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Abstract

Several authors studied the system of elasticity with laws of particular behavior
and using various techniques in constant exponents Sobolev spaces. In this article
we consider a Dirichlet problem for nonlinear elasticity system with laws of general
behavior. The coefficients of elasticity depends on x and the density of the volumetric
forces depends on the displacement. We consider this problem as a Leray-Lions op-
erator and the main aim of this paper is to apply Galerkin techniques and monotone
operator theory to prove a theorem of existence and uniqueness.
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1 Introduction

The study of PDE problems with variable exponents is a new and quite interesting topic. It
comes from the theory of nonlinear elasticity, elastic mechanics, fluid dynamics, electrorhe-
ological fluids, and image processing, etc. (see [2], [16], [17]).

First, we introduce the notations needed in this article. Let {2 a connected open bounded
domain of RY (N = 3) with Lipschitz boundary I'. To a given field of displacement u, we
associate a nonlinear deformation tensor E defined by

1
E (Vu(z)) = 3 ("Vu+ Vu+" VuVu) ,
whose components are:
1 0u; Ouy 3 Oy, Oy, .
. — < < 3. .
E;; (Vu(x)) 5 <8:1:j + oz, +mE:1 du; Oz, ) ,1<4,5<3 (1.1)

The corresponding nonlinear constraints tensor o(u) = (0;;(u(x)))1<i j<3 is then given by:

oij(u(x)) = aijen () Een(Vu(z)), 1 <i,j <3, (1.2)

3
k,h=1
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which describes a nonlinear relation between the stress tensor (o), j=1,2,3 and the deforma-
tion tensor (E;;) The coefficients of elasticity a;;xn satisfy the following symmetry

properties:

i,j=1,2,3"

Qijkh = Qjikh = Gijnk, for all 1 <, j,k,h < 3. (1.3)

The aim of this paper is to prove the existence and uniqueness of weak solutions for the
following nonlinear elliptic problem, encountered in the theory of nonlinear elasticity:

=3 2 (@) = filwu(e) in 2,1 < <3,
j=10%;

3
oij(u(z)) = k%:_laijkh(x) Exn(Vu(z)) in Q,1 <4,j <3,
1/ i Ou; 3. O, O, .

L. — < <
E;j (Vu(z)) 5 (5‘xj + oz, + mZ::1 du: Oz, > inQ,1<14,j <3,

u; =0onI',1 <i<3.

This problem models the behavior of a heterogeneous material with Dirichlet’s condition on
the boundary. The consideration of this general material is in no way restrictive. Indeed,
we can applied this study to the most particular elastic materials, but this particular case
makes it easy, to describe the different stages of this work. The tensor of the constraints
considered here is nonlinear and grouped, as special cases, some models used in Ciarlet [3],
Lions [11] and Dautry-Lions [5]. Let us cite by way of example (see [3],[9]):

1. The problem of pure displacement for a homogeneous or heterogeneous material of St
Vennan-Kirchhoff where:

- the applied volumetric forces f are dead (does not depend on u),

- the tensor of stress is in the form (material of St Vennan-Kirchhoff ):

{ oij(u(z)) = AtrE(Vu(z))) + 2pE;;(Vu(z)),
1<4,7<3, A>0, u>0,

2. The coefficients of elasticity have the form:
ijpg = A0ijOpq + 1(dipdjq + 0igljp), 1 < iy J, p, ¢ <3
with, A and pu depend on x or not,

3. The applied volumetric forces f have the form f(¢) = |¢[P®) 7 ¢,

4. Some models called “LES” (Large Eddy Simulations) used in fluid mechanics. These
problems are:

—div(¢(z)a(Vu(z))) = f(z).
For ¢ = 1 and a(€) = |¢]P™ 2 ¢, the above equation may be described by:
— div(|Vu[P™ 2 vu) = 1.

The operator Ap ) @ u — Apgy(u) = div(|Vu|p(ac)_2 Vu) is called the
p (z) -Laplacian.
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Several authors studied the system of elasticity with laws of particular behavior and using
various techniques in constant exposants Sobolev spaces for example in [3] Ciarlet used the
implicit function theorem to show the existence and uniqueness of a solution, in [5] Dautry-
Lions studied the linear problem in a regular boundary domain, in [12], [13], [14] Merouani
studied the Lamé (elasticity) system in a polygonal boundary domain, in [18] Zoubai and
Merouani studied the existence and uniqueness of the solutions of the nonlinear elasticity
system by topological degree, and in [19] Zoubai and Merouani studied the existence and
uniqueness of the solution of Neumann’s problem, in Sobolev spaces with variable expo-
nents.

The bibliography quoted here does not claim to be exhaustive and the deficiencies it cer-
tainly entails must be attributed to the author’s ignorance and not to the author’s ill will.

3
To solve our problem, we will consider an operator: u — A(u) = —>_ %oij (u(x)) as oper-
j=1

ator of Leray-Lions [10], with Dirichlet’s condition on I', and we prove a theorem of existence
and uniqueness of solution using Galerkin techniques and monotone operator theory.
The appropriate Sobolev space to consider for this problem is the space

3
(W&’p(x) (Q)) N (W2r@) (Q))37 where p(x) needs to satisfy the log-Hélder condition (see

[6],[8]) to obtain suitable properties.
This paper is organized as follows:
- Notations and properties of variable exponent Lebesgue-Sobolev spaces,
- Some properties of the operator E;;,
- Hypotheses and main result,
- Proof of theorem,
- Conclusion and bibliography.

2 Properties of variable exponent Lebesgue-Sobolev
spaces
In this section, we recall some definitions and basic properties of the generalized Lebesgue—

Sobolev spaces LP(*) (Q), WP (Q) and Wol’p(m) (Q), when Q is a bounded open set of
RY(N > 1) with a smooth boundary.

Let p: Q — [1,+00) be a continuous, real-valued function. Denote by p_ = min p(z)
e
and p; = max p(x).
el
We introduce the variable exponent Lebesgue space

LP@ () = {u : Q — R;u is measurable with / u ()P da < oo} ,
)

endowed with the Luxemburg norm

. u
”uHLP(I)(Q) = inf {)\ >0: \/Q

p(z)
der <15;.
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The following inequality will be used later

min {||U||€;<z>(g) s [l IE?(:)(Q)} < /Q lu ($)|p(x) dx < max{”“”i_pmm) s |Jul i:<z>(9)}

for any u € LP(®) (Q).
Lemma 1. [/], [6], [7], [8]

e The space (Lp(x) (Q), ||.HL1,(1)(Q)) is a Banach space.

o If p_ > 1, then LP®) (Q) is reflexive and its conjugate space can be identified with

LP' () (Q) where, ﬁ + ﬁ = 1. Moreover, for any u € LP® (Q) and v € LP'®) (Q),
we have the Holder inequality

1 1
/Q | de < (p_ n p,> ol o 1ol v oy < 20ty 10 ooy -

o Ifpy < +oo, then LP(®) (Q) is separable.

o Some embedding stay true, for example, if 0 < |Q] < oo and p1, p2 are variable expo-
nent such that p1 (x) < ps () almost everywhere in Q, then we have the continuous
imjection.

Now, we define also the variable Sobolev space by
W@ (@) = {u e 1@ (Q); |Vul € L' (@)},
endowed with the following norm
lullwrpe @) = 1l poe @) + VUl poe q) -

Definition 1. The variable exponent p : Q — [1,+00) is said to satisfy the log-Hélder
continuous condition if

Yo,y €Q, o —yl <1, Ip(@) —p@)l <w(z—yl),

where w : (0,00) — R is a nondecreasing function with limo supw (@) In (1) < oc.
a—r

Lemma 2. [4], [6], [7], [8]

e If1 < p_ < py < oo, then the space (WLP("”) (Q), ||.||W1,p(w)(m) is a separable and

reflexive Banach space.

o If p(x) satisfies the log-Holder continuous condition, then C* () is dense in
whr() (Q). Moreover, we can define the Sobolev space with zero boundary values,

Wol’p(w) (€2) as the completion of C§° () with respect to the norm |||y () -
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e Forallu e Wol’p(x) (), the Poincaré inequality
||U||Lp(x>(9) <C ||VU||Lp<z)(Q)

holds. Moreover, [lull;,: = [[Vull 1o) () @ a norm in Wol’p(x) Q).
0

VLD(CE)(Q)

Remark 1. [1] Let a > 0,0 >0 and let 1 < p_ < p; < 400, then
(a+ b)PE) < gp+=1(gP(@) 4 pp(@)y,

Throughout this paper, we shall assume that the variable exponent p(z) satisfy the log-
Holder condition, and N < p_ < p, < 0o because if p () > N then W'?®) (Q) ¢ C (Q) for
every x € ).

3 Some properties of the operator L;

For the rest of this work, we will need some properties of the deformation tensor (1.1).
For this, we have the following lemma:

Theorem 1. (Some properties of the operator E;;)
3
Foru € WP@)(Q) = (Wol’p(z)(Q)> N (WQ’P(””)(Q))?), with 3 < p(x) < 400, the components
FExn of the deformation tensor of St. Venant E wverify the following properties:
1. (Continuity) En is a continuous function, k,h =1 to 3,
2. (Coercivity) 3a > 0; such as Eyp, (§) &j > « |§|p(w) Vi, g, k,h=1 to 3,

3. Epn (Vu) gL e LY(Q),Vi,j,k,h =1 to 3,
4. (Monotony) Let the functions g;fj

:Q—)]—oo,%],m—> ggj(x) and%:Q—)

Ou;
g

}—oo, %} , T — a—i(a:),i,j =1 to 3; then the operators

/
Ei; () of WP@)(Q) in (W”(I)(Q)) L i,j=11to3,

are monotonous.

Proof of theorem 1:

1. The continuity of Eyy, :
for p(z) > 3, the space WHP(®)(Q) is an algebra, that is to say

u,v € Wl’p(z)(Q) = w € Wl’p(m)(Q).

3
So we have for u € WP®) (Q) = (Wol’p(m)(Q)) N (W2’p(l)(ﬂ))3:

3

8uk 8Uh aum aum 1
—Zk 2R oond mo e whe@)(Q
Bazh’ &rk an mz::laxk a’,Ch < ( )7
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and therefore Ey;,(Vu) € WHP@)(Q). In addition, for p(x) > 3, we have the continuous
injection W1P(#)(Q) < C(Q), so the continuity of Eyp,k,h = 1 to 3 are fulfilled.

2. The Coercivity:

for the coercivity of the components Eyyp, see [15].

3. Epn (Vu) 37 € LY(Q),Vi,j,k,h =143,

by exploiting the remark 1, we arrive at

(@) p(z)

| B (V)P = (3)

)

3
Oug dup Oy OUm
(8Ih + amk + Zl 8zk 8xh
m=

p(z) 3
Uy, OUum
+ (‘ Z amk azh
m=1

p(x)
< (3)

< (4" [21)*—1 (

Oug +76uh

+
pT—1
X 2 arh azk

N

p() 3
Oy, Oum
m=1

Suy p(z) n

oxp

Buh
alk

)P(I)

hence
By (Vu) € LP@(Q), k,h =1 to 3,

and as p(z) > p'(x) as soon as p(x) > 3 and 2 bounded, we have:

By, (Vu) € LP#)(Q), k,h =1 to 3.

Take then v € WP()(Q), we have gzj € LP@(Q), V1 < 4,5 < 3. We therefore have by
Holder’s inequality:

é)i)i

Exn (Vu) 32, € LYQ), i,j,k,h=1to 3.

Zj
4. The monotony:

using the rule 1 (a? +b%) > —ab, with a = %’;’j and b = %7;’;‘, we have

and consequently, Vi,j =1 to 3:

) Ou; ) v
(Bis(w) = Bi(v),u—v) 2 5 (G2 + 54) - (g2 + 52) ju—v

() 2 (5)7) - (£ 080 2 (8)) o)

m=1

To conclude, we must prove that the second member of (3.1) is > 0. For that, we separate
the second member of (3.1) in linear and nonlinear part.

Let the linear function Q 2% R3 x R3 A—J> R, defined by

o4, (O 9% ) 2 L (O Ou, i
(50 1)(0) = oy (@) o)) = 5 (Gt + G@)) i = 1103

| S
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and the nonlinear function Q 2 R3 x R3 2% R, defined by

3ot = (2o, 2 w) =4 (2 (220) + 3 (25w) ] =108

=1 i=1

The functions A;; and B;; are continuous for p(z) > 3. It remains to show that, Vi,j =1
to 3, the A;; are increasing on R, the B;; increasing on R™ and the A4;; +B;; increasing on
]—o0, 1]

1. Let us show that the A;; are increasing: let the function

du;

Q 75 R 2% R, defined by (gz; o Jy)(z) = gz;(x),i,j =1to3
We note
;);](x) =t; and %(m) =,
and
(@) = by and T (z) = 7

The function ¢ — %t of R — R, being increasing on R, we have:

1/0u; _ Ovi Oui _ Ov; \ _ 1 Ou; __ Ov; OQui _ Ovi | g —
2 \ Oz, Oz’ Ox; ox; [ T 2 o ox ox; ox; ox; -

Therefore, the A;; are increasing.
2. Let us show that the B;; are increasing: let the function

defined by
1 3 s 2 3
(Bij o Ju)() = Bij (¢,m:) = = > <8:vj-(x)> +)

As in point 1., we note

'_(x),Tji = ZZ] (x),Vi,j =1 to 3,

Byt =4 (3 (22) +Z (2e)
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SO
E 3
Bij (tj,m) = —3 Doty T
i=1 =1

1 2 _ 3 2
K (“ﬂé‘?%@g (t5: ﬂ>> e

The function f(s) = —%%2 being continuous and increasing on R™, we deduce that the B;;
are increasing on R™.

3. We show that the A;; + Byj, are increasing: the proofs of points 1. and 2. imply
that the sum A;; + BU, Vi,j7 = 1 to 3, corresponds to the sum of the two functions
F(0) + g(5) = » — 7% ,R — R, obviously continuous and increasing on }—oo, %}, as
the derivative of the convex function h(z) = 2 — J2% on |—o0, 3]. So, (3.1) is verified
and consequently

(Eij(u) — Eij(v),u —v) > ((Asj + Bij)(u) — (Aij + Bij)(v),u —v) > 0,Vi,j =1 to 3.

!

In other words, the E;;(u),i,j = 1 to 3, are monotonous WP (Q) in (WPE)(Q)) ,4,j =1
to 3.

v

Corollary 1. Under the same assumptions, of the above theorem, the operator
—div(aijren(z) Eij(.)) is monotonous of WP (Q) in (WP(I)(Q))/.
under the assumption
Ja, B € RY; a < agjrn(x) < B, ae., Vi, j,k,h =1 to 3.

Proof of corollary 1:
We have

V() € WHO(@)2, (- dz‘v(am ) Eij(w) = (—div(aimn(@) Eij(v),u—0) >
o3 [ (Byt) — By ) (2 - 22 ) e

1,7=1

The point 4. of theorem 1 1mphes that

Z/ ij(u) = (W)(ii—gxi)d:w&

3,j=1
hence the desired result.

4 Hypotheses and main result

We consider the problem (4.1), with the hypotheses (4.2),
3
—Z 7003 (u(2)) = fi(z,u(2)) in Q,1 <i <3,

oij(u(z)) = ki 1aijkh(x) Ein(Vu(z)) in Q,1<4,5 <3,

h—=
u; =0onI',1 <4< 3.
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Vi, j k,h=1t03:
(1) aijrn € L™ (Q); 3ao >‘0; aijkh32 g a.e. in €, (4.2)
(2) f=(f1.f2, f3) € (L# (Q))

Let us look for an adequate weak form of (4.1).

Lt € W (@) = (W577()) (W24 (9) cquipped with L wsco o) = IHl 0

@)
From the theorem 1, we have

Ekh (Vu) avl

), 1,5,k,h =1 to 3.
axj ()77’7]77 o

It is therefore natural to look u € WP(®)(Q) and take the test functions in W2(®)(Q). We
also recall that if f(.,s) € (Lp/(x) (Q))g, the mapping v — /f(x, u(z))v (x) do acting from
WP (Q) to R, is an element of (Wp(”)(Q))/. We denote b; f this element, that is to say
for f € (Lpl(z) (Q))s, we have

(f, v)(wmm(g))',wm)(m = /Qf (z,u(z)) v (z) dz, Yo € WP (Q).

The weak form of (4.1) is thus:
u € WPE)(Q),

S 81}@

Y
= (f,v >(Wp(1)(m)/7wp(m)(m Vo € Wp(m)(Q).

Theorem 2. Under the hypotheses (4.2), there exist u € WP@)(Q) solution of (4.3). If,

moreover, (Egn (§) — Exn (1)) (&5 — mij) > 0, for all £,m € R¥3, &5, mi; € R, &5 # i, and
f does not depend on u then there exist a unique solution u of (4.3).

For the proof of this theorem, we will need the following lemmas:
Lemma 3. Letp: Q — |1, +o0[. If fr, = f in p(@) (Q) and g, — g weakly in P (@) ().
So
/fn gndx — /f gdx when n — oo.
Q Q

Demonstration of Lemma 3
We have:

‘/ (fngn—fg)d

‘/ fngn_fg fgn+fgn)dx

‘/ 1) gn+ f (9o —g)da

< [ 15— Ignlder’/Qf (9 -

<2(fn— fHLp(z)(Q) ||9n||Lp’<z)(Q) + ‘<9n -9 f>Lp’<z>(Q),LP<r>(Q) — 0.
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Lemma 4. (Finite-dimensional coercive operator) Let V be a finite-dimensional space, and
T:V — V' continuous. We suppose that T is coercive, namely:

(T (v) -U>V/,v
[v]ly

Then, for every b € V' there exists v € V such that T(v) = b.

— +oo when |jv||,, = 4o00.

5 Proof of theorem
Study of finite dimension problem

Since WP(#)(Q) is separable, then, there exists a countable family (fn),en~ dense in WrE)(Q).
Let V,, = Vect{f;;i = 1,...,n} be the vector space generated by the first n functions of this
family. So we have dimV,, < n, V,, C V,,11 for all n € N* and we have LEJNVn = Wr)(Q).

We deduce that for all v € WP(*)(Q) there exists a sequence v, € V,,, such that v, — v in
WP (Q) when n — 4-00.
In the first step, we fix n € N* and look for u,, solution of the following problem, posed in

finite dimension:
Up € Vi,

3 8vi
hZ_ /Qaz‘jkh(ﬂf)Ekh(Vun(w))&Ejdx (5.1)
VYo € V,.

Il H M“

1k
(f, >(wp(w>(g))”wp(m>(g)

The application v — (f,v>( ) is a linear mapping of V,, to R (it is also

Wr) (), We) (0
continuous because dim V,, < +00). We denote by b,, this application. So b, € V! and

<bn,U>V, = (f,v >(wp<x) Q)) JWrE) (Q)
Let u € V,,. We denote by T, (u) the mapping of V;, into V! which has v € V,, associated

3 81)1'

Z aijkh(x)Ekh(VU(x)) dz.

i,j=1k,h=1 5%’

. . . . . . . . ’
This application is linear and continuous, so it is also an element of V,, and we have

3 3 v,
(L), o), = % % | ayn(@)Bu(Vu(a) 5 de.
wVn =1k h=1Jo L

We have thus defined an application T of V,, to V,!. We shall show that T is continuous
and coercive. We can thus deduce by the Lemma 4, that T is surjective, and therefore that
there exists u, € V,, satisfying T (u,) = by, quecisely u,, is the solution of the problem
(5.1).

(a) Continuity of T,. To ease the writing, we note V = V,, equipped with |.||;, =
|-l w»e) () and note T = T5,. Let u,u € V, we have:
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8”Ui

d
8.’17j v

Ein (Vﬂ))

Putting
a = Haijkh”Loo(Q) 5

we obtain by Hoélder inequality

IT(uw) =T @y, = sap [T (u) =T (@),v)y vl
veV, ||lvlly,=1
3 3 avi
= sup Z / aijkh(m)(Ekh (V’U,) — Eup, (VH))a dzx
VEV, [|vllyyp(a) (o) =1 |i:i=1k,h=1JQ Ty

3 3
< sup IDEDY
vEWPE)(Q), [|vllyyp(a) o, =1%:3=1k,h=1
8’Ui

d
8a:j v

’/Q aijkh(,T)(Ekh (V’LL) — Eup, (VE))

Thus if (uy,), oy is @ sequence of V' such that u, — % in V, we have

3
IT (n) =T (@lyr < 18 3 1B (Vitn) = B (V)00

s

For u € WP®)(Q), we have Ey,, k, h = 1 to 3, are continuous (see theorem 1), consequently
Eip (Vuyn) = Egn (V) a.e.. We have also, according to the remark 1, Ey, (Vu) is bounded
in LP(®)(Q), so it bounded in LP ) () because p(z) > p/(x), as soon as p(z) > 3. So by
Lebesgue’s dominated convergence theorem Ejj, (Vuy,) — Egp (VT) in LP' @) (Q), VEk, h =1
to 3. We have thus shown that T (u,) — T (@) in V', so T is continuous.

(b) Coercivity of T,,. According to the hypothesis (1) of (4.2), and the coercivity of Eyp
(see theorem 1), we have:

3 3 Au;
@y = 5 5 [ apun(@Bun(Va() 5ot ds
ij=1k,h=1JQ Ly

> C1/ (V[P dz.
Q
Now, we use the following inéquality (see section 2)
min {ull7 g Iellhi g | < /2 fu (@) da < max { [l g 1l o |

we obtain

(T (u) -U>vf,v > Cpmin { ||VU||i;<z)(Q) ) ||Vu||]2+p(x)(ﬂ)}

> €y min {Jfull?, [Jul5} -
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Or, (1 is a constant depend of g and «.
Consequently, the operator T is coercive. This yields the existence of solution for problem

(5.1).
Study of infinite dimension problem

The solution of the problem (5.1) is obtained.

So to show the existence of u a solution of (4.3), we will estimate u,, the solution of (5.1)
and then by crossing to the limit when n — 400 we will have the solution u of our problem
(4.3). Therefore that technique used to show that the limit of the nonlinear term is the
desired term.

(a) Estimation on u,

In view of coercivity, if we substitute v by w,, in (5.1), we obtain:

/ |Vun|p($) dr < ||fH(wp<r) @)’ ||“n||WP<w>(sz)-
On the other hand
Gy min{Hunmez) Q) ”un”wp(m)(gz)} < ”f”(wp(z)(g))/ HunHWp(w)(Q) :

(b) Passage to the limit
We deduce from (a) that (un),cy is bounded in WP®)(Q), so there exists a subsequence
denoted again (uy,),, oy such that u, — u weakly in W@ ((Q).

The sequence (Exp, (Vun)), ey is bounded in LV (@) (). Hence there exists p € L' (*) (Q)
such that, with a close subsequence,

B, (V) — p weakly in LP @) (Q) .
Let v € WP(*)(Q), then there exist v,, € V,,, n € N* such that
v, — v in WPE)(Q),
Vo, — Vo in (LW) (Q))g
We substitute v by vy, in (5.1), to obtain:

(%m

3 3
=5 [ o) Bun (Vo) G )

= <f7 Un>(wp(_7:) (Q))',WPW)(Q) ,V'U S V'n,

Since (f,vn) = (f,0), Egn (Vun) — p weakly in L' (*) (Q) and %”Tﬂj — gzj fori=1t03

strongly in LP®) (Q) (because Vv, — Vv in (LP(® (Q))gstrongly)7 using the Lemma 3, we
obtain

3. 3 i
PIEDY /aijkh(m)Pax_ z =
1,j=1k,h=1JQ J (52)

(f, v>(wp(x)(m)fﬁwp(1)(m Vv e WP (Q).
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We tend to conclude that p is equal to Egp (Vu). Unfortunately, this is not obvious because
the E}j are nonlinear.

(¢) Limit of nonlinear term

Finally, it remains to prove that

3 3 an
DD /aijkh(m)PTd = (5.3)
i,j=1k,h=1JQ Lj

3 3

D / ijin () Brn (Vu(z)) 2—dz, Yo € WP (Q)

i,j=1k,h=1JQ 5%‘

(I) First, we have

i 50 5[ aene) B (Vune)) G2
im aiirn(T Up (T T
n—00; i=1k.h=1JQ IRR Hh Ox;
3 3 8ui
=> X /aijk-h(ﬁﬂ)f’a dz.
i,j=1k,h=1.JQ Lj
Indeed
3 3 auni
5[ i) B (Vo) G = (fr) > (fr)
i,j=1k,h=1JQ Ly

(II) Proof of (5.3)
Let v € WP®)(Q), there exist (Vn),en such that v, € V,, for all n € N and v, — v in

WP (Q) when n — +00. We will pass to the limit in the term

3 3 Ovy;
> /aijkh(fﬂ)Ekh(Vun(x))a dz,
ij=1k.h=1JQ Zj

thanks to the hypothesis (1) of (4.2) and the monotony of Ey, (see corrollary 1).
Indeed,

3 3 0 ni 0 ni
0<% % /ﬂaijkh(a:)(Emwn)—Ekh(wn))( R 87;_)d
J J

i,j=1k,h=1
3 3 O 3. 3 OV
DS / aisin () Bip (V) 2% dr — 32 5 / Qi () Exn (Vitg) o gy
i,j=1k,h=1JQ 5'%’ i,j=1k,h=1JQ 5%'
3 3 i 3. 3 Ovp;
_ Z Z /aijkh(x)Ekh (V’Un) P dl‘—l-z Z /aijkh(x)Ekh (V’Un) P dl‘
i,j=1k,h=1JQ €Lj i,j=1k,h=1JQ Lj

Tl n T2,n - T3,n + T4,n-

)

It has been seen that in (I):

' 3 3 O,
nEIEWT1,n= >y /aijkh(x)pa?dxv

i,7=1k,h=1JQ J

we have

' 3 3 A,
nEIEOOTQ’”: >y /Qaijkh(fﬂ)/)%d%

i,j=1k,h=1 J
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by a product of a strong convergence in LP(*) (Q) and a weak convergence in Lv' (@ (Q)

(Lemma 3).
The same
i T = 2 3 [ ayun(o)Ben (7) ot
m I3 n = Qijkh\ L) Lkh v X,
n—+00 ij=1k,h=1JQ ! Ox;

by a product of a strong convergence of Eyp, (Vu,) in LP @) (Q) ( because Eyp, k,h =1 to 3
are continuous and bounded in L¥'(*) (Q), so by Lebesgue’s dominated convergence theorem
Ein (Vun) = Egn (Vo) in LP'(#) (), and a weak convergence in LP(*) (Q).

Finally, we have

3 3 ov;
lim T, = /a'-kh €T Ekh Vo Jdiﬂ,
Jim T = 32 3 aigun@)Eun (Vo)

by the product of a strong convergence in L?' () (Q) and a strong convergence in LP(*) (Q).
The passage to the limit in inequality thus gives:

3 3 . .
> [ (o) (0= Bun (90) (G2 = 225 ) o 2 0 or a0 € W),
81:j 3$]‘

ij=1k,h=1JQ

1

The function test v is now astutely chosen. We take v = u + —w with w € WP®)(Q) and
n

n € N*. We obtain

133 1 ow;
R .. _ — >
o 2:: Zl/gazjkh(x) (p Eyn (Vqu an)) oz, dr >0

1k,h

3 3 1 ow;
Z: hZ: /aijkh(x) <p_Ekh (VU+ nV’LU)) 6$]’ T =

1
but u 4+ —w — u in WP®)(Q), thus
n

SO

1 ’
Exn (Vu + Vw) — By (Vu) in LF' ) (Q).
n

By passing to the limit when n — +o00, we obtains then

3 3 8’LUZ
[ asun(e) (0~ Bun (V) 52 <0, .
ij=1k,h=1.JQ €Lj

By the linearity (we can change w in —w), we get:

3 3

3 [ agun@) (o= Bun (V) Gtas = @),

ij=1k,h=1JQ

we deduce that

3 3 3

3 dw; N
DD / aijin(x)p a o= X % / aijin () B (V) 5=, Yo € WP(Q),
1,]= [

k,h=1 =1k, h= j
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We have thus proved that u is a solution of (4.3).

Uniqueness

We suppose that (Egp, (§) — Exn () (&5 — ms5) > 0, if and only if &;; # n;;, and f does not
depend to u. Let u; and us be two solutions:

3
dx

3 81}1‘
> aijkn () Exn (Vu(z)) 3
ij=1k,h=1.J0Q Ly

= <f, U>(WP($)(Q))/,WP(“U)(Q) s | = 1, 2, Yv S Wp(a:) (Q)
Subtracting term to term and substituting v by u; — us, we obtain:

i i /Qaijkh(x)(Ekh (Vul) — Ekh(V’U,g)) ((?,;;1; — 881;2;) d:L‘ =0.

4,j=1k,h=1
Since
Ouy; Ouaz; ..
M = aijen(z)(Exn (Vur) — Egp(Vuz)) 9. >0,4,j,kh=1to3.
€5 aLL'j
and M > 0 if Oui; ” 8“21'; we get duy; _ Oug; in LP(*)(Q), and by Holder’s inequality we
ox; aifj 8xj 8xj

J
. 1,p(x) 3
have u; = ug in (WO’ (Q)) .

6 Conclusion

In this work, we consider the nonlinear elasticity system as Leray—-Lions’s operators with
variable exponent, to study the existence and uniqueness of Dirichlet’s problem solution by
Galerkin techniques and monotone operator theory. It has been found that these techniques
adapt well to this type of problems with different boundary conditions.

From a perspective of this work, we will consider the same problem with the boundary
conditions Robin, Tresca or Coulomb.
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