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Introduction

Let A C A’ be an unramified extension of discrete valuation rings (shortly DVR), that is the
generator x of the maximal ideal of A generates also the maximal ideal of A’. Suppose that
the induced field extensions A/(z) — A’/xA’, Fr(A) — Fr(A’) are separable, in other words
the inclusion A — A’ is regular. Néron [6] (see here Theorem 1) proved that every sub-A-
algebra B C A’ of finite type can be embedded in a regular subring D C A’, essentially of
finite type over A. Moreover, D could be chosen contained in Fr(B), that is D could be
seen as a desingularization of B made with respect of the inclusion B — A'.

By Jacobian Criterion we see that D is a localization of a smooth sub-A-algebra C' C A’
containing B. Suppose that B = A[Y]/(f), Y = (Y1,....Y), f = (f1,..., fp) and the
inclusion v : B — A’ isgiven by Y — y € A"™. Replacing B by C means in fact to substitute
the system of polynomial equations f by a system of polynomials in more variables where
it is possible to apply the Implicit Function Theorem. If A’ is Henselian then this could be
very helpful. One example is the applications of Néron Desingularization to the so-called
the Artin approximation property of algebraic power series rings with coefficients in an
excellent Henselian DVR (see [1]). Actually for this aim it is not necessary the injectivity of
vand C C A’. Ploski [9] proved that if A = C{z}, z = (2z1,...,2,), B=C{z,Y}/(f) for
some complex convergent power series f in z,Y then a A-morphism v : B — C[[z]] factors
through an A-algebra of type C{z, Z} for some new variables Z.

Ploski’s result gave the idea of the so-called the General Néron Desingularization, (see
[12], [13], [16]) which says that for special (that is regular) morphisms A — A’ of Noethe-
rian rings any A-morphism v : B — A’ with B a A-algebra of finite type, factors through
a smooth A-algebra C, that is v is a composite A-morphism B — C' — A’. This desingu-
larization is constructive when dim A = dim A’ =1 (see [10], [8], [4]).

In [3] an easy proof of the General Néron Desingularization is given in the case when
dim A =0, dim A’ =1 and A, A’ have the same residue field. Here it is our goal to provide
some algorithms in this direction. We start presenting an algorithm to construct the Néron
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Desingularization in the case when A, A’ are DVR. In Section 1 we recall Néron’s proof
in the idea presented by Artin [1, Theorem 4.5] in a special case (see also [11, Theorem
5.1, page 683], [7, pages 171-172]). The present proof is taken from [14] and we give it
here for the sake of completeness. In Sections 2, 3 we present shortly a constructive proof
and give an algorithm to construct Néron Desingularization in the easier case when A, A’
have the same residue field as in [15, Theorem 10]. We do not implement our algorithm.
The implementation done in [10] gives a hard General Néron Desingularization because it
is constructed in a general case, that is when A, A’ are Noetherian local domains of one
dimension and with possible different residue fields and so involving some extra equations
and new variables. In the last sections we present an algorithm to construct the easy case
from [3] of the General Néron Desingularization.
We owe thanks to the Referee who corrected our algorithms.

1 Preliminaries on Néron Desingularization

Let A C A’ be the unramified extension of DVR as above and B a finite type sub-A-algebra
of A’ let us say B = Aly] for some elements y = (y1,...,yn) of A’. Let o : A[Y] — A’ be
the A-morphism Y — y, I = Ker ¢ and f = (f1,..., fr) be a regular system of parameters
of the regular local ring A[Y];. Thus r = height I. By separability of Fr A C Fr B we see
that the Jacobian matrix (9f/0Y") has a r X r-minor M such that M (y) # 0.

The minimum valuation [(B) of the values of the r x r-minors of the Jacobian matrix
(0fi/0Y;) in y is an invariant of B. Indeed, tensorizing with A’ the module of differentials
2,4 we get the following exact sequence

Aepl/I? % N AdY; — A @p Qpa — 0,
1€[N]

where [N] = {1,...,N} and ¢ is given by g — »_.(9g/0Y;)(y)dY;. Applying the Invariant
Factor Theorem we see that the finite type A’-module A" ®p Qp/4 is isomorphic with
(®f_,A"/(z%)) @ A™® for some t,k,a; € N. Thus we may suppose that Im ¢ has the
diagonal form, where the only non zero elements are (z%), that is > iefy) is the minimum
valuation of the values of the ¢t x t-minors of the Jacobian matrix (0f;/9Y;) in y. It follows
that ¢ =r and I(B) = 3¢,y @i-

If I(B) = 0 then we may choose f1,..., fr such that the Jacobian matrix (0f/9Y") has
an r x r-minor M such that M(y) is invertible in A/, that is M ¢ ¢ = o~ !(z4’). By
Jacobian Criterion [5, Theorem 30.4] we see that Byang = (A[Y]/I), is regular.

Theorem 1 (Néron). If A C A’ induces separable field extensions on fraction and residue
fields then there exists a sub-A-algebra of finite type C of A’ containing B such that Cyarnc
18 a reqular local ring.

Proof. If B, anp is regular then we may take for C a localization of B. Suppose that B, anp

is not regular. Then fi,..., f, cannot be part of a regular system of parameters of A[Y],,
and so fi,..., f, induce a linearly dependent system of elements f in qA[Y ],/ A[Y],.
Also note that I[(B) > 0. Assume that fi,...,f., e < 7, induce modulo ¢* a maximal

linearly independent subsystem of f in gA[Y],/q®>A[Y],. Then we may complete fi,..., fe
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with h1,...,hs up to a regular system of parameters of the regular ring A/(z)[Y],, thus
e + s = height ¢ > height I = r. Since the field extension A/(z) — Q(A[Y]/q) is separable
we see that the Jacobian matrix ((0f;/0Y;)|(0hk/0Y}))ic(e] ke[s),je[n) has rank e+s modulo
q. Note that f; is linearly dependent on fi,..., f. modulo ¢ for e < i < r and there exist
E;, L;. € AlY], E; € q such that

e
- Z Lz’cfc S q2-
c=1

Moreover we may choose F;, L;. such that

— ZLicfc € (m, hl, ey hs)Z,
c=1

for some hy € A[Y] lifting hy. Set gr, = T}, — hy € A[Y,T), k € [s], T = (T4, ...,Ts). Since
(x,h1,...,hs) = (z,01,...,9s) We get

e S S
- Z Licfe = Z Sikk' grgr + Z Firgr + 2°R;,
c=1

kk'=1 k=1

for some R;, Sikrr, Fir, € A[Y,T]. By construction, h(y) = 0 modulo z, that is there exists
t € A’® such that h(y) = xt and so gi(y,t) = 0. It follows that R;(y,t) = 0. Taking
derivations above we get

Ei(y) 8f1 ZLw (o2 —xZszy’ (7“”2(3?)@’”’
J

> agk OR;
2 i
O—x;m(y,ﬂ(m/)(y,ﬂ+x (7))
for e < i <r. Note that the Jacobian matrix J associated to the (r 4 s)-system
(f1y-- s fes Bex1fetts- s Erfryg1,...,9s) has a minor M whose value in (y,t) has the val-
uation < [(B) + s, because F;(y) € «R’ and the Jacobian matrix (9gy/0T)) is xId, Id,
being the identity matrix.

Moreover the valuation of M(y,t) can be < [(B)+r—e. Indeed, by elementary transfor-
mations on the first r-lines and the first N-columns of J(y,t) we get a matrix G with a diag-
onal 7 x N-block on the above lines and rows. Since (9(f;, hi)/0Y;), i € [e],k € [s], j € [N]
has rank e+ s modulo ¢, we may choose an invertible (s —r+e) x (s —r+e)-minor U of the
block P of (Ohy/0Y;) given on the columns r+1, ..., e+s after renumbering Y. Assume that
U is given on the lines 7+ j1, ..., 7 + js—rye and let {u1, ..., ur—c} = [$]\ {J1,- s Js—rte}
G has the following form

Ide 0 0 O 0
0 D 0 O 0
O 0o P 0O zld

where D is a diagonal matrix with z%+!,... 2% on the diagonal and {(B) = Y/} a;.
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Then the (r 4+ s) x (r + s)-minor of G given on the columns
1,...,mr+1,....,e+s,N+ui,...,N+u,_ has the form z!(B)+7=¢ det U, which has the
valuation I(B) +r — e.

On the other hand, adding to the block of J given by the rows e 4+ 1,...,7 the first

e rows multiplied on left in order with —Lej1,c(y,t),..., —Lyc(y,t) and the last s rows
multiplied on left in order with —xFe11 ;(y,%), ..., —2xF. x(y,t) we get the Jacobian matrix
associated to (f1,..., fe, 22 Rey1,.- -, 22 Ry, g1, ..., gs). Thus we found a system of polyno-

mials (f1,..., fe; Ret1y---s Bryg1,--.,9s) in the kernel @ of the A-morphism A[Y,T] — A’
such that its Jacobian matrix has in (y,¢) a maximal minor of valuation I(B) —r+e < I(B).
Note that C = B][t] has the same dimension with B having the same fraction field and so
height @ = N+s—dimC = N+s—dim B = r+s. It follows that {(C) < {(B). Using this
construction by recurrence we arrive finally to a C' with I(C) = 0 which is enough. 0

Remark 1. The above proof is not constructive since it is based on the induction on I(B).
This is the reason to recall a constructive proof in the next section.

2 A Constructive Néron Desingularization

A ring morphism u : A — A’ of Noetherian rings has regular fibers if for all prime ideals
P € Spec A the ring A’/PA’ is a regular ring, i.e. its localizations are regular local rings.
It has geometrically regular fibers if for all prime ideals P € Spec A and all finite field
extensions K of the fraction field of A/P the ring K ®4,p A'/PA’ is regular. If A D Q
then regular fibers of u are geometrically regular. We call u regular if it is flat and its fibers
are geometrically regular. A regular morphism is smooth if it is finitely presented and it is
essentially smooth if it is a localization of a finitely presented morphism.

The Néron Desingularization presented in the first section is a kind of smoothification
with respect to the inclusion B — A’. Now we want to find a smoothification with respect
to an A-morphism v : B — A’ in the case when A = k[z](,), A" = E[[z]], k being a field
and x a variable. Since we cannot give to a computer the whole informations concerning
the coefficients of the formal power series v(Y}), it is better to work from the beginning
with A-morphisms v : B — A’/2™A’ for some m > 0. This is done in [15, Theorem 10].
Next we recall in sketch this construction since we need it for the algorithm. In [10], [§]
such algorithms are presented and even implemented for the so-called the General Néron
Desingularization but in our case the things are simpler.

If f=1(fi,-..,fr), ¥ < nis a system of polynomials from I then we consider an
r X r-minor M of the Jacobian matrix (9f;/0Y;). Let ¢ € N. Suppose that there exist
an A-morphism v : B — A’/(z***1) and L € ((f) : I) such that A'v(LM) = (z)¢/(x)?,
where for simplicity we write v(LM) instead v(LM + I). We may assume that M =
det((9fi/0Y})ijepm)-

Theorem 2 (Popescu [15]). There ezists a B-algebra C' which is smooth over A such that
every A-morphismv' : B — A’ withv' = v modulo x>t (that is v'(Y) = v(Y) modulo z***1)
factors through C.

Proof. Since A/(x?¢t1) = A'/(2?¢tl), ' € A" can be choose such that
v(Y) =y + (22¢T1). Set P = LM and d = P(y'). We have dA = z°A.
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Let H be the n x n-matrix obtained adding down to (9f/dY) as a border the block
(0]Id,,—). Let G’ be the adjoint matrix of H and G = LG'. We have GH = HG =
LM1d,, = PId,, and so dld,, = P(y')Id,, = G(y")H(v')

Let h =Y —y —dG(y')T, where T = (T1,...,T,) are new variables. Since Y — ¢y’ =
dG(y")T modulo h and f(Y) — f(y') =>_; 0f/0Y;(y')(Y; — y;) modulo higher order terms
inY; — y;, by Taylor’s formula we see that we have

FO0) = f(y') = 3 dof/0Y;(y )G ()T + d*Q = dP(y)T + d*Q = d*(T + Q)

modulo h, where Q € T?A[T]". This is because (0f/9Y )G = (P1d,.|0). We have f(y') = d%a
for some a € zA". Set g; = a;+T;+Q;, i € [r] and E = A[Y,T]/(I,g,h). Then there exists
s,s" in 14 (T) as it is proved in [15, Theorem 10] such that C' := Egs = (A[T]/(9))ss i
smooth . Moreover, v’ factors through C. 0

3 Néron Desingularization Algorithm

Neron-Desingularization_Dim1

Input: N € Zso a bound. A = k[z],), k being a field, A" = k[[z]], B = A[Y]/I,
I=(fi,...,fy) [i € klz,Y],Y = (Y1,...,Y,), v: B — A" an A-morphism and y’ € k[z]"
approximations mod (x)" of v(Y).

Output: (C,7) given by the following data: C = (A[Z]/(L))na standard smooth,
Z = (Zy,...,Z,), L = (b1,...,by) C klz,Z], h € klx,Z], M a q X g-minor of (0b;/0Z;),
7 : B — C an A-morphism given by n(Y7),...,n(Y,,) factorizing v, or the message “y’, N
are not well chosen”.

1. Compute f := (f1,..., fr) in I such that v(((f) : Ay) ¢ ()N

2. Reorder the variables Y such that for M := det(0f;/9Y}); je,) and a suitable L €
(f) : I we have v(LM) & (z)

3. P:=LM;d:=P(y); c:= ord(d)

4. If 2¢+1 > N, return “y’, N are not well chosen”

5. Complete (0f;/0Y;)i<, with (0|(Id,,—,)) in order to obtain a square matrix H
6. Compute G’ the adjoint matrix of H and G := LG’

7. h=Y —y —dGW"\T, T =(Th,...,Tyn)

8. Compute Q € T?A[T]" such that
fFOY) = fly') = 32;d0F/0Y;)(y)G;(y )T + d*Q

9. Compute a € A" such that f(y') = d?a
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10. Fori=1tor, g;=a; +T; + Q;

11. E:= A[Y,T]/(1,9,h)

12. Compute s the r x r minor defined by the first r columns of (9g/0T)
13. Compute s’ such that P(y’' + dG(y")T) = ds’

14. return C := E,y and the canonical map w : B — C.

Example 1. Let N = 10, A = Q[z]w), A" = Q[[z]], B = A[Y1,Y2,Y3,Y4]/(f1, fo),
fi =Y Y2 fo = 3%V — 2YaYy, r = 2, v = B — Q[[z]],v(Y1) = 22uy, v(Y3) =
23uz,v(Y3) = vi,v(Yy) = zvs where uy,v; are two formal power series from Q[[z]] which
are algebraically independent over Q(z), u1(0) = v1(0) = 1 and wug, vy are defined as it
follows. By the Implicit Function Theorem there exists up € Q[[x]] such that u3 = u3. Set
vy = (3/2)u3viuyt and L = 1. Now we follow the steps of algorithm

We get the following minors: M; = 6Y2Y, + 12Y1YaYs, My = 9Y1 4 My = 6Y12Ys, My =
4Y5?, M5 = 0. Note that v(M;) € (z) for all the minors M;. We choose M; for which the
valuation of M;(y) is minimum, in this case M; which is maped by v in 2 (6u2ve+12ujusvy ).
Then ¢ =5 and 2c+ 1 > 10.

Output: y’, N are not well chosen.

Example 2. Let A = Qz]y,, A" = Qz]], B = AM,Y2, Y3 Y4y]/(f1, fo),
fi =Y = Y32, fo = 3Y1%Y3 — 2Y5Y,. The only difference from Example 1 consists in the
map v : B — Q[[z]], v(Y1) = u1,v(Y2) = ug, v(Y3) = vy, v(Yy) = ve, where uy, us, vy, ve, L
are as in Example 1.

We now follow the steps of algorithm. We get the following minors: M; = 6Y2Y, +
12Y1YaYs, My = 9Y1*, M3 = 6Y1%Yy, My = 4Y3%, M5 = 0. Note that v(LM;) ¢ (x) for all
the minors M;, i < 5. We take M = 4Y2, which is mapped by v in 4u3 and thus v(M) ¢ ()
is invertible, that is ¢ = 0. So C' = By = (A[Y7, Ya]/ (Y] — Y22))4Y22 is smooth over A.

Example 3. Let A = Q[z]«,), A" = Q[[z]], B = Alz2uy, 23ug, v1, 2v2], where uq,uz,v1,v9
are as in Example 1.

Let ¢ : A[Y1,Ys,Y3,Ys] — B be given by Y7 — 2%uy, Yo — 23ug, Y3 — vy, Yy —
zvg. Then Ker ¢ contains g1 = Y13 — Y22, gs = 3Y12Y3 —2Y5Y,. Set a1 = 27Y2Y33 —
8Y2, az = 9Y1Y? — 4Y2, a3 = 2Y1Y, — 3Y2Y3. The minimal prime ideals of (g1, g2) are
Py = (g1,92,a1,a2,a3), P» = (Y1,Y2), both ideals having the height > 2 because the great
common divisor of g1, gs is one. Note that height Ker ¢ = 2 because dim(A[Y]/Ker ¢) =
dim(B) = 2, uy, v being algebraically independent over Q[x].

We have Ker ¢ D P; since Ker ¢ D (g1,92) and Y7 ¢ Ker ¢. In fact Ker ¢ = P;
because heightP; > height Ker ¢ as above. Note that YiZas € (g1,92), Y2a3 € (g1,92),
Y3a1 € (g1,92), which implies Y3Ker ¢ C (g1,92) and so Y5 € ((g1,92) : Ker ¢). Here
L=Y

The Jacobian matrix (g /dY;) contains a 2 x 2-minor M = 4Y3 and it follows that
Yy € Hgja. So ¢(M((g1,92) : Ker ¢)) contains ¢(Y5) = 4z'u3. Taking ¢ = 15 we see that
(6(M((g1,92) : Ker 6))) = (2°).

Take E = Aluy,ug,v1,v2]. The kernel of the map v : A[Uy,Us, V1, V3] — E given by
U; — u;, Vi — v;, contains the polynomials hy = U} — U3, hy = 3U;%V; — 205V, and we set
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by = 27U2V13 — 8V237 by = 9U; V12 — 4‘/’227 by = 22UV, — 3UsV;. The minimal prime ideals of
(h1, h2) are Q1 = (h1, ha, b1, b2, b3), Q2 = (U1, Us). As above we see that Ker ¢ = @ since
Ui ¢ Ker ¢ and so ¢ induces the isomorphism A[Uy, Us, Vi, Va]/(h1, ha, b1, b2, b3) = E. Note
that U22b2 S (hl,hg), Ung S (h17h2)7 Ug’bl € (hl,hg) which implies USKer ’l/) C (hl,h2>
and so U € ((h, hz) : Ker ).

Now the Jacobian matrix 0h/d(U;, V;) contains a minor M’ = 4U3 and so Uy € Hp4.
Note that (M’((h1,hs2) : Ker ¢)) contains 1(4U3) which is mapped by ¢ in 4u3 ¢ (z).
Then v factors through the smooth A-algebra

C = (A[U1, Uz, V1, V2] /(h1, h2))u, = (A[Ur, Uz, Vi]/(h1))u,
because v is the composite map

B = A[Y1,Ys, Y5, Y]/ (g1, g2, a1, a,a3) & E — C — Q][z]],
where p is given by Y7 — x%u,,Ys — 23ug, Y3 — v1, Yi — 20s.

Remark 2. In Example 3, we gave a General Néron Desingularization using no algorithm.
Applying our algorithm we will get a more complicated General Néron Desingularization.
Example 4 illustrates the whole construction of the proof from Theorem 2.

Example 4. Let N = 7 be a bound. Let A = Q[z](,), A" = Q[[z]], B = A[Y1,Y2]/(f),

f=Y2?—-Y2 and v: B — A’ be a morphism given by Y; — 2%uy, Yo — 23uy, where uy, ug,

are as in Example 1. Let v} = Z::O f—, and compute uf as in the previous example. Let ¢’

be given by uj and uf. Now we follow the steps of algorithm:

L f=f

2. Y = (Y1,Y2). Actually the order taken in the algorithm was (Y2,Y7). Among the
minors M; = 3Y?, My = 2Ys, we choose M = 2Ys; L =1 and v(LM) = 2z3u} ¢ (x)7

3. P =2Ys, P(y') = 2z3u}, to avoid complexity we take d = x3; ¢ = 3.

4. 2¢+1=7=N

(32 2y,
FHE

. ;L 0 2Y,
6. G=LG _(_1 3y

7. hy = Y] — 2%y — 220U, Ty,
hy = Yy — x3uby + 23Ty — 327uPTy

8. Q= —2T7 + 122%PTWTs + (242BuPu) — 18230/ T3 + 482 2uS T3

9. f(y') = 2% - a where a = xa € zA
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10. g = za + 2ubTy — 217 + 12242 Ty + (24a8ufuy — 1828ui) T3 + 482 2u TS
11. E = A[Yy,Ys, Ty, To)/(f, g, h1, ha)
12. s = 2ul — 4T + 1222 Th
13. §' = 2uhy — T + 32x*uPTy

14. C = Eyy = (A[T]/9)ss

Set b :=Y — h € A[T]?. Then the above isomorphism is induced by the A-morphism
AlY,T] — A[T], Y —b.

We can also compute the Example 4 in SINGULAR using GND.1ib given in [10] but the
result is harder.

Example 5. Let N = 31 be a bound. Let A = Qlz],, A = Q]
B = Alz%uy, 23ug,v1, 2v5], where uy,us,v1,vo are as in Example 1. Suppose that u; =
S0 Zvr = S0, ilat. Suppose also that w) = Y201 2 and v] = Y201 dla? and we will
get u), and v} according to the relations in Example 1. Let ¢’ be given by ), uj, v}, vh. Let
v : B — A’ be the inclusion, that is in fact the map B = A[Y1,Ys, Y3, Ya|/(f1, f2, f3, f1, f5) —
A" given by Y7 — 2%uy, Yo — 23us, Y3 — w1, Y4 — avy where fi = YP — Y2, fo =
3Y?2Y3 — 2YoYy, f3 = 27YLYS — 8Y2, fi = OV1YE — 4Y?, f5 = 2Y1Y, — 3Y,Y3 same as in
Example 3. Now we follow the steps of algorithm:

L f=(f1, f2)-

2. Y = (Y1, Ys,Y3,Yy). Among the minors M; = 6Y2Yy + 12Y1 Y5 Y3,
My = 914 My = 6Y1%Ys, My = 4Y5%, My = 0 we choose M = 4Y#. L = Y§; and
o(LM) = 425} ¢ (2)3L.

3. P=4Yy, P(y') = 42¥uf, d = 2% and ¢ = 15.
4. 2c+ 1 =31.

3Y2 0 0 —2Y;
6Y1Ys 3Y? —2Y, -2V,

5. = 1 0 0 0
0 1 0 0
0 0 —4Yp 0
0 0 0 —4Yyp
_ !/ __ 2
6. G=LG = —2Y3Y, 2V —12ViY'Y3 4+ 6YPYSY, —6Y2YS
2Y5! 0 —6Y2Ys 0

We stop here with the algorithm since the computations of h, g, s, s” are difficult already.
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4 A Constructive General Néron Desingularization in
a special case

Let (A,m) be a local Artinian ring, (A’, m’) a Noetherian complete local ring of dimension
one such that k = A/m 2 A’/w’/, and v : A — A’ be a regular morphism. Suppose that
k C A. Then A’ = A’/mA’ is a discrete valuation ring. Choose z € A’ such that its
class modulo mA’ is a local parameter of A’, that is, it generates m’A’. Let B = A[Y]/I,
Y =(Yi,...,Y).

Theorem 3 (Khalid-Kosar [3]). Then any morphism v : B — A’ factors through a smooth
A-algebra C.

Proof. Here we recall in sketch the proof from [3] because we need it in the next algorithm.
Let Ay = Alz](,) and u; be the inclusion A; C A’. Then w; is a regular morphism. Let
B1 = A1 XA B and (S Bl — A’ be the map a; ® b— ul(al) . U(b)

There exists a certain s such that m® = 0 because A is an Artinian local ring and so A
has the form A = k[T]|/a, T = (T4,...,Ty), and the maximal ideal of A is generated by T
Then for all i € [m] = {1,...,m}, T;® € a and A’ = k[[z]][T]/(a) = A ®4 k[[z]]. Note that
v(Y;) = g; has the form ) Yia T T =TT, |la| =01 + -+ + ay, and
Yia € f_l/ = k:[[x“

Set B1 = A1[(Yia)a) C k[[z]] and let ©; be this inclusion. Then v factors through

= . . . ARk v .
By = A®, By C A’, that is v is the composite map B % B, A%kt A’, where q is

defined by Y; — > T ® yin. Applying Theorem 1 to the case /f} = k[z](z), A’ B; and
1 =A1®a, v1 we see that v factors through a smooth k-algebra C. Then A ® 01 factors
through A®;, C. It follows that v factors through a smooth A-algebra C' (see e.g. [3, Lemma
1]). ]

a€eN™ |al<s

5 A special Algorithm

In our next algorithm we will use the Néron Desingularization algorithm given in Section
3.

Special-Neron-Desingularization

Input: N € Z~( a bound
A= k‘[T]/(CL), a = (ala cee aae) T= (Th cee aTnL)aﬂs € (a)7 Al = k:[[x]][T]/(a), B = A[Y]/Ia
I'=(g1,..-,9),9: € k[T, Y],Y = (Y1,...,Y,), integers ¢, a. v: B — A" an A—morphism
given by v(Y;) = 9i = 3 penm jaj<s Yia - T Yia € k[[z]], A" = k[[«]].

Output: A Néron Desingularization (C,7) of v : B — A’ or the message “the algorithm
fails since the bound is too small”.

1. 4, = k(z](2), By == A1[(¥ia)a), D1 is the inclusion By € A’
2. Write (C,7) := Neron-Desingularization_Dim1 for N, Ay, A’, By, v,
3. C:= E.o = (Al[(i/ia)ayT]/L)ss’ where L =< (lz) >
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= % @k C where C' = ((k[z, Yia)a,T)/L)sz )y and 3 = s -0, & = &' -0, L =<
>,1l; =1; - n, where n € k[z] \ (z)

5. C:= A®; C, 7 is induced by 7
6. return (C, 7).

Remark 3. Here we give two examples for the same rings. Example 6 gives a Néron
Desingularization which comes from the direct computations, while Example 7 gives a
smooth A—algebra C' which we get by following the algorithm of Section 3.

Example 6. Let A = Q[t]/(t*), A" = Q[[]][t]/(#*), A1 = Q] (1) [t]/(t?), B = A[Y1, Y2]/ (¥~
Y$) and uq, v1 two formal power series from Q[[x]] which are algebraically independent over
Q(z) and u1(0) = v1(0) = 1. By the Implicit Function Theorem there exists us € Q[[z]]

such that u3 = u?. Set vy = (3/2)zuiviug ', §1 = x2uy + tvy, J2 = x3uy + tavy. We
have g(91,92) = 2%(u} — u) + tz*(3udv; — 2ugvs) = 0 and we may define v : B — A’ by
Y — (Z}DQQ)

Take By = Az, x2u1,x3uz,v17xvg] Then o = Q ®4 v : B/tB — Q[[x]] factors
through Bi. Now By = A1[(Yia)a)/J as in Example 3. Since Ay = k[z] ), A" = k[[z]],

By = A1[(Yia)a]/J so applymg the algorithm from Section 3 for Ay, A’, By we get C' =
(Al[Ul, U27 m]/(hl))UQ = A1 ®k C Where C ( [Ul, UQ, Vl]/(hl))Ug and Ul, UQ, Vl, hl are
as in Example 3. So C = A®;, C' & (A[U1, Uz, 1]/ (h1))u,

Example 7. Considering everything as in Example 6 until we apply the algorithm from
Section 3, we get C = E,y where E, is the same as in Example 4. So C = A @, C where
C can be obtained as in Example 6.
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