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1 Introduction

The origin of Gorenstein homological algebra may date back to 1960s when Auslander and
Bridger introduced the concept of G-dimension for finitely generated modules over a two-
sided Noetherian ring [2]. In 1990s, Enochs, Jenda and Torrecillas extended the ideas of
Auslander and Bridger and introduced the concepts of Gorenstein projective, injective and
flat modules over arbitrary rings, and then developed Gorenstein homological algebra [5].
Later, Bennis and Mahdou studied a particular case of Gorenstein projective, injective and
flat modules, which they called respectively, strongly Gorenstein projective, injective and
flat modules [3]. They proved that every projective (resp. injective, flat) module is strongly
Gorenstein projective (resp. injective, flat) and every Gorenstein projective (resp. injective,
flat) module is a direct summand of a strongly Gorenstein projective (resp. injective, flat)
modules. So strongly Gorenstein projective modules play the role of the free modules in
Gorenstein homological algebra.

The main objective of the present paper is to study strongly Gorenstein projective,
injective and flat modules over formal triangular matrix rings. Let A and B be rings and U

be a (B,A)-bimodule. T =

(
A 0
U B

)
is called a formal triangular matrix ring with usual

matrix addition and multiplication. This kind of rings have been used for constructing
many counterexamples in ring and module theory. Formal triangular matrix rings play an
important role in ring theory and the representation theory of algebras. So the properties of
formal triangular matrix rings and modules over them have deserved more and more interest.
In particular, related with strongly Gorenstein modules, Gao and Zhang [7] determined all
finitely generated strongly Gorenstein projective modules over a formal triangular matrix
Artin algebra. Wang and Yang [16] determine all finitely generated strongly Gorenstein
injective modules over a formal triangular matrix Artin algebra. Zhu, Liu and Wang [18]
described strongly Gorenstein projective, injective and flat modules over a formal triangular
matrix ring under the “Gorenstein regular” condition.



272 Strongly Gorenstein modules over formal triangular matrix rings

In this paper, we shall characterize strongly Gorenstein projective, injective and flat
modules over a formal triangular matrix ring in a more general setting.

Throughout this paper, all rings are nonzero associative rings with identity and all
modules are unitary. For a ring R, we write R-Mod (resp. Mod-R) for the category of
left (resp. right) R-modules. pd(M), id(M) and fd(M) denote the projective, injective
and flat dimensions of an R-module M respectively. EndR(M) means the endomorphism
ring of an R-module M and the character module HomZ(M,Q/Z) of M is denoted by M+.

T =

(
A 0
U B

)
always stands for a formal triangular matrix ring, where A and B are rings

and U is a (B,A)-bimodule. Next we recall some notions and facts needed in the sequel.
By [8, Theorem 1.5], the category T -Mod of left T -modules is equivalent to the category

Ω whose objects are triples M =

(
M1

M2

)
ϕM

, where M1 ∈ A-Mod, M2 ∈ B-Mod and

ϕM : U ⊗AM1 →M2 is a B-morphism, and whose morphisms from

(
M1

M2

)
ϕM

to

(
N1

N2

)
ϕN

are pairs

(
f1
f2

)
such that f1 ∈ HomA(M1, N1), f2 ∈ HomB(M2, N2) satisfying that the

following diagram

U ⊗AM1

ϕM

��

U⊗Af1// U ⊗A N1

ϕN

��
M2

f2 // N2

is commutative. Given such a triple M =

(
M1

M2

)
ϕM

in Ω, we shall denote by ϕ̃M the

morphism from M1 to HomB(U,M2) given by ϕ̃M (x)(u) = ϕM (u⊗ x) for each u ∈ U and
x ∈M1.

Analogously, the category Mod-T of right T -modules is equivalent to the category Γ
whose objects are triples W = (W1,W2)ϕW

, where W1 ∈ Mod-A, W2 ∈ Mod-B and ϕW :
W2⊗B U →W1 is an A-morphism, and whose morphisms from (W1,W2)ϕW

to (X1, X2)ϕX

are pairs (g1, g2) such that g1 ∈ HomA(W1, X1), g2 ∈ HomB(W2, X2) and ϕX(g2 ⊗B U) =
g1ϕW . Given such a triple W = (W1,W2)ϕW

in Γ, we shall denote by ϕ̃W the morphism
from W2 to HomA(U,W1) given by ϕ̃W (y)(u) = ϕW (y ⊗ u) for each u ∈ U and y ∈W2.

In the rest of the paper we shall identify T -Mod (resp. Mod-T ) with this category Ω
(resp. Γ) and, whenever there is no possible confusion, we shall omit the morphism ϕM

(resp. ϕW ).

Let M =

(
M1

M2

)
ϕM

be a left T -module and W = (W1,W2)ϕW
be a right T -module. By

[12, Proposition 3.6.1], there is an isomorphism of abelian groups

W ⊗T M ∼= (W1 ⊗AM1 ⊕W2 ⊗B M2)/H,

where the subgroup H is generated by all elements of the form (ϕW (w2 ⊗ u))⊗ x1 − w2 ⊗
ϕM (u⊗ x1) with x1 ∈M1, w2 ∈W2 and u ∈ U .

A sequence of left T -modules 0 →
(
M ′1
M ′2

)
ϕM′
→
(
M1

M2

)
ϕM

→
(
M ′′1
M ′′2

)
ϕM′′

→ 0 is exact
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if and only if both sequences 0 → M ′1 → M1 → M ′′1 → 0 and 0 → M ′2 → M2 → M ′′2 → 0
are exact.

Recall that the product category A-Mod ×B-Mod is defined as follows: An object of
A-Mod × B-Mod is a pair (M,N) with M ∈ A-Mod and N ∈ B-Mod, a morphism from
(M,N) to (M ′, N ′) is a pair (f, g) with f ∈ HomA(M,M ′) and g ∈ HomB(N,N ′). There
are some functors between the category T -Mod and the product category A-Mod × B-Mod
as follows:

(1) p : A-Mod × B-Mod → T -Mod is defined as follows: for each object (M1,M2) of

A-Mod × B-Mod, let p(M1,M2) =

(
M1

(U ⊗AM1)⊕M2

)
with the obvious map and for any

morphism (f1, f2) in A-Mod × B-Mod, let p(f1, f2) =

(
f1

(U ⊗A f1)⊕ f2

)
.

(2) h : A-Mod × B-Mod → T -Mod is defined as follows: for each object (M1,M2) of

A-Mod × B-Mod, let h(M1,M2) =

(
M1 ⊕HomB(U,M2)

M2

)
with the obvious map and for

any morphism (f1, f2) in A-Mod × B-Mod, let h(f1, f2) =

(
f1 ⊕HomB(U, f2)

f2

)
.

(3) q : T -Mod → A-Mod × B-Mod is defined, for each left T -module

(
M1

M2

)
as

q

(
M1

M2

)
= (M1,M2), and for each morphism

(
f1
f2

)
in T -Mod as q

(
f1
f2

)
= (f1, f2).

It is easy to see that p is a left adjoint of q and h is a right adjoint of q.

2 Strongly Gorenstein projective and injective modules
over formal triangular matrix rings

Recall that an exact sequence of projective left R-modules

· · · → P−1 → P 0 → P 1 → P 2 → · · ·

is a complete projective resolution [5, 11] if HomR(−, P ) leaves the sequence exact whenever
P is a projective left R-module. A left R-module M is said to be strongly Gorenstein
projective [3] if there is a complete projective resolution

· · · f→ P
f→ P

f→ P
f→ · · ·

such that M ∼= ker(f). The complete injective resolutions and strongly Gorenstein injective
modules are defined dually.

By [10, Theorem 3.1], a left T -module M =

(
M1

M2

)
ϕM

is projective if and only if

ϕM : U⊗AM1 →M2 is a monomorphism, M1 is a projective left A-module and M2/im(ϕM )
is a projective left B-module.

In order to describe explicitly the structure of a strongly Gorenstein projective left
T -module, we need the following lemma.

Lemma 1. Let T =

(
A 0
U B

)
with A and B rings and U be a (B,A)-bimodule.
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1. If fd(UA) < ∞ and M1 is a strongly Gorenstein projective left A-module, then(
M1

U ⊗AM1

)
is a strongly Gorenstein projective left T -module.

2. If pd(BU) <∞ and M2 is a strongly Gorenstein projective left B-module, then

(
0
M2

)
is a strongly Gorenstein projective left T -module.

Proof. (1) There is a complete projective resolution in A-Mod

Λ : · · · f→ P
f→ P

f→ P
f→ · · ·

with M1
∼= ker(f). Since fd(UA) <∞, the complex U ⊗A Λ is exact by [4, Lemma 2.3]. So

we get the exact sequence of projective left T -modules

Υ : · · ·

(
f

U ⊗A f

)
→

(
P

U ⊗A P

) ( f
U ⊗A f

)
→

(
P

U ⊗A P

) ( f
U ⊗A f

)
→

(
P

U ⊗A P

) ( f
U ⊗A f

)
→ · · ·

with

(
M1

U ⊗AM1

)
∼= ker

(
f

U ⊗A f

)
. For any projective left T -module

(
H1

H2

)
ϕH

, H1 is a

projective left A-module. Then the complex HomT (Υ,

(
H1

H2

)
ϕH

) ∼= HomA(Λ, H1) is exact

by adjointness of functors p and q. So

(
M1

U ⊗AM1

)
is a strongly Gorenstein projective left

T -module.
(2) There is a complete projective resolution in B-Mod

Θ : · · · g→ Q
g→ Q

g→ Q
g→ · · ·

with M2
∼= ker(g). So we get the exact sequence of projective left T -modules

(
0
Θ

)
: · · ·

(
0
g

)
→

(
0
Q

) (0
g

)
→

(
0
Q

) (0
g

)
→

(
0
Q

) (0
g

)
→ · · ·

with

(
0
M2

)
∼= ker

(
0
g

)
. Let H =

(
H1

H2

)
ϕH

be a projective left T -module. There is the exact

sequence of left B-modules

0→ U ⊗A H1
ϕH

→ H2 → H2/im(ϕH)→ 0

with H1 and H2/im(ϕH) projective. Since pd(BU) < ∞, we have pd(U ⊗A H1) < ∞ by
[15, Exercise 9.20]. Hence pd(H2) < ∞ and so the complex HomB(Θ, H2) is exact by

[11, Proposition 2.3]. Thus the complex HomT (

(
0
Θ

)
,

(
H1

H2

)
ϕH

) ∼= HomB(Θ, H2) is exact

by adjointness of functors p and q, and so

(
0
M2

)
is a strongly Gorenstein projective left

T -module.
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Now we give a characterization of a strongly Gorenstein projective left T -module.

Theorem 1. Let fd(UA) < ∞ and pd(BU) < ∞. Then M =

(
M1

M2

)
ϕM

is a strongly

Gorenstein projective left T -module if and only if the following conditions hold:

1. M1 is a strongly Gorenstein projective left A-module, i.e., there exists a complete

projective resolution · · · f→ P
f→ P

f→ P
f→ · · · with M1

∼= ker(f).

2. ϕM : U ⊗AM1 → M2 is a monomorphism and M2/im(ϕM ) is a strongly Gorenstein

projective left B-module, i.e., there exists a complete projective resolution · · · g→ Q
g→

Q
g→ Q

g→ · · · with M2/im(ϕM ) ∼= im(g).

3. There exist µ : M2 → U ⊗A P and ν : Q → M2 such that µϕM = U ⊗A ι, ρν =

ω and ker

(
U ⊗A f µν

0 g

)
= im

(
U ⊗A f µν

0 g

)
, where ι : M1 → P is the obvious

monomorphism, ω : Q → M2/im(ϕM ) and ρ : M2 → M2/im(ϕM ) are the obvious

epimorphisms and

(
U ⊗A f µν

0 g

)
∈ EndB((U ⊗A P )⊕Q).

Proof. “⇒ ” (1) There is a complete projective resolution in T -Mod

∆ : · · ·

(
f
h

)
→

(
P

(U ⊗A P )⊕Q

) (f
h

)
→

(
P

(U ⊗A P )⊕Q

) (f
h

)
→

(
P

(U ⊗A P )⊕Q

) (f
h

)
→ · · ·

with P and Q projective and M ∼= ker

(
f
h

)
. So we get the exact sequence

Λ : · · · f→ P
f→ P

f→ P
f→ · · ·

of projective left A-modules with M1
∼= ker(f).

For any projective left A-module N , there exists the exact sequence in T -Mod

0→
(

0
U ⊗A N

)
→
(

N
U ⊗A N

)
→
(
N
0

)
→ 0,

which induces the exact sequence of complexes

0→ HomT (∆,

(
0

U ⊗A N

)
)→ HomT (∆,

(
N

U ⊗A N

)
)→ HomT (∆,

(
N
0

)
)→ 0.

Since

(
N

U ⊗A N

)
is projective, the complex HomT (∆,

(
N

U ⊗A N

)
) is exact. Since pd(BU) <

∞, pd(U ⊗A N) <∞ by [15, Exercise 9.20] and so pd

(
0

U ⊗A N

)
<∞. Thus the complex

HomT (∆,

(
0

U ⊗A N

)
) is exact by [11, Proposition 2.3] and so the complex HomT (∆,

(
N
0

)
)
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is exact by [15, Theorem 6.3]. By adjointness of functors p and q, the complex HomA(Λ, N) ∼=

HomT (∆,

(
N
0

)
) is exact. Thus M1 is a strongly Gorenstein projective left A-module.

(2) Let λ1 : U ⊗A P → (U ⊗A P ) ⊕ Q and λ2 : Q → (U ⊗A P ) ⊕ Q be the injections,
π1 : (U ⊗A P )⊕Q→ U ⊗A P and π2 : (U ⊗A P )⊕Q→ Q be the projections.

There exist an epimorphism

(
ξ
ψ

)
:

(
P

(U ⊗A P )⊕Q

)
→
(
M1

M2

)
ϕM

and a monomor-

phism

(
ι
δ

)
:

(
M1

M2

)
ϕM

→
(

P
(U ⊗A P )⊕Q

)
such that

(
ι
δ

)(
ξ
ψ

)
=

(
f
h

)
. Then we get the

following commutative diagram with exact rows in B-Mod:

0 // U ⊗A P
λ1 //

U⊗Aξ

��

(U ⊗A P )⊕Q

ψ

��

π2 // Q

ω

��

// 0

U ⊗AM1

U⊗Aι

��

ϕM

// M2

δ

��

ρ // M2/im(ϕM )

i

��

// 0

0 // U ⊗A P
λ1 // (U ⊗A P )⊕Q π2 // Q // 0.

Since fd(UA) < ∞, the complex U ⊗A Λ is exact by [4, Lemma 2.3]. Since U ⊗A ξ is an
epimorphism, U ⊗A ι is a monomorphism and so δϕM = λ1(U ⊗A ι) is a monomorphism.
Hence ϕM is a monomorphism.

Let g = iω. Then we get the following commutative diagram:

...

��

...

��

...

��
0 // U ⊗A P

U⊗Af

��

λ1 // (U ⊗A P )⊕Q

h

��

π2 // Q //

g

��

0

0 // U ⊗A P

U⊗Af

��

λ1 // (U ⊗A P )⊕Q

h

��

π2 // Q //

g

��

0

0 // U ⊗A P

��

λ1 // (U ⊗A P )⊕Q

��

π2 // Q

��

// 0

...
...

...

Since the first column and the second column above are exact, we get the exact sequence

Ξ : · · · g→ Q
g→ Q

g→ Q
g→ · · ·

of projective left B-modules by [15, Theorem 6.3]. Note that ω is an epimorphism and so i
is a monomorphism by the exactness of Ξ. Thus M2/im(ϕM ) ∼= im(g).
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Let G be a projective left B-module. Then

(
0
G

)
is a projective left T -module, so the

complex HomT (∆,

(
0
G

)
) is exact. Thus the complex HomB(Ξ, G) ∼= HomT (∆,

(
0
G

)
) is

exact by adjointness of functors p and q. Hence M2/im(ϕM ) is a strongly Gorenstein
projective left B-module.

(3) Let µ = π1δ and ν = ψλ2. Then

µϕM = π1δϕ
M = π1λ1(U ⊗A ι) = U ⊗A ι

and
ρν = ρψλ2 = ωπ2λ2 = ω.

Note that π1hλ1 = π1λ1(U ⊗A f) = U ⊗A f , π1hλ2 = π1δψλ2 = µν, π2hλ1 =

gπ2λ1 = 0, π2hλ2 = gπ2λ2 = g. Thus h =

(
π1hλ1 π1hλ2
π2hλ1 π2hλ2

)
=

(
U ⊗A f µν

0 g

)
and

so ker

(
U ⊗A f µν

0 g

)
= im

(
U ⊗A f µν

0 g

)
.

“⇐ ” By (1), there is a complete projective resolution in A-Mod

Λ : · · · f→ P
f→ P

f→ P
f→ · · ·

with M1
∼= ker(f) = im(f). Write ι : M1 → P to be the obvious monomorphism and

ξ : P →M1 to be the obvious epimorphism such that f = ιξ.
By (2), ϕM is a monomorphism and there is a complete projective resolution

· · · g→ Q
g→ Q

g→ Q
g→ · · ·

with M2/im(ϕM ) ∼= im(g) = ker(g). Write i : M2/im(ϕM ) → Q to be the obvious
monomorphism and ω : Q→M2/im(ϕM ) to be the obvious epimorphism such that g = iω.

By (3), there exist µ : M2 → U ⊗A P and ν : Q→M2 such that µϕM = U ⊗A ι, ρν = ω

and ker

(
U ⊗A f µν

0 g

)
= im

(
U ⊗A f µν

0 g

)
.

Define η : (U ⊗A P )⊕Q→M2 by

η(x, y) = ϕM (U ⊗A ξ)(x) + ν(y), x ∈ U ⊗A P, y ∈ Q

and define θ : M2 → (U ⊗A P )⊕Q by

θ(z) = (µ(z), iρ(z)), z ∈M2.

Then we get the following commutative diagram with exact rows:

0 // U ⊗A P
λ1 //

U⊗Aξ

��

(U ⊗A P )⊕Q

η

��

π2 // Q

ω

��

// 0

0 // U ⊗AM1

U⊗Aι

��

ϕM

// M2

θ

��

ρ // M2/im(ϕM )

i

��

// 0

0 // U ⊗A P
λ1 // (U ⊗A P )⊕Q π2 // Q // 0.
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Since U⊗A ξ and ω are epimorphisms, η is an epimorphism by the diagram above. Since
fd(UA) <∞, the complex U⊗AΛ is exact by [4, Lemma 2.3]. So U⊗Aι is a monomorphism.
Since i is a monomorphism, θ is a monomorphism by the diagram above.

For any x ∈ U ⊗A P and y ∈ Q, we have
θη(x, y) = (µ(ϕM (U ⊗A ξ)(x) + ν(y)), iρ(ϕM (U ⊗A ξ)(x) + ν(y)))
= ((U ⊗A ι)(U ⊗A ξ)(x) + µν(y), iρϕM (U ⊗A ξ)(x) + iω(y))

= ((U ⊗A f)(x) + µν(y), g(y)) =

(
U ⊗A f µν

0 g

)(
x
y

)
.

Hence θη =

(
U ⊗A f µν

0 g

)
. Then im(θη) = ker(θη) by (3) and so im

(
f
θη

)
= ker

(
f
θη

)
.

Thus we get the exact sequence in T -Mod

Υ : · · ·

(
f
θη

)
→

(
P

(U ⊗A P )⊕Q

) ( f
θη

)
→

(
P

(U ⊗A P )⊕Q

) ( f
θη

)
→

(
P

(U ⊗A P )⊕Q

) ( f
θη

)
→ · · ·

with im

(
f
θη

)
∼=
(

M1

θ(M2)

)
∼=
(
M1

M2

)
ϕM

= M .

On the other hand, there exists an exact sequence in T -Mod

0→
(

M1

U ⊗AM1

)
→
(
M1

M2

)
ϕM

→
(

0
M2/im(ϕM )

)
→ 0.

For any projective left T -module H, we get the induced exact sequence

Ext1T (

(
0

M2/im(ϕM )

)
, H)→ Ext1T (

(
M1

M2

)
ϕM

, H)→ Ext1T (

(
M1

U ⊗AM1

)
, H).

By Lemma 1,

(
0

M2/im(ϕM )

)
and

(
M1

U ⊗AM1

)
are strongly Gorenstein projective. So

Ext1T (

(
0

M2/im(ϕM )

)
, H) = 0 and Ext1T (

(
M1

U ⊗AM1

)
, H) = 0 by [5, Remark 10.2.2]. Thus

Ext1T (

(
M1

M2

)
ϕM

, H) = 0 and hence Υ is a complete projective resolution in T -Mod. So M

is a strongly Gorenstein projective left T -module.

By [9, Proposition 5.1] and [1, p.956], M =

(
M1

M2

)
ϕM

is an injective left T -module if and

only if ϕ̃M : M1 → HomB(U,M2) is an epimorphism, ker(ϕ̃M ) is an injective left A-module
and M2 is an injective left B-module. Using this fact, one can obtain the following result
by a proof dual to that of Theorem 1.

Theorem 2. Let fd(UA) <∞, either pd(BU) <∞ or id(BU) <∞. Then M =

(
M1

M2

)
ϕM

is a strongly Gorenstein injective left T -module if and only if the following conditions hold:
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1. M2 is a strongly Gorenstein injective left B-module, i.e., there exists a complete in-

jective resolution · · · f→ E
f→ E

f→ E
f→ · · · with M2

∼= im(f).

2. ϕ̃M : M1 → HomB(U,M2) is an epimorphism and ker(ϕ̃M ) is a strongly Gorenstein

injective left A-module, i.e., there exists a complete injective resolution · · · g→ I
g→

I
g→ I

g→ · · · with ker(ϕ̃M ) ∼= ker(g).

3. There exist µ : HomB(U,E) → M1 and ν : M1 → I such that ϕ̃Mµ = HomB(U, θ),

νλ = i and ker

(
g νµ
0 HomB(U, f)

)
= im

(
g νµ
0 HomB(U, f)

)
, where θ : E → M2 is

the obvious epimorphism, i : ker(ϕ̃M ) → I and λ : ker(ϕ̃M ) → M1 are the obvious

monomorphisms and

(
g νµ
0 HomB(U, f)

)
∈ EndA(I ⊕HomB(U,E)).

As an immediate consequence of Theorems 1 and 2, we have

Corollary 1. Let R be a ring, T (R) =

(
R 0
R R

)
and M =

(
M1

M2

)
ϕM

be a left T (R)-module.

1. If M is a strongly Gorenstein projective left T (R)-module, then M1 and M2/im(ϕM )
are strongly Gorenstein projective left R-modules, and ϕM is a monomorphism.

2. If M is a strongly Gorenstein injective left T (R)-module, then M2 and ker(ϕ̃M ) are

strongly Gorenstein injective left R-modules, and ϕ̃M is an epimorphism.

3 Strongly Gorenstein flat modules over formal trian-
gular matrix rings

Recall that an exact sequence of flat left R-modules

· · · → F−1 → F 0 → F 1 → F 2 → · · ·

is a complete flat resolution [11] if E ⊗R − leaves the sequence exact whenever E is an
injective right R-module. A left R-module N is called strongly Gorenstein flat [3] if there
exists a complete flat resolution

· · · h→ L
h→ L

h→ L
h→ · · ·

with N ∼= ker(h).
Recall that R is a right coherent ring [13] if every finitely generated right ideal is finitely

presented.

By [6, Proposition 1.14], M =

(
M1

M2

)
ϕM

is a flat left T -module if and only if ϕM :

U ⊗AM1 → M2 is a monomorphism, M1 is a flat left A-module and M2/im(ϕM ) is a flat
left B-module.
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Let M =

(
M1

M2

)
ϕM

be a left T -module. Then the character module M+ of M may be

identified with (M+
1 ,M

+
2 )ϕM+ (see [12, p.67]), where ϕM+ : M+

2 ⊗B U →M+
1 is defined by

ϕM+(f ⊗ u)(x) = f(ϕM (u⊗ x))

for any f ∈M+
2 , u ∈ U and x ∈M1.

Next we give a characterization of a strongly Gorenstein flat left T -module.

Theorem 3. Let T be a right coherent ring, fd(BU) <∞, either pd(UA) <∞ or id(UA) <

∞. Then M =

(
M1

M2

)
ϕM

is a strongly Gorenstein flat left T -module if and only if the

following conditions hold:

1. M1 is a strongly Gorenstein flat left A-module, i.e., there exists a complete flat reso-

lution · · · f→ F1
f→ F1

f→ F1
f→ · · · with M1

∼= ker(f).

2. ϕM : U ⊗AM1 → M2 is a monomorphism and M2/im(ϕM ) is a strongly Gorenstein

flat left B-module, i.e., there exists a complete flat resolution · · · g→ G
g→ G

g→ G
g→

· · · with M2/im(ϕM ) ∼= im(g).

3. There exist µ : HomA(U,F+
1 ) → M+

2 and ν : M+
2 → G+ such that ϕ̃M+µ =

HomA(U, ι+1 ), νρ+ = ω+ and ker

(
g+ νµ
0 HomA(U, f+)

)
= im

(
g+ νµ
0 HomA(U, f+)

)
,

where ι1 : M1 → F1 is the obvious monomorphism, ω : G → M2/im(ϕM ) and

ρ : M2 → M2/im(ϕM ) are the obvious epimorphisms and

(
g+ νµ
0 HomA(U, f+)

)
∈

EndB(G+ ⊕HomA(U,F+
1 )).

Proof. “⇒ ” (1) There is a complete flat resolution in T -Mod

∆ : · · ·

(
f
h

)
→

(
F1

F2

)
ϕF

(
f
h

)
→

(
F1

F2

)
ϕF

(
f
h

)
→

(
F1

F2

)
ϕF

(
f
h

)
→ · · ·

with M ∼= ker

(
f
h

)
. So we get the exact sequence in A-Mod

Λ : · · · f→ F1
f→ F1

f→ F1
f→ · · ·

with F1 flat and M1
∼= ker(f) = im(f). For any injective right A-module E, the exact

sequence of right T -modules

0→ (E, 0)→ (E,HomA(U,E))→ (0,HomA(U,E))→ 0

induces the exact sequence of complexes

0→ (E, 0)⊗T ∆→ (E,HomA(U,E))⊗T ∆→ (0,HomA(U,E))⊗T ∆→ 0.
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Since (E,HomA(U,E)) is an injective right T -module, the complex (E,HomA(U,E))⊗T ∆
is exact. Since fd(BU) < ∞, we have id(HomA(U,E)) < ∞ by [14, Lemma 2.2]. So
id(0,HomA(U,E)) <∞. Thus the complex (0,HomA(U,E))⊗T ∆ is exact by [14, Lemma
2.1]. Hence the complex E ⊗A Λ ∼= (E, 0) ⊗T ∆ is exact by [15, Theorem 6.3]. It follows
that M1 is a strongly Gorenstein flat left A-module.

(2) There exist an epimorphism

(
ξ1
ξ2

)
:

(
F1

F2

)
ϕF

→
(
M1

M2

)
ϕM

and a monomorphism(
ι1
ι2

)
:

(
M1

M2

)
→
(
F1

F2

)
such that

(
ι1
ι2

)(
ξ1
ξ2

)
=

(
f
h

)
. So we get the following commutative

diagram with exact rows:

0 // U ⊗A F1
ϕF

//

U⊗Aξ1

��

F2

ξ2

��

η // F2/im(ϕF )

ω

��

// 0

U ⊗AM1

U⊗Aι1

��

ϕM

// M2

ι2

��

ρ // M2/im(ϕM )

i

��

// 0

0 // U ⊗A F1
ϕF

// F2
η // F2/im(ϕF ) // 0.

Since pd(UA) < ∞ or id(UA) < ∞, the complex U ⊗A Λ is exact by [4, Lemma 2.3] or
[14, Lemma 2.1]. Since U ⊗A ξ1 is an epimorphism, U ⊗A ι1 is a monomorphism and so
ι2ϕ

M = ϕF (U ⊗A ι1) is a monomorphism. Hence ϕM is a monomorphism.
Let g = iω. Then we get the following commutative diagram:

...

��

...

��

...

��
0 // U ⊗A F1

U⊗Af

��

ϕF

// F2

h

��

η // F2/im(ϕF ) //

g

��

0

0 // U ⊗A F1

U⊗Af

��

ϕF

// F2

h

��

η // F2/im(ϕF ) //

g

��

0

0 // U ⊗A F1

��

ϕF

// F2

��

η // F2/im(ϕF )

��

// 0

...
...

...

Since the first column and the second column above are exact, we get the exact sequence

Ξ : · · · g→ F2/im(ϕF )
g→ F2/im(ϕF )

g→ F2/im(ϕF )
g→ · · ·

with F2/im(ϕF ) flat and M2/im(ϕM ) ∼= ker(g) = im(g).
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Let H be an injective right B-module. Then the exact sequence

0→ U ⊗A F1
ϕF

→ F2 → F2/im(ϕF )→ 0

induces the exact sequence

H ⊗B U ⊗A F1
H⊗ϕF

→ H ⊗B F2 → H ⊗B (F2/im(ϕF ))→ 0.

So we have

H ⊗B (F2/im(ϕF )) ∼= (H ⊗B F2)/im(H ⊗ ϕF ) ∼= (0, H)⊗T
(
F1

F2

)
ϕF

.

Since (0, H) is an injective right T -module, the complex H ⊗B Ξ ∼= (0, H) ⊗T ∆ is exact.
It follows that M2/im(ϕM ) is a strongly Gorenstein flat left B-module.

(3) Since 0→ U ⊗ F1
ϕF

→ F2
η→ F2/im(ϕF )→ 0 is a pure exact sequence, we obtain the

split exact sequence

0→ (F2/im(ϕF ))+
η+→ F+

2

ϕ̃F+→ HomA(U,F+
1 )→ 0.

Let λ1 : (F2/im(ϕF ))+ → (F2/im(ϕF ))+ ⊕ HomA(U,F+
1 ) and λ2 : HomA(U,F+

1 ) →
(F2/im(ϕF ))+ ⊕ HomA(U,F+

1 ) be the injections, π1 : (F2/im(ϕF ))+ ⊕ HomA(U,F+
1 ) →

(F2/im(ϕF ))+ and π2 : (F2/im(ϕF ))+⊕HomA(U,F+
1 )→ HomA(U,F+

1 ) be the projections.
There is an isomorphism χ : F+

2 → (F2/im(ϕF ))+ ⊕HomA(U,F+
1 ) such that λ1 = χη+

and ϕ̃F+ = π2χ. Then we get the following commutative diagram with exact rows:

0 // (F2/im(ϕF ))+
η+ //

i+

��

F+
2

ι+2
��

ϕ̃F+ // HomA(U,F+
1 )

HomA(U,ι+1 )

��

// 0

0 // (M2/im(ϕM ))+

ω+

��

ρ+ // M+
2

ξ+2
��

ϕ̃M+ // HomA(U,M+
1 )

HomA(U,ξ+1 )

��

// 0

0 // (F2/im(ϕF ))+
η+ // F+

2

χ

��

ϕ̃F+ // HomA(U,F+
1 ) // 0

0 // (F2/im(ϕF ))+ // (F2/im(ϕF ))+ ⊕HomA(U,F+
1 ) // HomA(U,F+

1 ) // 0.

Let µ = ι+2 χ
−1λ2 and ν = π1χξ

+
2 . Then

ϕ̃M+µ = ϕ̃M+ι+2 χ
−1λ2 = HomA(U, ι+1 )ϕ̃F+χ−1λ2 = HomA(U, ι+1 )π2χχ

−1λ2 = HomA(U, ι+1 )

and
νρ+ = π1χξ

+
2 ρ

+ = π1χη
+ω+ = π1λ1ω

+ = ω+.

Since gη = ηh, we have η+g+ = h+η+. So

g+ = π1λ1g
+ = π1χη

+g+ = π1χh
+η+.
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For any t ∈ F+
2 , we have(

g+ νµ
0 HomA(U, f+)

)
χ(t) =

(
g+ νµ
0 HomA(U, f+)

)(
π1χ(t)
π2χ(t)

)
= (g+π1χ(t) + νµπ2χ(t),HomA(U, f+)π2χ(t))

= (π1χh
+η+π1χ(t) + π1χξ

+
2 ι

+
2 χ
−1λ2π2χ(t),HomA(U, f+)ϕ̃F+(t))

= (π1χh
+χ−1λ1π1χ(t) + π1χh

+χ−1λ2π2χ(t), ϕ̃F+h+(t))

= (π1χh
+χ−1(λ1π1 + λ2π2)χ(t), ϕ̃F+h+(t))

= (π1χh
+(t), π2χh

+(t)) = χh+(t).

Thus

(
g+ νµ
0 HomA(U, f+)

)
χ = χh+.

Since χ is an isomorphism and ker(h+) = im(h+), we have

ker

(
g+ νµ
0 HomA(U, f+)

)
= im

(
g+ νµ
0 HomA(U, f+)

)
.

“ ⇐ ” Since there exists a complete flat resolution · · · f→ F1
f→ F1

f→ F1
f→ · · · with

M1
∼= ker(f) by (1), we get the complete injective resolution

· · · f
+

→ F+
1

f+

→ F+
1

f+

→ F+
1

f+

→ · · ·

with M+
1
∼= (ker(f))+ ∼= ker(f+) = im(f+). Thus M+

1 is a strongly Gorenstein injective
right A-module.

By (2), ϕM : U ⊗A M1 → M2 is a monomorphism, so ϕ̃M+ : M+
2 → HomA(U,M+

1 ) ∼=
(U ⊗AM1)+ is an epimorphism. Note that

· · · g
+

→ G+ g+→ G+ g+→ G+ g+→ · · ·

a complete injective resolution with (M2/im(ϕM ))+ ∼= (im(g))+ ∼= im(g+) = ker(g+).
Hence ker(ϕ̃M+) ∼= (M2/im(ϕM ))+ is a strongly Gorenstein injective right A-module.

By (3) and the right module version of Theorem 2, M+ = (M+
1 ,M

+
2 )ϕM+ is a strongly

Gorenstein injective right T -module. Thus M is a strongly Gorenstein flat left T -module
by [17, Theorem 2.4] since T is a right coherent ring.

From the proof of Theorem 3, we have

Corollary 2. Let R be a ring, T (R) =

(
R 0
R R

)
and M =

(
M1

M2

)
ϕM

be a left T (R)-module.

If M is a strongly Gorenstein flat left T (R)-module, then M1 and M2/im(ϕM ) are strongly
Gorenstein flat left R-modules, and ϕM is a monomorphism.

Acknowledgement. This research was supported by NSFC (11771202) and Nanjing In-
stitute of Technology of China (CKJA201707, JCYJ201842). The author wants to express
his gratitude to the referee for the very helpful comments and suggestions.



284 Strongly Gorenstein modules over formal triangular matrix rings

References

[1] J. Asadollahi, S. Salarian, On the vanishing of Ext over formal triangular matrix
rings, Forum Math., 18, 951–966 (2006).

[2] M. Auslander, M. Bridge, Stable module theory, Mem. Amer. Math. Soc., 94,
Amer. Math. Soc., Providence, RI, (1969).

[3] D. Bennis, N. Mahdou, Strongly Gorenstein projective, injective and flat modules,
J. Pure Appl. Algebra, 210, 437–445 (2007).

[4] E. E. Enochs, M. C. Izurdiaga, B. Torrecillas, Gorenstein conditions over
triangular matrix rings, J. Pure Appl. Algebra, 218, 1544–1554 (2014).

[5] E. E. Enochs, O. M. G. Jenda, Relative homological algebra, Walter de Gruyter,
Berlin-New York, (2000).

[6] R. M. Fossum, P. Griffith, I. Reiten, Trivial extensions of abelian categories,
homological algebra of trivial extensions of abelian categories with applications to
ring theory, Lect. Notes in Math., 456, Springer-Verlag, Berlin, (1975).

[7] N. Gao, P. Zhang, Strongly Gorenstein projective modules over upper triangular
matrix Artin algebras, Comm. Algebra, 37, 4259–4268 (2009).

[8] E. L. Green, On the representation theory of rings in matrix form, Pac. J. Math.,
100, 123–138 (1982).

[9] A. Haghany, K. Varadarajan, Study of formal triangular matrix rings, Comm.
Algebra, 27, 5507–5525 (1999).

[10] A. Haghany, K. Varadarajan, Study of modules over formal triangular matrix
rings, J. Pure Appl. Algebra, 147, 41–58 (2000).

[11] H. Holm, Gorenstein homological dimensions, J. Pure Appl. Algebra, 189, 167–193
(2004).

[12] P. Krylov, A. Tuganbaev, Formal matrices, Springer International Publishing,
Switzerland, (2017).

[13] T. Y. Lam, Lectures on modules and rings, Springer-Verlag, New York-Heidelberg-
Berlin, (1999).

[14] L. X. Mao, Gorenstein flat modules and dimensions over formal triangular matrix
rings, J. Pure Appl. Algebra, 224, Article 106207 (2020).

[15] J. J. Rotman, An introduction to homological algebra, Academic Press, New York,
(1979).

[16] C. Wang, X. Y. Yang, (Srongly) Gorenstein injective modules over upper triangular
matrix Artin algebras, Czech. Math. J, 67, 1031–1048 (2017).



L. Mao 285

[17] X. Y. Yang, Z. K. Liu, Strongly Gorenstein projective, injective and flat modules,
J. Algebra, 320, 2659–2674 (2008).

[18] R. M. Zhu, Z. K. Liu, Z. P. Wang, Gorenstein homological dimensions of modules
over triangular matrix rings, Turk. J. Math., 40, 146–160 (2016).

Received: 22.10.2019
Revised: 19.08.2020
Accepted: 21.08.2020

Department of Mathematics and Physics
Nanjing Institute of Technology, P. R. China

E-mail: maolx2@hotmail.com


