V2m.2, - - - V2m b} Vam) and W* =

Q{wo; Wam,1, W2m,2; - - - Wam, b Wam,) (although irrelevant for the argument, one can choose

the basis such that dwy,,_1 = 2v0v4m+2?:1 v§m7i7 OWem—1.i = 202m,iVam, OWsm—1 = v3,,).
In the k-th spectral sequence, the domain and the range of the differential

do : 1E§m,2m(k—1)—1(k) . oEgm,Zm(k—l)(k)

have dimensions (*}°7%) and (*]°]") respectively. Obviously do(°Ey™(k)) = 0 and d(v},,?®
W) C vk~2 @ A2V*, therefore we have non-zero elements in OEZom’Qm(k_l)(k) of arbitrary

large degree. 0
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Lemma 4. If M?>™ has a non-zero odd Betti number, then M cannot have the strong
stability property.

Proof. Choose the non-zero odd Betti number of the highest degree, 2i + 1. The graded
spaces V* and W* are

* /
14 _Q<v07"';v2i+1av2i+1a'"av2p7"'71}2q7"'7v2m>a

* !/
W - Q<w2m—17 ey Wom 424,y w2m,+21'a cee 7w2m+2p—17 cee 7w2m+2q—17 e ,w4m—1>~

The differential of wa,,+2; contains a unique term, 2vs;11va,, for degree reason (a quadratic
product v,v; with 2i + 1 < s,¢ < 2m has even degree). The spectral sequence * E;*(2k +
1) contains the product z = va; 11wk, | ,;, which is a permanent cocycle. Its is never a
coboundary:

ANV @ NW*) C AZ2V @ AT,

The degree of z is arbitrary large, therefore M has not strong stability. 0

Remark 3. C. Schliessl [30] computed all Betti numbers of Cx(T?). Its top Betti number

1 _a(_1\k
is Brr1(Cr(T?)) = w (see also [11] and [23]).

Lemma 5. If M*™ has a non-zero even Betti number Ba;, (with 2i # 0, m and 2m), then
M cannot have the strong stability property.

Proof. Using Poincaré duality we can choose a positive i satisfying 0 < 2i <m : V, =
Q(vo, - -+, V245 - - -, Vo). In the spectral sequence °Ex" (2k), the product vgf is a permanent
cocycle and it is never a coboundary:

al(Symk_szziJrl @ W*) C SymF=2v =241 @ Sym?V.

Remark 4. M. Maguire [23] computed all Betti numbers of Cy,(CP?). Its top Betti number
is Bry12(Cr(CP?) =1 (k > 11).

5 Strong stability: open or nonorientable even dimen-
sional manifolds

In this section we use B. Knudsen model [21]: the differential graded algebra computing
the cohomology of C (M) for an even dimensional manifold M?™ is given by

H* (" (k)(V*,W7),0),
where the graded spaces V* and W* are

V*=H *(M;Q")[2m], W*=H_*(M;Q)[4m — 1],
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and the differential is the shifted dual of the product
H"(M;Q") @ Ho " (M;Q) — H " (M;Q)

(here H_* is cohomology with compact supports and Q¥ is the orientation sheaf; as before
A*[q] is the graded space A* shifted by ¢).

In the same paper B. Kundsen computed the cohomology of Cy(M) for three even
dimensional manifolds with odd cohomology: Klein bottle K, the punctured Euclidean

space R™ = R™ \ {pt} and the punctured torus T = T \ {pt}. He found that their top Betti
numbers are

Br(Cr(K)) = Be(Cr(K)) = 2,
B, (CH(R™)) = By(C(R™)) =1,
_ 34+ (_1)k+1

Br(Ci(T) = Br(Cu(D) = = —k + 1,

so these three spaces does not have the strong stability.
We will describe few cases of manifolds of even dimensions with the strong stability

property.

Proposition 6. Let M*™ be closed nonoriented manifold with 7(M) < |#2=2]. Then M
has the strong stability property if and only if M is acyclic.

Proof. For a closed non-orientable manifold we have

H;*(M) = H™*(M) and H™*(M;Q) = oy, (M)

and these imply that
V= VO ® Vl D...B VT(M), W* = W4m—7—(M)—1 P W4m—7—(M) D... B W4m—1
The product V*Q V* — W* is zero by degree relation:

dm — 2
< b)
- 3

2r(M) <4dm —7(M)—1 or 7(M)

hence the differential 0 is also zero. If M?™ is not acyclic, then there is a non-zero x €
HZY(M). If the degree of x is even, then there is a corresponding non-zero v € Veven > 2
: otherwise, there is corresponding non-zero w € We"*", Therefore v*, respectively w”
are non-zero cohomology classes of arbitrary large degree, and this contradicts the strong
stability property. 0

Proposition 7. Let M?™ be a closed nonorientable manifold with odd cohomology. Then
M has the strong stability property if and only if M is acyclic.

Proof. For a closed non-orientable manifold we have H;*(M) = H—*(M), H=?™(M) = 0,
H°(M) = Q, hence W* = W=22m W4m—1 = Q(wy,_1).
If M has odd cohomology, we have

W* — Jyeven o W4m71
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by Poincaré duality (see [B] or [D]), H *(M?™; Q%) = Hy,,_(M;Q), hence
V* — V§2m71 — Q<,UO> D VOdd.

A non-zero (odd) Betti number of M?™ will give a nonzero w € We*". Its differential
Ow is in (/\2 V)odd = yo AV the degree of w is at least 2m, and the degree of an element
in vg A V2% is at most 2m — 1, therefore dw = 0. The product w* gives a permanent cocycle
in Ey*(2k), and it is never a coboundary:

A(SymV* @ SymW*) C Sym=2V* @ SymW*.

The degree of w” is arbitrary large, hence M cannot have strong stability property.
If M?™ is acyclic, the cohomology of Cy (M) is reduced to

H*(Ck(M)) = Q<U§’ U§_2w4m—1>

and this is stable. O

Proposition 8. Let M?™ be an open orientable manifold with odd cohomology. Then M
has the strong stability property if and only if M is acyclic.

Proof. For an open oriented manifold M?™ we have, by Poincaré duality,
H"(M;Q") = H; " (M;Q) 2 Hapm—s(M;Q), Homo (M) =0, Ho(M) = Q,
hence W* = Q(way,_1) @ W=22™. If M has odd cohomology, we also have
W* = Qlwsm_1) & W and V* = Q(vo) @ Vodds2m=1,
Now we can repeat the argument of the proof of Proposition 4. |
Remark 5. It seems that in general the sequence of Betti numbers {5;(Cx(M))}i>1 is

increasing for any i > 0 and for any manifold M, with the exception of S?™. For other
peculiar properties of the cohomology of configuration spaces of S?, see [2] and [3].

6 Shifted stability

We start to analyse the odd dimensional case.

Proposition 9. A manifold M?>™ 1 satisfies the shifted stability condition if and only if
the top positive even Betti number is one.

Proof. Let B2, the top even Betti number (a > 1). For k > ¥;>2, 8; + 1 = 8+ 1 we have
B
HtOp(Ck<M)) _ Symkfﬁvﬂa ® /\ V22a+1

hence M has the shifted stability property if and only if dimSym*~#V2¢ does not depend
on k therefore S5, should be one. O
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Now we give three new definitions for shifted stability of the sequence {Cj (M) }1>1 for an
even dimensional manifold M. In the first definition, the spectral sequences {* E;"" (k) }r>1
are those defined in Section 2. We suppose that M is not an even dimensional homology
sphere, that is “E%*(k + 1) = “H*(Cr(M)).

Definition 3. The manifold M satisfies the spectral shifted stability condition with range
r and shift o (r,o0 > 1) if and only if, for any k > r, any p > 1 and any w > 0, we have

WERLIT (k4 1) = “EP(k) and this is non-zero.

q

“EZL*(k 4 1) *BZL*(k +2)

p

Definition 4. The manifold M satisfies the Poincaré polynomial shifted stability condition

with range r, shift o and ratio R(s,t) #0 (r,0 > 1) if and only if, for any k > r, we have
PCk+1(M) (ta 3) = PCk(]\/[) (ta 3) =+ t(k+17T)JR(t7 S)

Definition 5. The manifold M satisfies the extended shifted stability condition with range
r and shift o (r,o > 1) if and only if, for any k > r, we have

[(k=r+1)0] _ 4o pl(k—r+1)0]
Poyany (ts) =17Pg 7 (ts).

The relation between these shifted stability conditions are given by:

Proposition 10. Spectral shifted stability = Poincaré polynomial shifted stability = ex-
tended shifted stability = shifted stability.

Proof. First implication: Let us define the polynomial R(s,t), the ratio of an arithmetical
sequence, as the double Poincaré of “ EZ1*(r):

R(s,t) = Z Z dim® B2 (r)t's®.
w>0 p+q=i
p=>1
By induction we get

YERA(r) = “’E&q“'(k_r)”(/ﬂ) (for a positive p and k > r)

and this implies that the Poincaré polynomial of “ EZ!1*(k) is constant, for k > r, up to a
shift with ¢”. Therefore we have:

PCk+1(M)(t7 S) = P*Egg)*(k+1)(t7 S) + P*E(?Ql’*(k-&-l)(t’ S)
= PCk(]\/I) (t7 S) + t(k+17T)UR(t7 8)7
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hence the spectral shifted stability condition with range r and shift o gives the Poincaré
polynomial shifted stability condition with the same range r and shift o.
Second implication: The recurrence formula Pc,,, = Pc, + t*+1="7 R gives

Pe, ) (t, 8) = Po,any(t,s) + (87 + 127 + ...+t R(t, ).
Take p such that the strip [0, p] x R contains the support of Pc, (ap(t,s) and h big enough

such that support of t"“ R(s,t) is contained in [p + 1,00) x R.

S S S

o\ : Pr(t,s) R(t, s)

.::. @

. -t t .
p p+1

" R(t, 5)

t

For p =7+ h — 1 we have ngr]l(t, s) = t"Pp[a] (t,s), next we have Pp[%;g] (t,s) = t"Pp[%fl] (t,s),
and in general, for k > p,

P04 5) = 7 PO (1),

Third implication: This is obvious. 0
Remark 6. In order to have “weight stability at 0” in the sequence of spectral sequences
{*E:"(k)}r>1 (i-e, there is a range 7 and a weight wyq, such that “Ey " (k) = 0 for any
k > r and any w > Wpae), we have to consider only manifolds with even cohomology: a

non-zero odd cohomology class z € H°%(M) will give a non-zero w € W™ and infinitely
many non-zero terms w® € *Ey"(2s) of arbitrary large weights.

In fact, if the manifold M has the spectral shifted stability condition, then M should
have even cohomology.

Proposition 11. If there is a nonzero cohomology class x € H°M (M), then M cannot
have the spectral sequence shifted stability property.

Proof. Take a maximal odd degree element vy;11 € V* = (vg, ..., v2y,) and the corespond-
ing womt2; € W*. The relations

d(womt2i) = 202i4102m  and  d(wam—1) = v3,,
gives the infinite (non-zero) cocycle
h—1 h h ok,
2hvzm+1w2m+2iw4m_1 + Vom Wy, 40; € Eoo (2h + 1)

of arbitrary large weight. Definitely, the spectral sequence shifted stability condition implies
the “weight stability condition at co”: there is a range r and a weight such that “E** (k) =0
for k> r and w > Wmae- O

For the Poincaré polynomial shifted stability condition, a weaker condition is needed.
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Proposition 12. If x(M) < —2, then the manifold M does not satisfy the Poincaré poly-
nomial shifted stability condition.

Proof. The recurrence relations (k > r)
ta S) = PC'k(M) (tv 8) + t(k+17T)UR(t7 8)7
t, 3) = Pck+1(M) (t, s) + t(k+2—7’)0’R(t’ 8)

PCk+1(M)(
Pey s

imply that, for large k, x(Cy(M)) is an arithmetic sequence (if o is even) or x(Cr(M)) =
X(Crg2(M)) = x(Crya(M)) = ... (if o is odd).

If x(M) < —2, the Euler characteristics {x(C%(M))}r>1, that is the coefficients in the
expansion of (1 + t)X(™) have a polynomial growth (at least quadratic) for (M) < —3
and, for x(M) = =2, x(Cr(M)) = (=1)F**(k +1). 0

In the case of a manifold M?™ with Poincaré polynomial shifted stability, Propositions
3 and 6 give some restriction for the shift o and ratio R(¢, s). For instance, we have:

Proposition 13. For a (h—1)-connected closed orientable manifold M>™ satisfying Poincaré
polynomial shifted condition with shift o, we have the inequality h < o.

Proof. Choose j > 0 such that there is a non-zero coefficient %7 of the ratio polynomial
R(s,t). From Proposition 6

h(k+1) ifi=0

kt1— >
( ”U+Z—{hh+@m—h—1y iti>1,

and, for large k, this implies o > h. 0

Remark 7. In the following examples, CP! x CP! and CP?, we have h = o = 2; the same
is true for CP*. For CP® and CP® we have h =2, 0 = 4.

The shifted stability property gives a formula for the cd(k), the cohomological dimension
of Cx(M).

Proposition 14. For a manifold M satisfying the shifted stability condition with range r
and shift o we have, for any k > r,

cd(k) = cd(r) + (k —r)o.

Proof. This is clear from the definition. 0

Example 1. The cohomological dimension of C}, ((CP1 x CP') is given by
cd(1) = cd(2) = 4,
cd(3) =9,
cd(4) =11,
cd(k) = 2k + 4if k > 5.
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For large k, the classical stability property and the extended shifted stability property
give all the Betti numbers of Cj(M).

Proposition 15. Let M?™ be a (h — 1)-connected closed orientable manifold satisfying the
extended shifted stability condition with the range r and shift o. Then, for any k satisfying
the inequality maz{r,cd(r)} < hk + h — 2, we have the recurrence relation

H* (Cra (M) = HEO (o (M) @) HZO=7+1 (O (M) o]
Proof. If ¢d(r) < hk + h — 2, from Corollary 2, we have the initial equality
HE0)(O4(M)) = HE1O(Cy(01))
and, if » < k, using the extended shifted stability property, we have final equality

Hzcd(r)+1(ck+1(M)) _ Hzcd(r)—UJrl(Ck(M))[a}.

7 Shifted stability: examples

The first example is the product CP' x CP!. In this case the graded spaces V*, W* and
the differential 9,, are

V= <’UQ,U2,172,1]4>, W* = <W3,w5,1])5,w7>

_ 2 - 2
Ou (w3, ws, W5, w7) = (209v4 + V3, 20204, 20204, V]).
New cocycles in *Eg " (k), k > 3, are generated by
Y = UaWs — V4W3, Y = UaWs — V4W3,
€ = VW5 — VW7, E = VW5 — VW7,

1 = V4W5W5 — VaWsW7 + VoWsW7 (’ﬁ = —r]).

Proposition 16. The product of two projective lines, CP' x CP!, satisfies the spectral
shifted stability condition with range 6 and shift 2. More precisely, the monzero pieces
*EZY*(k) (for k > 6) are:

D22 (k) = (o, ),
B 0) = (05 0), B0 = (o),

2222 (k) = (o0, 550,
Proof. The sequence of spectral sequences starts with
“Eyt(1) = "E0(1) 2V

and
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Ey*(2) E() B =B (2)
w=0 w=1 w=20 w=1 w=20
4 Tvy vi ? 4e Ivy 4
3 wr \ v3, 03
2| I? 2 +J 200 12, 2 J 200 oo
1 W3
2 4 2 34 2 3 2

Here and in the following computations we use the notation

I = (vg,T2), J = (ws,ws) and also I¥ =

<v§,v§ 15, .. .,175),

J? = <’U)5,1D5, >, 1J= <U21U5,172U]5,U21D5,172’LT]5> and so on.

The results for the spectral sequences * £}’

., 7, the “weight unstable part,”

are given in the table (A = P, (t,s) — Po,_, (t,9)):
Table 1
k | non-zero terms *EZ1*(k) = *EZ1* (k) Ay,
2,4 _
3 s 0? g <§2’f3> - 2 4 (247 + 21°)
1
CET° = (v3,73),
4 LE2T = (vyy, 527), 2t% + s(2¢% + 3¢11)
1E2’9 = (vag, Ua€, V9& (= —ae))
OBY" = (03, 03),
5| 1E2 = (124, 529), LEXM = (u2e, 028), 210 4 5(2£11 4 2¢13) 4 52414
By = ()
BT = (08,95),
6 | 1R (udy, 0d), LEP = (ude,nde), | 201+ s(2413 4 2419) 4 252416
2EPM = (van, 0a)
BT = (v],0]),
T LB = (udy, 0d5), LB = (vle, vde), | 26" 4 s(2t10 4+ 2t17) + 25718
2EPC = (v3n, v37)

For k > 8 the sequence {*E;’

*(k)} is “weight stable at 07 (
the following picture of the first page of the k-th term *Ej™(k

= 0) and we have

2By (k)
):
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q w=0 q w=1
A A
Ak —4 | Tt of
. 4k — 5 To¥ 3w, vy “wy
4k —6 I |
4k — 7| v ws k3T
: 2k 4+ 1 : B eI
2k Ik_1U4 : :
2k —1| 17
2k —2 | IF :
2k — 3| TI" 2w,
00 (k —1) Lk —1)
2 Py 2 P
q w=2
y
4k —7 o Jwy
4k — 8 vf‘4w3w7 Iv§_5Jw7 4
4]2_ 9 k—4 k—5 12 vi J
4k —10 |vgs "wsJ Tvy°J
2%k 42 | ' 14wy
2% : T*=432 P4,
2k — 2 |TF 4w,
20¢(k —1)
2 3 P

183



184 Strong and shifted stability for the cohomology of configuration spaces

4k — 10 v 02w,
4k — 11 v§76w3Jw7 Ivff7J2w7

Ak —13 | vhSwsJ?

4k — 14 v§_8w3J2w7

%+3 | : 1F=6 324, :
. : 2k +2 " 8ws J%w,
2k + 1 s P SwsJwr

2k —1 | IF 6wyJ?

30*(k— 1) 10 (k—1)

The differential dy is do(ws, wr) = (2v202,v3) and

Zwr):{((),o) ifa=p3=0

(205 e L0 20905 7T ifa+ 8> 1

On the column p = 0 we get “ H*(Ck_1) and nothing on the columns p = 3 and p = 4: the
differential dgy is an isomorphism in the following case:

2B (k) = vb Jwr — TESY O (k) = b2,
3Eg,4k—10(k) — v§_6J2w7 SN 2E103,4k—9(k) 05—4(]27
(

LEGY O (k) = vh 2w, — 2By (k) = o

On the column p = 2 we have a five components cochain complex e(q), where ¢ takes values
in the interval [k — 2,2k — 3]:
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a b c
R (k) P22 (k) 22 (k) LB () 0B (k)

I I I I I
—q—6 q—k—2 —q—6 q—k —q—5 q—k+1 —q—4 g—k+2 —q—2 q—k+2
IQk q 6UZ U)3J2U)7 12k q 6,1):11 w3J2 IQ}C q 5UZ + w?,J IQ]C q 41)2 + w3 IQ]C q Q,UZ +

S S S
ink*lwgJuw Izqufz;vsz{]z Izk’q’st’k“J
S SV ©®

—q— —k—2
IQk q 4,02 J2

IQk:quS

IQk—q—Q (]—k?

—q—4 q—k
wy | A T TR T vl wy

D

—q-3 q—k—1
[2k-a ?’UZ F=1 T,

In the generic case, ¢ € [k + 2,2k — 6], all the five components are non-zero and e(q) is
acyclic; the matrices of the differentials are

* id 0
. * 0 id
a=(id = x) b= 0« *
0 * =
* 0 id O
c=1x x 0 id d=(x = id)
0 0 =x= =

For the last values of g the cochain complex e(q) is shorter and still acyclic:

q=2k—-5 b .
3E§’4’“*“(/€) QEgAkflO(k) 1E§’4k79(k) 0E§,4k78(k)
I 1 I I
v{fwagJun id 0 v§74w3J . Ivif*?’wg I3v§73
D 0 id D :2161 1(21 ® (+ * id)
Tvy =" Pw, .. =232 \0 0 = %/ p2h-dg
D D
Ivff_5w3w7 131)5_511)7

D

Izvff_ﬁJun
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q=2k—-14 p
c
PEH ) R (R) VB k)
I I I
_ id 0 _ _
U‘lf 4w3w7 0 1id U{‘f 2w3 (* * id) IQU‘T ’
D x  x Y
Tk~ Jwy Tk 3]
SY
2ot wy
q=2k-3 J
1E§,4k—5(k) 0E§,4k—4(k_)
I I
Iv§73w7 (1d) Ivff*l

For the first values of ¢ we obtain non-zero cohomology classes.

qgq=k—2
2k— 2,2k—2
LBy (k) "By (k)
I 0 I
T 2ws id I
0
and this gives ' B2 72 (k) = (vk, k).
qgq=k—-1
C
2B () > 1B () CES ()
1 I I
Ik_4w3J Ik_3U4’LU3 Ik_11}4
SV
12

Obviously the first differential is injective and the second is surjective, the Fuler char-
acteristic is (2k — 6) — (3k —4) + k = —2 and (v5 737, 75735) is a complement for the image
of ¢, hence 'ET?* (k) = (vb 73, 0h735).
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q=k
3 12,2k—1 b 2 12,2k ¢ 1 02,2k—+1 d 0 2,2k+2
Ey™ (k) >=——————="Ey (k) > By (k) == "Ey T (k)
I I I I
Ik_ngJ2 Ik_5v4w3J Ik_4viw3 Ik_zvf
S D
Ik—4J2 Ik—3v4J
SY SY
Ik74w3w7 Ik72w7

Definitely, (vi 3¢, 5573&) C ker(d) and its intersection with ITm(e) is 0. The subcomplex

f(k) C e(k) generated by v] and wy is acyclic (awi — awr gives a homotopy id ) ~ 0)
and the quotient complex e(k)/f(k) is

¥ 6w3J? — I PogwgJ @ TF4J2 = 1730,

with dimensions k —5, 3k —11 and 2k —4 respectively. Therefore ! E7** (k) has dimension

2 and it is equal to (vy 3, 50 28).

q=k+1
3E§,2k+1(/€): : 2E§,2k+2(k) >1E§,2k+3(k) > 0E§,4k+4(k)
I I I I
1F =T w3 J? IkiG’UiU/gJ Ik75v§w3 Ik7302
D ¥ D
1F=Sws Jws; 17750, J? 1F=42J
7 D
Ik_5v4w3w7 Ik_3114w7
S
1" Jw,

As in the previous case, (v4 °n, 54757) C ker(e) and its intersection with Im(b) is 0.
The same subcomplex f(k+ 1) C e(k + 1) is acyclic and in the quotient subcomplex

P 3uws 2 — TF 20,2

the dimensions are k — 6 and k — 4. Hence 2E>2"2(k) = (vf=n, 55 757).
In conclusion, the spectral sequences {*E:"(k)}x>g degenerate at *E}"" with the de-
scribed eight cohomology classes in *E*Zl*(k:) 0

As a consequence of the computation we have the table of the double variables Poincaré
polynomials (for each k, the first line contains the coefficients corresponding to s = 0, the
second line those with s = 1 and the third line corresponds to s = 2) and Corollary 3, 4
and the proof of Proposition 1.
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Table 2
k{0 2 4 6 7 8 9 10 11 12 13 14 15 16 17 18
1{1 2 1
211 2 3
311 2 3 2
2 2
411 2 3 2 2
2 4 3
511 2 3 2 2 2
2 4 5 2
1
61 2 3 2 2 2 2
2 4 5 4 2
1 2
711 2 3 2 2 2 2
2 4 5 4 4 2
1 2 2

Corollary 3. The space CP* x CP! satisfies the Poincaré polynomial shifted stability con-
dition with range 6, shift 2 and recurrence relation

Pe, .y cpixepty(t,8) = Poyepixepny(t, 8) + 22721+ s(t + £2) + 5°Y] (k> 6).

Corollary 4. The space CP! x CP! satisfies the extended shifted stability condition with
range 6 and shift 2. For any k > 6 we have:

[(k—5)2] L2 pl(k—5)2)
PCk+1(CP1 xCP1) (t7 S) =t PCR, (CPL X(CPl)(t7 S)

With a different terminology, that of “stable instability,” M. Maguire proved in [23] the
shifted stability property for the complex projective space CP3. Using our method one can
obtain M. Maguire’s result as Proposition 17 and Corollaries 5, 6

Proposition 17. The complex projective space CP® satisfies the spectral sequence shifted
stability condition with range 6 and shift 2. More precisely, the nonzero pieces * EZ1* (k)
(for k > 6) are:

OEgéQk72(k_)’ 1Ei’)2k+3(k'), 1E§C,)2k+5 (k‘) and 2Ei’)2k+10(k)
and all these spaces have dimension one.

The next table contains the double variable Poincaré polynomials of the first configura-
tion spaces Cy(CP?) (we use the convention of Table 2):
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Table 3
k|0 2 4 6 &8 10 11 12 13 14 15 17 19 21 24 26
171 1 1 1
211 1 2 1 1
311 1 2 2 1
1 1 1
411 1 2 2 2
1 2 2 1 1
511 1 2 2 2 1
1 2 3 2 1
61 1 2 2 2 1 1
1 2 3 3 2
1
711 1 2 2 2 1 1 1
1 2 3 3 3 1
1 1

Corollary 5. The space CP® satisfies the Poincaré polynomial shifted stability condition
with range 5, shift 2 and recurrence relation

Pe, oy (ts 8) = Poycpay(t, s) + P21+ s(t° +t7) + 5°t"°] (k> 5).

Corollary 6. The spaces CP? satisfies the extended shifted stability condition with range
6 and shift 2. For any k > 6 we have:

[(k—5)2] _ 12 pl(k—5)2]
PCkJrl(CPB)(t?S) =t PCk(((:P3)(t7S)'
The complete details of the proofs of these and other results for unordered configuration

spaces of CP" will be given in [4].
Proof of Proposition 2 Obvious from Corollary 6. O

Remark 8. In these two examples, CP! x CP! and CP3, the sequence of odd Betti numbers
is unimodal for any k. This is not true for the sequence of even Betti numbers, but the
sequences of double Betti numbers, for each s € {0, 1,2}, are unimodal too.
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