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Abstract

Let R be a commutative Noetherian ring and I be an ideal of R. Then, I has the
strong persistence property if (I*T! :g I) = I* for all k. Also, we say that I has the
symbolic strong persistence property if (I(kH) ‘R I(l)) = I® for all k, where I de-
notes the k-th symbolic power of I. In this paper, by using some monomial operations,
such as expansion, weighting, monomial multiple, monomial localization, and contrac-
tion, we introduce several methods for constructing new monomial ideals which have
the symbolic strong persistence property based on the monomial ideals which have the
symbolic strong persistence property. We also probe the strong persistence property
of the cover ideal of the union of two finite simple graphs.
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1 Introduction

Let I be an ideal in a commutative Noetherian ring R. A prime ideal p C R is an associated
prime of I if there exists an element such as ¢ in R such that p = (I :gr ¢). The set of
associated primes of I, denoted by Assr(R/I), is the set of all prime ideals associated to
I. A well-known result of Brodmann [5] showed that the sequence {Assg(R/I*)}x>1 of
associated prime ideals is stationary for large k, that is, there exists a positive integer kg
such that Assg(R/I*) = Assgp(R/I*) for all integers k > ko. The minimal such kg is called
the index of stability of I and Assg(R/I*°) is called the stable set of associated prime ideals
of I, which is denoted by Ass®(I). In general, studying the stable set and the index of
stability for ideals is complicated, refer to [14, 20, 23] for more details. One can ask many
questions in the context of Brodmann’s theorem. An ideal I of R satisfies the persistence
property if Assg(R/I*F) C Assgp(R/I**1) for all positive integers k. Furthermore, an ideal I
of R has the strong persistence property if (I¥*1 :g I) = I* for all positive integers k. One
can easily prove that the strong persistence property implies the persistence property, see
[18, Proposition 2.9]. Ratliff [25] showed that (I**! :x I) = I* for all large k. Now, let I
be a monomial ideal in a polynomial ring R = K{z1,...,z,] over a field K and z1,...,z,
are indeterminates. Generally speaking, finding classes of monomial ideals which have the
persistence property is intricate. Especially, it has been verified in [12] that there exists a
square-free monomial ideals which does not satisfy the persistence property. However, it has
been proved in [16] that all edge ideals of finite simple graphs have the strong persistence
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property; even, this result is true for every finite graph with loops, see [26]. Also, it
is known by [10] that every polymatroidal ideal has the strong persistence property. In
addition, based on [6], the cover ideals of perfect graphs satisfy the persistence property.
It also has been established in [21] that the cover ideals of some imperfect graphs have the
strong persistence property, that is, cycle graphs of odd orders, wheel graphs of even orders,
and helm graphs of odd orders with greater than or equal to 5. Furthermore, according to
[19], it has been introduced two classes of monomial ideals which have the strong persistence
property, that is, unisplit and separable monomial ideals. Also, an ideal I is called normally
torsion-free if Ass(R/I*) C Ass(R/I) for all k, see [13, 27] for more information. Along this
argument, the concept of symbolic strong persistence property was presented in [26]. An
ideal I in a commutative Noetherian ring R has the symbolic strong persistence property
if (151 g 1)) = 1% for all k, where I™ = ) _\.y(IFRy N R) denotes the k-th
symbolic power of I. It has been shown in [26] that the strong persistence property implies
the symbolic strong persistence property, but little is known for the classes of monomial
ideals which satisfy the symbolic strong persistence property. One of the main purposes
in this paper is to introduce several methods for constructing new monomial ideals which
have the symbolic strong persistence property based on the monomial ideals which have the
symbolic strong persistence property.

This paper is organized as follows. In Section 2, by using the weighting operation, we
first show that a monomial ideal has the symbolic strong persistence property if and only
if its weighted ideal has the symbolic strong persistence property (Theorem 1). Next, by
considering the contraction operation, our goal is to establish that if a monomial ideal has
the symbolic strong persistence property, then its contracted ideal has the symbolic strong
persistence property as well (Theorem 2). Especially, by using the monomial localization of
a monomial ideal with respect to a monomial prime ideal, we prove that if a monomial ideal
I has the symbolic strong persistence property, then I(p) has the strong persistence property
for all p € Min(7), and hence has the symbolic strong persistence property (Theorem 3).
After that, by means of the expansion operation, we verify that a monomial ideal has the
symbolic strong persistence property if and only if its expansion has the symbolic strong
persistence property (Theorem 4).

In Section 3, we give several new results on the strong persistence property and sym-
bolic strong persistence property. For this purpose, we first demonstrate that if I is an
ideal in a commutative Noetherian ring R, then I has the symbolic strong persistence prop-
erty if and only if I, has the strong persistence property for all p € Min([), where I,
denotes the localization of I at p (Theorem 5). Next, we present some calsses of square-
free monomial ideals which have the strong persistence property (Theorems 6), and as an
application, we re-prove that the cover ideal of any odd cycle has the strong persistence
property (Theorem 7). After that, we focus on a useful theorem which tells us that if I is
a monomial ideal in a polynomial ring R = K|[z1,...,2,] and G(I) = Gy U--- U G, such
that {z : xs|m for some m € G;} N {z; : x¢|m for some m € G;} =0 forall 1 <i#j<r,
then (G;)R has the symbolic strong persistence property for some 1 < ¢ < r if and only if
I has the symbolic strong persistence property (Theorem 9). We finish this section with a
lemma which say that, under certain condition, a monomial ideal has the symbolic strong
persistence property if and only if its monomial multiple has the symbolic strong persistence
property.

Section 4 is concerned with the strong persistence property of the cover ideal of the
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union of two finite simple graphs. To do this, we start with a theorem which examines
the relation between assoicated primes of powers of the cover ideal of the union of two
finite simple graphs with the assoicated primes of powers of the cover ideals of each of
them, under the condition that they have only one common vertex (Theorem 11). We next
concentrate on a theorem which tells us the relation between assoicated primes of powers
of the cover ideal of the union of two finite simple connected graphs with the assoicated
primes of powers of the cover ideals of each of them, under the condition that they have
only one edge in common (Theorem 12). In particular, under the condition of Theorem 11
(respectively, Theorem 12) for two simple finite graphs G and H, if J(G) and J(H) have
the strong persistence property, then J(G U H) has the strong persistence property. We
close this section by expressing two counterexamples which explore the relation between
assoicated primes of powers of the cover ideal of the union of two finite simple connected
graphs with the assoicated primes of powers of the cover ideals of each of them, in a general
case (Questions 2 and 3).

Throughout this paper, we denote the unique minimal set of monomial generators of a
monomial ideal I by G(I). Also, R = K|[x1,...,2,] is a polynomial ring over a field K and
x1,...,Ty, are indeterminates. The symbol N will always denote the set of positive integers.
A simple graph G means that G has no loop and no multiple edge. All graphs in this paper
are undirected. Moreover, if G is a finite simple graph, then J(G) stands for the cover ideal
of G.

2 Symbolic strong persistence property under some
monomial operations

The aim of this section is to state some methods for constructing new monomial ideals
which have the symbolic strong persistence property based on the monomial ideals which
have the symbolic strong persistence property. To do this, we first show that a monomial
ideal has the symbolic strong persistence property if and only if its weighted ideal has the
symbolic strong persistence property. To see this, one requires to recall the definition of
weighted ideals.

Definition 1. A weight over a polynomial ring R = K[x1,...,x,] over a field K is a
function w: {x1,...,2,} = N, w; = w(x;). Then w; is called the weight of the variable ;.
Given a monomial m = xi* -+ -z we denote my, = 7 - xWr . If I is a monomial

ideal and w a weight, the weighted ideal of I is I, = (my | m € G(I)).

For example, consider the monomial ideal I = (23z225, z3z423) in the polynomial ring
R = Klx1,22,23,24,x5]. Also, let w : {x1,22,23, 24,25} — N be a weight over R with
w(zy) =2, w(ze) =4, w(zs) =2, w(xy) = 3, and w(xs) = 1. Hence, the weighted ideal I,
is given by I, = (zfzjzi? xi2adad).

The following proposition and lemma are necessary for us to prove the subsequent
theorem.

Proposition 1. Let I, J, and L be monomial ideals in a polynomial ring R = K[x1,...,x,)
over a field K, and w a weight over R. Then (I :r J) = L if and only if (Iy :r Jw) = L.
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Proof. This result is a straightforward consequence of the fact that ged and lem of two
monomials behave well with respect to taking weights. g

Lemma 1. Let I be a monomial ideal in a polynomial ring R = K[x1,...,x,] over a field
K, and w a weight over R. Then (I®)),, = (I,)*) for all k € N.

Proof. 1t is straightforward, and left to the reader. a

We are ready to state one of the main result of this section in the following theorem.

Theorem 1. Let I be a monomial ideal in a polynomial ring R = Klx1,...,x,] over a
field K, and w a weight over R. Then I has the symbolic strong persistence property if and
only if I, has the symbolic strong persistence property.

Proof. We can combine together Proposition 1 and Lemma 1 to obtain the claim. a

In what follows, our goal is to establish that if a monomial ideal has the symbolic strong
persistence property, then its contracted ideal has the symbolic strong persistence property
as well. To accomplish this, we first need to prove several auxiliary results as follows.

Notation 1. Given 1 < i < n and a monomial m = xi*---xz2* in a polynomial ring

_ Y Qi1 Otig1 o
R=Klx1,...,2,], we set mg,—1 = x7" -z,
Definition 2. Let I be a monomial ideal in a polynomial ring R = K[x1,...,x,] over a

field K and 1 <i <n. We define the contracted ideal of I, denoted by I\,,, as the ideal of
R generated by {my,=1 | m € G(I)}.

Proposition 2. Let A be a finite set of irreducible monomial ideals whose radicals are
mutually incomparable with respect to inclusion. Then er 4 Q 1s a minimal primary de-
composition.

Proof. Assume that A := {Q1,...,Q,}. Let p; = /Q; for all i. If there exists j such that
Niz; Qi C Qj, then Nix;p; C p;, which implies that p; C p; for some 7 # 5, a contradiction.
d

Lemma 2. Let I and J be monomial ideals in a polynomial ring R = Klx1,...,x,] over a

field K, and 1 <1 <n. Then
(i) (INJI)\g, = Dy, N N\a,-
(i) (IJ)\2; = D\gy\a,-
(iti) (I")\z, = (I\z,)" for all k € N.
() If T =Q1N---NQ, is a minimal primary decomposition of I, then

I\Ii = ﬂ Qj and (I\xi)(l) = ﬂ Qj'
©:29(1/Q;) 2:2G(\/Q;),1/Q; EMin(1)
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(v) IP),, = (I,,)® for all k € N.

Proof. (i) Tt follows from the fact that lem(u,v),,—1 = lem (g, =1, Vg;=1).

(i) This claim can be deduced from the fact that (uv)z;—1 = Uz, =1Vz,=1.

(iii) The desired conclusion follows immediately from (ii).

(iv)HIT=Q1N---NQ, is a minimal primary decomposition of I, then part (i) implies
that I\, = (Q1)\g, N -+ N (Qr)\a,- In addition, for each j = 1,...,r, we have

‘ B R if x; € g(\/Q—])
(Q])\xi - { Qj if x; ¢ g(\/Q_j)

Accordingly, we get I\,, = ﬂz ¢6(\/T5) ;. Based on Proposition 2, one can conclude

the minimal primary decomposition of I\,,. Finally, since p € Min(l\,,) if and only if
p € Min(J) and z; ¢ G(p), we gain the following equality

(I\Ii)(l) = ﬂ Q;.
i #G(\/Q;)\/Q; EMin(I)

(v) Let I* = @, N---N @, be a minimal primary decomposition of I* where \/Q_] is
a minimal prime of I if and only if j < »”, and z; ¢ g(\/Q_J) if and only if j < 1’ < ¢”.
We thus have I*) = QN ---NQ,~. By parts (i) and (iii), one can conclude that (I, =
(I")\z; = (Q1)\a; N -+ N (Qr)\s,- Furthermore, part (iv) and the fact that LK) = (%)M
for every monomial ideal L, yield that (I\,,,)®) = QN ---NQy = (IM),,,. O

Proposition 3. Let I, J, and L be monomial ideals in a polynomial ring R = K[x1,...,x,)
over a field K such that (I :r J) =L, and 1 <i <n. Then (I\y, :r,,, N\z;) = L\a,-

Proof. Let mgy,—1 € G(L\,,) and az,—1 € G(J\,), where m € G(L) an a € G(J). Since
ma € I, this gives that (ma).,=1 € I\,. It follows now from (ma);,=1 = Ma,=104,=1 €
I\Iz‘that L\wi < (I\M :R\zi J\ﬂﬂi)'

To conclude our argument, one has to establish the reverse inclusion. To do this, consider
A as the set of exponents of x; in the monomials of G(I) UG(J), and set a := max A. Take
a monomial m € (l\;; ‘R, J\z;)- This implies that ma{ € (I :g J), and so ma§ € L.
That is, ma? = £f, where f € G(L) and ¢ is a monomial in R. We therefore have m,,—1 =
(maf)z,=1 = (f)e;=1 € L\g,. Because mg,—1 | m, this yields that m € L\,,, as required.
O

As an immediate consequence of Proposition 3, we get the corollary below.

Corollary 1. Let I be a monomial ideal in a polynomial ring R = K[x1,...,2,] over a
field K, and 1 < i < n. If I has the strong persistence property, then I,, has the strong
persistence property.

Proof. Assume I has the strong persistence property, and fix k > 1. On account of (I**! :x
I) = I*, Proposition 3 implies that ((I*T1)\,, ‘Ry,, D\z;) = (I*)\4,. Here, Lemma 2 (iii)
yields that (L) ‘R, N\a;) = (I\z,)*. This means that I\, has the strong persistence
property, as desired. a
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We are now in a position to express another main result of this section in Theorem 2.

Theorem 2. Let I be a monomial ideal in a polynomial ring R = K|x1,...,x,] over a
field K, and 1 <i <n. If I has the symbolic strong persistence property, then I\, has the
symbolic strong persistence property.

Proof. Suppose that I has the symbolic strong persistence property. Fix k£ > 1. In the light
of (Itk+1) . W) = () it follows from Proposition 3 that ((I(*+1)),,, ‘R, (IM)\a,) =
(I™)\4,. By virtue of Lemma 2 (iv), one can deduce that ((h,)*™ g, (I.,)®) =
(I\zi)(k). That is, I\, has the symbolic strong persistence property. This completes the
proof. a

To understand Theorem 3, one has to recall the definition of the monomial localization
of a monomial ideal with respect to a monomial prime ideal as has been introduced in [10].
Let I be a monomial ideal in a polynomial ring R = Klx1,...,2,] over a field K. We
also denote by V*(I) the set of monomial prime ideals containing I. Let p = (2;,,...,2;,)
be a monomial prime ideal with p € V*(I). The monomial localization of I with respect
to p, denoted by I(p), is the ideal in the polynomial ring R(p) = K|[zi,,..., ;. ] which is
obtained from I by applying the K-algebra homomorphism R — R(p) with z; — 1 for all

Zj ¢ {,Til,...,l'iT}.

Theorem 3. Let I be a monomial ideal in a polynomial ring R = K|x1,...,x,] over a
field K such that I has the symbolic strong persistence property. Then I(p) has the strong
persistence property for all p € Min(I), and hence has the symbolic strong persistence

property.

Proof. Fix k > 1 and p € Min(I). The assumption implies that (I*+1) .5 1)) = [(*),
This yields that (I#+1) . 1MW) (p) = I*)(p). Tt follows now from [24, Lemma 4.6 (iv)] that
(I*+D(p) gy IV (p)) = I®(p). Since p € Min(I), by [24, Lemma 4.6 (vii)], we obtain
I®)(p) = I*(p) for all s. Thus, one can conclude that (I**1(p) :r I(p)) = I*(p). On
account of [24, Lemma 4.6 (ii)], we get ((Z(p))*™ :rp) 1(p)) = (I(p))*. Therefore, I(p) has
the strong persistence property, and hence has the symbolic strong persistence property, as
required. a

Definition 3. (28, Definition 6.1.5]) Let w = x7* --- x% be a monomial in a polynomial
ring R = K[x1,...,x,] over a field K. The support of u is given by supp(u) := {x;| a; > 0}.
In addition, for a monomial ideal I of R with G(I) = {u1,...,um}, we define supp(I) :=
Uiz, supp(us).

To see an application of Theorem 3, one can consider Question 1. To do this, we begin

with the definition of monomial ideals of clutter type in the following definition.

Definition 4. [22] Let I be a non-square-free monomial ideal in a polynomial ring R =
Klxy,...,xy,] over a field K with G(I) = {u1,...,u,}. We say that I is of clutter type if
Vit /u; (or equivalently, supp(u;) € supp(u;)) for each 1 <i#j <r.
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Example 1. [22] Let I = (z12323, va2314, 230575, 247221, X52322) be a monomial ideal
in the polynomial ring R = K|[x1,x2,x3, T4, x5] over a field K. Then one can rapidly see
that I is of clutter type. Note that I does not satisfy both the persistence property and
strong persistence property since m = (x1,xa,73,24,75) € Assg(R/I) \ Assg(R/I?) and
(I*:r I) # 1.

Question 1. Does every non-square-free monomial ideal of clutter type have the symbolic
strong persistence property?

The answer is negative. We provide a counterexample. To accomplish this, con-
sider the monomial ideal I = (zizs,23x274, 212575, ¥526) in the polynomial ring R =
Klx1,x9,x3, x4, x5, 6] over a field K. It is easy to check that I is a non-square-free mono-
mial ideal of clutter type. Furthermore, using Macaulay?2 [8] implies that (z1,z2) € Min([).
On account of Theorem 3, one can deduce that I(p) = (xf, 2322, 2123, 23) has the symbolic
strong persistence property, whereas the monomial ideal I(p) does not satisfy the symbolic

strong persistence property since (I(p) : I(p)(M)) # I(p)™)

Finally, we want to examine the symbolic strong persistence property under expansion
operation. Indeed, we show that a monomial ideal has the symbolic strong persistence
property if and only if its expansion has the symbolic strong persistence property. To do
this, we recall the definition of the expansion of a monomial ideal, which has been introduced
n [2]. Let K be a field and R = K[z1,...,z,] be the polynomial ring over a field K in the
variables x1,...,x,. Fix an ordered n-tuple (i1,...,%,) of positive integers, and consider
the polynomial ring R(1-+») over K in the variables

T11, - ..,{EMI,.IQl,. --7$2i27-- s Lnlsy - - -;Inin-
Let p; be the monomial prime ideal (xj1,xjo,...,25,) C RU-in) for all j = M.
Attached to each monomial ideal I C R a set of monomial generators {x!,... am}

where x2i = g1%(1) ... g, ai(n) gnd a;(j) denotes the jth component of the vector a; =
(ai(1),...,a;(n)) for all ¢« = 1,...,m. We define the expansion of I with respect to the
n-tuple (iy,...,i,), denoted by I"1»#) to be the monomial ideal

Zl# win) Zpal(l . al(n R(ilv'wi’n)'

We simply write R* and I*, respectively, rather than R(1»i) and I(1:in)  Note that
the expansion operation is applied to the unique set of minimal monomial generators of the
monomial ideal 1.

For example, consider the polynomial ring R = K[x1,z2,23,24] and the ordered 4-
tuple (1,2,2,3) Then we have p1 = (ZEll), po = (ZEQl,IQQ), ps = (Igl,Igg), and ps =
(%41, Ta2,743). Hence, for the monomial ideal I = (2123, xa24, 23), the ideal

.
I" C K(x11, %21, T22, T31, £32, T41, T42, T43)

: 2

is p1p3 + p2ps + p3, namely

* 2 2
I = ($11$31, T11T32, L21T4]1, L21T42, L21T43, L22T41, X22L42, L22T43, L371, L31L32, $32)-
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Let us provide the other main result of this section in the subsequent theorem.

Theorem 4. Let I be a monomial ideal in a polynomial ring R = Klx1, ..., z,] over a field
K. Then I has the symbolic strong persistence property if and only if I* has the symbolic
strong persistence property.

Proof. We first note that I = J if and only if I* = J*. To prove the forward implication,

let I have the symbolic strong persistence property. Fix k > 1. The assumption yields that

(I*E+1D) g 1MW) = I*) | In view of [2, Lemma 1.1 and Corollary 1.4], one has the following

equalities

() 2 (1) W) = (TFHD)* e (10)7)

(I(k-l-l) (1))*
= (1™

— (]*)( ).

This means that I'* has the symbolic strong persistence property. Conversely, assume that I'*

has the symbolic strong persistence property. Accordingly, we have ((I*)*+1) :p. (1)) =

(I*)*®) . On account of [2, Lemma 1.1 and Corollary 1.5], we get ((I*)*+D) :p. (I*)V)) =

(I*+D) g MY and (I*)*) = (I%)*, This implies that (I#+Y :p TMW)* = (I*))* and so

(I . p T = (1)), That is, I has the symbolic strong persistence property. O

3 Some results on the (symbolic) strong persistence
property

In this section, we give several results on the strong persistence property and symbolic
strong persistence property. For this purpose, we begin with Theorem 5. To achieve this,
one has to recall the following proposition.

Proposition 4. ([22]) Let I be an ideal in a commutative Noetherian ring R. Also, let
I=0Q1N---NQ:NQts1N---NQ, be a minimal primary decomposition of I with p; = /Q;
foreach i =1,...,r, and Min(I) = {p1,...,p:}. Then Iy, = (Q;)p, for eachi=1,... t.

Theorem 5. Let I be an ideal in a commutative Noetherian ring R. Then I has the
symbolic strong persistence property if and only if I, has the strong persistence property for
all p € Min(I), where I, denotes the localization of I at p.

Proof. (=) Assume that I has the symbolic strong persistence property. Let Min(l) =
{p1,...,ps}. Without loss of generality, it is enough to show that (I} ‘Ry, Ip,) =1}, for
all k > 1. Fix kK > 1. Also, for all s, suppose that

I :Qs,l N "'ﬁQs,tﬁQs,t-i-l ﬁ"'sz,rsu

is a minimal primary decomposition of I°* with /Qs; =p; foreachi=1,...,¢, and 1/Qs;
is not minimal for each ¢ =t +1,...,r,. We therefore have

t t t
7 = m Q4, I = m Qp.i, and 1+ = m Qk+1,i-

=1 =1 i=1
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Since I has the symbolic strong persistence property, one has (I(k"’l) ‘R I(l)) = I,

and hence (I,glfﬂ) 'Ry, Iﬁ)) = I,glf). It follows also from Proposition 4 that, for all s,

(I*)p, = (Qs1)p, and (1)), = (Qs,1)p,. We thus gain (IF! Ry, Ip,) = I;fl, as required.

(<) Assume that I, has the strong persistence property for all p € Min(I). Want to
show that (I*F+1) .5 (M) = T for all k > 1. To accomplish this, fix k > 1. Our strategy
is to use [17, Exercise 6.4]. For this purpose, one has to prove that (Iékﬂ) ‘R, Ic(ll)) = Iék)
for all q € Assg(R/I®)). With the notation which has been used in the proof of the forward
implication, and by considering the fact that Assg(R/I®)) = Min(I*) = Min(I) for all s,
one can deduce that Assg(R/I®) = {p,...,p;}. Without loss of generality, we need only

demonstrate that (I,glfﬂ) Ry, Iﬁ)) = I,glf). Since I, has the strong persistence property,
we obtain that (I§;™ g, Ip,) =IF. As (I%)y, = (Qs.1)p, and (I)),, = (Qs 1)y, for all s,
one derives that (I,glfﬂ) Ry, Iﬁ)) = ,E’f). This completes the proof. a

To show the next corollary, one needs the following proposition.

Proposition 5. Every irreducible primary monomial ideal has the strong persistence prop-
erty. Especially, every prime monomial ideal has the strong persistence property.

Proof. Fix k > 1, and assume that Q = (z'',...,2{") is an irreducible primary monomial
ideal in a polynomial ring R = KJx1,...,2,] over a field K with «q,...,q; are positive
integers and {z;,,...,7;,} C {x1,...,7,}. We prove that (Q*¥*! :p Q) = QF for all
positive integers k. Fix & > 1. Because Q¥ C (Q*' :z @), it remains to show that
(QF*! :r Q) € Q. To do this, one needs to verify that (Q¥*! :z (2{")) € QF. Here,

inspired by [19, Remark 2.5], one can deduce the following equalities,

F i@y =( X (@) @) i @)
014-+0;=k+1

Yoo (@) @) ik ()

014 +0i=h+1

=Y @reE

01=0, O2+---+0;=k+1

+ > (@)™t (@f)™).

01>1, 01+ +0:=k+1

As ((z52)?2 -~-(:1:?t‘)9t) C Q" with 6+ -+ 6, = k+1 and ((xﬁ1)91*1~-~(3:f2t)9f) C Q"

12

with 03 > 1, 61 +---+6; = k+ 1, we conclude that (Q**! :x (z3h) € QF, as required. 0O

Corollary 2. Let I be an ideal in a commutative Noetherian ring R. Let I = Q1N+ -NQ N
Qm+1N---NQ, be a minimal primary decomposition of I such that Min(I) = {p1,...,pm},
where p; = \/Q; for each i = 1,...,m. If Q; has the strong persistence property for each
t = 1,...,m, then I has the symbolic strong persistence property. In particular, every
square-free monomial ideal has the symbolic strong persistence property.
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Proof. Fix k > 1. By virtue of Proposition 4, we get I,, = (Q;)p, for each i =1,...,m.
Since @); has the strong persistence property for each ¢ = 1,...,m, one has (Qi—”‘l R Qi) =
Q¥ for each i = 1,...,m. Thus, ((Qi)];:rl 'Ry, (Qi)p:) = (Qi)’;i for each i =1,...,m. This
implies that I, has the strong persistence property for each i = 1,...,m. Now, the claim
follows from Theorem 5. The last assertion is a direct consequence from Proposition 5,
which says that every prime monomial ideal has the strong persistence property. a

Along [21, Question 3.7], we present the following theorem.

Theorem 6. Suppose that I is a square-free monomial ideal in a polynomial ring R =
Klxy,...,2,] over a field K. Also, for all s > 2, suppose that Assgr(R/I°) = Assgr(R/I) U
{q} such that q°t is the primary component of the embedded prime q, where

t:=min{[{z;,,..., 25} : wj -2, €T}
Then I has the strong persistence property.

Proof. To show the claim, it is sufficient to verify that (Ik"’l r 1) C I* for all k. Fix k > 1.
Let Min(I) = {p1,...,pr}. Since Assgp(R/I°) = Assr(R/I)U{q} and Min(I) = Assr(R/I),
we deduce from [28, Definition 4.3.22 and Proposition 4.3.25] and the assumption that I°® =
psN---NpsNg® is a minimal primary decomposition of I* for all s > 2. Pick an arbitrary
monomial v in (I*+! ;g I). Fix 1 < j <r. Since p; ¢ pj for 1 <i# j <r, this implies that
one can choose an element such as v; € p; \ Uj»;p;. Let X be an element in p;. Because
u € (IF 5 T), we have ul C I*T' and by vy - v;_1Avj41 v, € ()i, Pi, one derives
that ulvy - - - Vj—1Vj41 """ Ur € n::l prrlﬂq(’”l)t. This yields that uAvy - - - Vj—1Vj41 " Up €

p;-““. Due to v; ¢ p; for 1 <14 # j <r, we obtain that vy ---vj_1vj41---v, ¢ p;. Thanks
to p?“ is primary, one has u\ € p?“, and hence u € (pfle :r p;). It follows from

Proposition 5 that p; has the strong persistence property, and so u € p? . Accordingly, we
have u € ,_, p¥. To finish the proof, one requires to establish u € g**. Without loss
of generality, let 1 - x4 € ﬂ:zl p;. This implies that uxy - -z € I5t1. We thus have
ury---x; € qFFD and therefore there exists some monomial A € G(q*TV*) such that
hluzy ---x¢. Assume that h = z7*-- 22" and u = xfl oozPn with a; > 0 and 3; > 0
for each 7. Since h € G(q*tD?), this means that h is a minimal generator of q(*+1?t,
and by considering the assumption that ¢ is a prime monomial ideal, one can conclude that
a1+ +ay, = (k+1)t. On account of h|uxy - - - 24, this yields that (k+1)t < S1+-- -+ Bn+t,
and hence kt < 31 + --- + f3,. Consequently, one can conclude that u € q**. This implies
that u € I*, and the proof is complete. a

It has already been proved that the cover ideal of any odd cycle graph satsfies the strong
persistence property, see [21, Theorem 3.3]. As an application of Theorem 6, we re-prove
this fact in Theorem 7. To do this, we need the following auxiliary lemma. Indeed, in
Lemma 3, we give a minimal primary decomposition of the powers of the cover ideal of any
odd cycle graph.
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Lemma 3. Let Ca,11 be an odd cycle graph with V(Capy1) = {1,...,2n+1} and E(C) =
{{é,i+1} : i=1,...,2n+ 1}, where 2n+ 2 =1. Then, for all s > 2,

2n+1
J(Cony1)* = ) (@i wi1)* Nm*HY,
i=1
where m = (21, ..., Tan4+1) 1S the unique homogeneous maximal ideal in the polynomial ring

R=Klz1,...,22,+1] over a field K.

Proof. Since J(Capt1) = ﬂ?gfl(xz, Zit1), it is sufficient for us to prove that

2n+1 2n+1
() @iyzir)* = [ @iy zia1)* N+, (3.1)
=1 i=1

Let A (respectively, B) denote the ideal on the left-hand (respectively, right-hand) side of
(3.1). Fix s > 2. We first show that A C B. As ﬂ?gfl(xi,:viﬂ) C (x4,xi41) for each
i=1,...,2n4 1, this implies that (""" (s, 2i+1))* € 27" (i, xi41)®. To complete the

argument, it suffices to prove that (77" (i, zi41))* € m* 1. To see this, consider a
minimal generator u in (m?:fl(xi7$i+1))s. We thus have u = []}_, g;, where each g; is

a minimal generator of ﬂfgfl(xl, Ziy1). By virtue of ﬂf:fl(xz, x;y1) is exactly the cover

ideal of the odd cycle Cs,4+1 and because of any minimal geneator of J(C2,11) corresponds
to a minimal vertex cover of Cy,+1, and also by considering the fact that any minimal vertex
cover of Cyy, 11 has at least n+1 elements, we can deduce that degu = Zle degg; > s(n+1).
This implies that u € m*"+1)_ Accordingly, one has A C B.

We now verify that B C A. For this purpose, select a minimal generator v in B. Let
wi=zt - ngﬁf with ¢; > 0 for each i =1,...,2n+ 1. Our strategy is to use [21, Lemma
3.2]. To accomplish this, one has to demonstrate that ¢;4+¢;11 > sforeechi =1,...,2n+1
and Z?gfl[(fi—i—&ﬂ)—s] >s. Fix 1 <14 <2n+1. It follows from u € B that u € (z;, zi+1)°,
and so "z "|u for some 0 < o; < s. This implies that ¢; + £;11 > s. To finish the
proof, we establish 2" [(¢; 4 £i41) — s] > 5. Since u € B, one has u € m*™*+1 and so

AR ~l‘gf[ff lu with Zf:fl 6; = s(n + 1). This gives that

2n+1 2n+1
Z [(fz + i) — S] = Z (fi + fi+1) —s(2n + 1)
i=1 i=1
2n+1
=2 ) li—s(2n+1)
i=1
2n+1
>2 ) 0;—s(2n+1)
i=1
=s.
We therefore have u € A, and thus B C A, as required. 0

Theorem 7. The cover ideal of any odd cycle graph satsfies the strong persistence property.
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Proof. Let Ca,y1 be an odd cycle graph with V(Capy1) = {1,...,2n + 1} and E(C) =
{{#,i+1} : i=1,...,2n+ 1}, where 2n+2 = 1. Fis s > 2. Tt follows from Lemma 3 that

2n+1 2n+1
J(Cony1)* = ([) @i wis1)* = () (@i wi1)* Nm*CHY, (32)

i=1 i=1
where m = (z1,...,22,41) is the unique homogeneous maximal ideal in the polynomial
ring R = K[x1,...,Zon41] over a field K. In other words, (3.2) is a minimal primary

decomposition of J(Cay41)°. This gives rise to the following equality
Assp(R/J(Cant1)®) = Assp(R/J(Cont1)) U {m}.

In the light of any minimal geneator of J(C4,1) corresponds to a minimal vertex cover of
Con+1, and by remembering the fact that any minimal vertex cover of Cy, 1 has at least
n + 1 elements, and also J(Capt1) = ﬂpeASSR(R/J(C%H)) p, one can derive

t =min{[{z;,,...,z; } : @525, € J(Cony1)} =n+1.

Now, Theorem 6 gives that J(Ca,41) satisfes the strong persistence property, as claimed.
d

To establish Lemma 4, we require to know the following proposition.

Proposition 6. Suppose that Iy and Is are two monomial ideals in a polynomial ring
R =Klx1,...,2,] over a field K such that G(I;) C Ry = K[z1,...,%m] and G(I2) C Ry =
K[Tmi1,---,xn) for some positive integer m,1 < m < n. Then (I Iy)* = Il(k)Iék) for all
kE>1.

Proof. Fix k > 1. Since I} and I are generated by disjoint sets of variables, [11, Lemma
1.1] implies that I;Is = I; N Iz. In particular, we have Min(/; N Iz) = Min(/;) U Min(I3).
Hence, one can conclude the following equalities

(hn)® = () (LhNL)*R,NR)
PGMin(IlﬂIQ)

= N (WR.R)N () ()*R,NR)

peMin(I,) peMin(I2)
=15 NI,
We therefore obtain the following equalities
(L1)® = (I, N 1)® = 1 A [P = 1B P,

This completes our argument. a

The theorem below is crucial for us to show Lemma 4.
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Theorem 8. (/9, Theorem 8.4]) (I +.J)™ = Ditjen I® @),

In order to establish Theorem 9, one needs to prove the following lemma.

Lemma 4. Let I be a monomial ideal in a polynomial ring R = Kl[x1,...,x,] over a
field K such that I = LR + IoR, where G(I) C Ry = Klz1,...,2m) and G(I3) C Ry =
K[Zmi1,-..,xy) for some positive integer 1 < m < n. Then I®) = ﬂle(ll(z) + 12(5-1-1—1))
for all s € N.

Proof. Fix s € N, and set Ly := I(t + Zt ! I(l Iz(sfi) with 1 <t < s. In what follows,

want to prove that L; = ()/_, (Ifl) + 12(Sle l)). To achieve this, we proceed by induction on

t. One can easily see that the assertion is true for the case in which ¢ = 1. Now, suppose,
inductively, that ¢ > 1 and that the result has been proved for all r less than t with ¢ < s.

It follows also from the inductive hypothesis that L,y = (21 (1" + IS 7). It is well-
known that if o < 3, then 1% C I(®). Hence, Il(t) - Il(t Y and so Il(t) N Il(t_l) = Il(t). In
addition, if 0 <7 <t—2 < s, then s+1—t < s—1i, and thus Iz(sfl) - I(S+17t) This implies
Et72 I(z) ﬁI(s—z) I(s-i—l t) and 50 I(s-i—l t)ﬁzt 2I(z I(s—i) Z 0 (z) I(S_i). Now
by considering the fact that I(t nyiz? I(Z N I s=9) cyie l) N I(s ) we get

t—2 t—2
[ an =Y+ 4 003 1 a1 0y i 0l
=0 1=0

t—2
_ Il(t) + Il(til) N I2(sft+1) + lez) N 12(571)-
1=0

Hence, one can derive the following equalities

t—1
Le=1"+3" 170y
=0
t—2 ) )
_ Il(t) + Il(t—l) N 12(5—t+1) + Zjl(z) N 12(5—1)

=0
10 A 17D 4 =D =t

t—2
100y K0 et t)mZIf NI
1=0 =0

t—2
_ (Il(t) +I2(s+l—t)) N (Il(t—l) + le(z) m12(5—1))

i=0
= (Ift) + ISS—H_”) NLiq
t—1
_ (Il(t) +12(s+1—t)) n ﬂ(ll(z) +I2(s+1—z))
=1

t
= U+ 50).
1=1
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This completes the inductive step, and so the claim has been proved by induction. Espe-
cially, one can conclude that L, = ﬂle(ll(z) + IQ(S—H_Z)), and hence

s s—1 s
N+ 1) = 10+ 3 a0 e = a0 e,
i=1 1=0 =0

On account of G(I1) C Ry = K|[z1,...,%m] and G(I2) C Ry = K[Zp41, .. ., 2], Proposition
6 yields that I\ N 137 = 1187 for each i = 0,...,s. Therefore, we get ﬂle(lll) +
Iy = Zf:% 19187 Finally, it follows from Theorem 8 that ();_, (1" +I{"*'™")

ol

(I1 + I)®) = I) | as required.
We are now ready to express and prove Theorem 9.
Theorem 9. Let I be a monomial ideal in a polynomial ring R = Klx1,...,x,] over a

field K and G(I) = G1 U --- UG, such that
{zs : zs|m for some m € G;} N {xy : x¢|m for some m € G} =0,

for all 1 < i # j <r. Then (G;)R has the symbolic strong persistence property for some
1 <i <7 if and only if I has the symbolic strong persistence property.

Proof. 1t is enough to show our claim only for » = 2. To accomplish this, let I be a monomial
ideal in R = KJx1,...,z,] such that I = R + bR, where G(I1) C Ry = K|[x1,...,Zm)
and G(Is) C Ry = K(xm41,--.,2y] for some positive integer 1 < m < n. We first show
the forward implication. Without loss of generality, assume that I; has the symbolic strong
persistence property. Also, let Q(Il(l)) = {v1,...,v}. Our main aim is to prove that
(I*+D . p 1MW) = I®) for all k. Now, fix k € N. By virtue of the assumption, one has
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(Ili) ‘R Il(l)) = Il(ifl) for all i. By applying Lemma 4, we have the following equalities

k+1
(I(k+1) ‘R 151)) _ (ﬂ (IY) +I2(l€+2—1)) ‘R Il(l))
=1
k+1 t .
1 2—1
= N NP rvy) + I 15 y))
i=1j=1
k+1 t
7 k+2—1
= (" (@ v+ 177)
i=1j=1
k+1
k+2—1 7
= (I 4t (1 g vy)
1=1
k+1 ) )
=@+ 0 m 1)
1=1
k+1 ) )
= (N 4+ 1Y)
1=2
k
_ m(Iz(k-i-l—f) +Il(e))
/=1
=1,

Thanks to I®) C (11 .5 TW) and (1D .p M) C (TG . 11(1))7 one can conclude
that (I*+1) .5 1MW) = 1) This completes the proof.

To establish the converse implication, suppose, on the contrary, that I; and I» do not
satisfy the symbolic strong persistence property. This implies that there exist a posi-
tive integer ki (respectively, ko) and a monomial m; (respectively, ms) such that m; €
G(I* T T\ G(I%Y)Y) (respectively, my € GISF2TY 1 18V)\ G(1{F))). Note that, in

1 1 1 ) 2 2 2 ;
general, if o < 8, then I(#) C I(®) Take the nonnegative integer a; (respectively, az) such
that my € Il(al) \Il(a“Ll) (respectively, mo € I2(a2) \I2(a2+1)). This gives that a; < k1 — 1
(respectively, ag < ky — 1). Put m := myms and b := a; + az. Thus, one has m € I®),
We claim that m ¢ I®*D . Suppose, on the contrary, that m € I+, Since, by Theorem
g, 10+ = st 1971879 one obtains that m € I{9T™ ™ for some 0 < £ < b+ 1.
We thus have there exist u; € Q(Il(l)) and us € Q(IQ(bHil)) such that ujug|mims. Con-
sequently, uj|mims and ug|mims. Because ged(ui,me) = 1 and ged(ug,my) = 1, one

has u1|my and ua|ms. This implies that my € Il(e) and moy € I§b+17e). It follows from

my € Il(al) \Il(a1+1) and ms € Iz(az) \ IQ(GQH) that a; > £ and ay > b+ 1 — £. This gives
that a3 + a2 > b+ 1, which contradicts the fact that b = a3 4+ a2. Accordingly, m ¢ 7O+,
By setting s1 := k1 + 1+ a2 and s2 := a1 + k2 + 1, one can easily see that s; > a1 + as + 2
for each i = 1,2. Hence, s := min{sy, s2} > a1 + as + 2. In addition, it is routine to check
that if v € Q(Ifl)) (respectively, u € 9(12(1))), then mu € I*1) (respectively, mu € 1(52)).
Therefore, we get m € (I®) :x TM)\ 16~ which contradicts the assumption that I has
the symbolic strong persistence property. This finishes the proof. g
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The following lemma says that, under certain condition, a monomial ideal has the sym-
bolic strong persistence property if and only if its monomial multiple has the symbolic
strong persistence property.

Lemma 5. Let I be a monomial ideal in a polynomial ring R = K[x1,...,x,] over a field
K, and h be a monomial in R. Also, let ged(h,u) = 1 for all w € G(I). Then I has the
symbolic strong persistence property if and only if hl has the symbolic strong persistence

property.

Proof. To simplify notation, set L := hI. We first assume that I has the symbolic strong
persistence property. This means that (I(’”‘l) ‘R I(l)) = I for all k. In order to complete
the argument, one has to show that (L*+1) . LYY = LK) for all k. Fix k > 1. Tt follows
readily from Proposition 6 that (hI)*) = RFI*) In view of (L*+D :p h) = (RFHTHHD
h) = hFI%*+D) one can conclude that (L*+D) :p LMY = (RF1E+HD . [, By virtue of
ged(h,u) = 1 for all u € G(I), we get ged(h,v) = 1 for all v € G(IM). The assumption
yields that (L*+D :p L) = Rk = (R1)*), Therefore, (L1 :p LM) = L) and the
proof is over.

To establish the converse implication, suppose that L has the symbolic strong persistence
property. Want to prove that (I*+1) :p TM) = [®) for all k. To do this, fix k > 1.
Because of L has the symbolic strong persistence property, we get (L(k“) ‘R L(l)) = LK),
and hence (RFH11+1) . p A1) = pF[(E) - This yields that (RFI*+TD p 1) = pkrk),
Moreover, a similar argument gives that (RFI*+1) :p 1) = pk(rE+D .5 7)) and so
RFE(IHHD) p TW) = BFTH) | This implies that (IF+D) :p M) = 1) that is, I has the
symbolic strong persistence property, as claimed. a

4 Strong persistence property of the cover ideals

The main aim of this section is to explore the strong persistence property of the cover ideal
of the union of two finite simple graphs. To accomplish this, we have to recall the following
results.

The following lemma examines the relation between assoicated primes of powers of the
cover ideal of the union of a finite simple connected graph and a tree with the assoicated
primes of powers of the cover ideals of each of them, under the condition that they have
only one common vertex.

A repeated application of [21, Theorem 2.5] yields the following lemma:

Lemma 6. ([22]) Let G = (V(G), E(G)) be a finite simple connected graph and T be a tree
such that [V(G)NV(T)| = 1. Let L = (V(L),E(L)) be the finite simple graph such that
V(L) :=V(G)UV(T) and E(L) := E(G)UE(T). Then

Assp(R/J(L)?) = Assg, (R1/J(G)?) U Assg,(R2/J(T)*),

for all s, where Ry = K[zo : @ € V(G)], Ry = K[zo : « € V(T)], and R = K[z, : & €
V(L)] over a field K.

The next lemma explores the relation between assoicated primes of powers of the cover
ideal of the union of a finite simple connected graph and a tree with the assoicated primes
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of powers of the cover ideals of each of them, under the condition that they have only a
path in common. In fact, a repeated application of Lemma 6 gives the following lemma;:

Lemma 7. ([22]) Let G = (V(G), E(G)) be a finite simple connected graph, T, ..., T, be
some trees with V(G)NV(T;) = {v;} for each i =1,...,r, and P = (V(P), E(P)) be a path
with V(P) = {v1,..., 09, Upt1,...,0m} C V(G), and

E(P) = {{vi,vig1} : fori=1,...,m—1} C E(G).

Let T = (V(T),E(T)) be the tree with
V(T) = ( U V(Ti)) UV(P) and E(T) = ( U E(Ti)) U E(P).
i=1 i=1

Also, let L = (V(L),E(L)) be the finite simple graph such that
V(L) :=V(G)UV(T) and E(L) := E(G) U E(T).
Then
ASSR(R/J(L)S) = Assg/ (R//J(G)S) U Assgr (R”/J(T)s),

for all s, where R' = K[zo : o € V(G)], R' = Klzo : a € V(T)], and R = K[z, : a €
V(L)] over a field K.

In the next theorem, we turn our attention to study the strong persistence property of
the cover ideal of the union of two finite simple connected graphs.

Theorem 10. (/22]) Let G = (V(G),E(G)) and H = (V(H), E(H)) be two finite simple
connected graphs such that J(G) and J(H) have the strong persistence property. Also, let
L = (V(L),E(L)) be the finite simple graph such that V(L) := V(G)UV(H), E(L) :=
E(G)UE(H), and

Assp(R/J(L)®) = Assg, (R1/J(G)?) U Assg,(R2/J(H)?),
for all s, where Ry = Kz : @ € V(G)], R2 = K[zo : a« € V(H)], and R = K|z, :

a € V(L)] over a field K. Then, under each of the following cases, J(L) has the strong
persistence property.

(i) V(G)NV(H) = {v}.
(i) V(GYNV(H) = {v,w} and E(G)NE(H) = {{v,w}}.
(iii) V(G)NV(H) = {v,w,z} and E(G)NE(H) = {{v,w},{w, z}}.
To verify Theorem 11, one needs to know the following auxiliary propositions as well.

Proposition 7. ([22]) Let I be a monomial ideal in a polynomial ring R = K[x1,...,Zy]
over a field K with G(I) = {u1,...,um} and Assgr(R/I) = {p1,...,ps}. Then, the following

statements hold.

(i) If x;lug for some i, 1 < i <mn, and for some t, 1 <t < m, then there exists some j,
1 <j <s, such that x; € p;.
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1 x; € p; for some i, 1 <1 <mn, and for some j, 1 < j < s, then there exists some t,
i) I i i, 1<i< d i, 1<j<s, then th st t
1 <t <m, such that x;|us.

Especially, J;_, supp(p;) = Ui~ supp(uy).

Proposition 8. Let G = (V(G),E(G)) and H = (V(H),E(H)) be two finite simple
connected graphs. Let L = (V(L),E(L)) be the finite simple graph such that V(L) :=
V(G)UV(H) and E(L) := E(G) U E(H). Then

Assp, (R1/J(G)°) U Assg, (Ra/J(H)®) C Assg(R/J(L)*).

Proof. To simplify our notation, put I := J(G), I := J(H), and I := J(L). Take an arbi-
trary element p = (2;,,...,2;.) in Assg, (R1/I7) U Assg, (R2/I5) with {i1,...,i,} CV(L).
Let p € Assg, (R1/17). In view of Proposition 7, one has supp(p) € U, eg(z,) supp(u). This
leads to {i1,...,i-} C V(G). It follows from [6, Lemma 2.11] that p € Ass(K[p]/J(G})®),
where K[p] = Klz;,,...,x;.] and G, is the induced subgraph of G on the vertex set
{i1,...,ir} € V(G). Thanks to G, = L,, we get p € Ass(K[p]/J(Ly)*). Once again,
using [6, Lemma 2.11] yields that p € Assr(R/I®). A similar discussion shows that if
p € Assg,(R2/I5), then p € Assg(R/I?). Therefore, one can conclude that

Assp, (R1/I7) U Assg, (R2/I35) C Assg(R/I°),

as claimed. O

The following theorem examines the relation between assoicated primes of powers of the
cover ideal of the union of two finite simple graphs with the assoicated primes of powers
of the cover ideals of each of them, under the condition that they have only one common
vertex.

Theorem 11. Let G = (V(G),E(G)) and H = (V(H), E(H)) be two finite simple con-
nected graphs such that |V(G)NV (H)| = 1. Let L = (V (L), E(L)) be the finite simple graph
such that V(L) :=V(G)UV(H) and E(L) := E(G)U E(H). Then

Assp(R/J(L)®) = Assg, (R1/J(G)?) U Assgr,(R2/J(H)?),

for all s, where Ry = K[zo : o € V(G)], Ry = K[zo : a« € V(H)], and R = K[zo : @ €
V(L)]. In particular, if J(G) and J(H) have the strong persistence property, then J(L) has
the strong persistence property.

Proof. Fix s > 1, and let V(G) NV (H) = {v}. If G or H is a tree, then the claim follows
rapidly from Lemma 6 and Theorem 10. Hence, we can assume that neither G nor H is a
tree. On account of Proposition 8, we gain the following containment

Assp, (R1/J(G)®) U Assg, (Ra/J(H)®) C Assg(R/J(L)®).

In order to complete the proof, it is sufficient to verify the reverse inclusion. To achieve
this, pick an arbitrary element p = (x;,,...,2;.) in Assg(R/J(L)*). Based on Proposition
7, we have {i1,...,ir} € V(L). Moreover, it follows from [6, Lemma 2.11] that p €
Ass(K[p]/J(Ly)®), where K[p] = Klz;,,...,x;.] and L, is the induced subgraph of L
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on the vertex set {iy,...,i.}. Hereafter, we assume that p is the maximal ideal in the
polynomial ring R = K|[p]. To simplify the notation, put I' := {z. : ¢ € V(G) \ {v}} and
A:={z.:ce V(H)\ {v}}. Take an arbitrary element v in G(J(L)). Because of neither
G nor H is a tree, one can conclude that neither G nor H is a star graph or an edge, and
so supp(u) N T # ( and supp(u) N A # @. Since J(L) = J(G) N J(H), this implies that
u = ab/ged(a,b) for some a € G(J(G)) and b € G(J(H)). Hence, one may consider the
following cases:

Case 1. a = f and b = g, where f (respectively, g) is a square-free monomial in the
variables " (respectively, A). Hence, one has u = fg.

Case 2. a =z, f and b = g, where f (respectively, g) is a square-free monomial in the
variables ' (respectively, A). We thus have u = z, fg.

Case 3. a = f and b = x,g, where f (respectively, g) is a square-free monomial in the
variables T' (respectively, A). Therefore, one obtains that u = x, fg.

Case 4. a = z,f and b = z,g, where f (respectively, g) is a square-free monomial in
the variables T' (respectively, A). Due to ged(a,b) = z,, one can conclude that u = x, fg.

The argument above gives that if v € G(J(L)), then v = Afg, where Alz, and f
(respectively, g) is a square-free monomial in the variables I' (respectively, A) such that
Af € J(G) (respectively, Ag € J(H)). Since p € Assgr(R/J(L)®), we get there exists some
monomial h in R such that p = (J(L)® :g h). Assume that h = hihozf with hy (respec-
tively, ho) is a monomial in the variables I' (respectively, A), and p is a nonnegative integer.
It follows readily from [15, Lemma 2.1] that (J(G)® :g hihaz?) = (J(G)® :g hizf) and
(J(H)® :g hihoxt) = (J(H)® :g haz?). Since (J(L)* :g h) C (J(G)® :g h) (respectively,
(J(L)* :g h) C (J(H)® :g h)), one can conclude that p C (J(G)* :g hiaf) (respectively,
p C (J(H)® :g hext)). Our aim is to demonstrate that hia? ¢ J(G) or hoxf, ¢ J(H). Sup-
pose, on the contrary, that hiz? € J(G) and hox? € J(H). It follows from hiaf € J(G)*
(respectively, hoxf € J(H)®) that there exist square-free monomials M, fi1,..., fs (re-
spectively, Ma, g1,...,gs) in the variables I (respectively, A), and Ay, ..., As (respectively,
AL, ..., AL) with A;lx, (respectively, Af|z,) and A;f; € J(G) (respectively, Alg; € J(H))
for each ¢ = 1,..., s, such that

hyizt = (H Ai fi)Myz% (vespectively, hox? = (H Algi) Moz,

=1 i=1

for some nonnegative integer 6 (respectively, A). We thus have hy = ([[;_; fi)M1, he =
(TT;=; 9:) M2, and ([T, 4i)2f = 26 = ([T}, A})z). Accordingly, one has

hahoxf = ([ oM ([ [ 90) Mot = (] | figi) Mo Mo,

i=1 i=1 i=1
Since ([T;_; 4i)z? = xf = (T[]}, A})z)), we get hihoxt, € J(L)*, and so h € J(L)*%; this
contradicts the fact that p = (J(L)® :g h). We therefore gain hiaf, ¢ J(G) or hozf, ¢ J(H).
As p is the maximal ideal, one has p € Assg, (R1/J(G)®) or p € Assg,(Ra/J(H)*), and so
we have the following equality

Assp(R/J(L)®) = Assg, (R1/J(G)?) U Assg,(R2/J(H)?), (4.1)
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as required. The last claim is an immediate consequence of Theorem 10 and (4.1). g

To demonstrate Theorem 12, one needs to apply the following lemma.

Lemma 8. Let G = (V(G), E(G)) be a finite simple connected graph and H be a triangle
graph such that |V(G)NV(H)| =2 and |E(G)NE(H)| =1. Let L = (V(L), E(L)) be the
finite simple graph such that V(L) :=V(G)UV(H) and E(L) := E(G) UE(H). Then

Assp(R/J(L)*) = Assg, (R1/J(G)?) U Assg, (R2/J(H)?),

for all s, where Ry = Kz : o € V(G)], Ry = Kzo : o € V(H)], and R = K[zo : a €
V(L)] over a field K. In particular, if J(G) has the strong persistence property, then J(L)
has the strong persistence property.

Proof. Let V(H) = {v,w, z}, V(G) NV (H) = {v,w}, and E(G) N E(H) = {{v,w}}. Since
the claim is true for the case s = 1, we only argue for all s > 2. Fix s > 2. It follows at
once from Proposition 8 the containment below

Assp, (R1/J(G)®) U Assg, (Ra/J(H)®) C Assg(R/J(L)®).

For completing the proof, it is enough for us to prove the reverse inclusion. To accomplish
this, select an arbitrary element p = (z;,,...,2;.) in Assg(R/J(L)®). One can conclude
from Proposition 7 that {i1,...,ir} CV(L). If z ¢ {i1,...,4}, then {i1,...,i.} C V(G),
and [6, Lemma 2.11] implies that p € Assg, (R1/J(G)?). We thus let z € {i1,...,4,}. In
view of [3, Lemma 2.4], L, is a connected graph, where L, denotes the induced graph on
{41, ...,4,}. This leads to the following cases:

Case 1. v € {i1,...,i,} but w & {i1,...,4} (or w € {i1,...,%} but v & {i1,...,0r}).
We only consider the case v € {i1,...,i} but w ¢ {iy,... 4.}, while the other case
is proved similarly. Because p € Assr(R/J(L)®), [6, Lemma 2.11] concludes that p €
Assr(R/J(Ly)®). Since w ¢ {i1,...,i,}, one derives that V(L) = V(G,) U {v, 2z} and
E(Ly) = E(Gy) U{{v, z}}. By [21, Theorem 2.5], we have Ass(J(Ly)®) = Ass(J(Gy)*) U
{(xy,z:)}. If p = (zy,2,), then p € Min(J(H)), and hence p € Assg,(R2/J(H)?).
If p € Ass(J(Gy)®), then [6, Lemma 2.11] yields that p € Assg, (R1/J(G)*), and so
p € Assg, (R1/J(G)*) U Assg, (Ro/J(H)?).

Case 2. v,w € {i1,...,i,}. Without loss of generality, one may assume that i; = v,
io = w, and i3 = z. Based on [6, Corollary 4.5], the associated primes of J(L)* will
correspond to critical chromatic subgraphs of size s + 1 in the s-th expansion of L. This
means that one can take the induced subgraph on the vertex set {i1,...,%,}, and then
form the s-th expansion on this induced subgraph, and within this new graph find a critical
(s + 1)-chromatic graph. Thanks to z is only connected to v and w in the graph L, and
since this induced subgraph is critical, if we remove the vertex z, we can color the resulting
graph with s colors. Also, by virtue of [4, Theorem 14.6], the vertex z has to be adjacent
to at least s vertices. But the only things z is adjacent to are the shadows of z and the
shadows of v and w, and hence one has a clique among these vertices. We thus gain that z
and its neighbors will form a clique of size s + 1. On account of a clique is a critical graph,
this gives that we do not need any element of {i4, ...,%,} or their shadows when making the
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critical (s+ 1)-chromatic graph. This implies that p = (2, 2w, 2,). Due to [21, Proposition
3.6], one can conclude that (xy, Ty, x,) € Assg,(Ra/J(H)?).
Accordingly, we have the following equality

Assp(R/J(L)®) = Assg, (R1/J(G)®) U Assg, (Ra/J(H)®). (4.2)

Since the cover ideal of any triangle has the strong persistence property, the last assertion
is a straightforward consequence of Theorem 10 and (4.2). O

The next theorem probes the relation between assoicated primes of powers of the cover
ideal of the union of two finite simple connected graphs with the assoicated primes of powers
of the cover ideals of each of them, under the condition that they have only one edge in
common.

Theorem 12. Let G = (V(G),E(G)) and H = (V(H), E(H)) be two finite simple con-
nected graphs such that |V(G)NV(H)| =2 and |E(G)NE(H)| =1. Let L= (V(L),E(L))
be the finite simple graph such that V(L) := V(G) UV (H) and E(L) := E(G) U E(H).
Then

Assp(R/J(L)®) = Assg, (R1/J(G)?) U Assgr,(R2/J(H)?),

for all s, where Ry = Klzg : o € V(G)], Ry = Kzo : o € V(H)], and R = K[zo : a €
V(L)]. In particular, if J(G) and J(H) have the strong persistence property, then J(L) has
the strong persistence property.

Proof. Fix s > 1. Suppose that V(G)NV(H) = {v,w} and E(G)NE(H) = {{v,w}}. If G
or H is a tree or triangle, then the assertion is true by virtue of Lemma 7 and Theorem 8.
We therefore can assume that neither G nor H is a tree or triangle. As a direct consequence
of Proposition 8, we have the following containment

Assp, (R1/J(G)®) U Assg, (Ra/J(H)®) C Assg(R/J(L)*).

To finish the argument, one has to establish the reverse inclusion. To do this, choose an arbi-
trary element p = (x;,,...,2;.) in Assg(R/J(L)*). By Proposition 7, one has {i1,...,i,} C
V(L). On account of [6, Lemma 2.11], one can derive that p € Ass(K[p]/J(Ly)®), where
K[p] = K[zi,,...,x;] and L, is the induced subgraph of L on the vertex set {i1,...,%}.
We thus assume that p is the maximal ideal in the polynomial ring R = K|[p]. To simplify
the notation, set

Fi={z;:ceV(G)\ {v,w}} and A :={x.:c€ V(H)\ {v,w}}.

Pick an arbitrary element w in G(J(L)). Due to neither G nor H is a tree or triangle, we can
deduce that supp(u) NT # @ and supp(u) N A # 0. Tt follows also from J(L) = J(G)NJ(H)
that u = ab/ged(a, b) for some a € G(J(G)) and b € G(J(H)). Consequently, one of the
following cases occurs:

Case 1. a =z, f and b = z,g, where f (respectively, g) is a square-free monomial in
the variables T' (respectively, A). Because ged(a,b) = z,, we have u =z, fg.

Case 2. a = z,,f and b = x,,g, where f (respectively, g) is a square-free monomial in
the variables T' (respectively, A). Since ged(f, g) = 1, this implies that u = z, 2, fg.
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Case 3. a = z,,f and b = x,x,9, where f (respectively, g) is a square-free monomial
in the variables I' (respectively, A). By ged(a, b) = x,, this yields that u = z, 24, fg.

Case 4. a = 2,,f and b = x,g, where f (respectively, g) is a square-free monomial in
the variables T' (respectively, A). Similarly to Case 2, one has u = x, 2 fg.

Case 5. a = x,,f and b = x,,g, where f (respectively, g) is a square-free monomial in
the variables I" (respectively, A). It follows form ged(a, b) = x,, that u = x, fg.

Case 6. a = z,,f and b = z,x,g, where f (respectively, g) is a square-free monomial
in the variables I' (respectively, A). Since ged(a,b) = z,,, we thus have u = z,2,, fg.

Case 7. a = z,z, f and b = z,g, where f (respectively, ¢) is a square-free monomial in
the variables T' (respectively, A). Similarly to Case 6, one can conclude that u = 2,z fg.

Case 8. a = 2,z f and b = x,,9, where f (respectively, g) is a square-free monomial in
the variables T" (respectively, A). On account of ged(a, b) = x,,, this gives that u = x, @, fg.

Case 9. a = z,2, f and b = x, g, where f (respectively, g) is a square-free monomial
in the variables I' (respectively, A). According to ged(a, b) = Ty Ty, We get u = Ty fg.

It follows from the discussion above that if u € G(J(L)), then v = Afg, where A # 1,
Alxyxy, and f (respectively, g) is a square-free monomial in the variables T' (respectively,
A) such that Af € J(G) (respectively, Ag € J(H)). Since p € Assg(R/J(L)?), we obtain
that p = (J(L)® :g h) for some monomial h in R. Suppose that h = hjhox?xS with h;
(respectively, ho) is a monomial in the variables I' (respectively, A), and p (respectively,
d) is a nonnegative integer. One can concludes from [15, Lemma 2.1] that (J(G)® :gr
hihox?al)) = (J(G)® :g hiazfxd) and (J(H)® :g hihexfal) = (J(H)® :g hoafxd). Thanks
to

(J(L)? :r h) C (J(G)® :r h) (respectively, (J(L)® :g h) C (J(H)® :r h)),

this implies that p C ( (G)® :r hlxpzzr‘s) (respectively, p C (J(H)® :g hox?z?)). Our pur—
pose is to verify hlxpxw ¢ J(G) or hoatxd ¢ J(H). Assume to the contrary that hyzfxd €
J(G) and hozfxd € J(H). Because of hixfz’ € J(G)* (respectively, hoatfaxd € J(H)?),
we have there exist square-free monomials My, f1,..., fs (respectively, Ma, g1,...,gs) in
the variables T' (respectively, A), and Aj,..., As (respectively, Af,..., AL) with A4; # 1
(respectively, A; # 1), Ajlzyxy (respectively, Al|z,xy), and A;f; € J(G) (respectively,
Alg; € J(H)) for each i =1,..., s, such that

hlxp HA 1) M1x91x02 (respectively, hox? ;C l_IA'gZ Mg:b’\l:t’\z)
=1 =1

for some nonnegative integer 61 and 6, (respectively, A; and A\3). Hence, one has
(JT Azl 2l = afal, H A
i=1

hy = ([T, fi)M1, and he = ([[;_, 9;)M>. This gives rise to the following equalities

hihaal, Hfz M, ng )Moz, Hflgz )My Mz,

i=1
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Due to (J[;_, Ai)afral2 = a0ad = ([[;_, Az} a2, we get hihoafal, € J(L)*. Hence,

h € J(L)®, which contradicts the fact that p = (J(L)® :g h). Accordingly, one can derive
hixfal ¢ J(G) or hoafxd ¢ J(H). On account of p is the maximal ideal, this implies that
p € Assg, (R1/J(G)*®) or p € Assg,(Ro/J(H)?), and so we get the following equality

Assp(R/J(L)®) = Assg, (R1/J(G)®) U Assg, (Ra/J(H)?). (4.3)

We can now combine together Theorem 10 and (4.3) to obtain the last claim. g

As an application of Theorem 12, we present the following proposition.

Proposition 9. (i) The cover ideal of every cycle graph has the strong persistence prop-
erty.

(i) The cover ideal of every cycle graph with one chord has the strong persistence property.

Proof. (i) Let C,, denote the cycle graph of order n. If n is an even number, then C,, is a
bipartitle graph, and by virtue of [7, Corollary 2.6], J(C),) is a normally torsion-free square-
free monomial ideal, and [24, Theorem 6.10] implies that J(C),) has the strong persistence
property. If n is an odd number, then the claim follows immediately from [21, Theorem
3.3].

(ii) The assertion can be deduced from Theorem 12 and part (i). O

The next question examines the relation between assoicated primes of powers of the
cover ideal of the union of two finite simple connected graphs with the assoicated primes of
powers of the cover ideals of each of them, in a general case.

Question 2. Let G = (V(G), E(G)) and H = (V(H), E(H)) be two finite simple connected
graphs. Let L = (V(L), E(L)) be the finite simple graph such that V(L) := V(G)UV (H) and
E(L):= E(G)UE(H). Then can we deduce that, for all s, one of the following statements
holds?

(i) Asspr(R/J(L)®) = Assg, (R1/J(G)*) U Assg,(Ra/J(H)®).

(i1) Assp(R/J(L)?) = Assg, (R1/J(G)®) U Assg, (Re/J(H)*®) U {m},

where Ry = K[z : @ € V(G)], Re = K[zo:a € V(H)|, R = K[z, : a € V(L)] over a field
K, and m = (x4 : a € V(L)) is the unique homogeneous mazimal ideal of R.

The answer is negative. We provide a counterexample. Let G := K4 be the complete
graph with V(G) = {1,2,3,4} and

E(G) ={{1,2},{1,3},{1,4},{2,3},{2,4}, {3,4}},
and H := Sy be the star graph with V(H) = {1,2,3,4,5} and

E(H> = {{17 5}a {27 5}a {37 5}7 {47 5}}
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Let L = (V(L), E(L)) be the finite simple graph such that V(L) := V(G) U V(H) and
E(L) := E(G) U E(H). By using Macaulay2 [8], we obtain that

(z, 23,24, 25) € Ass(J(L)*)\ (Ass(J(G)*) U Ass(J(H)?)),

and

(€1, 22, 74, 5) € Ass(J(L)Y) \ (Ass(J(G)) U Ass(J(H)*) Um),

where m = (21, 22, x3,24,25). In view of [7, Corollary 2.6] and [24, Theorem 6.10], we get
the cover ideal of every tree has the strong persistence property, and so J(H) has the strong
persistence property. On the other hand, note that the graph L is exactly the complete
graph 5. It follows also from [1, Corollary 1.7] that the cover ideal of every complete graph
is normal, and by virtue of [24, Theorem 6.2], one can cnclude that J(G) and J(L) have
the strong persistence property.

In the subsequent question, our aim is to investigate the relation between assoicated
primes of powers of the cover ideal of the union of a finite simple connected graph and a
complete graph with the assoicated primes of powers of the cover ideals of each of them,
under the condition that they are common in a path with length 2.

Question 3. Let G = (V(G), E(G)) be a finite simple connected graph and IC,, the com-
plete graph of order n such that |V(G) N V(K,)| = 3 and |E(G) N E(K,)| = 2. Let
L= (V(L),E(L)) be the finite simple graph such that V(L) := V(G)UV(K,) and E(L) :=
E(G)U E(K,). Then can we conclude that

Assp(R/J(L)*) = Assg, (R1/J(G)*) U Assg, (R2/J(K»)®),

for all s, where R1 = K[zo : @ € V(G)], Re = K[zq : « € V(K,)], and R = K[z, : a €
V(L)] over a field K ? In particular, if J(G) has the strong persistence property, then does
J(L) have the strong persistence property?

By giving a counterexample, we show that the answer is negative. To do this, consider
the graph G = (V(G), E(QG)), the left graph in the figure below, with V(G) = {1,2,3,4,5,6}

and
E(G) ={{1,2},{2,3},{3,4},{4,5}, {5, 1}, {5,2},{4,6},{5,6}},

and also the graph L = G UK, the right graph in the figure below, with V' (K3) = {1, 6,5},
E(’C3) = {{57 6}5 {17 6}5 {17 5}}5 V(L) = {L 2,3,4,5, 6}7 and

V(L) = {{1,2},{2,3},{3,4},{4,5},{5,1},{5,2},{1,6},{5,6}, {4, 6} }.
1 1
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It is routine to check that

J(G) =(z1,22) N (x2,23) N (23, 24) N (24, 25) N (25, 21) N (25, 22)
N(z4,x6) N (25, 26)
:($2$4$5, $2£C3$5£C6,.%'1:63.%‘5.%‘6,.%'1.%‘2:64.%‘&.%‘1.%‘3%4.%‘5),

and

=
=

=(z1,22) N (22, x3) N (z3,24) N (T4, 25) N (25, 21) N (25, 22)
N(x1,x6) N (x5, 26) N (T4, T6)
:(=T2«T4«T5=T67 L2X3LEL6, L1L3L5LE, L1X2L4LE, L1LIL4T5,

$1$2$4$5).
Using Macaulay?2 [8] yields that
(Il, X2,T3,T4,T5, Ig) S ASS(J(L)S) \ (ASS(J(G)?)) U ASS(J(K3)3))

On the other hand, since the graph G is the union of a cycle graph with one chord and
a triangle, Proposition 9 (ii) and Lemma 8 imply that J(G) has the strong persistence
property. Furthermore, one can write

J(L) = w5(xowame, T223%6, T1X3T6, T1T3%4, T1L2L4) + (T1T224%6).

Because F' := (xox4x6, Tax3Ze, T1T3L6, T1X3T4, T1L2x4) is the cover ideal of the odd cycle
H with V(H) ={1,2,3,4,6} and E(H) = {{1,2},{2,3},{3,4},{4,6},{6,1}}, Proposition
9 (i) gives that F' has the strong persistence property, and by virtue of zyzaz4x6 € F, it
follows from [21, Lemma 2.1] that J(L) = 2z5F + (z1222426) has the strong persistence
property.

Acknowledgement. The authors are deeply grateful to the referee for careful reading
of the manuscript and valuable suggestions which led to significant improvements in the
quality of this paper. Jonathan Toledo was partly supported by CONACYT 740716.

The corresponding author is Kazem Khashyarmanesh.

References

[1] I. AL-AyYyouB, M. NASERNEJAD, L. G. ROBERTS, Normality of cover ideals of
graphs and normality under some operations, Results Math., 74 (2019).

[2] S. BavaTi, J. HERZOG, Expansions of monomial ideals and multigraded modules,
Rocky Mountain J. Math., 44, 1781-1804 (2014).

[3] A.BHAT, J. BIERMANN, A. VAN TuYL, Generalized cover ideals and the persistence
property, J. Pure Appl. Algebra, 218, 1683-1695 (2014).

[4] J. A. BonNDY, U. S. R. MURTY, Graph theory, Graduate Texts in Mathematics, 244,
Springer, New York (2008).



130

[5]

(6]

Symbolic strong persistence property of monomial ideals

M. BRODMANN, Asymptotic stability of Ass(M/I™M), Proc. Amer. Math. Soc., 74,
16-18 (1979).

C. A. Francisco, H. T. HA, A. VAN TuyL, Colorings of hypergraphs, perfect
graphs and associated primes of powers of monomial ideals, J. Algebra, 331, 224-242
(2011).

I. GITLER, E. REYES, R. H. VILLARREAL, Blowup algebras of ideals of vertex
covers of bipartite graphs, Contemp. Math., 376, 273-279 (2005).

D. R. GraysoN, M. E. STILLMAN, Macaulay2, a software system for research in
algebraic geometry, http://www.math.uiuc.edu/Macaulay2/.

H. T. HA, H. D. NGUYEN, N. V. TRUNG, T. N. TRUNG, Symbolic powers of sums
of ideals, ArXiv:1702.01766v2.

J. HERzOG, A. A. QURESHI, Persistence and stability properties of powers of ideals,
J. Pure Appl. Algebra, 219, 530-542 (2015).

L. T. HoA, N. D. TaM, On some invariants of a mixed product of ideals, Arch.
Math., 94, 327-337 (2010).

T. KAISER, M. STEHLIK, R. SKREKOVSKI, Replication in critical graphs and the
persistence of monomial ideals, J. Comb. Theory, Ser. A, 123, 239-251 (2014).

K. KHASHYARMANESH, M. NASERNEJAD, A note on the Alexander dual of path
ideals of rooted trees, Comm. Algebra, 46, 283-289 (2018).

K. KHASHYARMANESH, M. NASERNEJAD, On the stable set of associated prime
ideals of monomial ideals and square-free monomial ideals, Comm. Algebra, 42, 3753~
3759 (2014).

K. KHASHYARMANESH, M. NASERNEJAD, Some results on the associated primes of
monomial ideals, Southeast Asian Bull. Math., 39, 439-451 (2015).

J. MARTINEZ-BERNAL, S. MOREY, R. H. VILLARREAL, Associated primes of powers
of edge ideals, J. Collect. Math., 63, 361-374 (2012).

H. MATSUMURA, Commutative Ring Theory, Cambridge University Press, 1986.

M. NASERNEJAD, Asymptotic behaviour of associated primes of monomial ideals
with combinatorial applications, J. Algebra Relat. Top., 2, 15-25 (2014).

M. NASERNEJAD, Persistence property for some classes of monomial ideals in a
polynomial ring, J. Algebra Appl., 16, 1750105 (2017).

M. NASERNEJAD, K. KHASHYARMANESH, On the Alexander dual of the path ideals
of rooted and unrooted trees, Comm. Algebra, 45, 1853-1864 (2017).

M. NASERNEJAD, K. KHASHYARMANESH, I. AL-AYYOUB, Associated primes of
powers of cover ideals under graph operations, Comm. Algebra, 47, 1985-1996 (2019).


http://www.math.uiuc.edu/ Macaulay2/
ArXiv:1702.01766v2

K. Khashyarmanesh, M. Nasernejad, J. Toledo 131

[22]

M. NASERNEJAD, K. KHASHYARMANESH, L. G. ROBERTS, J. TOLEDO, The strong

persistence property and symbolic strong persistence property, Czechoslovak Math.
J., (2021), to appear.

M. NASERNEJAD, S. RAJAEE, Detecting the maximal-associated prime ideal of mono-
mial ideals, Bol. Soc. Mat. Mez., 25 (3), 543-549 (2019).

S. RAJAEE, M. NASERNEJAD, I. AL-AYYOoUB, Superficial ideals for monomial ideals,
J. Algebra Appl., 16, 1850102 (2018).

L. J. RATLIFF, JR., On prime divisors of I", n large, Michigan Math. J., 23, 337-352
(1976).

E. REYES, J. TOLEDO, On the strong persistence property for monomial ideals,
Bull. Math. Soc. Sci. Math. Roumanie, 60 (108), 293-305 (2017).

M. SAYEDSADEGHI, M. NASERNEJAD, Normally torsion-freeness of monomial ideals
under monomial operators, Comm. Algebra, 46 (12), 5447-5459 (2018).

R. H. VILLARREAL, Monomial Algebras, Second edition, Monographs and Research
Notes in Mathematics, CRC Press, Boca Raton, FL (2015).

Received: 15.12.2019
Revised: 01.05.2021
Accepted: 01.05.2021

(I)Department of Pure Mathematics, Ferdowsi University of Mashhad
P.O.Box 1159-91775, Mashhad, Iran
E-mail: khashyar@ipm.ir

()Department of Pure Mathematics, Ferdowsi University of Mashhad
P.O.Box 1159-91775, Mashhad, Iran

E-mail: m nasernejad@yahoo.com

®) Departamento de mateméticas, Centro de investigacién y estudios
avanzados del IPN, Apartado postal 14-740, Ciudad de
México 07000, México

E-mail: jtt@math.cinvestav.mx



	1 Introduction
	2 Symbolic strong persistence property under some  monomial operations
	3 Some results on the (symbolic) strong persistence property
	4 Strong persistence property of the cover ideals

