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Abstract

Let K be a field, V a finite dimensional K-vector space, E the exterior algebra
of V, and F a finitely generated graded free E-module with all basis elements of the
same degree. We prove that given any graded submodule M of F, there exists a
unique lexicographic submodule L of F' such that Hp,;, = Hp/y. As a consequence,
we are able to describe the possible Hilbert functions of graded E-modules of the type
F/M. Finally, we state that the lexicographic submodules of F' give the maximal Betti
numbers among all the graded submodules of F' with the same Hilbert function.
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1 Introduction

A classical problem in commutative algebra consists in studying minimal graded free reso-
lutions of finitely generated graded modules over graded rings. In particular, a lot of work
has been done to establish bounds for the Betti numbers (see, for instance, [4, 8, 7, 11, 12,
14, 15, 23, 22], and the reference therein).

Let K be a field, V' a K-vector space with basis ey, ...,e,, and E the exterior algebra
of V. In [4], Aramova, Herzog and Hibi found a necessary and sufficient condition for a
function to be the Hilbert function of a graded K-algebra of the type E/I, with I graded
ideal in E (see also [18]). Moreover, they showed that the lexicographic ideals provide an
upper bound for the class of all graded ideals in E with the same Hilbert function. In
this paper, we use the rank 1 case [4] to extend the result to graded submodules of a free
FE-module. More precisely, let M be the category of finitely generated Z-graded left and
right F-modules M satisfying am = (—1)9824¢8™mq for all homogeneous elements a € F,
and m € M. Let FF € M be a free module with homogeneous basis ¢1,...,g,, where
deg(g;) = fi foreach i =1,...,r, with f; < fo <--- < f,.. A monomial submodule M of F
is a submodule of the form M = ®!_,I;¢;, with I; (i =1,...,r) monomial ideals in E. It is
clear that a monomial submodule is in the category M. A class of monomial submodules of
F playing a relevant role in combinatorial commutative algebra is the class of lexicographic
submodules (Definition 8). Such a class allows us to state a characterization of all possible
Hilbert functions of graded E-modules of the form F/M (M graded submodule of F') with
all basis elements of F' of the same degree, and consequently we get upper bounds for the
Betti numbers of the class of all graded submodules in F' with the same Hilbert function.
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The outline of the paper is as follows. Section 2 contains preliminary notions and results.
In Section 3, we discuss both the class of almost lexicographic submodules (Definition 7)
and the class of lexicographic submodules of F. We prove that the almost lexicographic
submodules provide an upper bound for the Betti numbers of all graded submodules of F
with the same Hilbert function (Proposition 1). Such a bound is not maximal in general.
Finally, we give a characterization of the class of lexicographic submodules (Proposition 2).
Section 4 is devoted to the study of the Hilbert functions of graded E—modules of the form
F/M, with M graded submodule of F'. We focus our attention on the case when F' = E",
i.e., F'is the free F-module with homogeneous basis g1, ..., g., where g; (i = 1,...,r) is the
r-tuple whose only non zero—entry is 1 in the i—th position and such that deg(g;) = 0, for all
i. Hence, we are able to give a generalization of the Kruskal-Katona theorem (Theorem 1).
More precisely, if M is a graded submodule of E”, we give a characterization of all possible
Hilbert functions of graded E—modules of the form E”/M (r > 1) (Theorem 3). The crucial
point for the statement of the theorem is the existence of a unique lexicographic submodule
of E” with the same Hilbert function as M. In Section 5, by combinatorial arguments and
using the same techniques as in [4, 5], we prove that the lexicograhic submodules of E" have
the greatest Betti numbers among all the graded submodules of E” with the same Hilbert
function (Theorem 4). Finally, Section 6 contains our conclusions and perspectives.

2 Preliminaries and notations

Let K be a field. We denote by E = K (eq, ..., e,) the exterior algebra of a K-vector space
V with basis ey, ..., e,. For any subset 0 = {i1,...,i4} of {1,...,n} withi; <iy <- - <y
we write e, = e;, A...Ae;,, and call e, a monomial of degree d. We set e, =1, if o = ().
The set of monomials in E forms a K-basis of E of cardinality 2".

In order to simplify the notation, we put fg = f A g for any two elements f and g in
E. An element f € E is called homogeneous of degree j if f € E;, where E; = A\’ V. An
ideal I is called graded if I is generated by homogeneous elements. If I is graded, then
I = @®j>0l;, where I; is the K-vector space of all homogeneous elements f € I of degree j.
We denote by indeg(I) the initial degree of I, i.e., the minimum s such that I # 0.

Let M be the category of finitely generated Z-graded left and right E-modules M
satisfying am = (—1)4¢&2dee™mq for all homogeneous elements a € E, m € M. Note that
if I is a graded ideal of E, then I € M and E/I € M. Every E-module M € M has a
minimal graded free resolution F over E:

F:o.. o0 30 % B Moo,

where F; = @,;FE(—j)% M) The integers 3; ;(M) = dimg Tor? (M, K); are called the
graded Betti numbers of M, whereas the numbers 3;(M) = >_; 8; ;(M) are called the Betti
numbers of M.

If M € M, the function Hyps : Z — Z given by Hps(d) = dimg My is called the Hilbert
function of M.

Let F € M be a free module with homogeneous basis ¢1, ..., g,, where deg(g;) = f; for
eachi=1,...,r,with f; < fo <... < f,.. Wewrite F' = ®]_, Eg;. The elements of the form
€s9i, where e, € Mon(FE), are called monomials of F, and deg(e,g;) = deg(e,) + deg(g;).
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In particular, if ' = E” and ¢; = (0,...,0,1,0,...,0), where 1 appears in the i-th place,
we assume, as usual, deg(e,g;) = deg(ey), i.e., deg(g;) = f; = 0, for all 4.

From now on, we will denote by F' = @]_, Eg; a free E-module with homogeneous basis
g1, -+, 9r, where deg(g;) = f; (i =1,...,r) with f; < fo < ... < f,.. Furthermore, when
we write F' = E”, we mean that F' is the free F-module F' = &]_; Eg; with homogeneous
basis g1, ..., ¢y, where g; (i =1,...,7) is the r-tuple where the unique non zero—entry is 1
in the i—th position, and such that deg(g;) = 0, for all 4.

For any non empty subset S of E (of F, respectively), we denote by Mon(S) the set of
all monomials in S (of F, respectively), and we denote its cardinality by |S|.

Definition 1. A graded submodule M of F is a monomial submodule if M is a submodule
generated by monomials of F', i.e.,

MZIlgl@"'@Irgrv
with I; a monomial ideal of E, for each 1.

Moreover, if r =1 and f; = 0, a monomial submodule is a monomial ideal of E.
Let e, = €;, ---€;, # 1 be a monomial in E. We define

supp(e,) = o = {i:e; divides e, },

and we write
m(e,) = max{i : i € supp(e,)} = max{i: i € o}.

We set m(e,) =0, if e, = 1.

Definition 2. Let I be a monomial ideal of E. I is called stable if for each monomial
e, € I and each j < m(e,) one has €jeq\ fm(e,)y € I. I is called strongly stable if for each
monomial e, € I and each j € o one has e;ex\ ;) € I, for all i < j.

Definition 3. A monomial submodule M = @®I_,1;g; of F is an almost (strongly) stable
submodule if I; is a (strongly) stable ideal of E, for each i.

Definition 4. A monomial submodule M = ®I_,I,g; of F is a (strongly) stable submodule
if I; is a (strongly) stable ideal of E, for each i, and (e1,..., e, =Ffil, 1 C I, for
i=1,...,r—1.

Example 1. Let E = K{ej,es,e3,e4) and F = E2. The submodule
M = (e1e2)g1 @ (e1e2e3, €1€2¢4, €1€3€4)G2
of F is an almost strongly stable submodule; whereas
N = (e1e2,e1e3)q1 D (e1€2€3, €1€2€4, €1€3€4)G2
s a strongly stable submodule.

If I is a monomial ideal in E, we denote by G(I) the unique minimal set of monomial
generators of I, and by G(I)g the set of all monomials u € G(I) such that deg(u) = d,
d > 0. On the contrary, for every monomial submodule M = ®]_;1I;g; of F, we set

GM)=A{ug; : ue G(L;),i=1,...,r},
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and
G(M)d = {ugl Tu € G(Ii)d*fml =1,.. .,7’}.

Now, order the monomials of F' in the degree reverse lexicographic order, > degrevlexp s a8
follows: let e,g; and e,g; be monomials of F, then e,g; >degreviex, €rg; if

- deg(eyg;) > deg(erg;), or
- deg(eyg;) = deg(erg;), and either e, >yeviex €r, OF €, = e, and i < j;

> reviex 1S the usual reverse lexicographic order on E (see [4]).

Any element f of F' is a unique linear combination of monomials with coefficients in
K. The largest monomial in this presentation with respect to >y eviex 1S called the initial
monomial of f and denoted by in(f). If M is a graded submodule of F' then the submodule
of initial terms of M, denoted by in(M), is the submodule of F' generated by the initial
terms of elements of M. Using the same arguments as in the polynomial case ([10, Ch. 15],
[25, Ch. 8.3], [21]; see, also, [4] for the rank one case), one has that

Hp/nvr = Hreyin(an (2.1)

and
Bij(F/M) < B; j(F/in(M)), for alli,j. (2.2)

One can observe that, since in(M) is a monomial submodule of F' with the same Hilbert
function as M, one may assume M itself to be a monomial submodule without changing
the Hilbert function.

Example 2. Let E = K{ey, e, e3,e4,e5) and F = E2. Consider the graded submodule
M = (e1eze3 + eseqes, e1e3 + eqes, eaezeq) g1 © (erez + eres, ees)ga
of F'. M is not a monomial submodule and the initial module of M is
in(M) = (e1es3, e1eqes, exezes, eaeqes, e3eses) g1 @ (e1€2, e4€5)go.
Note that Hp/y = (2,10,17,7,0,0) = Hp)inary - Finally, by comparing the Betti diagrams
(as displayed by the computer program Macaulay2 [17]) of M and in(M)

total‘5 20 56 123 234 404 650 total‘? 25 63 132 245 417 665

2 3 4 6 8 10 12 14 2 3 6 9 12 15 18 21
3 2 16 50 115 224 392 636 3 4 19 54 120 230 399 644
Betti diagram for M Betti diagram for in(M)

one can verify that the inequality in (2.2) is satisfied.
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We close this Section with a relevant result on the Hilbert functions of graded K-algebras
of the form E/I, with I graded ideal in E.
Let a and ¢ be two positive integers. Then a has the unique i-th Macaulay expansion

= (1) () (9)

with a; > a;—1 > ---a; > j > 1. We define

e R R e e o B
i+ 1 1 J+1

We also set 000 =0 for all 7 > 1.
We quote next result from [4].

Theorem 1. ([4, Theorem 4.1]) Let (h,...,h,) be a sequence of non—negative integers.
Then the following conditions are equivalent:

(a) 1431, hit' is the Hilbert series of a graded K -algebra E/I;
(b) 0< hipy <h{”, 0<i<n—1.

Theorem 1 is known as the Kruskal-Katona theorem.

From now on, if 1 4+ Y1 | h;t’ is the Hilbert series of a graded K-algebra E/I, the
sequence (1,hq,...,h,) will be called the Hilbert sequence of E/I, with I graded ideal in
E.

Remark 1. From the Kruskal-Katona theorem, one can deduce that a sequence of non—
negative integers (ho, hi, ..., hy) is the Hilbert sequence of a graded K —algebra E /I, with I
graded ideal of E of initial degree > 1, if hg = 1, hy < n and condition (b) in Theorem 1
holds.

3 (Almost) Lexicographic submodules

In this Section, we analyze two special classes of monomial submodules of F' that will play
a fundamental role for the development of the paper: the almost lexicographic submodules
and the lexicographic submodules.

Let Mong(FE) be the set of all monomials of degree d > 1 in E. Denote by >jx the
lexicographic order (lex order, for short) on Mong(E), i.e., if e, = e;,€;, -+ €;, and e, =
€j,€j, - - - €;, are monomials belonging to Mong(E) with 1 < i3 < ip < -+ < ig < n and
1 <71 <jo<---<jqg<mn,then e, >ex e, if 41 =71, ..., 05_1 = js_1 and i5 < js for
some 1 < s <d.

Definition 5. A non empty subset M of Mong(FE) is called a lexicographic segment (lex
segment, for short) of degree d if for allv € M and all w € Mong(FE) such that u >1ex v, we
have that u € M.

Definition 6. A monomial ideal I of E is called a lexicographic ideal (lex ideal, for short)
if for all monomials uw € I and all monomials v € E with degu = degv and v >jox u, then
vel.
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Equivalently, a monomial ideal I of E is called a lexicographic ideal if Mony(I) is a lex
segment, for all d; Mong(I) is the set of all monomials of degree d in I.

Remark 2. Every lex ideal of E is obviously a (strongly) stable ideal.

It is well known that if I is a graded ideal of E, then there exists a unique lexsegment
ideal of E, usually denoted by I'**, such that Hpg = Hgjpex [4, Theorem 4.1].

Now, we give the following definition.

Definition 7. A monomial submodule M = ®]_,1;g; of F' is an almost lexicographic sub-
module (almost lex submodule, for short) if I; is a lex ideal of E, for each i.

Next result associates to a graded submodule M of F' an almost lex submodule of F’
which preserves the Hilbert function and provides an upper bound for the Betti numbers
of the class of all graded submodules of F' with given Hilbert function.

For a monomial submodule M = @®_,I;g; of F, let us denote by D(M) the set of all
the monomial ideals I; which appear in the direct decomposition of M.

Proposition 1. Let M be a graded submodule of F. Then there exists an almost lex
submodule L of F' such that

(a) Hpym = Hpyz;
(b) Bp’q(F/M) < ﬁp,q(F/£)7 for all p,q.

Proof. First of all, from (2.1), (2.2), we may assume that M is a monomial submodule of
F

Set M = ®}_,1;g;, with I; monomial ideal of E, for all j. From Theorem 1 and [4, Theorem

4.1], for every I; € D(M) (j = 1,...,r) there exists a unique lex ideal Ijl-ex of E such that
Hpgy1; = Hp/pex and Bp.a(E/1;) < Bpq(E/LF), for all p,q.
Hence, setting £ = @&7_;1 Jl»exgj, L is an almost lex submodule of F' such that

HF/M(d) = ZHEgj/I_,-gj (d) = ZHE/Ij (d - fi) = ZHE/I}eX(d - fi) =
Jj=1 Jj=1 j=1

=> Hpg, yniexg, (d) = Hpye(d), for all d,
j=1
and

ﬁp,q(F/M) = Zﬁp,q(Egj/Ijgj) = Zﬁp,q—fj (E/Ij) <

j=1 =1

< Bog-p, (BJI) =Y Bpg(Eg;i /I g;) = Bpq(F/L), for all p,q.
j=1 j=1

The assertions (a), (b) follow. 0
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If M = @}_,I;g; is a monomial submodule of F', we will denote by M alex the almost
lex submodule of F defined in Proposition 1, i.e., M?eX = ;f:ll;exgj. Such a monomial
submodule will be called the almost lex submodule associated to M.

Note that Proposition 1 implies that if M is a graded submodule of F', we may assume M
itself to be an almost lex submodule (hence, an almost strongly stable submodule) without

changing the Hilbert function.

Example 3. Let E = K(ey,ea,e3,¢e4) and F = E3. Consider the monomial submodule
M = (e1e2,e3e4)g1 © (e1e2, e2e3€4)92 @ (e2€3€4)93

of F. Set I} = (ejeq, ezeq), Iz = (e1ea, eseseq) and I3 = (esezey).

If one considers the monomial ideal I, one has Hg/r, = (1,4,4,0,0) and consequently
1% = (ejeq,e1e3,e2e3e4). Furthermore, Hgr, = (1,4,5,1,0) and IF* = (ejeq,e1e3e4);
whereas, Hg/r, = (1,4,6,3,0) and I = (eyezes). Therefore,

Malex _ (6162, e1es, 626364)91 D (61627 616364)92 D (@16263)931

and Hppmex = (3,12,15,4,0) = Hpjpp. Finally, if we compare the Betti diagrams of M
and M

fotal | 5 14 29 52 85 130 total | 6 18 38 68 110 166
2 |3 6 9 12 15 18 2 |3 7 12 18 25 33
3 |2 8 20 40 70 112 3 |3 11 26 50 85 133

Betti diagram for M
g J Betti diagram for M2

the inequalities on the Betti numbers of Proposition 1 (b) are verified.

Remark 3. It is worthy to be highlighted that if M is a graded submodule of F', then almost
lex submodules which are not equal to M but with the same Hilbert function as M could
exist. Indeed, let E = K {eq,ea,€3,€4), F = E3 and

M = (e1ea,e3e4)g1 © (e1€2, e2e3€4)g2 D (€263€4)93.
The almost lex submodule of F associated to M is
M = (e1eq, €163, e2e3€4)g1 D (€162, €163€4)g2 @ (e1€2€3)g3,
and Hpjppaex = (3,12,15,4,0) = Hp/pr. The following submodule
N = (erez,e1e3,e1€4)g1  (e1€2€3, e1€2€4, €1€3€4)g2 D (€1€2€3, €1€2€4)73,

of F is an almost lex submodule (different from M?®%) such that Hp/n = (3,12,15,4,0) =
Hpn -
Now, for every d, let Fjy be the part of degree d of F' = ®]_, Eg;, i.e., the K-vector space

of homogeneous elements of F of degree d. Denote by Mong(F') the set of all monomials of
degree d of F. We order such a set by the ordering >jcx, defined as follows:
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if ug; and vg; are monomials of F' such that deg(ug;) = deg(vg;), then ug; >iex, vg; if
1 <jori=jand u >ex v.

For example, if E = K {ey, ea,e3), the monomials of degree 2 of FF = E? are ordered as
follows (with respect t0 >jex, ):

€1€291 Zlexp €1€391 lexp €2€391 Zlexp €1€2092 >lexy €1€392 >lexy €2€302-

Definition 8. Let L be a monomial submodule of F. L is a lexicographic submodule (lex
submodule, for short) if for all u,v € Mong(F) with uw € L and v >)ex, u, one hasv € L,
for every d.

Let us give the following definition.

Definition 9. A non empty subset N of Mong(F') is called a lexicographic segment of F
(lexp segment, for short) of degree d if for all v € N and all u € Mong(F) such that
U >lexp U, then u € N.

Example 4. Let E = K{ej,ez,e3) and F = E?. The subset N = {eje291, €1€391, €2e391,
e1e2g2} is a lexp segment of degree 2 of F'; on the contrary, N' = {e1e2g1, e1e391, e1€292} is
not a lexp segment of degree 2. Indeed, the monomial ese3gi >lex, €1€292 does not belong
to N'.

Remark 4. A monomial submodule L of F is a lexicographic submodule if Mongy(L) is a
lexp segment of degree d, for each degree d; Mong(L) is the set of all monomials of degree

dof L.
Next characterization holds.

Proposition 2. Let L be a graded submodule of F. Then L is a lex submodule of F if and
only if

(i) £L=®l_,L;9;, with I; lex ideals of E , fori=1,...,r, and
(i) (e1,...,ep)Pitlifici C Iy, fori=2,...,r, with p; = indegl;.

Proof. The proof is verbatim the same as [15, Proposition 3.8]. We include it to make the
paper self contained.

Let £ be a lex submodule of F.
(i) Since £ is a monomial submodule of F', one has £ = ®}_, I;g;, with I; monomial ideal of
E, for every i. Let u,v € Mong(F) with u € I; and v >jex u. It follows that ve; >jex, ue;.
Since ug; € I;g; and L is a lex submodule of F, vg; € I;g;, and so v € I;, i.e., I; is a lex
ideal of E for every i.
(ii) Since I; is a lex ideal of E, then ejes---e,, € I;, p; = indegl;, and consequently
eiez---€p,9; € I;g;. On the other hand, £ is a lex submodule of F', then for all u €
(e1,...,en)PitfimFim1 we have that ug;_1 >lex, €1€2- -e,,g;- Hence, ug;—1 € I;_19;—1,
i.e., U € I;_1.

Conversely, let £ be a graded submodule of F' satisfying (i) and (ii).
Since every ideal I; is a lex ideal, we have only to prove that for any pair (4, j) of integers
with 1 <i¢ < j <r,if ug;,vg; € Mony(L), then vg; € £ implies ug; € £, where Mong(£) is
the set of all monomials of degree d of L.
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(Case 1). i = j — 1. Let ug;j_1,ve; € Mong(L) with vg; € L.

Since d = degug;_1 = deguvg;, it follows that degu = degv + f; — fi—1 > p; + f; — fi—1
and so u € (e1,...,e,)Pitizfi-n C T, 4.

(Case 2). i < j—2. Let ug; >iex, vg; With ug;,vg; € Mongy(L) and vg; € L.
Fort=4i+4+1,...,5—1,set wg =ejea---eq—y,. It is

ug; >lexF Wi419i+1 >lexF Wi4-29i+4-2 >lexF T >lexF Wj—-195-1 >lexF vgj-

Since d = degug, = degw;gy = degvg;, for t = i+ 1,...,7 — 1, then, from (Case 1),
wj—1 € Ij*l» Wj—2 € Ij,Q, s Wig1 € Ii+1 and ﬁnally u € I;. |

The result above immediately yields that every lex submodule of F' is a strongly stable
submodule (see [15, Proposition 3.9]). Moreover, it is clear that a lex submodule is an
almost lex submodule. The converse does not hold, as next example illustrates.

Example 5. (1) Let E = K(ey,eq,¢€3,¢e4,e5) and F = E3. The submodule
M =(e1e9,e1e3, e1€4€5, e2e3€4€5)g1 B (€162, €1€3€4, €1€3€5, E2€3€4€5) g2 B
(e1e2e3, e1e2e4, e1€3€4€5)73

of F is not a lex submodule of F' even if the ideals (e1es, e1€3, €1€4€5, eaezeqes), (e1e2, €1€3€4,

eieses, eaegeqes), (e1eaes, ereaey, ereseqses) are lex ideals of E. In fact, ejeags € Ms but
2

€2€301 >lexp €1€292 and esesgr & Mo. Observe that (e1, e, e3,ea,e5)* € (e1e2,e1e3, e1€e465,

eseszeqes). M is an almost lex submodule of F.

2) Let E = K{ey, ez, e3,e4,65) and F = E*. The submodule

L 2(6162, €1€3,€1€4, €2€3€4, €2€3€5, €2€4€5, 636465)91@

(616263, €1€2€4,€1€2€5, €1€3€4€5, 62636465)92 @ (61626364, €1€2€3€5, €1€2€4€5, 61636465)93

is a lex submodule of F.

4 A generalization of the Kruskal-Katona theorem

Let M be a graded submodule of F'. The purpose of this Section is to describe the possible
Hilbert functions of F/M when F = E", r > 1.

Theorem 2. ([4, Theorem 4.2]) Let J be a lex ideal generated in degree s with dimg Es/J;
=a. Then dimg Eyy1/Jsi1 = a'®).

For a graded submodule M = @®;>0M; of F, the initial degree of M, denoted by
indeg(M), is the minimum s such that M, # 0.

Let F = E", r > 1. If M is a set of monomials of degree d < n of F, we denote by
Shad (M) the following set of monomials of degree d + 1 of F:

Shad(M) = {(—1)“(”’j)ejeggi D exgi €M, jé¢supples), j=1,...,n,i=1,...7}

a(o,j) = |{t € o : t < j}|. Such a set is called the shadow of M (see [14], for the r=1 case).
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Furthermore, if M is a monomial submodule of F' and M, (d > 1) is the K-vector space
generated by all monomials of degree d belonging to M, we set Shad(M;) = Shad(Mon(My))
and by E1 M, the K-vector space spanned by Shad(My).

For istance, if E = K(ey1,eq,e3,e4), F = E? and M = (e1ez,e1e3)g91 © (e1e2, e2e3€4)g2,
then My = (e1e2g1, e1€391, e1€2g2) (as K-vector space) and E1 My = (Shad(Maz)) = (e1eze3q1,
€1€2€441, €1€3€44G1, 61626392761626492> (as K-vector space).

Next result generalizes the Kruskal-Katona theorem (Theorem 1).

Theorem 3. Let (hy,...,hy,) be a sequence of non negative integers. Then the following
conditions are equivalent:
(a) v+ > i hit' is the Hilbert series of a graded E-module E" /M, r > 1;
(b) h; = 25:1 hij, fori=1,...,n, and (h1j,haj,..., hn ;) is an n-tuple of non negative
integers such that 0 < h;y1; < th]), foro<i<n—1landj=1,...,r,r>1;

(c) there exists a unique lexicographic submodule L of F such that v+ > 1, hit® is the
Hilbert series of E"/L, r > 1.

Proof. First of all, note that for » = 1 the required equivalences follow from Theorem 1.
Hence, let r > 1.

(a) = (b). From (2.1), we may assume that M is a monomial submodule of E”". Set
M = @}_1;gj, with I; (j = 1,...,7) monomial ideals of F; g; = (0,...,0,1,...,0), with
1 in the j-th position. By assumption, indeg(M) > 1 and h; = Hgr/p(i) (1 <i<n). On
the other hand, the additivity of the Hilbert function implies the existence of an r-tuple of
integers (hi1,...,h;,) such that

T
hi:Zhi,ja ISZSTL
j=1

More in details, h;; = Hg/r, (1) (1 < j < 7), d.e, (1,h1,haj,...,h, ;) is the Hilbert
sequence of E/I;. Hence, from Theorem 1 (b), hijt1,; < hglj) 0<i<n—-1,1<j<nr).
The assertion follows.

(b) = (¢). Set F = E". We construct a lexicographic submodule £ of F such that
HF/L =r+ ZZL:l hit?.

Assume dimg Fy = hy and let £; = 0. Hence, h; = rn. Suppose Li, k < i, has already
been constructed. Let s be the smallest integer such that £, # (). One has

MOH(£s+p) = Shad(ﬁs_,_p_l) U Tg+p, P = 1, RPN ,i — S,

where Mon(L,+,) is the set of all the monomial generators of L1, (as a K-vector space) and
Ts+p is a subset of Mong,(F) such that Tsi, NShad(Lstp—1) = 0. It is worth to underline
that the sets Shad(Lsqp—1) U Tsyp # 0 are lexp segments of degree s+p, p=1,...,i —s.
Let £’ be the monomial submodule of F, with minimal set of monomial generators
defined as follows:
G(L') = Mon(L,) U (Ui Tsrp) -



Luca Amata, Marilena Crupi 247

We can write £ as
[,/ = Ilgl EB"'@ITgT7

with
- I; lexicographic ideals, for j =1,...,r,
- min{deg(ug;) : v € G(I;),j=1,...,r} =s,
- max{deg(ug;) :u e G(I;),j =1,...,r} =1i.

Note that hl = HF/ﬁ(Z) = HF/LI(i) = Z;:l HE/[7(Z) Setting hi,j = HE/IJ(Z) (] =
1,...,7), from Theorem 2, one has:

hiv1j=Hpg/(i+1) < hﬁlj =dimg Eiy1/E11j,

where I;; is the part of degree i of the monomial ideal I;. Hence, Eil;; C I;;41 and
consequently F1L; = E1L; C L;41. It follows that £ = ®,>sL, is a submodule of F' which
is lex. Finally, the uniqueness is clear by the definition of lex submodules.

(¢)= (a). It follows immediately. 0

If M is a submodule of E”, we will denote by M'®* the unique lex submodule of E” such
that HE’/M = HET/]\/IISX .
Example 6. Let E = K(ey,...,e4). Consider the following submodule of E>:

M = (e1e2,e3e4)g1 D (€162, €2e3€4)g2 D (€2€3€4)73.

M is a monomial submodule with Hpgs ;pr = (3,12,15,4,0). One has that

M'™ = (e1e2, e1€3, €1€4, e2e3e4) g1 B (e1€2€3, €1€2€4, €1€3€4, €263€4) g2 B (€1€2€3€4) 3.
We can notice that Hgs g = Hpgsjppex. Finally, one can observe that MIex £ ppalex
(Exzample 3).
5 Upper bounds for the Betti numbers

In this Section, we show that lex submodules give upper bounds for the Betti numbers of
any graded submodule of E” with the same Hilbert function by generalizing the techniques
of the rank one case [4, 5]. More precisely, we prove that a lex submodule of E" has the
largest Betti numbers among all graded submodules of E” with the same Hilbert function.

Let us introduce some notations. For a monomial e,g; of F' = @]_; Eg;, let
mF(etTgi) = m(ed)a 1 S { S T,
and if M is a monomial submodule of F', let us define

G(M :j)={erg9;: € GIM) : mp(esg;) =j,i=1,...,1}, (5.1)
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mf (M) =|G(M :j), 1<j<n,  mE,0) =) ml(M), 1<t<n (5.2)

One can observe that m%, (M) = |G(M))|.
If M is a monomial ideal of F, then (5.1) and (5.2) can be rewritten as follows ([4]):

G(M :j)={e, € GIM) : m(e,) = j},

t
m; (M) =|G(M:j)|, 1<j<n, mg(M)=> mj(M), 1<t<n.
Jj=1

Next remark will be crucial for the proof of the main result in this Section.

Remark 5. Recall that a set T of monomials of degree d > 1 in E is called strongly stable
(of degree d) if for each monomial e, € T and each j € o one has that (—1)a("’i)eieg\{j} €
T, where a(o,i) = |{t € o : t <i}|, for alli < j.

Due to the nature of a lex segment, one can quickly verify that if T is a strongly stable
set of degree d and L is a lex segment of degree d such that |T| = |L|, then m<;(L) = |{e, €
L:m(e,) <i} <m<;(T) = e, € T :m(e,) < i}, for all i <mn.

One can also note that |L| = m<, (L) = m<,(T) = |T|.

As as consequence, one has that if I is a strongly stable ideal of E generated in degree
d and J is a lex ideal of E generated in degree d with |G(I)| = |G(J)|, then |G(J)| =
m<,(J) =m<,(I) =|G)|, and m<,;(J) < m<;(I), for alli <n —1.

Let us consider an almost strongly stable submodule M = ®]_,1,9; of E" generated in
degree d, and let L = ®]_,L;g; be the lex submodule of E” generated in degree d such that
dim My = dim L£4. Every monomial ideal I; € D(M) is generated by a strongly stable set
T, (i =1,...n) of degree d. The construction of the lex submodule L of F with |G(L)| =
|G(M)| implies that mE (L) > mE (M). Hence, mE (L) <mE, (M), for alli <n—1.

By using combinatorial arguments one can quickly prove the following lemma.

Lemma 1. Let M be an almost strongly stable submodule of E™ generated in degree d. If
M 441y is the submodule of E” generated by the elements of Myy1, then

mf(M<d+1>) = mgi_l(M), for all i.

If M = ®!_,1;g; is an (almost) stable submodule of F, then we can use the Aramova-
Herzog-Hibi formula [4, Corollary 3.3] for computing the graded Betti numbers of M:

T T

m(u) +k—1

Brkre(M) = Zﬁk,k—i—é(ligi) = Z > ( m(u) — 1 ) , forall k>0.
i=1 i=1 ueG(Ii)g_fe

Theorem 4. Let M be a graded submodule of E™. Then

/Bl,j(M) < /Bi,j(MlCX)v fO’f’ all 17.7
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Proof. From Proposition 1, we may assume that M is an almost lex submodule, and con-
sequently an almost stable submodule, of E”. Therefore, setting F' = E”, one has:

Bisitj(M) = Z (mp(u) i 1), for all 7 > 1. (5.3)

weG (M), mp(u) -1

Since G(M); = G(M;)) — G(M;—1y){e1,...,en}, due to Lemma 1, the above sum can
be written as a difference 3; ;4 ;(M) = C — D, with

o= 2 (")

> ox (V) pmren ()

t=1 ucG(M;t)

[
[
~

-
|

~

n(M<j>)<n—|—i—1>

o~
Il
—

m

INT

n—1

n—1 . .
t+1—1 t+1+7—1
(7))
t=1
n4i—1) =2 t4i—1
ngn(MW( h 1 )‘ngt(MW( : )
t=1

and

Vo > (e

UEG(N[(j—l)){el"“’en}

- t4i—1
= ngt—l(M(j—l))< -1 >

t=2
On the other hand, since the number of generators of My and M <l§’>‘ are equal for all d,
we have mgn(M@) = mgn(M%Cel’)‘) Moreover, from Remark 5, mgl(M%‘;’)‘) < mgi(M<d>) for

1 <i<n—1. Hence,

. n—1
n+1t—1 t+1—1
ﬂi,i+j(M)m§n(M<j>)< ne 1 )ZIHQ(MW( ; >
t=1
- t+i—1
-Yomtoorn( T
. n—1
wfn+i—1 W ft+i—1
<t 0t ("1 ) - Emtonp ()
t=1

- L o [t+i—1 .
_Zmztl(M<1§1>)( i1 >=5i,i+j(Mle ).



250 Bounds for the Betti numbers

Finally, from Proposition 1 and Theorem 4 the next result follows.

Corollary 1. Let M be a graded submodule of E". Then
Bij (M) < Bij (M) < B; j(M'),  for all i, j.
Example 7. Let E = K{ej,ea,e3,¢e4,e5) and F = E3. The submodule
M = (e1eq, e1e4, e3e4e5)g1 @ (e1e3, e1e4e5, €2e3e4)g2 © (e1€2€4, €1€3€5)93

of F is not an almost lex submodule of F'. Tt is sufficient to observe that the ideal (ejes, e1e4,
eseqes) is not a lex ideals of E. Consider the almost lex submodule

alex
M®* =(eqeg, e1€3, €1€4€5, €2€3€4€5) g1 D (€162, €1€3€4, €1€3€5, €2€3€4€5) g2 P

(e1e2e3, e162€4, €1€3€4€5) g3,
which is not a lex submodule of F' (see Example 5), and the lex submodule

lex
M :(6162, €1€3,€1€4,€2€3€4,€2€3€5,€2€4€5, 636465)91@
(616263, €1€2€4,€1€2€5,€1€3€4€5, 82636465)92

S2) (616263647 €1€2€3€5, €1€2€4€5, 61636465)93

One can quickly verify that Hp/ns = (3,15,27,17,1,0) = Hp/ppaiex = Hpjpprex.
Moreover, using the computer program Macaulay2, if one compares the Betti diagrams
of the submodules above considered, one has the Corollary 1:

total ‘ 8§ 26 59 113 195 313 476
2 3 7 12 18 25 33 42

3 5 18 42 80 135 210 308
4 -1 5 156 35 70 126

Betti diagram for M

total | 11 43 113 243 460 796 1288

2 3 7 12 18 25 33 42
5 21 56 120 225 385 616

4 3 15 45 105 210 378 630

Betti diagram for A/alex

total ‘ 16 69 190 419 805 1406 2289
2 3 9 19 34 55 83 119
3 7 31 8 190 365 637 1036
4 6 29 8 195 385 686 1134

Betti diagram for M/'e*
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6 Conclusions and perspectives

In this paper, we have discussed some classes of monomial submodules of a finitely generated
graded free F—-module F. Functions for computing monomial ideals in a polynomial ring
are available in many computer algebra system, CAS, (for instance, CoCoA [1], Macaulay2
[17] and Singular [16]); on the contrary, to the best of our knowledge, specific packages for
manipulating classes of monomial ideals in an exterior algebra have not been implemented
yet. Forced by this situation, the authors of this paper have developed a new package
[2], written for Macaulay2 [17], for manipulating classes of monomial ideals in an exterior
algebra of a finite dimensional vector space over a field. Currently, the authors are trying
to implement such a package for monomial submodules over an exterior algebra.
Furthermore, Theorem 3 describes the possible Hilbert functions of graded E-modules
of the type F/M with M graded submodule of F, when F ~ E", r > 1. It would be nice
to generalize such a result in the case when the basis elements of the finitely generated free
FE-module F have different degrees. The following question is currently under investigation.

Open 1. Let F = @;_,Eg; be a finitely generated graded free E-module with homogeneous
basis g1, ..., g, such that deggs < deggs < --- < degg, and let H = (h1,...,h), t > n, be
a sequence of non negative integers. Under which conditions for the h;’s does there exist a
graded submodule M of F' such that H = Hp; ?

A generalization of the Kruskal-Katona Theorem for finitely generated modules can be
found in [19, Theorem 4.3].
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