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Abstract

A refinement of Cauchy’s bound
|z] <14+ max |a
0<k<n-1

for the moduli of all the zeros of the polynomial

2

24y 12" a2+ L+ g

has been obtained.
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1 Introduction and statement of results

Concerning an upper bound for the moduli of all the zeros of a polynomial, the following
result due to Cauchy [3] is well known.

Theorem A. All the zeros of f(z) = ap + a1z + ... + a,z",a, # 0, lie in the disc

|zl <1+ max |ax/a,l|.
0<k<n-1

In the literature there exist many refinements ( [9], [4], [2], [6], [10], [7], [8], [1]), of
Theorem A. In this paper one more refinement, of Theorem A, with a simple bound and a
very short proof has been obtained. More precisely we have proved

Theorem. All the zeros of the polynomial

2

fl2)=2"+ Ay_1Z"  + a, 02" 2 + . +ap, (a1 = 0),

lie in the disc

an2jirl + ln-ieal? + 4+ 4o

|z| < max
1<j<| L) 2
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2 Proof of Theorem

Firsty let nn be even. Then

F@ > 12l {2 ~ lauslll = (1 + lanal)} + 12" {l2? = la,sllz-
(L laeal)) + .+ 122 {12P = lanoajllzl = (1 + lag o) + ..+

{lzl? = larllzl = (1 + laoh)} + 1,
> 0,

neapetl + \Jlazja + 4+ 4o
|z| > max
1<j< 2 | 2

and Theorem follows for the possibility under consideration. Now let n be odd. Then

F@I 2 12" {2 = lanalld = (1 + a2l + 12" {12P = la,sllzl-

(L4 g} + oo 12 {12~ lancjillel = (U laggD) + .+

21 {IzP = laallzl = (1 + lax])} + {lz] = laol}, n>3

and
If @) = {lz] = laol} , n=1
Therefore
f@)1 >0,
if
n-apetl + \flazjiaP + 4+ 4o
|z| > max
1<j< 24 2

and Theorem follows for the possibility under consideration. This completes the proof of
Theorem.

3 Additional justification for the bound of Theorem

For this purpose we will compare the bound of Theorem firstly with Cauchy’s bound
and its subsequent refinements and secondly with the bounds, not associated with Cauchy,
namely those of Fujiwara [5] and Walsh [11]. Accordingly we proceed.

(A) Comparison of bound of Theorem with Cauchy’s bound and its subsequent

refinements

(A1) Comparison of bound of Theorem with Cauchy’s bound
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Using the
bound of Theorem = B, say),
anapetl + Jluzja + 4+ 4o
=  max , (3.1)
1<j<( 21 2

we can say that all the zeros of

fi(2) =2° +mz +ag, lar| = |ag = 1 (3.2)
lie in

lz| < 1.618 (3.3)

and all the zeros of

fo(z) = 22 + @zt + a32° + a2 + mz +ag, |aa| = 2, lasl = 3,12l = 4,141 =5,la0l =6 (3.4)

lie in
lz| < 6.162. (3.5
Further using
, _ - = = 3.6
Cauchy’s bound [3] = B1(, say) =1 + oé?san)il lagel =1+ M, (M og}gﬁl laxl), (3.6)

we can say that all the zeros of fi(z) lie in
|z] <2

and all the zeros of f>(z) lie in
lz| <7,
thereby implying by (3.3) and (3.5) that the result obtained by bound of Theorem is better

than that obtained by Cauchy’s bound for both fi(z) and f>(z).
Now

Wn-ajir+ Vlarama P+a+8ia, | }

— = . 3.7
By 1 + maxo<k<p—1 lax| 67

Using (3.7) or otherwise we will get certain information about B in terms of B; or vice
versa, by imposing certain restrictions on size of coefficients (i.e. moduli of coefficients) of
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polynomial and sometimes imposing restrictions on degree of polynomial also:

(a) All coefficients are equal in size (i.e aj| =¢,0 < j <n —1). Then (3.8)
B = By, (n > 2), (by usual method).

(b) (i) The first two leading coefficients (i.e. a,-1 and a,-,) dominate the remaining coefficients
in size and themselves are equal in size (i.e. |a,-1| = a,—2| = tand |aj| <t,0 < j < n - 3).
Then (3.9)

B = By, (n > 3), (by usual method).
(ii) (@") The first two leading coefficients (i.e. a,-1 and a,_,) dominate the remaining
coefficients in size and themselves are unequal in size with
lanl, (= 1) > lan—l, (= 1), (3.10)
(ie. laj| <t;,0<j<n-3). Then (3.11)
B < By, (n = 3), (by usual method).
(b”) The first two leading coefficents (i.e. a,-1 and a,,_,) dominate the remaining
coefficients in size and themselves are unequal in size with
lanl, (=) <lan-l, (= 1), (3.12)
(ie. |ajl <t,0<j<n-3). Then (3.13)
B < By, (n > 3), (by usual method).
(A2) Comparison of bound of Theorem with Joyal et al.’s bound

Using

Joyal et al.’s bound [9] = B (, say) = % {1 + |a,—1] + \/(1 —lan_1])? + 4M1},
(M1 = max |al), (3.14)
0<I<n-2

we can say that all the zeros of fi(z) lie in
|z] <1.618

and all the zeros of f,(z) lie in

lzl < 4,

thereby implying by (3.3) and (3.5) that the result obtained by bound of Theorem is better
than that obtained by Joyal et al.’s bound for fi(z) but the result obtained by bound of
Theorem is worse than that obtained by Joyal et al.’s bound for f»(z).

Now

B maXy¢jq | {lan—2j+1| + \/|11n—2j+1|2 +4+ 4|11n—2j|}
— = . (3.15)
B 1+ laya] + V(1 = |2,-1])? + 4(maxo<icn— ai])

Further what we did in (A;) after getting B%' we will now do the same thing here also with
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B; replaced by B, and we will be using subsections of (A1) only, with same meaning.

(@) B = By, (n 2 2), (by usual method).
(b) @) B = By, (n = 3), (by usual method).
(i) (@")B > By, (n = 3), (by usual method).
(b") B < By, (n > 3), (by usual method).
(As3) Comparison of bound of Theorem with Datt and Govil’s bound

Using
Datt and Govil’s bound [4] = B3 (,say) = 1 + A¢M, (M is as in (3.6) and
Ao = unique root of
(1+Mx)'"(x-1)+1=0, in(0,1)), (3.16)

we can say that all the zeros of fi(z) lie in
|zl <R,R>175

and all the zeros of f»(z) lie in
Izl <R,R >6.25

thereby implying by (3.3) and (3.5) that the result obtainted by bound of Theorem is better
than that obtained by Datt and Govil’s bound for both fi(z) an f»(z).
Now

g Mg {lugjal + el + 4+ da o) /2

B3 - 1+ Ao(maXOSkSn—l |ak|)

(3.17)

Further what we did in (A;) after getting B%, we will now do the same thing here also with
By replaced by B; and we will be using subsections of (A1) only, with same meaning,.

(a) B > B3, (n = 2), (by usual method).
(b) (i) B > B3, (n = 3), (by usual method).
(ii) (@") B > Bs, for values of t;(< t), sufficiently close to t, (n > 2), (by usual method).
(b’) B > B3, for values of t(< t;), sufficiently close to t1, (n > 2), (by usual method).
(A4) Comparison of bound of Theorem with Boese and Luther’s bound

Using

Boese and Luther’s bound [2] = By (, say) =

(M is as in (3.6)),
(3.18)

IM(1 = nM)/[1 — (nM)M/r]jV/n, M<1/n,
min{(1 + M)(1 — M/[(1 + M)™ = nM]), 1+ 2(nM — 1)/(n + 1)}, M > 1/n,

we can say that all the zeros of fi(z) lie in

|z| < 1.966
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and all the zeros of f>(z) lie in

lz| < 6.999

thereby implying by (3.3) and (3.5) that the result obtained by bound of Theorem is better
than that obtained by Boese and Luther’s bound for both fi(z) and f>(z).

Now here we will have three different expressions for Bs, one for M < 1/n and other
two for M > 1/n, (depending on which one of the two expressions is minimum one for
M > 1/n), thereby giving three different expressions for B%'

Q)M < 1/n.

g Mg {luggal + leal + 4+ 4o} /2
b_ . (3.19)
By (M@ = nM)/[1 - (nM)V/m])"

Further what we did in (A;) after getting B%, we will now do the same thing here also, (as

well as after getting remaining two expressions of B% also), with B; replaced by B, and we
will be using subsections of (A1) only, with same meaning.

(a) B > By for values of t(< 1/n), sufficiently close to 1/n, (n > 2), (by usual method).
(b) (i) B > B, for values of t(< 1/n), sufficiently close to 1/n, (n > 3), (by usual method).
(ii) (@) B > B, for values of t1(< t < 1/n), sufficiently close to 1/n, (n > 3), (by usual method).
(b”) B > By for values of t(< t; < 1/n), sufficiently close to 1/n, (n > 3), (by usual method).

Q)M > 1/n. (dh).

o M (gl + yflam P+ 4+ dag} /2
= = — . (3.20)
* (4 M) (1~ )

(@) B > By, (n = 2), (by usual method).
(b) () B > By, (n > 3), (by usual method).
(if) (@”) B > By for values of t;(< t), sufficiently close to t, (n > 3), (by usual method).
(b”) B > By for values of t(< t;), sufficiently close to t1, (n > 3), (by usual method).

(d2).

B maXlgst%J {lan—2j+1| + \/lan—2j+1|2 +4+ 4|an—2j|} /2

= = . (3.21)
2(nM-1)
By 1+ =5
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(@) B> Bgfort<2/(n—1)and B < By for t > 2/(n — 1), (n > 2), (by usual method).
(b) 3) B> By fort <2/(n—1)and B < By for t > 2/(n — 1), (n > 3), (by usual method).
(ii) (@”) B > By for values of t1(< t < 2/(n — 1)), sufficiently close to t and B < B,

for values of ti(< t,t > 2/(n — 1)), sufficiently close to t, (n > 3),

(by usual method).

(b”) B > By for values of t(< t; < 2/(n — 1)), sufficiently close to t; and B < By
for values of t(< t1,t; > 2/(n — 1)), sufficiently close to t1, (n > 3),
(by usual method).

(As) Comparison of bound of Theorem with Jain’s first old bound

Using
Jain’s first old bound [6] = Bs (, say) = 1 + dor, (r = %{—b + b2 +4M},b=1—|a,_4],

M; is as in (3.14) and dj (= greatest root of
(1 + xr)" 1 (x?r? + xrb — My) + M; =0

in [0, 1]) is always < 1, except when

M =0, in which case it is 1),

(3.22)

we can say that all the zeros of fi(z) lie in
lz| <Ry, Ry < 1.556

and all the zeros of f,(z) lie in
lzZl <R}, R, <4,

thereby implying by (3.3) and (3.5) that the result obtained by bound of Theorem is worse
than that obtained by Jain’s first old bound for both fi(z) and f>(z).
Now

B max gjq u | {|an—2j+1| + \/lan—2]’+1|2 +4+ 4|an—2j|} /2 623
Bs 1+ 2 {1 +lapal+ A =l ] +4M)

Further what we did in (A;) after getting B%, we will now do the same thing here also with
By replaced by Bs and we will be using subsections of (A1) only, with same meaning,.

(@) B > Bs, (n = 2), (by usual method).
(b) (i) B > Bs, (n = 3), (by usual method).
(ii) (@") B > Bs, (n > 3), (by usual method).
(b”) Here we are unable to say anything.
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(As) Comparison of bound of Theorem with Sun and Hsieh’s bound

Using
Sun and Hsieh’s bound [10] = B¢ (, say) = 1 + 81, (01 = unique positive root of

2+ (2 = lay-1)x? + (1 = layaa| = lag—l)x =M =0

and M is as in (3.6)), (3.24)

we can say that all the zeros of fi(z) lie in
|Z| <R,, R, <15

and all the zeros of f>(z) lie in
lzZl <R,, R, <4,

thereby implying by (3.3) and (3.5) that the result obtained by bound of Theorem is worse
than that obtained by Sun and Hsieh’s bound for both f(z) and f>(z).
Now

B MaXigqui {lan—2]’+1| + \/lﬂn—2j+l|2 +4+ 4|an—2j|} /2
B_6 - 1+ 61

Further what we did in (A;) after getting B%, we will now do the same thing here also with
B; replaced by B and we will be using subsections of (A;) only, with same meaning.

(3.25)

(@) B = Bg, (n = 2), (by usual method).
(b) (i) B = Bg, (n = 3), (by usual method).
(if) (@") B < Bg, (n > 3), (by usual method).
(b") B < Bs, (n = 3), (by usual method).

(A7) Comparison of bound of Theorem with Jain’s second old bound

Using
Jain’s second old bound [7] = By (, say) = 1 + 8, (09 = unique positive root of

Xt + (3 = a1 + (3 = 20ay1| — lap-2l)x?
+(1 = lap-1| = lan—2| — lap-3))x —M =0 (3.26)
and M is as in (3.6)),

we can say that all the zeros of fi(z) lie in
|Z| <R3,R3<14

and all the zeros of f,(z) lie in
Iz < Ry, Ry < 3.5,

thereby implying by (3.3) and (3.5) that the result obtained by bound of Theorem is worse
than that obtained by Jain’s second old bound for both fi(z) and f»(z).
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Now

B MaXygjqui {|ﬂn72]’+1| + \/lan—2j+1|2 +4+ 4|an72j|} /2
B_7 - 1+ 0

(3.27)

Further what we did in (A,) after getting B%, we will now do the same thing here also with
B; replaced by By and we will be using subsections of (A1) only, with same meaning.

(@) B = By, (n > 3), (by usual method).
(b) @) B > By, (n > 3), (by usual method).

(ii)(@)B> or <B;e (t—1—-H)(VE2+4+4t1 +t—2)+2t > or <0, (tr = |ay-sl), (n > 3),

(by usual method).
(b)B> or <Byo (t—1-t)(V2+4+4t +1) +2(1 + 1) > or <0,(t, = |a,_3|), (n > 3),
(by usual method).

(As) Comparison of bound of Theorem with Jain’s third old bound

Using

Jain’s third old bound [8] = Bs (, say) = % {m + 1+ (a1 — p1)* + 401},(ﬁ1 = layl;

B2 >p3>... = B, being the ordered
non-negative numbers |a;|,j = 0,1,...,n -2,
with a; # 0 for at least one j,0 < j <n —2;

1 = maxXo<k<p-1(Br+1/Px), (Maximum

being taken over all k such that

B #0);60 = 1P — Pra1, k=2,3,4,..., 11 =0;
t =1 {m + B+ (a1 = B1)* + 4ﬁ2} -y,

01 = B2 — (62/(ar + 1)) = 03/ (a1 +£})*) — ... =
(On/(ar +£)"1)),

(3.28)
we can say that all the zeros of fi(z) lie in
|z <1.432
and all the zeros of f»(z) lie in
|z] < 3.968,

thereby implying by (3.3) and (3.5) that the result obtained by bound of Theorem is worse
than that obtained by Jain’s third old bound for both f(z) and f»(z).
Now
max
1§]SI_KT+1J lay-2j1l+ V la—2j+1>+4-+4la, ;|
5 _ e : B . (3.29)

Bs aq +ﬁ1 + \1(0(1 - ﬁl)z + 404
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Further what we did in (A;) after getting B%, we will now do the same thing here also with
B; replaced by Bg and we will be using subsections of (A1) only, with same meaning.

(a) B > Bg, (n = 2), (by usual method).
(b) (i) B > Bg, (n > 3), (by usual method).
(ii) (@") B > Bg, (n > 3), (by usual method).
(b’) Here we are unable to say anything.

(A9) Comparison of bound of Theorem with Affane-Aji et al.’s bound

We will not compare the bound of Theorem with Affane-Aji et al.’s bound as Affane-Aji
et al.’s result is the generalization of the results due to Sun and Hsieh [10] and Jain [7] and
we have already compared the bound of Theorem with Sun and Hsieh’s bound in (A¢) and
with Jain’s bound in (Ay).

(A) Comparison of bound of Theorem with the bounds, not associated with Cauchy

(All) Comparison of bound of Theorem with Fujiwara’s bound

Using

[y

n—

1/2
Fujiwara’s bound [5] = Bj (, say)=[1+ |a]-|2] , (3.30)

1l
o

j
we can say that all the zeros of fi(z) lie in

2 < 1.732

and all the zeros of f»(z) lie in
|z| < 9.539,

thereby implying by (3.3) and (3.5) that the result obtained by bound of Theorem is better
than that obtained by Fujiwara’s bound for both f;(z) and f>(z).

Now

g Xz {2l + izl + 4+ Ao} /2
- = — . (331)
B, 1+ X% laj)1/2

Further what we did in (A;) after getting B%' we will now do the same thing here also with
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B1 replaced by B and we will be using subsections of (A1) only, with same meaning.

(@)B> or < B'1 ©2/(n—-1)> or <t (n=2), (by usual method).

n-3
(b) @ B<B},(s>1)and B> or <B; & Vl-s> or <|t-1|,(s<1),(s= Z|aj|2),
j=0
(n > 3), (by usual method).
(ii) (") For #* + 2t;(t; — 1) + 25 < 0,
B> B
and for > + 2t (t; = 1) + 25 > 0,

B<B, if2-s—(t -1)*<0,

Is + ta(t — 1)

B> or <By&|f|>or <D, if2-s—(t —1)>*>0,|D =

V2=s—(th-12)
n-3

(5 = Z |ﬂj|z], (n > 3), (by usual method).
=0

(b”) Same as in (a’).

(A/Z) Comparison of bound of Theorem with Walsh’s bound

Using

Walsh’s bound [11] = B} (, say) = Z 2", (3.32)
j=1

we can say that all the zeros of fi(z) lie in
lz] <2

and all the zeros of f,(z) lie in
|z] < 8.244

thereby implying by (3.3) and (3.5) that the result obtained by bound of Theorem is better
than that obtained by Walsh’s bound for both fi(z) and f>(z).

Now

g Mg {lugjal + laal + 4+ da o) /2
B_ , . (3.33)
B2 Z?=1 |un—j|1/]

Further what we did in (A;) after getting B%, we will now do the same thing here also with
B replaced by B, and we will be using subsections of (A1) only, with same meaning.
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n
(@) B> or < B/2 ©1>or < Z tVi,(n > 2), (by usual method).
=2

(b)()B> or <B, & 1> or <t/2+ Z Ian_jll/j, (n > 3), (by usual method).

=3
(ii) @) For1—s? —ts; <0,
B <B,
and for 1 — s% —ts1 >0,
. 1-s2—1ts L ,
B> or <B, & #Sll > or < tl,{sl = ;‘ Ian_]-|1/]],(n > 3),
(by usual method).

(b’) Same as in (a").

References

[1] C. Arrane-Aji, N. Acarwar, N. K. Govir, Location of zeros of polynomials, Math.
Comput. Modelling 50, 306-313 (2009).

[2] E G. Boesg, W. J. LuTtHER, A note on classical bound for the moduli of all zeros of
polynomial, IEEE Trans. Automat. Contr. 34, 998-1001 (1989).

[3] A.L.Caucny, Exercises de Mathématiques, IV Année de Bure Fiéres, Paris (1829).

[4] B. Datt, N. K. Govir, On the location of zeros of polynomial, J. Approx. Theory 24,
78-82 (1978).

[5] M. Fustwara, Ueber die Wurzeln der algebraischen Gleichungen, Tohoku Math. J. 8,
78-85 (1915).

[6] V. K. JaiN, On Cauchy’s bound for zeros of a polynomial, Approx. Theory Appl. 6,
18-24 (1990).

[7] V. K. JaiN, On Cauchy’s bound for zeros of a polynomial, Turk. J. Math. 30, 95-100
(2006).

[8] V. K.JaiN, On Cauchy’s bound for zeros of a polynomial, Bull. Math. Soc. Sci. Math.
Roumanie 50 (98), 273-279 (2007).

[9] A.Jovar, G. LaBeLLE, Q. I. RanMmaN, On the location of zeros of polynomials, Canad.
Math. Bull. 10, 53-63 (1967).

[10] Y. J. Sun, J. G. Hsien, A note on circular bound of polynomial zeros, IEEE Trans.
Circuits Syst. I 43, 476-478 (1996).



VK. Jain and V. Tewary 185

[11] J. L. WaLsH, An inequality for the roots of an algebraic equation, Ann. of Math. 25,
285-286 (1924).

Received: 22.10.2015
Revised: 25.01.2017
Accepted: 17.02.2017
Mathematics Department, LI.T., Kharagpur, India - 721302
(MWE-mail: vinayjain.kgp@gmail.com
@E-mail: vivektewary@gmail.com



