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Abstract

In this article, we give the non-integrated defect relations for the Gauss map of a
complete minimal surface with finite total curvature in R™. This is a continuation of
previous work of Ha-Trao (2015), which we extend here to targets of higher dimension.
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1 Introduction

In 1988, H. Fujimoto [6] proved Nirenberg’s conjecture that if M is a complete non-flat min-
imal surface in R3, then its Gauss map can omit at most 4 points, and the bound is sharp.
After that, he [8] also extended that result for minimal surfaces in R™. He proved that the
Gauss map of a non-flat complete minimal surface in R™ can omit at most m(m + 1)/2
hyperplanes in P ~1(C) located in general position. He also gave an example to show that
the number m(m +1)/2 is the best possible when m is odd. Beside that, many mathemati-
cians also studied the value distribution of the Gauss map of a minimal surface with finite
total curvature and got many good results (see Fang [4] and Ru [19] for examples). On the
other hand, Mo-Osserman [18] (1990), Mo [17] (1994) and Ha-Phuong-Thoan [13] recently
showed the relations between the value distribution of the Gauss map and the total curva-
ture of a complete minimal surface. Related to the value distributrion of the Gauss map
of a complete minimal surface and the value distribution of the Gauss map of a complete
minimal surface with finite total curvature, many results were given (see [12], [2],[3], [16]
and [15] for examples).

On the other hand, Fujimoto [7, 8, 9] improved the previous results on the value distri-
bution theory of the Gauss map of a complete minimal surface by introducing the modified
defect relations for the Gauss map of a complete minimal surface which have analogy to the
defect relations given by R. Nevanlinna in his value distribution theory. The author and
Trao [14] recently improved the Fujimoto’s results in the case the Gauss map of a complete
minimal surface with finite total curvature in R?, R* by studying the non-integrated defect
relations for the Gauss map. In this article, we would like to be continuous to study the
non-integrated defect relations for the Gauss map of a complete minimal surface with finite
total curvature in R”. These are the strict improvements of all previous results of Fujimoto
on the modified defect relations for the Gauss map of a complete minimal surface with
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finite total curvature in R™. Thus, they also are the improvements of previous results on
ramifications for the Gauss map of a complete minimal surface with finite total curvature
in R™.

2 Statements of the main results

(
Assume that f has reduced representation f = (fo : -~ : fi). Set ||f]| = (| fol?+- - -+|fx|?)Y/
and, for each a hyperplane H : Gowg + - - - + @pwy, = 0 in P*(C) with |ag|? + -+ |ax]?> = 1
we definition f(H) :=agfo + - + G fr-

Let M be an open Riemann surface and f a nonconstant holomorphic map of M into P*(C).
1/2
K

Definition 1. We definition the S—defect of H for f by
5?(H) =1 —inf{n > 0;n satisfies condition (x)s}.

Here, condition (x)s means that there exists a [—00,00)—valued continuous subharmonic
function u (£ —o0) on M satisfying the following conditions:

(c1) e < |If[",

(C2) for each & € f~1(H), there exists the limit

lim (u(z) — min(vygy(§), k) log |z — &) € [—o0, 00),

z—E€
where z is a holomorphic local coordinate around § and vy gy is the divisor of f(H).

Remark 1. We always have that n =1 satisfies condition (x)s with u = log | f(H)].
Definition 2. We definition the H—defect of H for f by

Jf(H) :=1—inf{n > 0;n satisfies condition (x)g}.

Here, condition (x)pg means that there exists a [—oo,00)—valued continuous subharmonic
function u on M which is harmonic on M — f~Y(H) and satisfies the conditions (C1) and
(C2).

Definition 3. We definition the O—defect of H for f by
1
6)9(H) =1 —inf{ — f(H) has no zero of order less than n}.

Remark 2. We always have 0 < 5]9(H) < 5?(]{) < 5?(H) <1.

Moreover, Fujimoto [5, page 672] also gave the reasons why he calls (5? (H) the non-
integrated defect by showing a relation between the non-integrated defect and the defect
(as in Nevanlinna theory) of a nonconstant holomorphic map of Ag into P¥(C).

Definition 4. One says that f is ramified over a hyperplane H in P*(C) with multiplicity
at least e if all the zeros of the function f(H) have orders at least e. If the image of f omits
H, one will say that f is ramified over H with multiplicity co.
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Remark 3. If f is ramified over a hyperplane H in P*(C) with multiplicity at least n, then
1 ) el
5?(H) > 5?(H) > 5]9(H) >1- - In particular, if f~1(H) =0, then JfO(H) =1.

In this article, we would like to study the S—defect relations for the Gauss maps of
minimal surfaces with finite total curvature in R™ which generalize the previous results of
Ha-Trao in [14] to targets of higher dimension. In particular, we prove the following.

Main theorem. Let M be a non-flat complete minimal surface with finite total curvature in
R™ and its Gauss map G. Let Hu, ..., H, be hyperplanes in P™~1(C) located in N -subgeneral
position (¢ > 2N —k+1,N > m—1). Assume that G is k—non-degenerate (that is G(M) is
contained in a k—dimensional linear subspace in P™~1(C), but none of lower dimension),
1<k<m-—1, then
a
SE(H;) < (k+ (N = 5) 4+ (V1)
=1

J

Remark 4. For the case of the Gauss maps of minimal surfaces with finite total curvature,
we can show that the Main theorem improved strictly Theorem 1.2 in [5](by reducing the
number m? to the number m(m +1)/2) and Theorem 2.8 in [8](by changing the H— defect
relations to the S— defect relations).

Remark 5. 1t is well known that the image of the (generalized) Gauss map g : M —
P™=Y(C) is contained in the hyperquadric Q,,—2(C) C P™~1(C), and that Q1(C) is biholo-
morphic to P*(C) and that Q2(C) is biholomorphic to P1(C) xP(C). So the results Ha-Trao
in ([14]) which only treat the cases m = 3 and m = 4 are better than a result which holds
for any m > 3 can be if restricted to the special cases m = 3,4. The easiest way to see the
difference is to observe that 6 lines in P2(C) in general position may have only 4 points of
intersection with the quadric Q1(C) C P?(C).

3 Preliminaries and auxiliary lemmas

In this section, we recall some auxiliary lemmas in [9, 10, 11].

Let M be an open Riemann surface and ds? a pseudo-metric on M, namely, a metric on M
with isolated singularities which is locally written as ds? = A2 |dz\2 in terms of a nonnegative
real-value function A with mild singularities and a holomorphic local coordinate z. We
definition the divisor of ds? by v4, := vy for each local expression ds? = \? |dz|2, which is
globally well-definitiond on M. We say that ds? is a continuous pseudo-metric if v4, > 0
everywhere.

Definition 5. (see [9]) We definition the Ricci form of ds® by
Ricgs> == —dd°log A\
for each local expression ds® = \?|dz|*.

In some cases, a (1,1)—form Q on M is regarded as a current on M by defining Q(p) :=
/ o P82 for each ¢ € D, where D denotes the space of all C* differentiable functions on M
with compact supports.
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Definition 6. (see [9]) We say that a continuous pseudo-metric ds® has strictly negative
curvature on M if there is a positive constant C' such that

—Ricgge > C+ Qg2
where Qg2 denotes the area form for ds?, namely,
Qqe2 = N2 (V—1/2)dz A\ dz
Jor each local expression ds? = \?|dz|*.

As is well-known, if the universal covering surface of M is biholomorphic with the unit
disc in C, then M has the complete conformal metric with constant curvature —1 which is
called the Poincaré metric of M and denoted by do3,.

Let f be a linearly non-degenerate holomorphic map of M into P*(C). Take a reduced
representation f = (fo : ---: fx). Then F := (fo,--- , fr) : M — C¥+1\{0} is a holomorphic
map with P(F) = f. Consider the holomorphic map

Fy=(F,), = FOANFO A AFP M APFICEH

for 0 < p < k, where F(O) := F = (fo, -+, fr) and FO = (F®), = ( él),~~~ , ,gl)) for
each ! =0,1,---,k, and where the [-th derivatives fi(l) = (fi(l))z, 1=0,..., k, are taken with
respect to z. (Here and for the rest of this paper the index |, means that the corresponding

term is definitiond by using differentiation with respect to the variable z, and in order to
keep notations simple, we usually drop this index if no confusion is possible). The norm of

F, is given by
|Fp| = ( Z |W(fi07"' ,fip)|2> )

0<ip<-<ip<k
where W (fi,, -, fi,) = Wa(fi,,- -+, fi,) denotes the Wronskian of f;,,-- -, f;, with respect
to z.

Proposition 1. (/11, Proposition 2.1.6]).
For two holomorphic local coordinates z and & and a holomorphic function h : M — C, the
following holds :

@) We(fo, -+, fp) = Welfo, -+, fp) - ()P@+D/2,
b) W.(hfo,- - 7hfp) =W.(fo,- - ’fp) . (h)erl_

Proposition 2. ([11, Proposition 2.1.7]).

For holomorphic functions fo,---, fp : M — C the following conditions are equivalent:
(1) fo, -+, fp are linearly dependent over C.

(1) W.(fo, -+, fp) =0 for some (or all) holomorphic local coordinate z.

We now take a hyperplane H in P*(C) given by
H:Cwo+ - +Crwi =0,
with 3% [eif? = 1. We set

Fo(H) :=F(H) :=¢ofo+ -+ Crfr
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and

2

|Fp<H>|=|<Fp>Z<H>|:=( S S aWifanf) )

0<iy <+ <ip<k |li1,....ip

for 1 < p < k. We note that by using Proposition 1, |(F},).(H)| is multiplied by a factor
|§—§|p(p+1)/ 2 if we choose another holomorphic local coordinate ¢, and it is multiplied by

|h|PT1 if we choose another reduced representation f = (hfy : --- : hfx) with a nowhere

zero holomorphic function h. Finally, for 0 < p < k, set the p-th contact function of f for
[Fp(H)[?_|(Fp)=(H)P?
H to be ¢,(H) := = .
. |Fpl? |(Fp)-[?

We next consider ¢ hyperplanes Hy, -+, H, in P¥(C) given by
Hj : (w,Aj) =Cowo + -+ +Cpwr (1 <5 <q)

where A; := (cjo,- - ,¢jk) With E?:o lcjil> = 1.

Assume now N > kand ¢ > N+ 1. For RC Q :={1,2,--- ,q}, denote by d(R) the
dimension of the vector subspace of C¥*1 generated by {Aj;j € R}.

The hyperplanes Hy, - -- , H, are said to be in N-subgeneral position if d(R) = k+1 for
all R C @ with #(R) > N + 1, where #(A) means the number of elements of a set A. In the
particular case N = k, these are said to be in general position.

Theorem 1. ([11, Theorem 2.4.11]) For given hyperplanes Hy,--- ,H, (¢ > 2N —k + 1)
in P*(C) located in N -subgeneral position, there are some rational numbers w(1),- -, w(q)
and 0 satisfying the following conditions:

()0<w()<8<1 (1<j<q).

(i) 35— w(j) =k +1+60(g—2N +k—1),

(iit) 2Nkj_k1+1 <0< J@iﬁl’

(iv) f RC Q and 0 <§(R) <n+1, then Y ;e pw(j) < d(R).

Constants w(j) (1 < j < ¢) and 0 with the properties of Theorem 1 are called Nochka
weights and a Nochka constant for Hy,--- , H, respectively.

We need the three following results of Fujimoto combining the previously introduced
concept of contact functions with Nochka weights:

Theorem 2. ([11, Theorem 2.5.3]) Let Hy,---,H, be hyperplanes in P*(C) located in
N—subgeneral position and let w(j) (1 < j < q) and 0 be Nochka weights and a Nochka
constant for these hyperplanes. For every e > 0 there exist some positive numbers (> 1)
and C, depending only on € and H; , 1 < j < q, such that

I 5| F |
I <j<qo0<p<i—110g™ Y 3/, (H;))
Fu|20(g—2N+k=1) |, |2 ROy
20( - | O|2 — . | k| w()) ddc|z|2
Iy ([ F/(H;)|PIL,Zg log™(0/ ¢y (H))) U

dd®log
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Proposition 3. ([11, Proposition 2.5.7]) Set o, = p(p+ 1)/2 for 0 < p < k and 1, =
Z’;ZO op. Then,

F 2F 2F 2\ /7
e Tog(|FPI- Fia2) > 25 (FEHEE ) e,

= ok |F0|2ak+l

Proposition 4. (/11, Lemma 3.2.13]) Let f be a non-degenerate holomorphic map of a
domain in C into P*(C) with reduced representation f = (fo: -+ : fx) and let Hy,--- , H,
be hyperplanes located in N -subgeneral position (¢ > 2N — k + 1) with Nochka weights
w(l), -+ ,w(q) respectively. Then,

q
ve+ Y _w(j) - min(vsm,), k) > 0,
=1

| |

where ¢ = —.
j_, | F(H;) |»@

Lemma 1. (Generalized Schwarz’s Lemma [1]) Let v be a non-negative real-valued contin-
wous subharmonic function on Ag. If v satisfies the inequality Alogv > v? in the sense of
distribution, then

2R

4  Proof of the Main Theorem

Proof. For the convenience of the reader, we first recall some notations on the Gauss map
of minimal surfaces in R™. Let M be a complete immersed minimal surface in R". Take
an immersion © = (xg,...,Tm-1) : M — R™. Then M has the structure of a Riemann
surface and any local isothermal coordinate (z,y) of M gives a local holomorphic coordinate
2z = x ++/—1y. The generalized Gauss map of z is definitiond to be

87:5)_(%”“.8%"1_1)
8z’ ‘9z o0z

g: M — Pm_l((C),g =P(

Since x : M — R™ is immersed,

6370 &vm,l

G =G, = (9o, .,,7gm,1) = ((90)27 - (gm71>z) = (g7 T 0z )

is a (local) reduced representation of g, and since for another local holomorphic coordinate &
d
on M we have G¢ = G- (d—z)7 g is well definitiond (independently of the (local) holomorphic

coordinate). Moreover, if ds? is the metric on M induced by the standard metric on R™,
we have

ds* = 2|G,|?|dz|?. (4.1)

Finally since M is minimal, g is a holomorphic map.
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Since by hypothesis of the Main theorem, g is k-non-degenerate (1 < k < m—1) without
loss of generality, we may assume that g(M) C P*(C); then

ox Ozo . Oxy,

) k _mp9%y _ (%%, . 9Tk

)

is linearly non-degenerate in P*(C) (so in particular g is not constant) and the other facts
mentioned above still hold.

Let H;(j = 1,...,q) be ¢(> N + 1) hyperplanes in P™~!(C) in N-subgeneral position
(N >m—12>k). Then H;NP*(C)(j = 1,...,q) are ¢ hyperplanes in P¥(C) in N-subgeneral
position. Let each H; NP*(C) be represented as

H;jNP*(C) : Gjowo + -+ + Cjrwi = 0

with Zf:o |Cji|2 =1.
Set
G(Hj) = G.(Hj) :=Tjogo + - - + CjkGh-
We will now, for each contact function ¢,(H;) for each of our hyperplanes H;, choose
one of the components of the numerator |((G,),).(H;)| which is not identically zero: More

precisely, for each j,p (1 <j <gq,1 <p < k), we can choose 41, - ,4, with 0 <47 <--- <
ip < k such that

W@y = ((Ga)gp)z = D CiWalg, girs--- 5 93,) 0,

l7éi17~~77;p

(indeed, otherwise, we have Zl#l,“,z‘p ciiW(gt, iy 5 94,) =0 for all iy, ..., 4, s0

W( Z Ejlglagily"' agip) EO, fOI‘ all i17...7ip7
1F#01,.,1p

which contradicts the non-degeneracy of g in P*(C). Alternatively we simply can observe
that in our situation none of the contact functions vanishes identically).

Now we prove the Main theorem by reduction to absurd in four steps:
Step 1: Suppose the Main theorem is not true. This means that

ijags(ﬂj) > (k+1)(N—§)+(N+1). (4.2)

By definition, there exist constants n; > 0(1 < j < ¢) such that ¢ — Z;zl n; > (k+

k
(N — 5) + (N +1) and continuous subharmonic functions u;(1 < j < g) on M satisfying
conditions (C1) and (C2). Thus

2N — k+ 1)k

(1—n)—2N+k—1> 5

1

> 0, (4.3)

q
Jj=
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and this implies in particular
q>2N—k+1>N+1>k+1. (4.4)

By Theorem 1, we have

a
kE+1

— 2N —1)0 = y—k—1, 0> >

(q +k—-1)0 ]E:lw(]) 6 w()>0and9_2N L

SO

<zq:w 1mk1) (iw(j)kl)jSlw

Jj=1 Jj=1

q
=2(g—2N+k-1)0-2) w(jmn
j=1

q
20 —2N +k—1)0—2) 0
j=1

q
:29(2 1—n;) —2N+k—1)
j=1

(k:+1)( 3_1(1—nj)—2N+k—1>
>2
- 2N —k+1

Thus, we now can conclude with (4.3) that

d

=

[

w1 —mn;)—k— 1) > k(k+1)

k(k + 1)

3 > 0. (4.5)

w(@) (A —n;) —k—1-

M-

1

J

We set v :=>21_ w(j)(1—mn) —k— 1.
Then, by (4.5), we get v > of = Na > 1. So we can choose a positive real number € such
Ok

that 1 7k+1
Ok + €Tk
Step 2: We set

> 1, where oy, 7, were definitiond in Proposition 3.

L |G "Y Tht1p —y w()uy |(Gk) | Hp O|( ) |e ﬁ
A '_( _(|G(H )|H’“ Tlog(8/éy(H;)))= ) ’
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and definition the pseudometric dr2 := \2|dz|?. Using Proposition 1, we can see that

o (S O e (G )
>|H 0 108(0/ 0 (H)) )0
(l e @2 SO (G| 17 TTpg (Gl =50 )l | |d2]
(GO, IT= 0g(8/6, (H,)) =)
_ <|G e e 0 (G| Tl |(Go)el 1§ +>
dr,

|G( D=L log(6/¢,(H;)))~ ) | Hdl

Thus d7? is independent of the choice of the local coordinate 2. We will denote d72 by dr?
for convenience. So dr? is well-definitiond on M and

G yfeak_;_lezqzl w(j)u; AGL . k_ G| %
d7-2 _ <| | | k| Hp—0| P" ) k k |dZ|2 = A2|d2|2
(|G (H;) =0 log 8/ (H;)))=)

Step 3: We will show that dr? is continuous and has strictly negative curvature on M in
this step.

Indeed, it is easy to see that dr is continuous at every point zo with Hq 1G(H;)(z0) # 0.
Now we take a point zp such that IT{_, G(H;)(2) = 0. Hence, it follows from (C2) that we
get

lim ¢%(3) |z — 7|~ MW G0k — iy v mminte) o) R loslm20l o o v 1 < j < g,
zZ— 20 Z—r20

Thus, combining this with Proposition 4, we get

Var(20) > ﬁ (VGk (20) — j;w(j)VG(Hj)(Zo) + ;w(j) min{vgm,)(20), k}

q
Z w(j)yeuj(z) |2720|* mi"("G(Hj)(zU)wk) (ZO))

j=1

_|_

i=
0.

v

This concludes the proof that dr is continuous on M.

On the other hand, by using Proposition 3, Theorem 2 and noting that dd¢log |G| =
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0,dd°loge* > 0(1 < j < q), we have

dd®log A > L— 7K1 gie log |G| + Z dd®log(|Gol? - - |Gr_1]?)

€
oL + €T (o) + €71)
k—1 2(%)
1G22
dde IOg pro | PI

+ ”
2(0 + €7%) I 1og™ ) (6/ ¢, (H;))

n(IGoPIGE G
~ d(ok + €eTi) 0% |Go[?7x+1
G [20(a=2N+k=1) |7, |2 =]
4 ( - | 0|2 — > | kl w()) ddc|Z|2
I, (|G(H;) P15 log™ (6/ ¢y (Hj)) )<l
1 Co ( (|GO|2|G1|2'_.|Gk|2>1/Tk
— €Tk

4o (o) + 1) o |Go|?7++1

20(q—2N+k—1) 2 o
+ak< - [Gol — Gl > )ddc|z|2
Y, (|G(H;)|*T, 2 log™(6 /¢, (Hj)))* )

> min{

where Cj is the positive constant. So, by using the basic inequality
aA+ BB > (a+ B)Aat5 Ba¥5 for all a, 5, A, B > 0,

we can find a positive constant C satisfing the following

‘G‘H(q_2N+k_l)_€ok+l"Gk|'HZ]::O |Gp|e )U’“fsﬂ‘dch'Q
1 (IG(H;)| - TZ5 log (8 /by (H)) =)

A e 31 | W <
- 1( 1 (IG(H;)| - T =5 log (6 /¢y (H))) =)

dd®log A > Cl(

Tt ,
dd|z|* (by Theorem 1)

‘G|77j

w(4)
—eo i w(i)uy k e TT14
|G|V~ eok+1 g2 J ~|Gk|'Hp=0|Gp‘ . j=1< vy > e ,
) dde|z|*.

=C
1( -1 (|G (H;)| - TZg log(8/ ¢, (Hj)) )

On the other hand,

n;j w(4)
(|GJ> >1forall j=1,...,q,

el

so we get

e R S HI;=0 |Gyl ) ﬁddCIz\z
¢ (IG(H;)| - TE=E log(6/ 6y (H,)))=)
— CyA\2dd°|= 2.

dd®log \ > 01<

This concludes the proof that dr2 has strictly negative curvature on M.
Step 4: Set Q, = dd°log ||G||?.
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Now, by using the classical Nevanlinna theory [11, Theorem 3.3.15] and remarks of
Fujimoto [5, Proposition 4.7] we get >°7_, 65 (Hj) < 2N — k + 1 if the universal covering
surface of M is biholomorphic to C. This is a contradiction with (4.2). Thus, we only need
consider the case that the universal covering surface of M is biholomorphic to the unit disc.
By Lemma 1, there exists a positive constant Cy such that

dr? < Codo?,,

where do2, denotes the Poincaré metric on M.

Now, it follows from the assumption M has finite total curvature in R™ that M is bi-
holomorphic with a compact Riemann surface M with finitely many points a;’s removed. For
each a;, we take a neighborhood U; of a; which is biholomorphic to A* = {z;0 < |z| < 1},
where z(a;) = 0. The Poincaré metric on domain A* is given by

4|dz|?

do?, = — 2L |
A 22 1og? |22

By using the distance decreasing property of the Poincaré metric, we have
|dz|?

dr’ < G =y
2|2 log” ||

with some C; > 0 . This implies that, for a neighborhood U} of a; which is relatively

compact in U;, we have
/ Qgr2 < +00.
Uy

Since M is compact, we have

/ Qd7'2 S / Qd7'2 + Z/ Qde < +o00. (46)
M M-UUf T Jur

On the other hand, we have

Y — €0ki1 1 [0 G
dd®log A > (——————)dd“log |G| + dd® log a7 k—1 — 2w(7)
op + eTh (o) + €Tk) 4 M=o log™(6/dp(H;))
> (w)ddc log |G|, by Theorem 2.
O + €Tk
This implies
dd€ log \2 > T~ Okt1 Q..
0g A" 2 ( o +er, Y
Thus, we now can find a subharmonic function v such that
e
Nldef? = €||GI| - okt €Tk |dzf?
Y — €0k41
vH(——————— -1 log |G
N 1G] 2]d=[?

= eVds?.
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So dr? = e"ds?, where w is a subharmonic function. Here, we can apply the result of Yau

in [20] to see
/ eV Qg2 = 400,
M

because of the completeness of M with respect to the metric ds?. This contradicts the
assertion (4.6). The proof of the Main theorem is completed. o

Acknowledgement. The author also is grateful to Professors Do Duc Thai and Gerd
Dethloff for many stimulating discussions concerning this material. We also would like to
thank the referees for their valuable comments.

References

[1] L. V. AHLFORS, An extension of Schwarz’s lemma, Trans. Amer. Math. Soc., 43,
359-364 (1938).

[2] G. DETHLOFF AND P. H. HA, Ramification of the Gauss map of complete minimal
surfaces in R? and R* on annular ends, Ann. Fac. Sci. Toulouse Math., 23, no. 4,
829-846 (2014).

[3] G. DETHLOFF, P. H. HA AND P. D. THOAN, Ramification of the Gauss map of
complete minimal surfaces in R™ on annular ends, Collog. Math., 142, 149-167 (2016).

[4] Y. FANG, On the Gauss map of complete minimal surfaces with finite total curvature,
Indiana Univ. Math. J., 42,1389-1411 (1993).

[5] H. FuimMoTo, Value distribution of the Gauss maps of complete minimal surfaces in
R™, J. Math. Soc. Japan, 35,n0. 4, 663-681 (1983).

[6] H. FusiMOTO, On the number of exceptional values of the Gauss maps of minimal
surfaces, J. Math. Soc. Japan, 40, 235-247 (1988).

[7] H. FuiMoTo, Modified defect relations for the Gauss map of minimal surfaces, J.
Differential Geom., 29, 245-262 (1989).

[8] H. FuiiMoTo, Modified defect relations for the Gauss map of minimal surfaces 11, J.
Differential Geom., 31, 365 - 385 (1990).

[9] H. FusimoTo, Modified defect relations for the Gauss map of minimal surfaces III,
Nagoya Math. J., 124, 13-40 (1991).

[10] H. FuiiMoTO, Unicity theorems for the Gauss maps of complete minimal surfaces II,
Kodai Math. J., 16, 335-354 (1993).

[11] H. FusmoTo, Value Distribution Theory of the Gauss map of Minimal Surfaces in
R™, Aspect of Math., Vol. E21, Vieweg, Wiesbaden (1993).



Pham Hoang Ha 199

[12]

[13]

[14]

[15]

[16]

[17]

P. H. HA, An estimate for the Gaussian curvature of minimal surfaces in R™ whose
Gauss map is ramified over a set of hyperplanes, Differential Geom. Appl., 32, 130-138
(2014).

P. H. HA, L. B. PHUONG AND P. D. THOAN, Ramification of the Gauss map and
the total curvature of a complete minimal surface, Topol. Appl., 199, 32-48 (2016).

P. H. HA AnxD N. V. TrAO, Non-integrated defect relations for the Gauss map of
complete minimal surfaces with finite total curvature, J. Math. Anal. Appl., 430,
76-84 (2015).

L. JIN AND M. Ru, Algebraic curves and the Gauss map of algebraic minimal surfaces,
Differential Geom. Appl., 25, 701-712 (2007).

Y. KawakaMmi, R. KOBAYASHI, AND R. MivAOKA, The Gauss map of pseudo-
algebraic minimal surfaces, Forum Math., 20, 1055-1069 (2008).

X. Mo, Value distribution of the Gauss map and the total curvature of complete
minimal surface in R™ | Pacific. J. Math., 163, 159-174 (1994).

X. Mo AND R. OSSERMAN, On the Gauss map and total curvature of complete
minimal surfaces and an extension of Fujimoto’s theorem, J. Differential Geom., 31,

343-355 (1990).

M. Ru, On the Gauss map of minimal surfaces with finite total curvature , Bull.
Austral. Math. Soc., 44, 225-232 (1991).

S. T. Yau, Some function-theoretic properties of complete Riemannian manifolds
and their applications to geometry, Indiana Univ. Math. J., 25, 659-670 (1976).

Received: 02.09.2016
Revised: 20.06.2017
Accepted: 20.08.2017

Department of Mathematics

Hanoi National University of Education
136 XuanThuy str., Hanoi, Vietnam
E-mail: ha.ph@hnue.edu.vn



