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Abstract

In this work, we propose a primal-dual interior-point algorithm for semidefinite
optimization based on a new kernel function with an efficient logarithmic barrier
term. We show that the best result of iteration bounds can be achieved, namely
O(y/nlognlog 2), for large update and O(y/nlog 2) for small-update methods.
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1 Introduction

Consider the standard semidefinite optimization (SDO) problem:

min{< C, X >:< A;,X >=b; fori=1,...,m and X > 0} (P)
and its dual problem:
max{b'y: S =C — ZyiAi , S =0} (D)
i=1

Where b = (by,b2,...,by) € R™, the matrices C and A;, i = 1,...,m, are given and
belong to the linear space of n X n symmetric matrices S,,. The < .,. > operation is the
inner product on S, of two matrices A and B which is the trace of their product, i.e.,
(A,B) = tr(AB) = }_, ; ai;bi; and the inequality constraint X = 0 (X > 0) indicates that
the matrix X belong to the cone of positive semidefinite matrices S} (the cone of positive
definite matrices S;t1).

Primal-dual interior-point method IPM is one of the most efficient numerical methods
for solving large classes of optimization problems and highly efficient in both theory and
practice. It is well known that the SDO has a variety of applications in engineering prob-
lems, such as optimal control, combinatorics, image processing, sensor networks, financial
mathematics and statistics[13]. Many researchers have proposed interior-point algorithms
for various optimization problems based on kernel functions. Most of the polynomial time
interior-point algorithms are based on the logarithmic kernel function with O(y/nlog %)
and O(nlog 2) iteration complexity for small- and large update methods, respectively[10].
Recently, Peng et al.[9] defined a class of self regular kernel functions, proposed primal-dual
IPM for linear optimization LO and generalized to second order cone optimization SOCO
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and SDO. Roos et al.[2] defined eligible kernel functions which were defined by four condi-
tions on the function and proposed a primal-dual IPM for LO and simplified the complexity
analysis of Peng et al.’s in [9]. Bouafia et al.[3] proposed a primal-dual interior-point algo-
rithm for LO based on a kernel function with a trigonometric barrier term and they obtain
the best-known complexity result for small- and large update method.

Several interior-point methods IPMs for LO have been successfully extended to SDO.
Wang et al.[11] proposed a primal-dual IPM for SDO based on a generalized version of the
kernel function in[2] and obtained O(¢?y/nlog2), ¢ > 1, and O(y/nlognlog ) complexity
results for small- and large update, respectively. EL Ghami et al.[5] extended the IPM for
LO in[2] to SDO and obtained the similar iteration bounds as analog of LO. Lee et al.[7]
defined a new class of kernel functions and obtained the best-known complexity results for
small- and large update IPMs based on a kernel function for LO and SDO. EL Ghami [4]
generalize the analysis presented in [3] for SDO and obtained the best-known complexity
results for small- and large update method.

Motivated by their works, we proposed a primal-dual interior-point algorithm for SDO
based on a new logarithmic kernel function and obtain the best-known complexity results
of small- and large update methods.

This paper is organized as follows: In section 2, we introduce a fundamental concepts
and give the classical Nesterov-Todd direction. In section 3, we present the kernel function
based on Nesterov-Todd direction and describe the generic primal-dual algorithm. In section
4, a new kernel function and its growth properties for SDO are studied. In section 5, the
complexity results of small- and large update algorithms for SDO are computed. Finally, a
conclusion ends section 6.

We will make use of the following notations throughout the paper: R", R’} and R,
denote the set of real, nonnegative real and positive real vectors with n components, re-
spectively. ||.|| denotes the Frobenius norm for matrices. For @ € S7, , Q'/2 denotes the
symmetric square root of Q). For any V € S™ |, we denote by A(V') the vector of eigen-
values of V' arranged in non-increasing order, that is, A (V) > Aa(V) > ... > A, (V) and
A = diag(\(V)), i.e., the diagonal matrix from a vector A(V). I denotes an n x n identity
matrix. For f(z),g(z) : Ryy — Ryy, f(z) = O(g(x)) if f(z) < c1g(x) for some positive
constant ¢; and f(z) = O(g(x)) if cag(z) < f(z) < csg(x) for some positive constants co
and cs.

2 Classical Nestrov-Todd search direction for SDO

In this section, we recall the notion of the central path with its properties and we drive the
classical Nestrov-Todd search direction for SDO.

Throughout the paper, we assume that the matrix A;, i = 1,...,m, are linearly inde-
pendent and the problems (P) and (D) satisty the interior-point condition (IPC), i.e., there
exists X € Fp,S € Fp with X > 0,5 = 0, where Fp and Fp denote the feasible sets of the
problem (P) and (D), respectively.

Finding an optimal solution of the problem (P) and (D) is equivalent to solving the
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following system:
<A, X>=b;, i=1,....m, X =0,

gw&+S=Q5tQ (2.1)
XS =0.

The basic idea of primal-dual IPMs is to replace the complementarity condition of (2.1),
XS =0, by the parameterized equation XS = pl with X, S > 0 and p > 0. So, we consider
the following system:

<A, X>=b, i=1,...,m, X =0,

XS =ul.

Under the previous assumptions, the system (2.2) has a unique solution (X (p), y(p), S(p))
for each 1 > 0, we call it the u— center of both problems (P) and (D). The set of 1 — center
defines a homotopy which is called the central path of (P) and (D) which is converges to
the optimal solution of the problem (P) and (D) as u goes to zero[13]. Now, to obtain the
search direction, we apply Newton’s method to the system (2.2), then we get the Newton

system as follows:
<A, AX >=0, i=1,...,m,

i=1
XAS+AXS = ul — X8.

Since A; are linearly independent and X > 0,5 > 0, the system (2.3) has a unique
search direction (AX, Ay, AS). Note that AS is symmetric from the second equation of
(2.3), but AX may be not symmetric. Various methods of symmetrizing the third equation
of (2.3) are proposed so that the new system has a unique symmetric solution. In this
paper, we use the NT symmetrizing scheme[8]. Let

p— X1/2(X1/25X1/2)_1/2X1/2 _ 5_1/2(51/2)(51/2)1/25_1/2

and D = P'/2 where P'/? denotes the symmetric square root of P. The matrix D is used
to scale both matrices X and S to the same matrix V' defined by

1 1 1
V=—D'XD'=_——_DSD=-—(D'XSD)'/2

Vi Vi Vi
Then, matrices D and V are symmetric positive definite. By using (2.4) the Newton
system (2.3) can be rewritten as follows:

(2.4)

<A, Dx>=0, i=1,...,m,
f: AyiA; + Ds =0, (2.5)
Dx+Ds=V-'-V.

with )

_ 1 1
A, =—DA,D, i=1,m, Dx = —D 'AXD™ ! Dg=—DASD. (2.6)
VE VI Vi
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The system (2.5) determines a uniquely symmetric NT direction with the matrices Dx
and Dg be orthogonal, and it is evident that Tr(DxDg) = Tr(DgDx) = 0. The above
Nesterov-Todd direction leads to the classical primal-dual IPM algorithms for SDO.

3 New search direction and the generic primal-dual
IPM for SDO

In this section, we recall the definition of a matrix function and we derive the new ker-
nel function based on NT direction and then we introduce our generic primal-dual IPM
algorithm for SDO.

For V = QTdiag(A\(V), X2(V),..., An(V))Q, the spectral decomposition of V € ST,
we generalize a function v¥(t) : R4 — R to the matrix function (V) : S}, — S™ as
follows:

(V) = QTdiag((A(V)),p(N2(V)),..., ¥ (A\a(V)Q, (3.1)
Y'(V) = QTdiag(¥'(M(V)), ¢’ (N2(V)), ..., (Aa(V)))Q.

Replacing the right hand side V~! — V of the third equation of (2.5) by —¢’(V'). Then
we have the linear system:

<A;,Dx >=0, i=1,...,m,

> AyiAi + Dg =0, (3.2)
i=1

Dx + Dgs = —/(V).

where ¥(t) is a given kernel function and ¥(V),4’(V) are the associated matrix functions
denote in (3.1), the system (3.2) has a unique symmetric solution. For any kernel function
Y(t), we define W(V) : ST — Ry by

U(V) = Tr(p(V)) = D_v(N(V)). (33)

Then ¥ (V) is strictly convex with respect to V = 0 and vanishes at its global minimal
point V =TI and ¥(I) = 0. Since Dx and Dg are orthogonal, for p > 0,

U(V)=0eV=1<Dx=Ds=0& X =X(u),S=S().

Hence we can use ¥(V) as a proximity function to measure the distance between the
current iteration and the corresponding p—center.

The primal-dual interior-point algorithm for SDO works as follows: Assume that 7 > 1
and there is a strictly feasible point (X, y,S) which is in a 7—neighborhood of the given
p—center[6]. We update p to pt = (1 —0)u , for some fixed 6 € (0,1), and then solve the
system (3.2) and (2.6) to obtain the NT search direction. The positivity condition of a new
iteration is ensured with the right choice of the step size a. This procedure is repeated until
we find a new iteration (XT,y™,ST) which is in a 7—neighborhood of the pu+—center and
then we let u = pu* and (X,y,S) = (X+,y",ST). We repeat the process until nu < e.
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primal-dual Algorithm for SDO
Input
A threshold parameter 7 > 1; an accuracy parameter € > 0;
a fixed barrier update parameter 6, 0 < 0 < 1;
a strictly feasible (X°,S%) and pu° = 1 such that ¥(X° S° u0) < 7;
begin
X=X%8=58%p=pn%
while ny > ¢ do

begin
p=(1—0)w
while ¥(X, S, ) > 7 do
begin

solve the system (3.2) and (2.6) to obtain AX, Ay, AS;
determine a step size a and take
X =X+aAX;y=y+alAy;S =5+ aAS;
end
end
end

4 Kernel function and its properties

In this section, we define a class of kernel functions and give its essential properties for
complexity analysis.

Definition 1. We call ¢ : Riy — Ry a kernel function if ¢ is twice differentiable and
satisfies the following conditions:

Y1) = 9(1) =0, 90 >0, t>0, limg(t) = Jim (1) = oo, (4.1)

From the first tow conditions, it follows that ¢(t) is strictly convex and minimal at
t =1, and 9(t) is expressed in term of its second derivative as follows:

t &
b(t) = / / (C)dCde. (4.2)
1 1

However, the third condition indicates the barrier property of ¢ (t).
Now, we consider our new kernel function (t) as follows:

1
¢(t):t271+q71—logt, g>1, t>0. (4.3)

It is easy to check that 1(t) is indeed a barrier kernel function and its three first derivatives
are as follows:

_ 1 o 1 o 2
W) =2t = S () =24+ gt 5 0O () = —g(g DT - 5 (44)

From (4.4), we have
() >1, t>0. (4.5)
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Lemma 1. Let ¢(t) be deﬁned as in (4.3), then

(i) t" (t) + ' (t) > 0<t<l,
(i) " (t) = ' (t) >0, t>1,
(ii) 3 (t) < 0 t> 0

Proof. For (i), by using (4.4), it follows that t¢"(t) + ¢'(t) = 4t + (¢ — 1)¢79 > 0, for all
g>1landt>0.

For (ii), we have t"(t) — ¢/(t) = (¢ + 1)t 77+ 2 > 0, for all ¢ > 1 and ¢ > 0.

For (iii), it is clear from (4.4) that 9(®)(t) < 0, for t > 0. d

Remark 1. (Lemma 2.4 in [2]) if ¥(t) satisfy (i) and (iii) in Lemma 1, then
()Y (Bt) — BY ()Y (Bt) >0, t>0, B>1.

Lemma 2. For i(t), we have for ¢ > 1,
(1) 5t —=1)? <o) < 3O, >0, (i) () < 3B83+q)(t—1)% t>1.
5),

Proof. For (i), using the first condition of (4.1) and (4.

:/tj¢"(g)dgd§z/tjd<d§=;(t—l)Qv
11 L1

the second inequality is obtained as follows:

we have

t

P"(Qdcds < fflb” )" (¢)dCdE= fw”(f)w’(é“)di = [¥'(©)dy'(§)de = 3(¥'(1))*.

1

e
= —m

For (ii), using Taylor’s theorem, the first condition of (4.1) and Lemma 1 (i4i), we have

Pit) = O+ M)E-1)+ %w”( )t — ) 5 (e)(t - 1)°
s¥"(1 )( 1)% + 579 B3)( 1) < 39" ()t - 1)* =38 +q)(t - 1)
for some ¢, 1 < ¢ < t. This completes the proof. 0

Lemma 3. Let o: [0,00) — [1,00) be the inverse function of ¥ (t) fort > 1. Then we have

2s
144/ — <o(s) <1+ V2s, >1, s>0.
\/3+q_9()_ Vv q

Proof. Let s = (t) for t > 1, i.e., o(s) = t, t > 1. By the definition of ¥(t), s =t — 1+
tl;l_l —logt, ¢ > 1, ¢t > 0. Using Lemma 2 (i), we have s = ¥(t) > %(t —1)2 this implies
that t = o(s) <1+ V2s.

For the second inequality using Lemma 2 (ii), then s = ¢(t) < $(3+¢)(t — 1)%, t > 1.

It follows that ¢t = o(s) > 1+

32+Sq. This completes the proof. 0
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Lemma 4. Let p : [0,00) — (0,1] be the inverse function of —1(t) for 0 <t < 1. Then
we have

1 1
> -1 1, z>0.
pe) 2 (5 7)™ a>1 22
Proof. Let z = —¢(t) for 0 < ¢ < 1. By the definition of p, p(z) = ¢, for z > 0. So, we
have z = —1(2t —t77 — 1) < % =2+ttt =2t(z +t) — 1, it follows that
t=9+t1 < 2(2+1) — 1. Hence, we obtain t = p(z) > (2z1+1)q%1' This completes the proof. 0O

For the analysis of the algorithm, we also use the norm-based proximity measure §(V)
as follows:

n

1

(V) = 500V = 53| WOV = 5lIDx +Dsll. VeSy,. (49

In the following lemma, we give a relationship between two proximity measures.

Lemma 5. Let §(V) and U(V) be defined as in (4.6) and (3.3), respectively. Then we have
1 n
o(V) > §\IJ(V), VeSi,.

Proof. Using (4.6) and the second inequality of Lemma 2 (4),

n

PV) = 1 WAV 2 3 DB = SV,

i=1

Hence we have §(V') > /2 U(V). This completes the proof. 0

Remark 2. Throughout the paper, we assume that T > 1. Using Lemma 5 and the as-
sumption that U(V') > 1, we have §(V') > %

In the following, using Remark 1, we estimate the effect of a y—update on the value of
(V).

Lemma 6. (Lemma 4.16 in [12]) Let o be defined as in Lemma 3. Then we have
(V) n
V(EV) <ni (Bo ——)), VeESL, B=1

Lemma 7. Let 0 < 0 <1 and V't = Y= If U(V) < 7, then for ¢ > 1 we have

Vi-0’
2
(1) W(V*) < o358 (Val +var) (i) w(ve) < HETERVET
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(V)
Proof. For (i), since \/1179 >1and g (%) > 1, we have 98/1170)

with g = \/11779, Lemma 2 (i7), Lemma 3 and ¥ (V) < 7, we obtain

> 1. Using Lemma 6

2
N | (V) n3+q) (e(*3?)
\II(V) < nd)(\/mg( P ))§2<1_9—1
2 2
n(B+q) [ V2 -V1-0 nB+q) (0VE\ _ s+ 2
= e ( =0 ) = (m = ity (Vel +v27)
where the last inequality holds from 1 —v1—0 = —%— <0, 0<0 < 1.

1+v1-0
For (i1), we have (t) < t> — 1,Vt > 1. Using Lemma 6 with f = —~—, Lemma 3 and

Vi’
U (V) < 1, we have

) < (e (M) <0 ([ (B2)] - 1)

< g (0425 +2)/2) = mennazsm
O
Define for ¢ > 1 and 0 < 0 < 1,
- 34+¢q 2 — nb + 27 + 2v/21n
Uy = vnl +v2 Uy = . 4.
0 2(1—9)( o T) ’ 0 1-6 (47)

We will use \TJO and W, for the upper bounds of ¥(V) for small- and large- update
methods, respectively.

Remark 3. For small-update method with T = O(1) and 6 = @(ﬁ), and for large-update
method with 7 = O(n) and § = O(1).

5 Complexity analysis

In this section, we compute a feasible step size a and the decrement of the proximity
function during an inner iteration.

For fixed p, if we take a step size « along the search direction (AX, Ay, AS), we obtain
a new iteration X = X + aAX, yT=y+aldy, St =854+aAS, a>0.

Using (2.6), we can rewrite X and ST as follows:

Xt =uD\V +aDx)D, ST =,/uD *(V+aDg)D™". (5.1)

From (2.5), we have Vt = L (D' X+S5*+D)'/2. From (5.1), we have

SR

(V+)2 = (V + Osz)(V + OéDs).
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Since V + aDx € ST, V+aDg € ST, (V1)? is similar to the matrix

(V+aDx)*(V + aDg)(V + aDx)=.

This implies that the eigenvalues of VT are the same as those of

[N

((V +aDx)?(V +aDg)(V + OéDX)%)
Then we have
1
(V) =w (((V+aDX)%(V +aDg)(V + aDX)%) ) .
Lemma 8. (Proposition 5.2.6 in [9]) Let V1,V, € S ,. Then we have
1173 1
v ([vivart]) < o + v,
By Lemma 8, we obtain

VY(VH) < (¥(V +aDx) + ¥ (V + aDg)). (5.2)

N =

Define for a > 0, f(a) = U(V) =¥ (V), fi(a) = %(\II(V +aDx)+ U (V +aDg)) — (V).
From (5.2), f(a) < fi(«) and f(0) = f1(0) = 0.

Now to estimate the decrease of the proximity during one step, we need the two succes-
sive derivatives of fi(a) with respect to a.. We have

fi@) = STr((V +aDx)Dx +¥/(V +aDs)Ds)
fl(@) = STr(w!"(V +aDx)Di +4(V +aDs)D3).

It is obvious that f; () > 0, unless Dy = Dg = 0.
From the third equation of the system (3.2) and (4.6), we have

F(0) = STr(!(V)(Dx + Ds) = 5Tr(~(w/(V))?) = ~25%(V).
For notational convenience, let 6 = 6(V) and ¥ = ¥(V).

To find the default step size, we need the following lemmas.

Lemma 9. (Lemma 5.19 in [12]) Let 6 be defined as in (4.6). Then we have
{/(0) < 26" (An(V) — 200).

Lemma 10. (Lemma 4.2 in [2]) If « satisfies ' (A (V) — 2a6) + ' (A (V) < 26, then
fi(a) <0.

Lemma 11. (Lemma 4.4 in [2]) Let p and @ be defined as in Lemma 4 and Lemma 10,
respectively. Then & > m.
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Lemma 12. Let p and @ be defined as in Lemma 11. If 1 <7 < U(V), then we have

a2

1
q+1 *

2+ (q+1)(46 + 1)a—1
Proof. Using Lemma 11, lemma 4 and (4.4) we have
1 > 1

2 _ g+l = qF1 -
2+(46+1)9—14q(46+1)a-1 2+(g+1)(4641)a-1

— 1 _ 1
T2 T T TG =

This completes the proof. 0

Define the default step size o as follows:

a= ! (5.3)

2+ (q+1)(46 + 1)1’

with a < @.
Lemma 13. (Lemma 4.5 in [2]) If the step size a is such that o < @, then
fla) < —ad?.

Lemma 14. Let & be defined as in (5.3). Then we have

fla) < —m‘l’m.

Proof. Using Lemma 13 with o = & and (5.3), we have

~ ~ 2 2
fla) < —a8®=- 5 =T S - FESY 2 [E=Y
2+(q+1)(46+1) a1 2(28) 4= T 4+ (g+1)(46+(26)) a1
52 sa=1 qz?(qrz;—an
S T S T = 40v2(q+1)"
This completes the proof. 0

Lemma 15. (Proposition 1.3.2 in [9]) Suppose that a sequence ty, > 0,
satisfying the following inequality: ty41 < ty—nt), n>0, ~€][0,1],

Then
577
K< |—22—1.
n(l—7)
We denote the value of ¥ after p—update as ¥ and the subsequent values in the same
outer iteration are denoted as ¥;, [ = 0,1,..., K, where K denotes the total number of

innerﬁ iterations per an outer iteration. Then we have ¥y < Uy and ¥y < Wy, where ¥,
and Uy are defined in (4.7). Then we have Ui _1 > 7 and 0 < Uy < 7.

x>~ -
Il
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Theorem 1. Let \IIO and ¥q be defined as in (4.7) and let K7 and Ky be the total numbers
of inner iterations in the outer iteration for small- and large-update methods, respectively.
Then for ¢ > 1, we have

(i) Ky < {80\/§(q - 1)@0“—)] . (i) Koy < [80\/5((; - 1)\Ifo<+‘)] :

Proof. For (i), combining Lemma 14 and Lemma 15 with n = m and v = 2(‘7q:1),
we have
~ _at1
K < {80\@(11 - 1)x11[’;‘<q—1>] .
For (ii), by the same way, we have
Es!
K,y < {80\@(11 - 1)\115““] .
This completes the proof. 0

The number of outer iterations is bounded above by [é log g] [10]. By multiplying the

number of outer iterations by the number of inner iterations, then the total number of
~ _a+1
iterations for small- and large-update methods are bounded by [80v/2(q — 1)¥3“~" % log 2]
g+l

and [80v/2(q — 1)¥3""" 4 log 2] respectively.

For large-update methods with 7 = O(n) and 6 = ©(1), we haveO((g — 1)n2<qf1t11) log %)
iteration complexity. In case of a small-update methods with 7 = O(1), 6 = @(\/1%) and

~ 1
¥y = O(q), the iteration bound becomes O((g — 1)q2<qqt1> v/nlog 2) iteration complexity.

Remark 4. If ¢ = any constant, we have O(y/nlog2) iteration complexity result for
small-update method. Similarly choosing ¢ = 1 + logn, we have O(y/nlognlog %) itera-
tion complexity for large-update method. These are the best-known complexity results for
such methods.

6 Conclusion

In this paper, we proposed a new kernel function with a logarithmic term. We have shown
that the best result of iteration bounds for small- and large-update methods can be achieved,
namely O(y/nlognlog2) for large-update and O(y/nlog 2) for small-update methods. Fu-
ture researches might extend this analysis for convex quadratic semidefinite optimization
problems, complementarity and conic problems.

Acknowledgement. The authors are grateful to the referee whose detailed comments
greatly improve the presentation of the paper.
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