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1 Introduction

The origin of Gorenstein homological algebra may date back to 1960s when Auslander and
Bridger introduced the concept of G-dimension for finitely generated modules over a two-
sided Noetherian ring [2]. In 1990s, Enochs, Jenda and Torrecillas extended the ideas of
Auslander and Bridger and introduced the concepts of Gorenstein projective, injective and
flat modules over arbitrary rings, and then developed Gorenstein homological algebra [5].
Later, Bennis and Mahdou studied a particular case of Gorenstein projective, injective and
flat modules, which they called respectively, strongly Gorenstein projective, injective and
flat modules [3]. They proved that every projective (resp. injective, flat) module is strongly
Gorenstein projective (resp. injective, flat) and every Gorenstein projective (resp. injective,
flat) module is a direct summand of a strongly Gorenstein projective (resp. injective, flat)
modules. So strongly Gorenstein projective modules play the role of the free modules in
Gorenstein homological algebra.
The main objective of the present paper is to study strongly Gorenstein projective,
injective and flat modules over formal triangular matrix rings. Let A and B be rings and U
. A 0
be a (B, A)-bimodule. T = U B
matrix addition and multiplication. This kind of rings have been used for constructing
many counterexamples in ring and module theory. Formal triangular matrix rings play an
important role in ring theory and the representation theory of algebras. So the properties of
formal triangular matrix rings and modules over them have deserved more and more interest.
In particular, related with strongly Gorenstein modules, Gao and Zhang [7] determined all
finitely generated strongly Gorenstein projective modules over a formal triangular matrix
Artin algebra. Wang and Yang [16] determine all finitely generated strongly Gorenstein
injective modules over a formal triangular matrix Artin algebra. Zhu, Liu and Wang [18§]
described strongly Gorenstein projective, injective and flat modules over a formal triangular
matrix ring under the “Gorenstein regular” condition.

is called a formal triangular matriz ring with usual
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In this paper, we shall characterize strongly Gorenstein projective, injective and flat
modules over a formal triangular matrix ring in a more general setting.

Throughout this paper, all rings are nonzero associative rings with identity and all
modules are unitary. For a ring R, we write R-Mod (resp. Mod-R) for the category of
left (resp. right) R-modules. pd(M), id(M) and fd(M) denote the projective, injective
and flat dimensions of an R-module M respectively. Endr(M) means the endomorphism
ring of an R-module M and the character module Homgz (M, Q/Z) of M is denoted by M ™.
T = g g) always stands for a formal triangular matrix ring, where A and B are rings
and U is a (B, A)-bimodule. Next we recall some notions and facts needed in the sequel.

By [8, Theorem 1.5], the category T-Mod of left T-modules is equivalent to the category

Ml) , where My, € A-Mod, Ms; € B-Mod and
<PM

Q) whose objects are triples M = (
Mo

oM . U ®4 M; — My is a B-morphism, and whose morphisms from <M1) to <N1>
M oM N oN

are pairs (;1) such that f; € Homu (M, N1), fo € Homp(Ma, No) satisfying that the
2
following diagram

U
U®AM1M>1U®AN1

@Ml i“"N
fa

My N,

M,y
M,

morphism from M; to Hompg(U, M3) given by oM (z)(u) = ¢ (u ® z) for each u € U and
x € M.

Analogously, the category Mod-T of right T-modules is equivalent to the category I’
whose objects are triples W = (W1, Wa),,, , where W; € Mod-A, W, € Mod-B and ¢ :
Wy ®@pU — Wi is an A-morphism, and whose morphisms from (W1, Wa)g,, to (X1, X2)0x
are pairs (g1, 9g2) such that g1 € Homa (W1, X1), 92 € Homp(Wa, X5) and ¢x (g2 @ U) =
gipw. Given such a triple W = (Wy, Ws),,,, in I', we shall denote by @w the morphism
from W5 to Hom4 (U, W) given by pw (y)(u) = ow (y ® u) for each uw € U and y € Wh.

In the rest of the paper we shall identify T-Mod (resp. Mod-T') with this category 2
(resp. T') and, whenever there is no possible confusion, we shall omit the morphism ¢
(resp. ow).

LetM:(

is commutative. Given such a triple M = ( ) in 2, we shall denote by ZM the
oM

M,y
M,
[12, Proposition 3.6.1], there is an isomorphism of abelian groups

) be a left T-module and W = (W1, W), be a right T-module. By
oM

Wor M= (W, @4 My & Wy ®p Ms)/H,

where the subgroup H is generated by all elements of the form (pw (ws @ u)) @ 1 — we @
oM (u® xy) with o1 € My, wy € Wy and u € U.

!

1
A sequence of left T-modules 0 — M} — M, — M%, — 0 is exact
M2 oM’ M, oM M2 oM
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if and only if both sequences 0 = M{ — M; — M{ — 0 and 0 - Mj — My — M) — 0
are exact.

Recall that the product category A-Mod x B-Mod is defined as follows: An object of
A-Mod x B-Mod is a pair (M, N) with M € A-Mod and N € B-Mod, a morphism from
(M,N) to (M',N") is a pair (f,g) with f € Homa(M,M') and g € Hompg(N, N’). There
are some functors between the category T-Mod and the product category A-Mod x B-Mod
as follows:

(1) p : A-Mod x B-Mod — T-Mod is defined as follows: for each object (My, M) of

A-Mod x B-Mod, let p(M;, Ms) = ((U o %1) o M2> with the obvious map and for any
morphism (f1, f2) in A-Mod x B-Mod, let p(f1, f2) = <(U ®A]}1) o f2>'

(2) h: A-Mod x B-Mod — T-Mod is defined as follows: for each object (Mi, M) of

A-Mod x B-Mod, let h(M;, M) = (Ml & Homp (U, M) with the obvious map and for

M,
any morphism (f1, f2) in A-Mod x B-Mod, let h(f1, fo) = <f 1@ HO}nB(U’ fz)).
2
(3) @ : T-Mod — A-Mod x B-Mod is defined, for each left T-module (AZ\? as
2

My I2 f2
It is easy to see that p is a left adjoint of q and h is a right adjoint of q.

q(Ml) = (My, M5), and for each morphism h in T-Mod as q(f1> = (f1, f2).

2 Strongly Gorenstein projective and injective modules
over formal triangular matrix rings

Recall that an exact sequence of projective left R-modules
e PPl Pt P

is a complete projective resolution [5, 11] if Hompg(—, P) leaves the sequence exact whenever
P is a projective left R-module. A left R-module M is said to be strongly Gorenstein
projective [3] if there is a complete projective resolution

o Lphphipdo

such that M = ker(f). The complete injective resolutions and strongly Gorenstein injective
modules are defined dually.
By [10, Theorem 3.1], a left T-module M = (Ml

M,
oM : U®4 M; — My is a monomorphism, M is a projective left A-module and Ms/im (¢
is a projective left B-module.

In order to describe explicitly the structure of a strongly Gorenstein projective left
T-module, we need the following lemma.

A 0
U B

) is projective if and only if
ij\l

M)

Lemma 1. Let T = ( ) with A and B rings and U be a (B, A)-bimodule.
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1. If fd(Ua) < oo and M,y is a strongly Gorenstein projective left A-module, then

(U éﬁlMJ is a strongly Gorenstein projective left T-module.

2. If pd(gU) < oo and My is a strongly Gorenstein projective left B-module, then <]\2 )
2
s a strongly Gorenstein projective left T-module.

Proof. (1) There is a complete projective resolution in A-Mod
A Lphplpd.

with My 2 ker(f). Since fd(U4) < oo, the complex U ® 4 A is exact by [4, Lemma 2.3]. So
we get the exact sequence of projective left T-modules

Y. <Ué“f> (U@iP) <U@3f>Af> (U;AP> (U@éf) (U;AP) (U@iAf)

with <U Qé\flMJ =~ ker (U @{A f) For any projective left T-module (g;) @H, Hy is a

H,y

projective left A-module. Then the complex Homp (Y, ( %
2

) ) = Homu (A, Hy) is exact
oH

by adjointness of functors p and q. So My is a strongly Gorenstein projective left
U®a M

T-module.
(2) There is a complete projective resolution in B-Mod

0:---%0%50%5Q% ...

with My = ker(g). So we get the exact sequence of projective left T-modules
<O> (0> <0> (0)
o) Q Q Q
. 0\ o 0 H, .. .
with ) = ker 9) Let H = be a projective left T-module. There is the exact
2 H
©

Hy
sequence of left B-modules

H
0= U®p Hi & Hy — Hy/im(p") =0

with H; and H,/im(e™) projective. Since pd(pU) < oo, we have pd(U ®4 H;) < oo by
[15, Exercise 9.20]. Hence pd(H3) < oo and so the complex Homp(©, Hs) is exact by

[11, Proposition 2.3]. Thus the complex HomT(<g>, (gl) ) =2 Homp (O, Hs) is exact
2 H
©

by adjointness of functors p and q, and so ( 0 ) is a strongly Gorenstein projective left

M,
T-module. O
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Now we give a characterization of a strongly Gorenstein projective left T-module.

Theorem 1. Let fd(Us) < oo and pd(gU) < oo. Then M = <%1) is a strongly
2 M
©

Gorenstein projective left T-module if and only if the following conditions hold:

1. My is a strongly Gorenstein projective left A-module, i.e., there exists a complete

projective resolution - - - Lphplipd . with My = ker(f).

2. oM U ®a My — My is a monomorphism and My /im(¢™) is a strongly Gorenstein
projective left B-module, i.e., there exists a complete projective resolution - - 2 Q 2
Q% Q2 . with My/im(pM) 2 im(g).

3. There exist 1 : My — U @4 P and v : Q — My such that pp™ = U ®a 1, pv =

w and ker(U %A f /;V> = im(U Q?)A / M;), where v : My, — P is the obvious

monomorphism, w : Q — Ms/im(o™) and p : My — My /im(o™M) are the obvious
P s ¥ P '

Uaf pv

epimorphisms and < 0 p > € Endp(U®a P)® Q).

Proof. “=" (1) There is a complete projective resolution in 7-Mod

A@Q P)@Q>@<< P)@Q>@<< P)@Q>@'“

U®a P U®aP U®aP

with P and @ projective and M = ker (£> So we get the exact sequence

A Lphptlipd.

of projective left A-modules with M; 2 ker(f).
For any projective left A-module N, there exists the exact sequence in T-Mod

0— 0 — N — N —0
U®a N U®aN 0 ’

which induces the exact sequence of complexes

0 N N
0 — Homp (A, (U o N)) — Homp (A, (U @ N>) — Homp (A, (0)) — 0.

Since <U @J)\; N> is projective, the complex Homyp (A, (U @i\; N>) is exact. Since pd(pU) <
00, pd(U ®4 N) < oo by [15, Exercise 9.20] and so pd(U ®0 N) < 0o0. Thus the complex
A

0
Homr (A, (U oA N

>) is exact by [11, Proposition 2.3] and so the complex Homr (A, (]87) )
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is exact by [15, Theorem 6.3]. By adjointness of functors p and q, the complex Hom 4 (A, N)
Homr (A, ](;f

(2) Let A : UR®a P = (U®4P)®Q and \o: Q — (U ®4 P) ® Q be the injections,
m:(URaP)®Q —->U®4Pand my: (URaP)DQ — Q be the projections.
There exist an epimorphism (i) : ( W ®AIZD) & Q) — (%;>¢M and a monomor-

phism <(LS) : <%;) » — <(U ®APP) @Q) such that (g) (i) = <£) Then we get the

following commutative diagram with exact rows in B-Mod:

) is exact. Thus M; is a strongly Gorenstein projective left A-module.

A1 T2

0— U@ P—" s (URsP)®Q

U®A£\L wl w
M 4

U®a M, ? M,

U®AL\L 5\L 7
\

A1 ™2

0——=UR@sP————>(UaP)DQ

Since fd(Ua) < 00, the complex U ®4 A is exact by [4, Lemma 2.3]. Since U ®4 & is an
epimorphism, U ® 4 ¢ is a monomorphism and so d¢™ = A\ (U ®4 ¢) is a monomorphism.
Hence ¢ is a monomorphism.

Let g = iw. Then we get the following commutative diagram:

0—>U@sP—2 s (UaaP)oQ "2 Q 0
U®Af h g

0—=U®sP M (UeaP)®Q— Q 0
U®Af h g

0—=U®sP M (UeaP)®Q— Q 0

Since the first column and the second column above are exact, we get the exact sequence
25050505 -

of projective left B-modules by [15, Theorem 6.3]. Note that w is an epimorphism and so i
is a monomorphism by the exactness of =. Thus Ms/im(o™) = im(g).
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is a projective left T-module, so the

G
>) is exact. Thus the complex Hompg(Z,G) = Homyp (A, (g)) is

Let G be a projective left B-module. Then (O

complex Homr (A, (g

exact by adjointness of functors p and q. Hence M,/im(p™) is a strongly Gorenstein
projective left B-module.
(3) Let = w10 and v = Y \y. Then

ppM = m60M = MU @41) =U @41
and
pv = phls = WA = w.
Note that mhd; = MmAM(U ®4 f) = U Q4 f, mhla = mdpy = pv, mhA; =
gmaA1 = 0, mohXs = gmads = g. Thus h — (7”’“1 ”1“2) - (U @af ’“’) and

772h/\1 7T2h)\2 0 g

Uaf w\ . (Uaf v

= im .
0 g 0 g

“<«<7 By (1), there is a complete projective resolution in A-Mod

so ker

A Lphplpd.

with My = ker(f) = im(f). Write ¢ : My — P to be the obvious monomorphism and
& : P — M to be the obvious epimorphism such that f = /€.
By (2), ™ is a monomorphism and there is a complete projective resolution

R NN RN I

with Ma/im(pM) = im(g) = ker(g). Write i : My/im(¢™) — Q to be the obvious
monomorphism and w : Q — M /im(p™) to be the obvious epimorphism such that g = iw.
By (3), there exist y: My — U®4 P and v : Q — M; such that up™ =U®at, pr =w

and ker(U @a f ’ul/> = im(U Da f ﬂy).
0 g 0 g
Define n: (U ®4 P) ® Q — M, by
n(a,y) = MU @a&)(x) +v(y),z € U®aPycqQ
and define 0 : My — (U ®4 P) ® @ by
0(z) = (u(z),ip(2)), z € Ms.
Then we get the following commutative diagram with exact rows:

2

0—>U@aP— —(UeaP)®Q

T wl

0——U®4 M M

| ei ]

0*>U®AP—A1>(U®AP)@Q
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Since U ® 4 £ and w are epimorphisms, 7 is an epimorphism by the diagram above. Since
fd(U,) < oo, the complex U® 4 A is exact by [4, Lemma 2.3]. So U® 4¢ is a monomorphism.
Since ¢ is a monomorphism, # is a monomorphism by the diagram above.

For any x € U ®4 P and y € @, we have

On(z,y) = (u(e™ U @4 &)(x) + v(y)),ip(e™ (U @4 &) () + v(y)))
= (U @a)(U®a&)(x)+ pr(y), ipp™ (U @4 &)(x) +iw(y))

— (@ s N +mina = (V54 (7).

9)\y
Hm%9n=(U%ff €?~TMmHM%ﬁkawmby@)m@anm<£>:km(é).

Thus we get the exact sequence in T-Mod

LU AS LB L

U®aP U®aP U®aP -

s Yo/ M (M -
with 1m<9n> = <9(]\/[12)) ~ (M;>¢M =M.

On the other hand, there exists an exact sequence in T-Mod

0—>( M )—>(Ml> — 0 >—>0
U®a M M) M, /im (™) .

For any projective left T-module H, we get the induced exact sequence

T

Ext}((MﬂiI?l((pM)) H) E@((%) = Fxtb ( (U é‘flMJ H).

By Lemma 1, (MQ/iI?l((,OM)> and (U é\leJ are strongly Gorenstein projective. So

1 0 _ 1 M,y _
EXtT((Mz/im(@M))’H) =0 and ExtT(<U @ M1>’H) = 0 by [5, Remark 10.2.2]. Thus

ExtlT( (%1) ,H) =0 and hence Y is a complete projective resolution in T-Mod. So M
2 M
©

is a strongly Gorenstein projective left T-module. 0

M,y

By [9, Proposition 5.1] and [1, p.956], M = <M
2

) is an injective left T-module if and
QOJM

only if ;M : My — Homp (U, M>) is an epimorphism, ker(;\ﬁ) is an injective left A-module
and M is an injective left B-module. Using this fact, one can obtain the following result
by a proof dual to that of Theorem 1.

Theorem 2. Let fd(Ua) < oo, either pd(gU) < oo orid(gU) < co. Then M = <%1)
2 oM

is a strongly Gorenstein injective left T-module if and only if the following conditions hold:
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1. My is a strongly Gorenstein injective left B-module, i.e., there exists a complete in-
jective resolution - - - LebeLlEd o wih My = im(f).

2. gfo\ﬁ : My — Hompg (U, Ms) is an epimorphism and ker(;ﬁ) is a strongly Gorenstein
injective left A-module, i.e., there exists a complete injective resolution - - N N

I5 712 ... with ker(pM) = ker(g).

3. There exist p : Homp(U, E) — My and v : My — I such that ;Mu = Homp(U,0),

. g Vi . (g Vi _ .
v\ =1 and ker<0 Homy (U, f)) = 1m(0 Hom (U, f)>’ where 0 : E — M 1is
the obvious epimorphism, i : ker(pM) — I and X : ker(oM) — M are the obvious

. g Vi
monomorphisms and (0 Hom (U, f)) € Enda(I ® Homp (U, E)).

As an immediate consequence of Theorems 1 and 2, we have

Corollary 1. Let R be a ring, T(R) = (R 0) and M = <M1> be a left T(R)-module.
S0]\/1

1. If M is a strongly Gorenstein projective left T(R)-module, then My and Mo /im(o™)
are strongly Gorenstein projective left R-modules, and ™ is a monomorphism.

2. If M is a strongly Gorenstein injective left T(R)-module, then My and ker(;ﬁ) are

strongly Gorenstein injective left R-modules, and M is an epimorphism.

3 Strongly Gorenstein flat modules over formal trian-
gular matrix rings

Recall that an exact sequence of flat left R-modules
o PV PO P R

is a complete flat resolution [11] if E ®pr — leaves the sequence exact whenever E is an
injective right R-module. A left R-module N is called strongly Gorenstein flat [3] if there
exists a complete flat resolution

o phphp b

with N 2 ker(h).
Recall that R is a right coherent ring [13] if every finitely generated right ideal is finitely
presented.
- M,y
By [6, Proposition 1.14], M =
Mo
U ®4 M; — My is a monomorphism, M is a flat left A-module and Mo /im(¢™) is a flat
left B-module.

) is a flat left T-module if and only if @ :
S(;ZW
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M,y
M,

identified with (M, M)

Let M = ( ) be a left T-module. Then the character module M T of M may be
QOJW

(see [12, p.67]), where @+ @ My @5 U — M is defined by

Pu+

ou+(f ®u)(z) = f(oM (u@ )

for any f € My, u € U and z € M.
Next we give a characterization of a strongly Gorenstein flat left T-module.

Theorem 3. Let T be a right coherent ring, fd(gU) < oo, either pd(Ua) < oo orid(Ua) <

_ (M
oo. Then M = <M2

following conditions hold:

) is a strongly Gorenstein flat left T-module if and only if the
SD]M

1. My is a strongly Gorenstein flat left A-module, i.e., there exists a complete flat reso-
ltion -5 P b B B with My 2 ker(f).

2. oM .U ®4 My — My is a monomorphism and My /im(pM) is a strongly Gorenstein
flat left B-module, i.c., there exists a complete flat resolution --- 5> G %5 G 5 G 5

- with My /im(p™) = im(g).
3. There exist p : Homa(U, Fy") — M) and v : My — G such that opip =

+ +
oo g Vi _ (9 VL
Homyu (U, 7)), vpt = w™ and ker( 0 Homa(U, f+)> = 1m< 0 Homa(U, f+))’

where 11 : My — Fy is the obvious monomorphism, w : G — My/im(oM) and
v

g S
0 Homa(U, f1)

p: My — My/im(oM) are the obvious epimorphisms and
EndB(G+ (5] HOH’IA((]7 Ff—))

Proof. “ =" (1) There is a complete flat resolution in 7-Mod

Avee F F F

U, Ve, Ve, Y

with M = ker (;Z

>. So we get the exact sequence in A-Mod

A A

with F} flat and M; = ker(f) = im(f). For any injective right A-module E, the exact
sequence of right T-modules

0— (E,0) = (E,Hom4 (U, E)) — (0,Hom4 (U, E)) — 0
induces the exact sequence of complexes

0= (E,0) ®7 A — (E,Homa(U, E)) @7 A — (0, Homa(U, E)) @7 A — 0.
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Since (E,Homy4 (U, E)) is an injective right T-module, the complex (F,Homa (U, E)) @7 A
is exact. Since fd(gU) < oo, we have id(Hom4 (U, E)) < oo by [14, Lemma 2.2]. So
id(0,Hom4 (U, E)) < co. Thus the complex (0, Homy (U, F)) @1 A is exact by [14, Lemma
2.1]. Hence the complex E ®4 A = (E,0) ®r A is exact by [15, Theorem 6.3]. It follows
that Mj is a strongly Gorenstein flat left A-module.

(2) There exist an epimorphism (?) : (§1> — (%1> and a monomorphism
2 2) F 2/ oM

]
<i;> : <%;> — (?;) such that (2;) <2) = (£> So we get the following commutative

diagram with exact rows:

0——=UR®4F Fg/im(gpF)HO

U®A§1i E2i w
M \

U®a M My /im(oM) ——=0

U®AL1\L L2l 7
P \

0*>U®AF1 FQ FQ/IIH(QDF)HO

Since pd(Uy4) < oo or id(Ua) < 0o, the complex U ® 4 A is exact by [4, Lemma 2.3] or
[14, Lemma 2.1]. Since U ® 4 & is an epimorphism, U ® 4 ¢1 is a monomorphism and so
1opM = (U ® 4 11) is a monomorphism. Hence ™ is a monomorphism.

Let g = iw. Then we get the following commutative diagram:

F
0——=U®4F} L 5 i Fy/im(of) ——=0
U®af h g
" n . F
0——=U®®4 F 5 Fy/im(p") ——=0
U®af h g
o n . F
O4>U®AF1 F2 Fg/lm(gp )4>0

Since the first column and the second column above are exact, we get the exact sequence
SRRTIEN Fy /im (") 4 Fy/im(pf) & Fy/im (™) ENR

with Fy/im(pf) flat and My /im(oM) = ker(g) = im(g).



282 Strongly Gorenstein modules over formal triangular matrix rings

Let H be an injective right B-module. Then the exact sequence

F
05U 5 Fy —>F2/im(<pF) —0

induces the exact sequence

F
HopU®s Fy feg H®p F, — H®pg (Fy/im(p")) — 0.

So we have
H ®p (Fy/im(p")) = (H ®©p F2) [im(H @ o) = (0, H) ®r (2) v

Since (0, H) is an injective right T-module, the complex H ®p E = (0, H) @7 A is exact.
It follows that M /im(p™) is a strongly Gorenstein flat left B-module.

F
(3) Since 0 = U @ Fy & Fy, 2 Fy /im(¢") — 0 is a pure exact sequence, we obtain the
split exact sequence

R
0= (Fy/im(" Nt D Ff "5 Homa (U, F) — 0.

Let A1 : (Fa/im(pf))t — (Fo/im(¢))T @ Homa (U, FyF) and Ay : Homa (U, F) —
(Fy/im(¢"))* @ Homa (U, F;") be the injections, 71 : (Fy/im(¢))* @ Homa (U, F;7) —
(Fy/im(¢f))* and 73 : (Fy/im(pf))T @Hom4 (U, F,") — Homa (U, F;) be the projections.

There is an isomorphism x : Fy" — (Fy/im(¢!))* @ Homa (U, F;") such that \; = yn*
and pp+ = mox. Then we get the following commutative diagram with exact rows:

" _
0 —— (Fy/im(pf)) T U Fy frt Homa (U, Ff") ——=0
L2+ lHomA(U,LT)
p+ 4 Par+ +
0 —— (M /im(p™M))* M, Homa (U, M{") ——0
wt 5; \LHomA(U,{;r)
N _
0 — (Fy/im(pF))* u Fy frt Hom (U, Fjf) —= 0
X
0 —— (Fy/im(p))t ——— (Fp/im(¢"))* @ Homa (U, Fy") — Homa (U, F}') — 0.

Let p = L;X71A2 and v = Wleg_. Then

Pare b= Parrta X A2 = Homa (U, o )ors x ' Ao = Homa (U, o )maxx ™' A2 = Homa (U, ¢f)
and
Vp+ = mxf;err = 7TlX’I7+UJ+ =mhwt =wT.

Since gn = nh, we have nTg*t = hTnT. So

g  =mlgt =mxnTgt =mxhtyt.



L. Mao 283

For any t € F,, we have

g v _ (9" v mix(t)
(o Homa (U, fﬂ) (t) = (o Homa (U, f+)> (ﬂ'gx(t)>
= (T mix(t) +vumax(t), HomA(U fH)max(t))
= (mxhTntmix(t) + mix& o x P Aamax (t), Homa (U, f )+ (1))
= (mxh™x*Amx(t) + mxhtx P Aomax(t), orr AT (1))
= (mxhTxT A + dame)x(t), @rr hT (1))
= (mixh™(t), maxh™(t)) = xh*(¢).

(9" Vi ot
Thus (0 HomA(U,fﬂ)X_Xh .

Since x is an isomorphism and ker(h*) = im(h"), we have

gt Vi . (g7 Vi
ker( 0  Homu(U, f+)> - ”n( 0 Homyu(U, f*))'

“ < 7 Since there exists a complete flat resolution - - - i> Fi i> Fi i> Fi i) .-+ with
M = ker(f) by (1), we get the complete injective resolution

+
BEAGOR AR A LA

with M} = (ker(f))t = ker(f*) = im(f*). Thus M;" is a strongly Gorenstein injective
right A-module.

By (2), ™ : U ®4 My — M> is a monomorphism, so pary : My~ — Hom (U, M) =
(U ®4 M;)™" is an epimorphism. Note that

—> ot G+ G+

a complete injective resolution with (My/im(eM))* = (im(g))T = im(g*) = ker(g™).
Hence ker(pary) = (My/im(p™)) T is a strongly Gorenstein injective right A-module.

By (3) and the right module version of Theorem 2, M+ = (M, M2+)50M+ is a strongly
Gorenstein injective right T-module. Thus M is a strongly Gorenstein flat left T-module
by [17, Theorem 2.4] since T is a right coherent ring. ]

From the proof of Theorem 3, we have

R R Mo

If M is a strongly Gorenstein flat left T(R)-module, then My and M /im(p™) are strongly
Gorenstein flat left R-modules, and o™ is a monomorphism.

Corollary 2. Let R be a ring, T(R) = (R 0) and M = <M1> be a left T(R)-module.
S01\4
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