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Abstract

In this paper, we will consider a class of even order nonlinear impulsive neu-
tral partial functional differential equations with continuous distributed deviating
arguments. Adequate conditions are obtained for the oscillation of solutions by
using impulsive differential inequalities and averaging technique with two different
boundary conditions. Examples are specified to illustrate the main results.

Key Words: Neutral partial differential equations, Oscillation, Impulse, Dis-
tributed deviating arguments
2010 Mathematics Subject Classification: 35B05, 35L70, 35R10, 35R12

1 Introduction

The oscillation theory of ordinary differential equations marks its commencement with
the manuscript of Sturm [26] in 1836 and for partial differential equations by Hartman
and Wintner [9] in 1955. To the best of the authors’ knowledge, the work on impulsive
delay differential equations was published and initiated in 1989 in [6]. Its consequences
were integrated in the monograph [14]. On the other hand there are a few papers has
been considered higher order partial differential equations with distributed deviating ar-
guments, we refer the reader to the papers [7], [15], [16], [17]. The primary exertion for
impulsive partial differential equations has been started in 1991 in [5]. In recent years the
oscillation of parabolic and hyperbolic equations with or without impulse effect has been
widely studied in the literature, we refer the reader to the papers [11], [12], [18], [21], [22],
[23], [24], [27], [28] and the reference they are cited. In [31], population ecology, generic
repression, control theory, climate models, coupled oscillators, viscoelastic materials, and
structured population models studied with distributed delay and boundary conditions of
the type Dirichlet, Neumann and Robin. From the essence of these mathematical mod-
els, we formulated this higher order problem. Distributed delay system models appear in
logistics [4], traffic flow [25], microorganism growth [20], and hematopoiesis [1], and [2].
The wide interest on qualitative studies of impulsive ordinary and partial functional dif-
ferential equations is returned to their varieties of applications in various fields of science
and technology [3], [13], [32], and so it is desirable to study these equations scientifically.

In this paper, we will study the following even order nonlinear impulsive neutral partial
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functional differential equation with continuous distributed deviating arguments

o [ueat) + J2 ot uta, 70, €0 an(@)] + 2 0o 1,€) (o1, €))) )

= a(t)Au(z,t) + Z bi(t)Au(x, p;(t)), t #tr, (z,t) € Qx (0,400) =G,

Jj=1
Oy (x,t 0Dz, t
gt(éck)_l()( z, k;;g”) b=ty k=1,2,, i=0,1,2,..,m —1,

(1.1)

where € is a bounded domain in R with a piecewise smooth boundary 9Q and A is the
Laplacian in the Euclidean space R,

Equation (1.1) is enhancement with one of the subsequent Dirichlet and Robin bound-
ary conditions,

u =0, (x,t) € 09 x (0, +00), (1.2)

0

ai; Fule,hu=0,  (z,t) € 0 x (0, +00), (1.3)

where 7 is the outer surface normal vector to 9Q and p(z,t) € C (9Q x [0, +00), [0, +00)).
In the sequel, we assume that the following hypotheses (H) hold:

(Hy) a(t), b;j(t) € PC(]0,400),[0,4+00)), j = 1,2,...,n, where PC represents the class of
functions which are piecewise continuous in ¢ with discontinuities of first kind only
att =tg, k=1,2,..., and left continuous at t = t;, k = 1,2, ..., a, b are non-positive
constants with a < b.

(H2) g(t,€) € C™ ([0, +00) x [a,b], [0, +00)), q(,t,§) € C(Q x |
Qt, &) = mmtJ(r £,§), pi(t) € C([0,+00),R), lim p;(t

t——+oo

0, +00) x [ b],[O,—Foo)),
) =400, j =1,2,..,n,

f(u) € C(R,R) is convex in [0, +00), uf(u) > 0 and % > ¢ > 0 for u # 0.

(H3) 7(t,6), o(t,&) € C([0,+00) x [a,b],R), 7(t,§) <t, o(t,§) <t for & € [a,b],
7(t,€) and o(t,€) are nondecreasing with respect to ¢ and & respectively and
t,€)

liminf  7(¢, liminf  o(t,£) = +o0
t—+o00, £€[a,b] t—~o00, £€[a,b]

(H,) There exist a function 6(t) € C(]0, +00), [0, +00)) satisfying 6(t) < o(t,a), 6 (t) > 0
and tl}gl 0(t) = 400, n(&) : [a,b] — R is nondecreasing and the integral is a
oo
Stieltjes integral in (1.1).

Dy (z,t
(Hs) % are piecewise continuous in ¢ with discontinuities of first kind only at
o t 9@ t
t = tg, k = 1,2,..., and left continuous at t = ty, we,tk) @ ty)

ot N ot
k=1,2,...,i=0,1,2,..,m — L.

ot
1, and there exist positive constants a,(j), b,(:) with b,(cm_l) < a,(co) such that for

i o) t _
(Hg) 1" <3:tku(:ck)) € POQx [0, +oo) xR,R), k=1,2,---, i =0,1,2, ...,m—
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i=0,1,2,...m—1, k=1,2, ..,

; 0Dy (x,t
. I}E) (CE,tk, ;t((f)’ k)> .
(4) < b,(;).

< -
%= 0Dz, ty)
ot

This paper is organized as follows: In Section 2, we present the definitions and nota-
tions that will be needed. In Section 3, we discuss the oscillation of the problem (1.1) and
(1.2). In Section 4, we discuss the oscillation of the problem (1.1) and (1.3). In Section
5, we present some examples to illustrate the main results. The results in this paper ex-
pand and improve numerous findings in the earlier publications not including impulsive
effects. We anticipate that this work acquire the concentration of numerous researchers
functioning on the even order impulsive partial functional differential equations.

2 Preliminaries

In this section, we begin with definitions and well known results which are required
throughout this paper.

Definition 1. A solution u of the problem (1.1) is a function u € C™(Qx [t_1,+00), R)N
C(Q x [t_1,400),R) that satisfies (1.1), where

t_1 := min {0, i {tlggT(t, 5)} > e, {ggg o(t, E)}} :

t_1 :=min {O, 1%1271 {g(f) pj(t)}} .

Definition 2. The solution u of the problem (1.1), (1.2) [(1.1 ), (1.8)] is said to be
oscillatory in the domain G if for any positive number £ there exists a point (xg,tg) €
Q x [¢,+00) such that u(zg,to) = 0 holds.

Definition 3. A function V (t) is said to be eventually positive (negative) if there exists
a t1 > to such that V(t) > 0 (< 0) holds for all t > t;.

It is identified that [29] the least eigenvalue Ag > 0 of the eigenvalue problem
Aw(z) + dw(z) =0, in Q, w(xz) =0, on 09,

and the consequent eigenfunction ®(z) > 0 in Q.
For each positive solution u(x,t) of the problem (1.1), (1.2) [(1.1), (1.3)] we combine
the functions V'(¢) and V (¢) defined by

V(t) = Ko /

@@ V() - ﬁ /Q u(e, t)da,

b
F(t) = M(0(t))"20'(t), and  G(t) = cgo / Q(L.€)di(€),
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where

K = ( / @(x)dx)l, /= [ do. and go=1- [ (o (1), )n(e).

Lemma 1. [10] Let y(t) be a positive and n times differentiable function on [0,400). If
y™(t) is constant sign and not identically zero on any ray [ti, +00) for t; > 0, then there
evists a t, > t; and integer | (0 < 1 < n), with n + 1 even for y(t)y™ (t) > 0 orn +1
odd for y(t)y"™ (t) < 0; and for t > t,, y(t)y™(t) >0, 0 <k < 1; (=1)*'y()y* (1) >
0, I<k<n.

Lemma 2. [19] Suppose that the conditions of Lemma 1 is satisfied, and y™ =1 (t)y™)(t) <
0, for t > t,. Then there exist constant o € (0,1) and M > 0 such that ’y/(at)’ >

M2 |y(”_1)(t)| for sufficiently large t.
Lemma 3. /8] If X and Y are nonnegative, then

X% —aXY* ! 4 (a—1)Y"
X —aXY* ! —(1-a)Y"

0, a>1,
0, O<axl,

IN IV

where the equality holds if and only if X =Y.

3 Oscillation of the problem (1.1), (1.2)

In this section, we establish some sufficient conditions for the oscillation of all solutions
of the problem (1.1), (1.2).

Lemma 4. If the functional impulsive differential inequality

Z0M(8) + GO Z(O()) <0, ¢ £1,

oW Z(th) .
(1) ot®) (4) _ - _ :
ak S 8(1)Z(tk) Sbk 5 k—1,2,..., 2—07172,...,7’77, 1,
ot

has no eventually positive solution, then every solution of the boundary value problem
defined by (1.1), (1.2) is oscillatory in G.

Proof. Assume that there exist a nonoscillatory solution u(x,t) of the boundary value
problem (1.1), (1.2) and u(z,t) > 0. By the hypothesis (H3), that there exists a t; >
to > 0 such that 7(¢,§) > to, o(t,&) > to for (¢,€) € [t1,+00) X [a,b] and p;(t) > to,
j=1,2,...,n for t > t1, then for t > t1, t #tx, k =1,2,..., we get that

u(z,7(t,€)) >0, for (x,t,&) € QX [t1,+00) X [a,b],
u(z,o(t,£)) >0, for (x,t,&) € QX [t1,+00) X [a,b],
u(z, pj(t)) >0, for (z,t) € Qx[t,+00), j=1,2,..,n.
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Multiplying both sides of equation (1.1) by Ke®(z) > 0 and integrating with respect to
x over the domain €2, we obtain

= o Ko@) + o [0t )l 7(0,6) KoB(o)in(€)d]

+fgf al@, t,)f (ulw, o (1, ) Ko ®(a)dn(&)dx (3.2)
(t) Jo Au(x, t) Ko ®(x)dx + ;1 bi(t) [o Au(z, p;(t)) Ko ®(x)dx.

From Green’s formula and the boundary condition (1.2), we see that

Kg /Q Au(z,t)®(z)dr = K¢ /BQ {@(z)g: - ua?;FVI)] ds + K@/Qu(x,t)A@(x)dx
— V(1) <0, (3.3)
and for j =1,2,...,n, we have
Ko [ dute,py(0)0(@)ds = Ko [ Jo 2S00 e, py00) 20 as
+ Kq,/gu(x,pj(t))Aq)(x)dac
==XV (pi(t)) <0, (3.4)

where dS is surface component on 992. Furthermore applying Jensen’s inequality for
convex functions and using the assumptions on (Hs), we get that

b
/Q / 4,1, €) f (u(, o1, €)) Ko ®(2)dn(€) de
b
> / Qt.€) / F(ula, o (t,€)) K ®(x)dadn(€)

> / Qt, )V (o (t, €))dn(©). (3.5)
Combining (3.2)-(3.5), we get that
am b b
G [V [Catovieame| «c [ erovetome <o 6o

Set Z(t) =V (t)+ ffg(t,{)V(T(t,g))dn(g“). Equation (3.6), can be written as

b
2m(0) 4 e [ QO e)ne) <0, t#h. (3.7
From the assumption of f;g(t,ﬁ)dn(ﬁ) and Q(t,&), we have Z(t) > V(t) > 0 and
Z(m)(t) < 0. Simultaneously, we can further prove Z(m=1(t) > 0, t > t;. In addi-
tion, from Lemma 1, there exists a t3 > to and a odd number [, 0 <[ < m — 1, and for

t > t3, we have

ZOW) >0, 0<i<l, (-1)FVzO@) >0, for 1 <i<m-—1.
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By choosing i = 1, we have Z (t) > 0, since Z(t) > x(t) > 0, Z'(t) > 0, we have

Z(o(t,8) = Z(o(t, &) —7(t,€)) = x(o(t, &) — 7(t,€)),
and thus

b b
20 (1) + ¢ / Q6 Z(0(1,£)) (1— / g(a(t,»s),&)dn(s)) ) <0, (38)

From equation (3.7), we get
ZM (1) + G(t)Z(a(t,£)) < 0.
From (Hs) and (Hy4), we have
Z(o(t,€)) > Z(o(t,a)) >0, £ € a,b] and O(t) < o(t, &) < t.
Thus Z(6(t)) < Z(o(t,a)) for t > t2. Then (3.8) can be written as
ZM () + G Z(6(t)) < 0.
Multiplying both sides of the equation (1.1) by K¢e®(z) > 0, integrating with respect to
x over the domain €2, and from (Hg), we obtain
ODu(z, )
ag>gA5@§%%%ij,gbgk
ot
According to V(t) = Kg [, u(z,t)®(z)dz, we have
OV (z,t7))
o < au)?/t((z, e -
ot
Since Z(t) = V(t) + [, g(t, )V (7(t,€))dn(€), we obtain
O Z(z, 1))
< gty <
ot

Therefore Z(t) is an eventually positive solution of (3.1). This disagree with the hypoth-
esis. O

Theorem 1. If there exists a function p(t) € C'([0, +00), (0,400)) which is nondecreas-
ing with respect to t, such that

+oo b(m_l) -1 " )
/. AT (';;;») o160 - 12 E0 s =, (39)

then every solution of the boundary value problem (1.1), (1.2) is oscillatory in G.
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Proof. Assume that there exist a non-oscillatory solution u(zx,t) of the boundary value
problem (1.1), (1.2) and u(x,t) > 0. Proceeding as in the proof of Lemma 4 to get that
ZMm () + G)Z(6(t)) < 0, where Z(t) = V(t) + f:g(t,ﬁ)V(T(t,g))dn(f) and satisfies
Zm(t) <0, Zm=D(t) > 0 and an odd number I, 0 < I < m — 1, such that Z("(t) >
0, 0<i<l, (-=1)DZO(t) >0, for | <i < m — 1. Define

Z(mfl)(t)

Wi(t) = Sﬁ(t)ma

for t > tg,

then W (t) > 0 for ¢t > ¢1, and

e A2 o) 2D (02 (B(2)6 (1)
R I (10) Z(0(0))° '

From Z(™)(t) < 0, according to Lemma 2, we obtain

Z'(0(1)) = M(O(£)" 22"V ().

Thus
w0 < 2w - awen - FOw2, wen < & win)
20 T ER S ORI
Define
b(m—l) -1
vity= ] (’“(0)> W(t).
to<tp<t \ Qi

In fact, W (t) is continuous on each interval (tx,t,+1], and in consideration of W (t}) <
(bl(cmfl)/ag)))W(tk). It follows for ¢ > ¢, that

—1 —1

b(m—l) b(m—l)

v = ] (’f(o)> whH) < [ (’“(0) W (ty) = U(ty)
to<t; <ty ay to<t; <ty a

and for all ¢ > ¢y, we have

pm=1\ ! pm=1\ !
v = 1 (%) w) < 1 <k(0)> W(tr) = Ulty),

to<t;<tp—1 g
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which implies that U(t) is continuous on [tg, +00) and satisfies

U\ U2 F(t pm=D\ 7 DU (¢
I () ()

to<tn<t to<tp<t g
(m—1) m—1) (m1) 2
by > ( > <bk ) F(t) o
= I (P ) wos S
t0<11<t< a/(CO) tog<t I(cO) toﬁlg<t ai(fo) pl(t
pm=1) B\
+ ]I (%) OEOEN | ( =0 ((t))W(t)
to<tp<t ay, to<tp<t ay, ¥
BN F () ¢ (1)
= II BION W) + WA 5 = W) oy + Ge(t)| <0.
to<tr<t Ay (‘0( ) 90( )
That is
(m—1) ’ (m—1) -1
/ b F(t) 5 o (t) b,
vw<- I <k> —U(t) + —=Ut) - ][] G(t)p(t).
to<tp<t a‘l(cO) p(t) p(t) to<tp<t al(cO)

(3.10)
Applying Lemma 3 with

B DY\ Rt (1) B D\ T
X:J Il <'fo> )w(t”““ wt v =S ) moe

to<tp<t

we have

4 (1) N F@) L (1) b\
MU@—%QQ(G; >t)U O < TF w0 H <ka,i°> .

to<tr<t
Thus .
: b (¢ (1))?
vm<- 11 <’“0 G(t)e(t) —
to<ty<t OL,(C ) 4F (t)p(t)
Integrating both sides from t; to ¢, we have
m—1) ( ! 2
¢ (s))
) < Ul(ty) / G(s)p(s) — —=—~———| ds.
0 gy <tp<s ( (0) > 4F(S)¢(S)
Letting t — 400, from (3.9), we have tl}in U(t) = —oo, which leads to a contradiction
e}
with U(¢t) > 0. The proof is complete. 0

The following theorem is of Philos type [19] and can be obtained by applying the
inequality (3.10) and the Philos technique. The details will be left to the interested
reader. To formulate the results we assume that there exist two functions H (¢, s), h(t,s) €
CY(D,R), in which D = {(t,s)|t > s >ty > 0}, such that
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(H7) H(t,t)zO, t > to; H(t,s)>0, t>s>1g,
(Hg). H,(t,s) >0, H.(t,s) <0,

0 p(s) _
(Hy). —5-[H(t s)p(s)] = H(t,5)p(s) O hit, s).
Theorem 2. Assume that there exist functions ¢(t) and p(s) € C([0,+o0), (0, +00))
(

such that o(t) is non-decreasing. If there exist two functions H(t,s
satisfy (H7) — (Hg) and

=
\'L‘n
m
Q
S
=

1 b0\
lim sup 7/ e II(s)ds = oo, (3.11)
ttoo H(tto) Jiy, 20\ al?)

where

II(s) = G(s)p(s)H(t, s)p(s) — im’

then every solution of the boundary value problem (1.1), (1.2) is oscillatory in G.
In Theorem 2, by choosing p(s) = ¢(s) = 1, we have the following corollary.

Corollary 1. Assume that the conditions of Theorem 2 hold, and
pim=1\ !
- ['(s)ds = oo,
a©®
k

1 |n(t,s))
4 F(s)H(t,s)’

lim sup

1 t
t—+oo H(t,t0) /t

0 to<tp<s

where

I'(s) =G(s)H(t,s)

then every solution of the boundary value problem (1.1), (1.2) is oscillatory in G.

Remark 1. From Theorem 2 and Corollary 1, we can attain various oscillatory criteria
by different choices of the weighted function H(t,s). For example, choosing H(t,s) =
(t —s)"1, t > s >tg, in which n > 2 is an integer, then h(t,s) = (n — 1)(t — s)(*=3)/2,
t > s >tg. From Corollary 1, we have the following Kamenev type result.

Corollary 2. If there exists an integer n > 2 such that

1 ¢ pm=1) -1 L 12
t=+oo <t_to)n_1/t ( k ) |:G(S)(t B S)nil - | ds = +Ooa

lim sup £
0 to<tr<s a’ch) 4 (t - S)QF(S)
(3.12)
then every solution of the boundary value problem (1.1), (1.2) is oscillatory in G.

Also by applying the method of Philos [19] one can obtain the following new oscillation
theorem.
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Theorem 3. Let the functions H(t,s), h(t,s), ¢(s) and p(s) be as defined in Theorem

Hi(t
2. Additionally, suppose that 0 < Slgtfo {ltigljgf H((t,’ti))

—1

1 / b\ I e(s)
t——+o0 H(tato) to to<tp<s GECO) F( ) ( 7S)p($)
If there exists a function A(t) € C([to, +00),R) such that

: ' b\ F(s)(Ar(s))?
e [ 71 (5]

0 oiries \ ay) p(s)e(s)

< 400, and

lim sup ds < +00.

ds = 400,

and for every T > tg

m—1)
lim sup tT/ H ( >
t=+oo T to<tr<s

= A(T),

where A4 (s) = max{A(s),0}, then every solution of the boundary value problem (1.1), (1.2)
1s oscillatory in G.

In Theorem 3, by choosing p(s) = ¢(s) = 1, we get the following corollary.

Corollary 3. Assume that the conditions of Theorem 3 hold and assume that p(s) =
p(s)=1. If

m—1)
limsup / ( )
(©
t—+oo t T T to<tp<s (0)

for every T > to, where A, (s) = max{A(s),0}, then every solution of the boundary value
problem (1.1), (1.2) is oscillatory in G.

1 |h(t,s)?

G(s)H(t,s) — 4 F(s)H(t,s)

] ds > A(T),

Similar to Corollary 2, we can obtain the following corollary from Corollary 3.

Corollary 4. Assume that the conditions of Theorem & hold, and

m—1) -1 (Tl _ 1)2
R A —to )= / ( ) - 7F() " <%

to to<tp<s

If there exists an integer n > 2 and function A(t) € C([0,+00),R) such that

t b(mfl)
MMw/ P ) P()(Ax ()5 = oo,
t—+oo J ay,

0 to<ty<s

and for every T >ty

limsup /
_to n 1 T H

m—1)\ ~! 1 ey
t—+00 ro 2t < a(o) ) [G(S)(t —5) — Zm ds > A(T),

where A4 (s) = max{A(s),0}, then every solution of the boundary value problem (1.1), (1.2)
is oscillatory in G.
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4 Oscillation of the problem (1.1), (1.3)

In this section, we establish sufficient conditions for the oscillation of all solutions of the
problem (1.1), (1.3).

Lemma 5. If the functional impulsive differential inequality

ZM(t) + G Z(0(t) <0, t#t,

oW Z(th) "
o < 0Dy gy 9 i=0,1,2,..m— 1, (4.1)
oD Z(ty,)
ot

has no eventually positive solution, then every solution of the boundary value problem
defined by (1.1), (1.8) is oscillatory in G.

Proof. Assume that there exist a nonoscillatory solution u(zx,t) of the boundary value
problem (1.1), (1.3) and u(x,t) > 0. By the assumption (Hs), that there exists a ¢t; >
to > 0 such that 7(¢,&) > to, o(t,§) > to for (¢,£) € [t1,+00) X [a,b] and p;(t) > to,
j=1,2,...,n for t > t1, then

u(z,7(t,£)) >0, for (x,t,£) € Qx [t1,+00) x [a,b],
u(z,o(t,€)) >0, for (z,t,€) €N x[t1,+00) X [a,b],
uw(z,p;(t)) >0, for (x,t) € Qx[t1,+00), j=1,2,..,n

Multiplying both sides of equation (1.1) by 1/|Q2] and integrating with respect to = over
the domain €2, we obtain

dm
i LI foyule, t)dz + ﬁ Jo I (8, a7 (2,€))dn(€)da

|Q| Joo I ala,t,€) f(ul, o(t,€)))dn (f)dw (4.2)

1
‘Q| Jo Au(z, t)dr + E bi( ‘m Jo Au(z, p;(t))da.
By Green’s formula and boundary condition (1.3),

/ Au(z,t)dz :/ a—dS = f/ w(x, tyu(z,t)dsS <0, (4.3)
Q a0 07 o0
and for j =1,2,...;n,

Au(z, p; (1)) dz = /

Q
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where dS is surface element on 9. Also from (Hs) and Jensen’s inequality, we have

IQI// u(z, o(t,€)))dn(§)dx

1
> / QO / F(ula, o (t,€)))dedn(€)

> / QU )V (o (1, ))dn(e). (45)
In view of (4.2)-(4.5), yield

a
dtm

b B b B
V() + / oLV (7(1,€)dn(e) | + e / QULOV(o(t.O)dn(€) <0, (46)

Set Z(t) = V(t) + ffg(t,f)V(T(t,f))dn(f). Equation (4.6), can be written as

b
201 + ¢ / QULOV(o(t.)dn(€) <0, 14t

The rest of the proof is similar to the proof of Lemma 4, and hence the details are
omitted. O

As in the proofs of the results in Section 3, we can also obtain the following results

for (1.1), (1.3).

Theorem 4. If there exists a function @(t) € C'([0, +00), (0,400)) which is nondecreas-
ing with respect to t, such that

+o00 b[(;nfl) -1 . (()5,(3))2 -
J, AL (H) [“"“)G“)‘mw ds = oo,

then every solution of the boundary value problem (1.1), (1.3) is oscillatory in G.

Theorem 5. Assume that there exist functions ¢(t) and p(s) € C([0,+0), (0, +0o0))
such that @(t) is nondecreasing. Assume that there exist two functions H(t,s), h(t,s) €
CY(D,R), in which D = {(t,s)|t > s > to > 0}, such that (Hy) — (H) hold. If

1 b\
lim sup 7/ - II(s)ds = oo,
tmtoo H(t,to) Ji, to<ti<s al(sO)

where
fi(s) = G()@(s)H (1, 5)(s) — im
(.

then every solution of the boundary value problem (1.1), (1.3) is oscillatory in G.
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By choosing 5(s) = ¢(s) = 1, we have the following corollary.
Corollary 5. Assume that the conditions (H7) — (Hyg) hold, and

1 A
lim sup 7/ “o— | T(s)ds =00,
t—+oo H(t7 tO) to to<tp<s al(cO)

then every solution of the boundary value problem (1.1), (1.3) is oscillatory in G.

Remark 2. From Theorem 5 and Corollary 5, we can attain various oscillatory criteria
by different choices of the weighted function H(t,s). For example, choosing H(t,s) =
(t—s)""1, t > s> tg, in which n > 2 is an integer, then h(t,s) = (n — 1)(t — s)"=3)/2,
t > s >tg. From Corollary 5, we get the following result.

Corollary 6. If there exists an integer n > 2 such that
1
bl 1 (n—1)2
lim su Gs)(t—s)" 1 ———— 2 _|ds=+o0,
tﬂ*’oop t—to ) ! /0 to<1t_£<s < (O) ) |: e ! 4 (t_ S)QF(S)
(4.7)

then every solution of the boundary value problem (1.1), (1.3) is oscillatory in G.

Theorem 6. Let the functions H(t,s), h(t,s), ¢(s) and p(s) be as defined in Theorem
t,s

5. Additionally, suppose that 0 < inf {hmmf < 400, and

s>tg | t—+o0 H(t,to)

-1
L b Ikt s) @)
hmsupi/ k ’ ——ds < 400.
t—+oo H(t to) to oSty <s < a}(go) F(S)H(f, s)p(s)

If there exists a function A(t) € C([to, +00),R) such that

lim sup /t b](“mil) Fs)( ~+(S))2ds = 400
t=too Jio i oy al” p(s)o(s) ’

and for every T > tg

lim sup / H
H{t, T T

t=4o0 to<tr<s

(m—1) ) 5 . )
(b ) lG(s)H(t,s)@(s)ﬁ(s)—iW ds

ak

> A(T),

where A (s) = max{A(s),0}, then every solution of the boundary value problem (1.1), (1.3)
1s oscillatory in G.

By choosing 5(s) = @(s) = 1, we attain the following corollary.



T. Kalaimani et.al 64

Corollary 7. Assume that the conditions of Theorem 6 hold and assume that p(s) =
o(s)=1. If

<b(m 1)
limsup ——— / o
t=+oo H(t,T) Jr to<tp<s

for every T > to, then every solution of the boundary value problem (1.1), (1.3) is oscil-
latory in G.

agH@g—iFZ$iL@Luzﬁum

Similar to Corollary 6, we can obtain the following corollary from Corollary 7.

Corollary 8. Assume that the conditions of Theorem 6 hold, and

-1
(bi’””‘l)) U R

1 t
lim sup 7/
t—r+o0 (t o to)ﬂil to to<tp<s

NON BRI

If there exists an integer n > 2 and function A(t) € C([0, +00),R) such that

t b(mfl) ~
MMw/ O ) F(s) (A (3))%ds = oo,
t=roo Jio to<tp<s ay

and for every T > tg

limsup /
7t0 n 1 T H

t=+oo to<tp<s

b(m D n—1 1 (n - 1>2 A
( ) [G(s)(t —8)" " — 10— 52F () ds > A(T),

then every solution of the boundary value problem (1.1),(1.3) is oscillatory in G.

5 Examples

In this section, we present couple of examples to point up our results established in Section
3 and Section 4.

Example 1. Consider the following equation

84 /4 /4
w((m+ fﬂ/g xt+2§)d§)+ ST e, t+ 26)de
:fAua:,t—l-fAux, —3my t> 1, tHE by, k=1,2, ..,
g )+ 6 ( z) 7 b (5.1)
u(z, (tr)*) = u(z,ty),
o o) )
Wu(l‘, (tk)+) = %u(x,tk), 1= 1,2,3, k= 1,2, ceey

for (z,t) € (0,7) x [0, +00), with the boundary condition

w(0,t) = u(m,t) =0, ¢ #t. (5.2)
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E+1

0 _ @) g
- —b) =1,i=1,2,3,

Here Q = (0,7), m =4, n=1, aéo) = b}(€0) =

968 =3 QO =3, fw) = u,r(,€) = 0lt,€) =1+2, a(t) = 7,

3

7
bl(t):67 pl(t):t_?7 77(5)257 g(t):tv Ql(t):l’ c=1
5r  5m? 2 & m
Also G(s) = " T3 F(s) = .Smceto:l,tk=2,gozl—g,weseefromthe
above assumption that the hypotheses (Hy) — (Hg) hold, moreover
a! Hoeo
lim k ds —/ H
oo Sy, <tk<9 1<tk<s
/ H T ds—&—/ﬁr H T ds—i—/t+ H ds—|—
1<tp<s 1 1<tg<s 2 1<ty <s
:1+%x2+%x§x22+%x§xix23+

’ﬂ

“+oo
_Zn+

Now, the condition (3.12) reads,

imow 0 [T
1msup ————= —_—
t~>+oop -2\ L . k+1

I<tp<

(Egij>a$2§U£8PLk}+m'

Therefore all the conditions of the Corollary 2 are satisfied. Therefore, every solution of
equation (5.1)-(5.2) is oscillatory in G. In fact u(x,t) = sinz cost is such a solution.

Example 2. Consider the following equation of the form

02 1

)Au(z,t)—!— Au(z,t — ), t>1, t#ty,

2
(t+1)2 (t+1)* (5.3)
E+1

u(z, (tg) 1) u(x, ty), k=1,2,...,

0 ka

&u(x, (tp)T) = &u(:c,tk), k=1,2,..,
for (z,t) € (0,7) x [0, +00), with the boundary condition
Ug(0,8) = ugp(m,t) =0, t#tg. (5.4)

:<1+

kE+1 i .
Here Q= (0,7), m=2, n=1, p(z,t) =1, a(O) b():%, a,(g):b,(c)zl,z:l,

g(t,§) = Qt,¢) =

2(t+1)’
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2 2
T(t, &) = o(t,§) =t +&, a(t) = 1+m’ bi(t) = [k

and p1(t) =t — =, n(€) =& 0(t) =t ,0'(t) =2t, c=1. Since to = 1, t, = 2*,

1 t+1 7 1 t41
—1--log(——), Gs)= o (1—Zlog [ —"—)).
g0 20g<t+1—7r>’ () 2(t+1)< QOg(t+1—7r)>

From the above assumptions it is easy to see that the hypotheses (Hy) — (Hg) hold. Still
to show that the condition (4.7) is satisfied. In fact this condition reads

i 1 t k

imsup ——— —

totoo (E=1)% | 1 1<ty <s k+1
= +-00.

Therefore all the conditions of the Corollary 6 are satisfied. Therefore, every solution of
equation (5.3)-(5.4) is oscillatory in G. In fact u(x,t) = cosxsint is such a solution.

Acknowledgement. The authors are very grateful to the anonymous referee for valuable
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