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Abstract

We consider an evolution inclusion governed by the so-called ”sweeping process”.
The right-hand side contains a set-valued perturbation, upper semi-continuous with
nonempty compact and almost convex values. We generalize first an existence result
when the perturbation is with convex but not necessary bounded values, topological
properties of the attainable set are also established. Then, in a particular case arising
in planning procedures, the problem with almost convex perturbation is investigated
in order to establish the existence of time optimal solutions.
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1 Introduction

It’s well known that the attainable sets plays an important role in control theory; many
problems of optimization, dynamics, planning procedures in mathematical economy and
game theory can be stated and solved in terms of attainable sets. In the study of existence of
solutions for differential inclusions, the use of convexity assumptions is widely acknowledged;
in particular to establish that the set of all solutions is closed. This property is not true, in
general, when the convexity is dropped. The non-convex case has been studied by various
approaches. In [9], a generalization of convexity has been defined, namely, the almost
convexity of sets (see the definition below); the authors have shown the existence of solution
to upper semi-continuous differential inclusions, and that the attainable set (instead of the
solutions set) is closed. This almost convexity condition has been used successfully by [1]
and [2]. In [2], an evolution inclusion has been considered, the right-hand side contains
the classical Moreau’s sweeping process and a set-valued perturbation with almost convex
values. Let recall that the sweeping process is an evolution differential inclusion governed
by a maximal monotone operator defined as the subdifferential of the indicator function of
a convex set, and that includes, as a special case, a class of variational inequality. It has
the following form
{ —i(t) € New(z(t)), a.e te [T, T7;
x(t) € C(t), Yt € [Ty, T], «(Tp) = a.

where C(t) is a time dependent subset of R and Ne () ((t)) is the normal cone to C(t) at
2(t). Such problems has been introduced and thoroughly studied in the 70’s by Moreau in
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the setting where the sets C(t) are assumed to be convex (see [13]). Generalizations of the
sweeping process have been the object of many studies, see e.g. [5, 6, 8, 14, 16, 17] and the
references therein. The perturbed problem appears as follows

—i(t) € Neg () + Gt u(t), ae. t€ [Th,T),
(Z) u(t) e C(t), Vte [Ty, T,
U(To) =ug € C(Tg),

where the perturbation G : [Ty, T] x R = R? is a nonempty closed valued set-valued
function, Lebesgue-measurable on [Ty, 7] and upper semi-continuous on R<.

In the present paper, we extend the results in [2] in many directions. We show that the
approach in [2] can be adapted to yield the existence of solution for (Z) with a set-valued
perturbation unnecessarily bounded values. Moreover, we establish on the whole interval
R* := [0, +o00], the existence of solutions of the perturbed sweeping process

u(t) € New(u(t)) + G(t,u(t)), ae. teRT,
(Zg+) u(t) C(t), VteRT,
u(0) = a € C(0),

Making use of the result obtained, we present some topological properties of the attainable
sets.

On the other hand, when the sets C(t) := C are fixed and convex, one obtain the
following problem arising in the study of planning procedures in mathematical economy,
and studied by [11] and [12] :

u(t) € Nc( ) + G(u(t)), ae. teRT,
(P) u(t) vVt € RT,
u(0) =a E c,

We investigate under the weaker assumption of almost convexity, the existence of solutions
to (P). This result lead us to obtain a solution of reaching any element of the attainable
sets in a minimum time which is known as the time optimality problem.

This paper is organized as follows. In section 2, several notations and preliminaries
of convex and non-smooth analysis are recalled, in section 3, we prove the existence of
(Zg+) when G is upper semi-continuous on R x R? with unnecessary bounded values, and
establish a topological property on the attainable set, finally in section 4 we present an
existence result of (P) when G has compact almost convex values, and deduce a solution
of the time optimality problem.

2 Notation and Preliminaries
Through the paper, we will use the following notations and definitions.

Cra ([T, T)) is the Banach space of all continuous mappings from [Ty, 7] to R¢ endowed
with the sup-norm.

. EJ%W([TO’ T]) is the space of all Lebesgue integrable R%-valued mappings defined on [Ty, T).
e B is the closed unit ball of R?.
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If D is non empty closed subset of R?, then §*(2’, D) = sup < a/,y > is the support
yeD

function of D at 2’ € R, d(.,D) is the usual distance function associated with D, i.e.
d(xz,D) = infD||x — || for € R?, which is convex whenever D is convex. The projection
ue

of z on D is the element of D denoted by Projp(x) and satisfying
Projp(z) ={y € D : d(z,D) = ||z — yl[}.

We denote the element of D with minimal norm by m(D) = Projp(0), it is unique whenever
D is a closed convex subset of R?. In the case of set valued maps, if F : R? =% R? is a
measurable multifunction with nonempty closed convex images, then F' admits a measurable
selection with minimal norm x — m(F(z)) = Projp,)(0) (see [4])

If A and B are closed subsets of R?, the excess of A over B is

e(A, B) = sup{d(a,B) : a € A}

and their Hausdorff distance is H (A, B) = max(e(A, B),e(A, B)).
For a subset C C R%, co(C) denote the convex hull of C, and @(C) it’s closed convex hull,
which could be characterized by (see [4])

0(C) ={z e R : V2’ e RY, < 2/ 2 >< 6*(2/,C)}

D is called almost convex if for every 8 € co(D) there exist & and & , 0 < &§ <1< &
such that, &8 € D and & € D. Note that if 0 € co(D) then 0 € D, also every convex set
is almost convex. Concretes examples of almost convex sets are D = 07, with Z a convex
set not containing the origin, or D = {0} U9Z, Z a convex set containing the origin.

Let us recall some definitions about subdifferential and normal cone of closed sets.
Let f : RY — R U {+oc} be a proper convex continuous function on R? and z € R¢ with
f(z) < 400, the subdifferential of f is the set

of(x) ={z* e R? : <a*,y—x>< f(y) — f(z), Yy € R}

if f(z) is not finite we set df(z) =0, df(x) is closed convex set if f is convex.
Let C ¢ R? and = € C, the normal cone to C at z is defined by

Ne(z)={yeR? : <y,c—x><0, forallc € C}
and satisfies (see [10])

y€ No(z) e xzeCand <y,z>=5(y,C).
y = Projc(z) <z —y € No(y).
dd(x,C) = No(z) N B.

Let t € RT, the attainable set of (Zg+) at time ¢ is defined by

Salt) = {ult) : u() € Ty(a)}

where 13 (a) is the set of the trajectories of the differential inclusion (Zg+) on the interval

[0,t]. We signify by S, = | Sa(t) the attainable set with unspecified end-time.
teR+
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3 Sweeping process with convex unbounded perturba-
tion

The main result of this section is an extension of previous results about the perturbed

sweeping process, in particular Theorem 3.1 in [2], even when the sets C' are taken non-

convex, namely ”uniformly r-prox regular”, but here we give the result in the convex case

since we deal with this case in the application witch follows. Let G : RT x R? = R? be

a multifunction with nonempty closed convex values, globally upper semi-continuous such

that
(Hy) for some real o > 0,

[m(G(t,y))| < a, for all (t,y) € RY x RY,

and let C' : RT = R? be a multifunction with nonempty closed convex values such that
(Hz) there exist a constant A > 0 satisfies

H(C(t1),C(t2)) < Aty — to|, for all t1,t, € RT.

The following theorem treats the existence result for the problem (Zg+) when G has
convex and not necessary bounded values.

Theorem 1. Suppose that (Hy) and (Hs) are satisfied, then for every a € C(0), there exists
an absolutely continuous mapping u : RT — R? solution of (Ix+) satisfying

la(t)]| < A+2a, ae. teRT.

Proof. a) We need first to prove that the problem (I) admit a solution u : [Ty, 7] — R<.
Indeed, for every n > 0, we consider a partition of [Ty, T] by the points

T-T,

tr =T+ ken , en = ,k=0,1,2,.....,n.

Step1. Construction of approximate solution.
For each t € [ty,t7[, we defined

where z{ = ug € C(Tp) and
= Projc(t?)(xg —e,m(G(ty,uo)))
so that, u, (t) = ug. Then we have the estimate
d(zg — enm(G(tg, un(tg))), C(87)) < d(zg — eam(G(tG, un(ts))), xg) + d(zg, C(¢7))
< enl[m(G(t5, un(te)))|| + H(C(tg), C(t7))
< epa+ Alty —t7] = en(A + ).
Hence for ¢ € [tf, ][, we have
xy —xf

Un(t) = .
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Using the characterization of the normal cone in term of the projection operator, we can
write
zg — enm(G(ty, uo)) — 21 € —Ney) (27),

S0,

. ] n n n
in(t) = B € N gy (af) — m(GUG un(5))),
with
|25 — enm(G(t5, u0)) — 27| < d(zg — enm(G(tg, uo), C(H))) < (A + a)en,
then " N
-z
=11 < (A + ) + [[m(G(tg, wo) || < A+ 2a,
and " "
lin ()] = 72| < A+ 2a.
For each t € [t} t5], we defined
ty—t ,, t—17 .,
n(t) = ;
un(t) P + e T2

where
x5 = Projoy) (a — enm(G(t), un(t1)))-

Then for t € [t],t5[, we have ] = u, (¢t}) and

. xh — n n n
in (1) = =21 € =Neug)(25) — m(G(T, un(17))),

€n

with the estimate
d(@} — enm(G(IT,un(t7))), C(t3)) < (A + a)en,

so that . N

) Ty —x

Jin ()l = 2= < A+ 20
Suppose that, (u,,) is well defined on [t}_,, t}[ with
" — g
U (t7) = 2 and || =E—2=L|| < A + 20,
en

for each ¢ € [t7, 17, [, we define

tr . —t t— 10
(t) = bt Ty + k$Z+1 )

Un
€n €n

where
zi = Projouy, ) (@ — enm(G(E, un(tf))))-
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Then for t € [t}, )],

. Ty — Ty n n n
U (t) = % € —Neqyp, ) (@) — m(G(ty, un(ty))), (3.1)

with the estimate
. Ty — Ty
lan @l = ——l < A+2a. (3.2)

For each t € [Ty, T] and each n > 1, let 6,(t) = 1y, On(t) = ¢, if t € [t 17, [ and
0o (T) =11"_1,0,(T) =T. So by (3.1) we get

Un(t) € =Neo, (1)) (Un(0n(t))) — m(G (0 (1), un(n(t)))), ae, t € [Ty, T].

It is obvious that, for all n > 1 and for all ¢ € [Ty, T] the following hold,

M(G(6n(t), un(6n(t)))) € G(6n(t), un(dn(t))); (3-3)
un(0n(t)) € C(0n(t)); (3.4)
up (On(t)) € C(On(t)); (3.5)
nh_)ngoén(t) = nh_>n309n(t) =t (3.6)
Step 2. The convergence of the sequences.
For all n > 1 and for a.e. t € [Ty, T, we have
[[tn (0 (2) = un ()] = [Jun (T 41) — un(E)]]
n 45 —1 n t—1y n
= |[zk41 — L T — . Tiq|
n n
— Hean—i-l - tz-i—l‘rz + tx;i:l - tx”kl-‘rl + tng+1 H
en
_ HtZHxZﬂ B e A R O L el o Sl o O gl ] S I
€n
_ Ht;clﬂ(xZ-s-l — ay) + Uy — 24 ) I
€n
Ty, —ap
= (|l — ],
that is,
|[wn (05(t)) — un (O] = [l (]| (0n(t) —t) < (A +20)(0n(t) — 1), (3.7)
so, by (3.6)
1m {1 (6 (8)) — wa (8)] = 0.
As

|z — 25|l < llef =zl + llzioy = 2ol + oo + {27 — 25|
<en(A+2a) + e (A+2a)+ ... + en(A 4 2a).
Then, for all k = 1,2,....n

lun(E)I] = llzill < ken(A +20) + [Juol| < (T = To)(A + 20) + [Juo
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and,
un (O] = [un(On ()] < lun(t) = un(On ()] < (A4 20)(0n(t) — 1) < (A + 2)(T - To)
so, we get
[un @I < (A +20)(T = To) + [|un (%) < 2(A + 2a)(T — To) + [[uol,

we conclude that the sequence (uy,(t)), is relatively compact.
In the other hand, for all ¢1,ty € [Ty, T] such that t; < ¢t we have

[[un (t2) = un ()| = ||/t 2 ln(s)ds|| < (A 4 2a)(t2 — t1)

then the sequence (uy(.)) is equi-continuous, by the Ascoli-Arzela theorem (see [3], Theorem

0.3.1) we conclude that (uy,(.)) is relatively compact in Cra([Tp, 1), since ||iy, (t)|] < A+2a,

a.e. on [Ty, T], we conclude by the consequence of Ascoli-Arzela theorem ( see [3], Theorem

0.3.4) that there exists a subsequence (again denote by) (u,(.)) converging to an absolutely

continuous mapping u(.) and (i,(.)) converges o(Lg.([To,T]), L% ([To, T])) to 4(.). Then
¢ ¢

u(t) = lim wu,(t) = up + lim Un(8)ds = ug +/ u(s)ds.

n—oo n—roo 710 TO

Now, we put  (m(G(6n(.), un(0n(.)))))n = (gn(.))n, for all n > ng and for all t € [Tp, T,
then ||gn(t)|| < . So (gn(.)) is bounded in Lg% ([Ty,T]), taking a subsequence if necessary
we may conclude that (gy(.)) converges (Lg% ([To,T)), Ly ([To, T])) to some mapping g €
L ([Ty, T]). Consequently, for all v(.) € Ly, ([To, T]), we have

nl;rréo < gn(),v() >=<g(.),v(.) > .
Let y(.) € L ([To, T)) C LL,([To, T]) then

lim < gn()’y() >=< g()vy() >

n—00
This shows that (g, (.)) converges o(Lg.([To, T]), L ([To, T1)) to g(.), with [|g(t)]| < o a.e.

Step 3. u(t) + g(t) € —Ney (ult))
First we show that u(t) € C(t), Vt € [Tp,T)]. Indeed, for every t € [Ty, T], and for every
n > 1 by (3.5)

d(un(t), C(8)) < d(un(t), un(0n(t))) + d(un(0n(t)), C (1))
< |un(t) = un (00 (8))|] + H(C(0a(1)), C(1))
< un(t) = un (00 (2))]] + Al0, (1) —t|
Since nh_}rr;oHun(t) — un(0,(1))|] =0 ,nli_)néo\ﬁn(t) —t| = 0 and C(¢) is closed, by passing to

the limit in the preceding inequality, we get u(t) € C(t).
In the other hand, we have

[ (£) + gn (O] < [[tn (D) + [lgn @] < A+ 3a =7y
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that is -
Un(t) + gn(t) € VB,
since
Up (t) + gn(t) € _NC(Gn(t))(un(en(t)))
by the properties of the convex normal cone, we get
U (1) + gn(t) € —¥0d(un(0n (1)), C(0n(1))).
An application of the Mazur’s Theorem to (i, + gn, gn) provide a sequence (wy,, vy,) with

Wy, € cO{Um +gm : m>n} and v, € co{gm : m>n}

such that (wy,vy,) converges strongly in Li, pa([To,T]) to (@ + g,9). We can extract
from (wy,v,) a subsequence which converges a.e. to (& + g,g). Then, there is a Lebesgue
negligible set N C [Tp, T such that for every t € [Ty, T] \ N

a(t) +g(t) € () {we(®) = k>n}C () @{un(t) +gr(t) : k>n}. (3.8)
n>0 n>0
and,
gt) e (N {on(t) + k=n} C [)e@{g(t) : k=>n}. (3.9)
n>0 n>0

Fix any t € [Ty, T]\ N and p € R? the relation (3.8) gives
< s a(t) + g(t) >< limsup 6* (u, =y0d(un (0 (1)), C(0n(t))) < 0" (1, —=ydd(u(t), C(t)))

n— oo
where the second inequality follows from Theorem 3.1 in [5]. Since dd(u(t), C(t)) is closed
convex set we obtain

u(t) + g(t) € —y0d(u(t),C(t)) C —Nee)(u(t)).
Further, the relation (3.9) and the upper semi-continuity of G give
<, g(t) >< limsup 6™ (p, G(0n (1), un(0n(t))) < 6" (1, G(t,u(t))),

n—oo
So g(t) € G(t,u(t)), because G has closed convex values, and the proof of the point (a) is
complete.
b) Since RT = U [k, k+1]. For all k € N, applying the step (a) on [k, k+ 1], so there exists
keN
an absolutely continuous mapping uy, : [k, k + 1] — R9 solution of the problem

71:Lk(t) S Nc(t)(uk(t)) + G(t,uk(t)) ae. t€ [k}, k+ 1},
ug(t) € C(t), Vtelkk+1],

Considering the mapping u : Rt — R? defined by u(t) = ux(t) for t € [k, k + 1] and
k € N, then it is easy to conclude that u is an absolutely continuous solution of the problem
(Zg+). This completes the proof of the theorem. 0
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Remark 1. This result is still valid in the case of nonconvex uniformly r-prox reqular sets
C(t) since our assumptions guarantee the existence of the (unique) projection necessary for
the construction of approzimates solutions. The infinite dimension setting in a separable
Hilbert space is also obtained by adding the ball-compactness condition (see [8]).

The next Corollary characterize the attainable set, which will be used later in solving
the minimum-time problem.

Corollary 1. Suppose that (Hy) and (H3) are satisfied, then for every a € C(0), and for
allt € RT,

1. the set of the trajectories of the differential inclusion (Ig+) on the interval [0,t], 1;(a)
1§ nonempty compact;

2. the multifunction t — S, (t) is upper semi-continuous with nonempty compact values.

Proof. 1) By the Theorem 2.1, we have 13(a) # (. Let (un)n be a sequence of trajectories
in 73(a), then, for each n € N, (u,,), is an absolutely continuous solution of (I) with

[t ()| < A+ 2 ace. t€[0,1].

and
5 t t
un®)]] < |lall +/O i (s)llds < lal +/0 (A + 20)ds < |[al| + (A + 20)t.

Then the sequence (u,,(f)), is relatively compact. In addition, it is equi-continuous.
By the Ascoli-Arzela theorem we conclude that (uy(.))y is relatively compact in Cga([0, t]),
since ||, (£)|| < A+ 2, a.e. t € [0,t], we conclude by Theorem 0.3.4 in [3] that there exists
a subsequence of (un(.)), (denoted again (u,(.)),) converges uniformly to an absolutely
continuous mapping u(.) from [0,¢] to R%, and (i, (.))n converges o(Lg.([0,t]), L5 ([0,1]))
to u(.) with [|u(?)|| < A+ 2«, a.e. t € [0,t] and
i L
u(t) = lim wu,(f) =a+ lim Un(s)ds =a +/ u(s)ds.

n—oo n—oo J 0
For each n € N, let g, : [0,¢] — R? be the measurable selection of G' with minimal norm,
by the hypothesis (Hz), we get for every ¢ € [0,t] ||gn(f)|| < «, so (gn)n is bounded
in L2%([0,t]), taking a subsequence if necessary, we may conclude that (g,), converges
o (L%([0,t]), Lga([0,¢])) to some mapping g € L% ([0,t]). Consequently (gy,(.))n converges
o(Lga([0,1]), L2 ([0,1])) to g(.). Let us prove now that u is a solution of (I). Since (u,) is
a sequence of solutions of (I) and g¢,(t) € G(t,un(t)) for each n € N, we can write

— i () — gn(f) € N (un (D))

and we have i )
[[n (t) + gn(®)] < A+ 3a = 1.

So we get
Un(t) + gn(t) € —70d(un(?), C(1)).
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An application to Mazur’s Theorem to (i, + gn, gn) provide a sequence (r,, s,) with
T € CO{Um +gm : m>n} and s, €co{gm : m>n}
(T, $n) converges strongly in L., ».([0,¢]) to (i + g,g), we can extract from (rp,sy,) a

subsequence which converges a.e. to (4 g,9). Then, there is a Lebesgue negligible set
N C [0,t] such that for every t € [0,¢] \ N

W)+ g(E) € () {rm®) = m>n} C () @{im(E) + gm(®) : m>n}. (3.10)
n>0 n>0
g@) € (N {sm(@) : m>n}C [ @{gm(®) : m>n}. (3.11)
n>0 n>0

Fix any p € R? the relation (3.10) gives

< pyi(t) + g(f) ><limsup 6* (1, =y0d(u, (1)), C(8)) < 6*(n, =y dd(u(f), C(7)))

n—oo
Since dd(u(t), C(t)) is closed convex set we obtain
w(t) + g(t) € =7 dd(u(?), C(#)) € —Ne (u(h)).

Moreover by the upper semi-continuity of G we have

< p, g(t) >< limsup 6* (p, G(E, un (1)) < 6" (1, G(E, u(t))),

n—oo

which implies that g(f) € G(£,u(t)), then we get —u(t) € Ne (u(t)) + G(t,u(t)), and we
conclude that 73(a) is compact.

2) From the compactness of 7;(a) we have that of S,(t). Showing now the upper semi-
continuity of the multifunction S,(.) on R*. Consider the graph of S,(.) defined by

Gph(S,) = {(t,z) e R* xR? : 2 € S,(1)}

Let (t,,2n) be a sequence of Gph(S,) converges to (t,z), so, for all n > 0 there exists an
absolutely continuous mapping uy,(.) € 1;(a) satisfies u, (t,) = 2n, since 13 (a) is a compact,
we can extract from (u,(.)) a subsequence that we do not relabel converges uniformly
to an absolutely continuous mapping u(.) € Yi(a), which gives that u(t) = z € S,(t).
Consequently Gph(S,) is closed. Then S,(.) is upper semi-continuous. 0

4 Sweeping process with almost convex valued pertur-
bation
Now we are going to announce the main theorem of the paper, which is an existence result

for the first order perturbed sweeping process, when the perturbation G has an almost
convex values, but before that we need the following preliminary result.
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Theorem 2. Let C C R? be a nonempty closed convex subset, G : R = R be an upper
semi-continuous multifunction with nonempty compact values. Let ug € C, and x : RT —
R? be an absolutely continuous solution of

_a(t) e Nc( () + co(Glu(t)), ac. t € R,
(Pco) U(t) eC Vt € R+,
u(0) =a 6 C.

Assume that there exist integrable functions &1(.) and &(.) defined on RT, satisfying 0 <
§1(t) <1< 6(t), and

(H3) &i(t)m(co(G(z(1)))) € G(z(t) and &(t)m(co(G(x(t))) € G(x(t)),a.ct € RT.
Then, the problem (P) admits an absolutely continuous solution.

Proof. We will show first that for all ¢ € [Ty, T], there exists ¢ = t(7), a nondecreasing
absolutely continuous map from the interval [Ty, T] into itself, such that the map Z(7) =
x(t(7)) is a solution of the problem (P) on the interval [Ty, T]. Moreover, £(Tp) = x(Tp)
and 2(T) = z(T).

a) By using the same procedure as in the proof of Theorem 3.3. in [2] and Theorem 2.
in [9] we conclude that for all [a,b] C [Ty, T] there exist two measurable subsets of [a, b],
having characteristic functions ¥; and ¥4 such that ¥y + Uy = \I/[TO7T], and an absolutely
continuous function s : [a,b] — [a,b] , such that

. 1 1
5(r) = Uq(1) a0 + Us(7) &0
b) Consider the closed set K = {1 € [Tp, T] : m(co(G(z(7)))) = 0}.
If K = (), in this case 51( ) >0 on a set of positive measure, and a) can be applied to the
interval [Ty, T]. Set s( fT w)dw, s is increasing and we have s(Tp) = Tp and s(T) =
T, that is, s defined from [TO,T] into itself. Let t: [Ty, T] — [Tp, T] be its inverse, then
t(To) == T(), t(T) =T and

and s(b) —s(a) =b—a

t(r) = - =& (t(T))‘Ifl(t(T)) + & (t(T))\IIQ (t(T))

Let  : [Ty, T] — R? the mapping defined by (7) =  (¢(7)), we have

_daz(:) = —i(t(r)) (51 ()1 (t(7)) + & (t(T))\pz(t(T)))

using the steps of the proof of the Theorem 2.1, we get

B0 ¢ (6 (1) 01 (17 + & (17) W (1)) (Ne (@ (1)) + m(eo(GLa (k)

by the properties of the normal cone and hypothesis (H3), we obtain

B0 ¢ No(a(t(r))) + Glalt(r)) = Ne(a(r) + G(a(r))
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Now assume that K # (0 . Let | = sup{r,7 € K}, since K is closed we get | € K.
The complement of K is open relative to [Tp,T], it consists of at most countably many
overlapping open interval ]a;, b;[ with the possible exception of the form [a;,, b, [ with a;, =
Ty and one of the form Ja;,,b;.] with a;, = [. For each i apply a) to the interval ]a;, b,
there existence two subsets of Ja;, b;[ with characteristic functions ¥, 1(.) and¥; o(.) such
that  W;1(.) + Ws2(.) = ¥jq, 5,((-). Setting

) = W () . (r
= am D  gm et

we get

b;
/ $(w)dw = b; — a;.

i

For 7 € [Ty, 1], set
5(7) = —— W (r) + <1 Ui () + —— \1:»2(7))
&0) 2 gm0+ g

where the sum is over all intervals contained in [Ty, ], we have f; S(w)dw = p < 1 — Ty,

since &»(7) > 1; and f w)dw = b; — a;. Setting () = Ty + [, 5(w)dw, we obtain that
s(.) is an invertible map from [To, ] to [To, p].
Now, let define ¢ : [Ty, p] — [To,!] to be the inverse of s(.), then extend #(.) to an

absolutely continuous map #(.) on [Ty, ] by setting £(7) = 0 for 7 €]p,1]. We claim that the
mapping Z(7) = z(£(7)) is a solution of the problem (P) on the interval [k,!] and satisfies
#(1) = z(1). Observe that, for 7 € [Ty, p[, t(7) = t(7) is invertible and

i) = €2 Wic1(7) + 12 (6 (7)) Wi (6) + &0 (1) B 0() )

then we get

_d:Z(TT) = —i(t(r)) (52 (t(1)) Uk (t(7)) + Z (gl (7)1 (¢(7)) + & (t(T)) Ty 2 (t(T)))>

%

c (NC (x(t(T))) + m(CO(G(x(t(T)))))>

« (&alttr) v e (@ Bia((0)) + () Wia ()
€ Ne(z(t(r))) + G ((t (T))) = Ne (i(r)) + G(@(7)).

In particular, from ¢(p ) = [ and t~(7) =0 for all T €]p, 1], we obtain #(1) = #(p) = t(p), for
all 7 €]p,l], so, (1) = z(l), & is constant on ]p, ] and we have
da(r) _ =0 € co(G(z(1)) = co(G(2(7))), V7 €lp,]] (4.1)

dr
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As 0 € N¢(Z(7)), using (4.1) and (Hs) we conclude that for 7 €]p, ]

_ da(r)
dr

= 0 € Ne(&(r)) + G(&(r))

This proves our claim. With the same arguments we find a solution to the problem (P) on
[I,T] because & (1) > 0. Consequently, on each [k, k + 1],k € N, there exist a sequence of
absolutely continuous mapping Zj, solution of (P) on [k, k + 1]. Set Z(.) the mapping from
R* to RY satisfies (1) = Zx(7) for all 7 € [k, k+ 1], under this definition 7 is an absolutely
continuous solution of (P). This completes the proof of our theorem. a

Now we are able to give our main result in this section.

Theorem 3. Let C be a nonempty closed convex subset of R and G : R = R be an
almost convex compact valued multifunction, upper semi-continuous on R%. Then, for each
a€ C,

1. the problem (P) admit at least an absolutely continuous solution;

2. fort € R, the attainable set at t, S,(t) coincides with S°(t), the attainable set at t
of the problem (Peo).

Proof. 1. In view of Theorem 2.1, and since co(G) : RY = R? is a multifunction with closed
and bounded values, upper semi-continuous, there exists an absolutely continuous solution
u(.) : RY — R? of (P) satisfying [|u(t)|| < A + 2a, a.e. t € RY.

Let us prove now that there exist two integrable functions & (.) and &>(.) defined on R™
and satisfying 0 < £1(t) < 1 < &(#) such that for almost every ¢t € RT

& (t)m(co(G(u(t)))) € G(u(t)) and &(t)m(co(G(u(t)))) € G(u(t)).

We have, for all t € R*, G(t) is almost convex, then there exist nonempty sets I'1(t) and
[ (t) such that

Ii(t)={& €10,1] Elm(CO(G(u(t)))) € G(u(t))}
and
To(t) = {& € [1,+00] : &m(co(G(u(t)))) € Glu(t))}.

The multifunction I'; is measurable, since the graph

Gph(I'y) = {(t,&1) € RT x [0,1] = &m(co(G(u(t)))) € G(u(t))}
={(t.&) e RT x [0,1] : d(&m(co(G(u(t)))), G(u(t))) = 0}
= ({0} N (RT x [0,1]),
is measurable (¢ : (t,&) — d(&1m(co(G(u(t)))), G(u(t))) is measurable mapping). We
conclude that there exists &1(.) integrable selection of T'y satisfying 0 < & (¢) < 1 and

&(t)ym(co(G(u(t)))) € G(u(t)) for all ¢ € R*. The exists of £(.) integrable selection of I'y,
satisfying £2(t) > 1 and & (t)m(co(G(u(t)))) € G(u(t)) for all t € RT can be proved using
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the same reasoning as above with the fact that G(u(t)) is bounded. Applying Theorem 3.1,
we obtain the existence of mapping @(.) solution of the problem (P).

2. For all t € RY, G(t) C co(G(t)), so Su(t) C S°(t). It left to prove the converse
inclusion. Let u(t) € S5°(t), then u(.) is an absolutely solution of (P) on [0, ], so the proof
of Theorem 3.1 can be repeated on [0,#] and we find a solution a(.) : [0,¢] — R of the
problem (P) such that @(t) = u(t) € S,(t). Hence we get the needed coincidence. d

Inspired by [15], we present in the following corollary an interesting consequence con-
cerning time-optimality of the problem (P) where we apply the topological properties of
the attainable set.

Corollary 2. Let C be a nonempty closed convex subset of R, G : R* = R? be an almost
convex compact valued multifunction, upper semi-continuous on R? and a € C. For every
z € Sq, there exists a solution of the problem (P) for which z is attainable at minimum
time.

Proof. Consider
M= {t €[0,+00]: u(t) =z such that u(.) € 7(a)}.

By hypothesis M # (. We put 7 = inf M, then there exists a decreasing sequence (7,,) in
R, converges to 7, and a mapping u,(.) solution of

—u(t) € Ne(u(t)) + G(u(t)), ae. te0,7,],
for all n > 1, such that u,(7,) = z, and u,(0) = a, it is known that u,(.) is solution of
—4(t) € Ne(u(t)) + co(G(u(t))), a.e. t € [0,7,],

for all m > 1. Let wy(t) = u,(t) for t € [0,7] and n > 1, wy(.) € T+ (a), by Corollary 2.1 this
set is compact, then by extracting a subsequence if necessary we may conclude that (wp(.))
converges to w(.) € 7 (a). On the other hand, we have z = u,(7,) € S5°(m,), by Corollary
2.1 again, the multifunction S°(.) is upper semi-continuous with nonempty compact values,
we obtain limsupS$°(r,) = S5°(7). Then, z € S°(7) = S,(7). Consequently w(.) is the

n—oo
desired time optimal solution and 7 is the value of the minimum time. 0
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