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Abstract

Using basic tools from commutative algebra, a new and elementary framework
is constructed to host algebraic operations, which are also provided by analytic or
cohomological residues. Lagrange inversion formulas are built into the framework.
Local duality is proved.
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1 Introduction

The purpose of this article is to provide an elementary approach to residues, which first
appeared in Cauchy’s work in complex integration of one variable. G. P. Egorychev uses
these integrations systematically for problems in combinatorial analysis [1]. Residues are
also important ingredients of Grothendieck duality, which works not only for complex num-
bers but for arbitrary field and even in more general context [6]. It is observed that local
cohomology residues in the duality theory provide another framework for computations
in combinatorial analysis [8]. In this article, we construct a new framework for residues
without homological algebra or the theory of integrations.

1.1 Analytic Origin

We begin with a quick look on analytic residues for the case of several variables. Reference
is [5, Chapter 5]. Let € be a positive real number and U be the ball {z € C": ||z| < €}.
We consider holomorphic functions fi,..., f, in a neighborhood of the closure U of U with
the assumption that fi,..., f,, have the origin as isolated common zero. Let I" be the real
n-cycle defined by

I'=A{z:fi(z)] = ¢}

and oriented by
d(arg f1) A --- ANd(arg f,) > 0.

For any holomorphic function ¢ in a neighborhood of U, the analytic residue is given by

resgdzl/\.”/\dzn—( 1 )n/gdzl/\---/\dzn
flfn 9/ —1 r flfn ’

(1.1)
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In particular,

re

SM:{L i == =1, (12)

2. 2 0, otherwise.
Analytic residues satisfy the linearity and transformation laws and has local duality. These
algebraic operations are sufficient for many applications and thus call for a purely algebraic

interpretation.

1.2 Homological Approach

Generating functions are one of the most useful machinery for combinatorial problems.
Starting from a sequences of numbers with combinatorial interests, a function is generated
in the guise of a power series. In most situations, the generating function is analytic in a
certain region so integrations are available. Coefficients in the power series can be extracted
using analytic residues. If g above is represented as Y ¢;,...;, 2" - - - 28, then

We remark that the above notation although popular does not embody perfectly its usage.
For instance, if we switch the role of two variables from z1, ..., z,, the generating function
maybe remains the same. However, we obtain a negative sign due to the wedge product
from the analytic residue.

With algebraic operations on functions, analytic residues gives rise to identities of num-
bers. See the method of coefficients for more information and other aspects [1]. Such an
analytic approach is intuitively clear. However, convergence questions and the integrability
of functions have to be treated, even thought they are usually not essential to actual appli-
cations. For a specific example of the issue, one may look at the proof of Lagrange inversion
[19, Theorem 5.1.1]. To remove the unnecessary analytic restrictions in a systematic way,
we mention an early work [18] for a historical perspective.

Detached from analytic conditions, the formal aspect of analytic residues is popular
in applications as well. Instead of working on functions defined by power series, one can
perform algebraic operations directly on power series regardless convergence. The analytic
procedure of taking residues can be replaced by the easy operation of extracting coefficients
in a power series. Indeed, the operation [z"]f := a, is widely used for a power series
f = ao + a1z + az® + ---. The operator [z71] is called the formal residue operator in
[4]. See also [19]. As in the analytic theory, the operation of taking a derivative is also
available in the formal framework. However, differentials are not singled out as objects
for algebraic operations in the formal side. In fact, Jacobian matrices occur in wedge
products of differentials from changes of variables. With Jacobian determinants as an
ingredient, Lagrange inversion is a phenomenon of changes of variables. For a sequence
ag, ai, as, ... of numbers, besides the generating function represented by the power series
ap 4+ a1z + agz? + - - -, there also generates a differential (ap+ a1z + asz®+ - - )dz retaining
the information of changes of variables. The method of generating differentials has emerged
from such a viewpoint [11].

Local cohomology for certain modules of differentials provides a satisfactory framework
to host residues [8]. On the one hand, the cohomological framework does not have the
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restriction of the analytic framework; on the other hand, the cohomology framework keeps
the elegance of the formal framework. For the wide applicability of cohomology residues,
see [10].

1.3 Main Results

Throughout this article, x is a field. A power series ring A of n variables with coeffi-
cients in k can be characterized as a complete regular local ring of Krull dimension n
and with coefficient field k. The power series ring A is naturally endowed with a metric.
As the definition of regular local rings, the maximal ideal m of A can be generated by

n elements Xy,...,X,. Every element in A can be written uniquely as an infinite sum
> aiyi, X1t - X, where ay,...;, € k. We call the chosen elements X7, ..., X, variables
of A and write A = k[X1,...,X,]. For the intrinsic meaning of power series rings, in this

paper, we only need to know a special case of Nakayama’s lemma: Elements are variables of
A if and only if their images form a basis of the A/m-vector space m/m? [14, Theorem 2.3].
A regular local ring is a Cohen-Macaulay ring, in which any system of parameters forms

a regular sequence [14, Theorem 17.4]. Recall that n elements f1,..., f, in m form a system
of parameters of A, if m® is contained in the ideal (f1,..., f») generated by fi,..., f, for
some integer s. Recall also that a sequence of elements f1, ..., f;, in m is a regular sequence,

if f; is not a zero divisor in A/{f1,..., fi—1) for 1 <i < m. Let f1,..., f, be a system of
parameters of A and gdX; A --- A dX,, be a differential, where g € A and X3,...,X,, are
variables of A. Our main construction gives an element

gdXy A~ AdX,
fl?"'afn

res € K,

which resembles the integration of differentials (1.1).

A module of differentials is a universal object in certain category. In Section 2, we
work in a power series ring with fixed variables so that the language of category theory can
be avoided. Besides basic properties of residues, local duality is proved. In Section 3, we
study residues for different choices of variables. The invariance law asserts that residues
are independent of the choice of variables. This paper concludes with a short discussion
on Lagrange inversion in Section 4. Among vast amount of applications, we will perform
residue calculus on Catalan numbers and Motzkin numbers to show the idea. These simple
examples exhibit specific changes of variables.

2 Variables fixed

In this section, we work in a power series ring A over k with fixed variables X1,..., X,.
We start with partial derivatives defined on A. For each 1 <4 < n, any element f of A can
be written uniquely as >0 [; X7, where f; does not involve the variable X;. The partial
deriative 0/90X; given by

of il
X, ~ > ifix!

Jj=1
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is k-linear and satisfies the Leibniz rule, that is,

d(fg)
0X;

dg . of
ox, " Joax,

=f

Let Q be the free A-module of rank n with basis uy, ..., u,. The map d: A — Q given by

of of
df = —— . n
F= X T T ax
is also k-linear and satisfies the Leibniz rule. In particular, dX; = u; for all i. So we can
write of of
df = ——dX3+--- dX,.
F=ox T T e

The A-module Q" := A"Q) is free with a basis dX; A -+ A dX,,. Elements of Q™ are
simply called differentials. Let g be a power series written as Y ¢;,...;, X' -+ - Xin | where

n
Ciy--i, € K. Given positive integers i1,...,4,, we denote
gdX1 A+ NdX
res |: Xil+1,.,.,XZL"+7ll 1= Ciqniyy - (21)
In particular,
es{dxl/\---/\an} Loifir == =1 (2.2)
T ; , = .
XX 0, otherwise,
Note that
gdXi A ANdX, | X XIndX ) A NdX,
res Xi'1+1’“.’XTiL,,L+1 =res X{‘1+J’1+17”.’Xriln+jn+1
Note also that (2.1) vanishes, if g € (X', ... Xint1),
The following lemma is taken from the proof of [17, Proposition 5.1.14].
Lemma 1. Let f1,...,f, and g1,..., g, be elements in a commutative ring R satisfying
g1 aiyr -0 Qin 1 bin -+ bin bil
9n apnl o Qpp fn bnl o bnn fn

for a;j,bij € R. Then g1 --- g (det(a;;) — det(bi;)) € (g3, ..., 92%).

Proof. By the transition of the matrix (a;;) to the matrix (b;;) by a single row at a time,
we may assume that the matrices (a;;) and (b;;) differ only on the last row. Let (c;;) be the

matrix whose rows are the same as those of (a;;) except the last row, while ¢,,; = an; — by,
for all ] Then det(cij) = det(aij) — det(bij) and

- gi, if0<i<n;
D el =

o 0, ifi=n.
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Working on the adjoint of the matrix (¢;;), we have

det(cij)<f1, .. 7fn> (- <g1, . 7gn—1>-

Since g, € (f1,..., fn), the above inclusion implies

9n dEt(Cij) € <917 s 7gn71>~
Multiplying the above containment by the product g - - - g,—1, we obtain

(g1 gn) (det(as;) — det(bi;)) € (g3, -, gn_1) C {95, -, 90)-

Let f1,..., fn be a system of parameters of A. Assume that

X a1 - aip fi
m
Xn anl e Anpn fn
and ,
m / /
X7 L5 I 0 P i
/ ! !
XrT Ap1 " Qg f”

for some m,m’ € N and a;;, agj € A. Applying Lemma 1 to the situation

e’ X X\ ()
X7T+m/ aan:l”/ - annX,T/ I
ay X7 - d, XT f1
a;zl.‘X:Ln a;m.le” fn
we obtain
(X1 X,)™ 2 det(ai;) — (X -~ X) 2™+ det(al;)
€ (XmAEm' o x2miamly
Therefore
res _ gdet(a;é’ng1 /\);W-l/\ dx,
L m LX)
s | 9det(a)(Xa - X ) AX A A X, ]
Xt x2metam
= res - gdet(a;j)(Xl T X,n)gm"_m/d)ﬁ /\/ S ANdX, ]
Xt x2metam
~ res [ gdet(aj;)dXy A~ AdX,
X, X
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for any g € A. So we can extend the notation (2.1).

Definition 1 (residue). Given a differential w = gdX; A--- ANdX,, and a system of param-
eters fi,..., fn of A, we choose m € N and a;; € A such that

X a0 Qip fi
=1 - . (2.3)
X:ln an1 - Qpn fn

Write gdet(ai;) = 3. ¢iyooiy, X3t -+ Xin for ¢, € k. The residue of w with respect to the
sequence f1,..., fn is defined to be the element

w
res { Fiveeis fn ] = C(m—1)--(m—1)
m K.
The following linearity and transformation laws for residues are easy to verify.

Linearity Law. For differentials wi,ws € Q", constants c1,ce € k and a system of param-
eters f1,..., fn of A,

Clwy + Ccow w
res[ 1 2W?2 2

w1
= cjres + cores .
fla"'afn :| ! |:f1a"'7fn:| ? _f17"'7fn
Transformation Law. For a differential w € Q™ and two systems of parameters f1,..., fn
and fl,..., [} of A,

res{ w } —res[ det(ri;)w |
fioooo fa floo f0 ]
if fi =3 rijfj for 1 <i<n.

As special cases of the transformation law, we have

Bt ]

w
res = res . .
{fl,...,fn} [ kL fietd

and
w (—1)%e()y, ]

res{ Jo(1)s+ s fo(n) } :res{ froeeosfn

for any permutation o of the sequence 1,...,n.
Vanishing Law. Let fi,..., f, be a system of parameters of A. If h € (f1,..., fn), then

res[ hdXy A« ANdX, ] 0
f17"'7f'n/ '

Proof. Choose a;; € A and m € N satisfying (2.3). Multiplying (2.3) by the adjoint of

the matrix (a;;), we see that det(a;;)(f1,...,fn) C (X7*,..., X"). Hence hdet(a;;) €

(X7, ..., X and

ros hdXq A+ NdX, ~ res hdet(a;;)dX1 A--- NdX, —0
fla"'afn B XF?va -

n
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We remark that the linearity, vanishing and transformation laws together with the
formalism (2.2) determine the residue map. For a system of parameters f1,..., f, of A, the
vanishing law gives rise to a well-defined symmetric pairing

A/frseoos fu) X A/ (frseo o fa) = K

by setting

(gv B) — res ghd}j% 7/.\ ,f/v\L an )

where g and h are the images of ¢ and h under the canonical surjective map

A—)A/<f17~-~7fn>7

respectively. Local duality is interpreted as the non-degeneracy of the above pairing. To
prove it, we need a fact available in [10, Lemma 2.2].

Lemma 2. Let f1,..., fm be a reqular sequence of a Noetherian local ring R. If an element
g € R satisfies gff ... f3, € (fiTh, ... fY) for some s >0, then g € (fi,..., fm)-

Local Duality. Let g € A and f1,..., fn be a system of parameters of A. If

ghdXi A~ AdX,

f17"')fn :0

res

forallh € A, then g € (f1,..., [n).

Proof. By Lemma 2, it suffices to prove that g(fi --- f,)® € (fi*1,..., fs+1) for some s > 0.
Besides a;; and m chosen in (2.3), we choose furthermore b;; € A and ¢ € N such that

4+1
1+ bll e bln X{n
f71i+1 bui -+ bun Xm
Then
041
1+ bir - bin ailr -+ Qin f1
f£+l bnl e bnn an1  °°° Qpn .fn
Since
41 0
h fo 0 fi

fitt 0 - fi) \In
we may apply Lemma 1 to obtain

(o fa)2 = (f1-- fo) ™ (detag;)(det byy) € (f2642, .., F2642)., (2.4)
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Write gdet(ai;) = 3. ¢iy.ip X|* -+ Xin for ¢;,..i, € x. For non-negative integers j1, ..., jn
less than m,

[ gdet(aij)Xm A ANdX,
lejn = Tes X{1+1 o Xjn-‘rl
X{n'_jl_l . --X,’l”_j”_lgdet(aij)Xm A ANdX, :|
= res m m
i Xm XD
r m—ji—1  ym—j,—1 ..
~ es| Xi X? ?Xm Ao NdX, } _o
i Lo Jfn

Hence gdeta;; € (X{*,...,X"). Since
(det by ) (X", ..., Xy C (fTh, . fEFh,

it follows that
g(fr - fu) T (det agy)(det byj) € (FEF2 .., f2642), (2.5)

From (2.4) and (2.5), we obtain

g(fl o 'fn)ZH_1 € <f12£+2’ e -7f721€+2>'

3 Change of Variables

In this section, we study residues for different choices of variables. Working in the A/m-
vector space m/m?, it is easy to see that the following operations on a set of variables
Y1,...,Y, result in another set of variables.

(P) Permute Yi,...,Y,.
(A) Add an element of (Ya,...,Y,)x[Y2,...,Y,] to Y7.
(M) Multiply Y7 by an invertible power series.

As a special case of [7, (5.1)], we have the following lemma. We include a proof for reader’s
convenience.

Lemma 3. Any set of variables Y1,...,Y, can be obtained from X1,..., X, by a sequence
of the above operations (P), (A) and (M).

Proof. Write Y; = f; + > a;;X;, where a;; € k and f; € m?. Then det(a;;) # 0. As a
standard procedure in linear algebra, by a sequence of the operations

(P) permuting Y1,...,Y,,
(A1) adding an element of kY2 + - - - + KY,, to Y1,

(Mop) multiplying Y7 by a non-zero element in x,
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we may assume a;; = d;;, the Kronecker delta. Since Xi,Y5s,...,Y,, are variables, we may
write fi = X1f] + f{', where f{ € m and f{ € (Ya,...,Yo)k[Ya,...,Y,]. By using the
operation (A), we may assume f;’ = 0. Now Y7 = (1 + f{)X1, where 1 + f{ is invertible.
By using the operation (M), we can change Y; to X;. Repeating these operations, we can

change Y; to X; one by one to finish the proof. 0
With respect to another set of variables Y7,...,Y, of A, we may also define partial
derivatives 0/0Y;. For each i, the chain rule
of _ ovi of ay, of

= . 3.1
ax, _ox,ov, T ax; o, (3.1)
clearly holds if f is a variable Yj. Since partial derivatives d/0X; and 0/0Y; all satisfy
the Leibniz rule, the chain rule (3.1) holds if f is a monomial Y;* ---Y,’». Since partial
derivatives are k-linear, the chain rule (3.1) holds if f is a polynomial in the variables
Y1,...,Y,. Given f € A and s € N, we choose a polynomial f, such that f — f, € m?.
Then

o (200, 20

0X; \0X,0Y; 9X; 0Y,
— 8(f_fs) _ aYi 8<f_fs) 8Yn a(f_fs) cm®
0X; 0X;, JY; 0X; 0Y, '
Since the containment holds for arbitrary s, the chain rule (3.1) holds in general.
For f € A,
of af of oY1 aof oY,
—dV1 + -+ =dY, = — dX; dX;
v, T Ty, v, \ &~ ax," ") T Ty, (& ax,
_ af aYy; af 0Y;
= (Z 8Yiaxl)Xm—k +( 8YiaXn)an
of af
= —dX;+--- X.
ade 1+ + 8Xnd n
Hence of of
— Y, ... Y,
U= gyt gy,
for any set of variables Y7,...,Y,, and f € A. The Jacobian matrix
oYy . oYy
oYi,....Y,) 8),(1 _ a).(”
0(Xq,...,X,) 8Yn : ai/n
0X1 0X,
and its determinant appear in the relation
AYi,...,Ya)

le/\---/\dYn:‘ dXi A NdX,.

8(X1a s 7X’n)
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The A-module Q" can be also generated freely by dY; A --- A dY,,.
We say that the invariance law holds for variables Y7,...,Y,, of A, if

le/\--o/\dYn} {1, i == ip =1,
res =

i, Y 0, otherwise.

We need the following result from [7, (5.6)] for invariance law.

Lemma 4. Let R be a commutative ring. For f € R[X] and n € N, the coefficients of X™
in f* and in fr71X(df /dX) are the same.

Proposition 1. Invariance law holds for any set of variables of A.

Proof. By Lemma 3, it suffices to prove that if the invariance law holds for variables
Z1,...,Zy,, then the invariance law also holds for the variables Y7,...,Y,, obtained from
Z1,...,Zy by one of the operations (P), (A) and (M). For the operation (P), this is easy
to verify.

For the operation (A), we have YV; = Z; for i > 1 and Y1 = Z; — g for some g €
(Zay ..., Zn)K[Za, ..., Zy]. In such a case,

dYiA---NdY, | _ [ dZy A - NdZy
Loy v | T (- gy, 2, Zie |

We choose s € N such that ¢° € (Z2,..., Zi"Vk[Za, ..., Z,]. Then

dZy N---NdZ, [ (Z —g5)adZy N --- NdZ,,
res o - = res 1 R :
(Z, — g)“,Z;Q7 RN i (Z1 — g)“Zf“,Z?, NN/
- ] ERG g nit

S11 2 4
Z5n Zi2 . Zin

The degree of (Zj;(l) zy —i-t g7)1 as a polynomial in the variable Z; with coefficients in

K[ Zay ...y Zy] is siy — 1. If iy > 1, then si3 — i < si3 — 1 and

dYiA---AdY, |
Sy Ly | T

If i1 = 1, then

[le/\m/\dYn] .
res ;

[ ddin-ndZ, | [ dZy N NdZ,
Yo, Yis = es =T .

J+1 r7ia i 1o in
ZiHL g gin 70,7, Zin

n

I
<
-

J

For the operation (M), we have Y; = Z; for i > 1 and Y7 = Z;/f for some invertible
f € A. In such a case,

[le/\u«/\dYn ]
res

| s [ Fir(f7YdZy — Zif2df) NdZa A - AdZ, ]
Vi Y

A AL
— res (fil*l—Zlfilfzaafzfl)le/\'“/\dZn
Ziv, ..., Zin '

n
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If i1 > 1, we apply Lemma 4 for the situation R = k[Zs,...,Z,], X = Z; and n =iy — 1.
Working in R[Z1], the coefficient of Z{* ™' in fi—! — Z, f1=2(df/dZ,) vanishes. In other
words,
[ dYi A+~ ANdY, ]
res = 0.

Yt ..., Y
If i1 = 1, then
res[ Zlfil—Q%le Ao NdZy ] o
A A
Hence

[ dZyA---NdZ,

o[ VLA AdY, o '
: - Ziv, .z |

Vi, Y

n

By the linearity and vanishing laws, the proposition gives the following corollary.
Invariance Law. Let Yy,...,Y, be variables of A. Given g =3 c;,..i, Y -+ Yin,

gdYi A--- A dY,

res i1+1 intl | = Cireovig-
Yo Y "

4 Lagrange Inversion

Lagrange inversion is an important tool for combinatorial problems. Analytic approaches
can be found in [16, Proposition 12.3.1] and [19, Theorem 5.1.1]. See [2, 15] for surveys.
There are other kinds of inversions in combinatorics. We remark that Mobius inversion
can be also regarded as Lagrange inversion [12]. In this section, we explain how Lagrange
inversion itself and its applications come from the invariance law.

Let w be a power series in k[X] defined by w = X¢ for an invertible power series
¢ € k[X]. For the case that the coefficient field x has characteristic zero, the Lagrange
inversion formula is sometimes stated as

k - n

X Ju(X)F = C[X"Ho(X)".
However, the notation above is redundant. Power series w and ¢ are already specified. It
is not necessary to write them as w(X) and ¢(X). Note that w is also a variable. It would

shed more light to Lagrange inversion by writing the formula as

X" (X) = 2 HJow)”
or simply .
[Xn]wk — E['wn_k](ﬁn

By the invariance law, the latter can be stated as

Twkdax ] k[ ¢"dw
res | ynt :Ereb Wk |
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Our proof of Lagrange inversion keeps track the relation w = X ¢ between the variable X
and the variable w. Write w* = Zizo ¢; X for ¢; € k. Then dw* = ZiZI ic; X7 1dX and

wrkdX 1 dwk
eS| yntl | =Cn=TeS| oy |
By the transformation law,

1 dwt ] 1 P dw”
STeS |y | = ores| T L .

By the Leibniz rule, dw® = kw*~'dw and

1 n k n, . k—1
res{gbdsv}kres[(ﬁwndw}
n w n w

By the transformation law again, we obtain the required formula

wkdX k P wkdw k @™ dw
res | ymg1 | = TCS n = res | kg1 |-

Some applications of Lagrange inversion are routine residue calculus involving changes
of variables.

Example 1. Catalan numbers C,, are defined by the power series C = C; X" satisfying
C=1+XC?% LetY :=C — 1. Then s[X] = k[Y]. Indeed, X =Y /(1 +Y)?. Forn >0,

o — Ydx | 1 day | 1 (1+Y)2"dYy _ 1/ 2n
n=TES | gy | = TS| oy, | = Tes yn =\, 1)

Example 2. Motzkin numbers M,, are defined by the power series M = > M; X" satisfying
M=1+XM+X?M?. LetY := XM. Then k[X] = k[Y]. Indeed, X =Y/(1+Y +Y?).
Forn >0,

1
M, = res{
n+1

av 1 1 (1+Y + Y2y
Xn+1 = ntl res Y'n+1 :

Applying the binomial theorem to 1+ Y and Y2, we obtain

TR L2 A
M, = ) ).
n-+1 7 n— 21

=0

Lagrange inversion in several variables is also a phenomenon of changes of variables.
Consider a power series ring k[ X1, ..., X,] = k[Y1, ..., Ys], where ¥; = X, for an invert-
ible ¢;. Then

Y = 0(Y;/i) 1 Z" Y; 0p;
o ; 9Y; e s Pi 5Yj) !

J=1
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and

AX1 A+ AdXy = (o1 pn) Ldet(8y; — —- 220 dYy A -+ A dY,.

For any power series g, we have the Lagrange-Good formula [3]

i1+l it
ros [ gy QT d X A ANdX,

gdXi A--- ANdX, }
res

Xpr o Xt Yt LYt
; ; Y; Oyp;
gl det(5y; — —2EH)dYL A AdY,
— pes | 971 o det(di; Lpian) 1
Yt Yt

over arbitrary coefficient field. There is a vast literature on Lagrange inversion. We mention
a recent study [13]. For more Lagrange inversion formulas computed using residues, see [9].
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