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Abstract

Given a prime number p we consider C,, which is usually called the Tate field, the
topological completion of the algebraic closure of the field of p-adic numbers. We in-
troduce and study a class of modules associated with factor groups of profinite groups,
especially of those which are the Galois groups of the normal closure of algebraic infi-
nite extensions. In particular, we show that the module associated with a Galois orbit
of an arbitrary element of C, is a factor of the Iwasawa algebra of a normal element
of C, by an ideal which can be described.
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Introduction

For a prime number p, we consider Q, the field of p-adic numbers and @p a fixed
algebraic closure of Q,. Let C,, be the completion of @p with respect to the p-adic valuation
and Oc, the valuation ring of C,. Let K be an infinite algebraic extension of Q, and L
the normal closure of K. Let A be a closed subring of C,. Denote H = Gal(L/K) and
Gr = Gal(L/Qp). We introduce and study a class of modules associated with factor groups
G1/H and respectively Gr/H°, where H° = ocHo ! with ¢ € G1. We associate with
G, a Ay(Gr)-module and relate it with A4 (G /H) and respectively with a direct product
of Aa(Gr/H?). This offers new ways to relate distributions in the sense of Mazur and
Swinnerton-Dyer (see [6]), functionals, and linear maps defined on an infinite algebraic
extension of @, with those defined on its normal closure. When x is an arbitrary element
of C,, we consider O(x), the Galois orbit with respect to the Galois group of all continuous
automorphisms of C,/Q,. Here the module associated with O(z) with scalars drawn from
Qp, i.e. Ag,(O(x)), which is isomorphic as Q,-module with the space of distributions in
the sense of Mazur and Swinnerton-Dyer defined on O(x) with values in Q,, is a factor of
the Iwasawa algebra of a Galois orbit of a normal element of C, with scalars drawn from
Qp by an ideal which can be described. A particular situation, when z is a normal element
of C,, is studied in [1].

The present paper consists of four sections. The first one contains notation and some
basic results. In the second section we introduce the module associated with a factor group
of a profinite group with scalars drawn from a closed subring of C,, see Propositions 1 and
2. In section three we consider the special case of Galois orbits of elements of C,, which
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are not necessarily normal. We prove that the module associated with a Galois orbit of an
arbitrary element of C, with scalars drawn from Q,, is a factor of the Iwasawa algebra of a
Galois orbit of a normal element of C,, with scalars drawn from Q, by an ideal, which can
be described, see Theorem 1. In the last section we embed the module associated with the
Galois group of the normal closure of an algebraic infinite extension, with scalars drawn
from a closed subring of C,, into a direct product of modules associated with some factor
groups, see Theorem 2. These modules associated with factor groups of a profinite group,
with scalars drawn from a closed subring of C,, enjoy some nice properties and deserve
further study.

1 Notation and basic results

Let {X,, ¢n}n>1 be a projective system, such that X, is a finite set and ¢,, : Xp41 = X,
is a surjective map, for all n > 1. Denote by X = lim X, the projective limit defined by this
projective system. Consider a closed subring A of C,. The map ¢,, induces a map of the
corresponding A-modules A[X;11] — A[X,]. The projective limit lim A[X,] is a complete
A-module which we denote by A[[X]] or Aa(X).

Definition 1. ([6]) By a distribution on {X,, pntn>1 (or on X ) with values in A we mean
a set p = {finn>1 of mappings: pu, : Xy, — A such that the following compatibility relations

pn(@) = pnsa(y) (1.1)

yEpn ()
hold for allm > 1 and all x € X,,.

Let D(X, A) be the set of all distributions p = {,}n>1 defined above. We have a
canonical isomorphism of A-modules between D(X, A) and A4 (X).
For any pu € D(X, A) denote

[l = ilill)ﬂﬂn(x)' rw e Xt (1.2)

the norm of p. When ||u|| < oo we say that p is a measure. Let M(X, A) be the set of all
measures on X with values in A.

When X is a profinite group the space D(X, A) becomes an A-algebra, which is endowed
with the convolution product of distributions.

The measures M(X,A) C D(X,A) correspond, via the above isomorphism, to the
sequences of A4 (X) that are uniformly bounded.

Now, let p be a prime number, Q, the field of p-adic numbers, @p a fixed algebraic
closure of Q, and C, the completion of @p with respect to the p-adic valuation. Denote
by G the p-adic absolute Galois group Gal(@p /Q,) endowed with the Krull topology. It
is known that G is canonically isomorphic to Galcont(C,/Q,), the group of all continuous
automorphisms of C,. In what follows we shall identify these two groups.

For any subset X of C, we denote by X the topological closure of X in Cp. It is clear
that if X is a field then X is a closed subfield of C,,.

Let H be a closed subgroup of G. Denote Fiz(H) ={z € C,:0(z) =z forallc € H}.
For an arbitrary element € C,, denote H(z) = {c € G : o(z) = x}, which is a subgroup
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—_~—

of G, not necessarily normal. One has Fiz(H (x)) = Q,[z], the closure of the ring Q,[z] in

—~

C,. We say that z is a topological generic element of Q,[z]. By [2], any closed subfield K

of C, has a topological generic element, i.e. there exists € K such that K = Qp[z]. It is
proved in [3] that for any element y of C,, the ring Q,[y] and the field Q,(y) have the same

e~ e~

topological closure in C,, that is, Q,[y] = Q,(y). By this result, the topological closure in
C, of a ring of the form Q,[y] is always a field. Now for an arbitrary element = of C, let
O(z) = {o(z) : 0 € G} be the orbit of z. It is clear that the map o ~ o(x) from G to
O(z) is continuous, and it defines a homeomorphism from G/H (x) to O(z), see [2]. Then
O(z) is a compact and totally disconnected subspace of C,. Moreover, the group G acts
continuously on O(z): if 0 € G, 7(x) € O(z) then o * 7(z) = (o7)(x).

—~

Definition 2. ([1]) An element x € C, is called normal if the extension Q,(x)/Q, is

e~

normal, i.e. Galeont(Cp/Qp(z)) = H(x) is a normal subgroup of Galeont(Cp/Qp).

The notions of trace and trace series associated with an element x of C,, were introduced
and investigated in [4,7,9]. Given an z € C,, the trace Tr(z) is defined by the equality

Tr(z) = /O . tdm,(t), (1.3)

provided that the integral with respect to the Haar distribution 7, on the right side of
(1.3) is well defined. This is the case, for example, when 7, is bounded, i.e. when 7, is a
measure. The integral is also well defined when z is a Lipschitz element, see [4, Theorem
4.4]. Precisely, an element x € C,, is Lipschitz if one has

€
lim ———— =
SN

where N(x,¢) is the number of open balls of radius € which cover O(z) and | - | stands for

the p-adic absolute value. An element z € C, is called p-bounded if there exists an s € N
such that p* does not divide the number N(z,¢), for any € > 0. It is clear that a p-bounded
element of C,, is also Lipschitz. The trace function F(z, z) is defined by

F(z,z)—/o( 1 dmy(t),

for all those z € C, for which the integral is well defined. This is an analytic object that
embodies a significant amount of algebraic data. The Taylor series expansion

F(z,z) = Z Tr(z™) 2"
n=0

is usually called the trace series associated with x.

2 Modules associated with factor groups

Let G be a profinite group, G = l&l G, with G,, finite groups such that G,, = G/H,,, where
{Hp}n>1 is a family of normal subgroup of G of finite index such that H,4, C H,, for any
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n > 1 and N,>1H, = {e}, the neutral element of G. Let H be a closed subgroup of G, which
is not necessarily normal. Let H, := H,, H be the subgroup of G that is generated by the
product of H,, with H. We have that H,, is an open and closed subgroup of G of finite index
and N,>1H, = H. For the sake of simplicity we denote by G/H = {0 (mod H) : ¢ € G}
the left cosets of H in G and G,, = G/H,, the left cosets of H,, in G. One has the following
result, which is a generalization of a classical result for normal subgroups [8].

Proposition 1. Let G = limG/H,, be a profinite group where {Hy,},>1 is a family of
normal subgroups of G of finite index such that H, 11 C H, for anyn > 1, and Npy>1H, =
{e}, the neutral element of G. Let H be a closed subgroup of G, which is not necessarily
normal, and H, := H,H the subgroup of G that is generated by the product of H,, with H.
There is a homeomorphism between G/H and I&nG/Fn

Proof. Because H C H,, .1 C H,, C G we have the following commutative diagram

1&1@,I s G,

1 el
G/H I G

where 7, ©n, fnt1 are canonical maps and f is the unique map obtained via the universal
property of projective limit such that m, o f = ¢, o fnr1 = fn, for any n > 1. The map
f is a bijection. Indeed, let us suppose that f(o (mod H)) = f(r (mod H)). By this one
has fn(o (mod H)) = f,(7 (mod H)), which means that o (mod H,) =7 (mod H,), for
any n > 1. Because N,>1H,, = H, clear ¢ (mod H) = 7 (mod H), which means that f is
an injective map. Now, let x = (z1,22,...,2Zp,...) € l'glén. There is o, € G such that
fnlon (mod H)) =0y, (mod Fn) = xz,, for any n > 1. By using the commutativity of the

above diagram we have that
Ontk (mod Hy,) =0, (mod Hy) , (2.1)

for any n,k > 1. From hypothesis G is profinite, so compact, and by this there exists
a subsequence {0y, }m>1 of the sequence {0, },>1 that converges to an element ¢ € G.
Because H, is a closed subgroup of G with respect to Krull’s topology, by using (2.1), one
has

o (mod Hn) =0, (mod ﬁn) , (2.2)

for any n > 1, and by (2.2) one obtains f(c (mod H)) = x, which means that f is a
surjective map. The continuity of f follows from [8, Proposition 1.1.1] and the proof is
done. 0

We have a natural action of G, on A[G,]. Indeed, let 7 € G,,, T € G,and 7 € G,,, which
is the left coset of o € G in G,. By defining 7-@ = 7 one has that A[G},] is an A[G,]-finite

generated module, which is free over A. The canonical morphisms A[G,41] = A[G,,] verify
the compatibility relations of a projective system. By definition, one considers that

Aa(G/H) = A[|G/H]| = lim A[G.,]
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is the module of G/ H with scalars drawn from A. We can see that A4 (G/H) = lim  A[G/UH],
where the inverse limit is taken over all open subgroups U of G, so this moﬁle does not
depend on the choice of {H,,},>1 and it becomes an A 4(G)-module.

Now, let A be a closed subring of C, which is compact or is not contained in Oc,. In
the second situation A is a field which contains Q,, see [3, Theorem 7] and [3, Lemma 6].
We have the following commutative diagramm

AlG,] —— A[G)] —— 0

T 1

AlGrr1] —— A[Gns1] — 0

—

and, by [8, Lemma 1.1.5] and [5, Proposition 9.1], one has the following exact sequence

The first arrow in the above sequence is continuous, see also [8]. We collect the above results
in the following proposition.

Proposition 2. Let A be a closed subring of Cp, G a profinite group and H a closed
subgroup of G, which is not necessarily normal. If A is compact or is not contained in Oc,
then Aa(G/H) is a factor of Aa(G).

When H is a normal divisor of G then A4(G/H) becomes an algebra. In particular,
when G/H is a compact p-adic Lie group and A ~ Z,, the module A4 (G/H) turns out to
be the Iwasawa algebra of G/H.

In the next section we will focus on the following important example: G is the p-adic
absolute Galois group and H = H(x) = {0 € G : o(z) = x} is the stabilizer of an arbitrary
element z of C,, which is a subgroup of G, not necessarily normal.

3 The case of Galois orbits

It is known that the p-adic absolute Galois group G is profinite so we have a tower of fields
Q=L clyclyc---CcL, C-- CQ,such that L, /Q, is finite and normal with
Galois group G,,. If we denote H,, = Gal(Q,/L,) then G/H, ~ G,.

Let x be an arbitrary element of C,, which is not necessarily normal. By denoting

H = Gal(Q,/Q,[z] N Q,), which is not necessarily a normal subgroup of G, one has that
H ~ H(x) = {0 € Galeont(C,/Qy) : o(z) = x}, via [1, Proposition 1]. Let H,, = H, H be
the subgroup of G that is generated by the product of H,, with H and G,, = G/H,, the left
cosets of H,, in G. Let K,, = Fiz(H,) be the field fixed by H,, and K, the normal closure
of K. Denote G, = Gal(K,,/Q,), H), = Gal(Q,/K},) and K, = Up>1K,,. In fact K, is
the Galois closure of the subfield of Q,, fixed by H. Denote Gk, = Gal(K,/Q,). For any
n > 1, we have a morphism ®,, : Q,[G),] — Q,[G,], which is defined canonically, such that
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the following diagram of QQ,-vector spaces

QG —2s @G, —— 0

’
T

' Pt
@p[ n+1] —+> Qp[Gn+1] — 0

n

is commutative, where 7, and =/, are canonical projections. By [5, Proposition 9.1] one
obtains the following exact sequence

Ag,(Gk,) — Ag,(O(x)) — 0, (3.1)

where the first arrow is continuous, see [8]. From the proof of [1, Theorem 2] one has
Hom(K,,,Q,) ~ Q,[G,], which is an isomorphism of Q,-vector spaces, so Ag,(Gk,) =~
Hom(K;,Q,). By (3.1) we have the following exact sequence

Hom(K,,Q,) —— Ag,(O(z)) — 0, (3.2)
where & = h&l@n, via the above isomorphism. Denote
I' = ker ® ~ lim ker @, (3.3)

where

ker@n{ Z as0 : Z a&OforanyTEGn}.

GG, GEG!, =T

From [1, Theorem 2] it follows that there is a normal element y of K, such that Ag, Ok, (y)) ~
Hom(K,;,Q,). Summing up, one has the following result.

Theorem 1. For any element x of C,, there is a minimal Galois extension K, of Qp, which
is the Galois closure of the subfield of Q,, fived by the stabilizer of x, such that the following
sequence

Hom(K,,Q,) —— Ag,(O(z)) — 0
is exact, where ® is defined in (3.2). Moreover, there is a normal element y of I?z such

that
Ag, (O(z)) ~ M

where I = ker ® is the ideal described in (3.3).

Remark 1. In other words, the above result says that the module associated with a Galois
orbit O(z) of an arbitrary element = of C, with scalars drawn from Q,, which is isomorphic
as Qp-module with the space of distributions in the sense of Mazur and Swinnerton-Dyer
defined on O(z) with values in Q,, is a factor of the Iwasawa algebra of a Galois orbit of
a normal element of C, with scalars drawn from Q, by an ideal which can be described.
Also, a finite field extension of Q, can be used instead of the base field in Theorem 1.
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4 A complementary result

We preserve the same notation and definitions as in the previous sections. Now, let Q, C K
be an infinite algebraic extension and Q, C K1 C Ko C --- C K,, C --- C K a tower of
fields such that Q, C K, is a finite extension for any n > 1 and, moreover, K = U,>1 K.
We denote by L the normal closure of K and by L, the normal closure of K,,. One has
QCLiCLyC---CL,C---CLand L =Up>1Ly.

We use the following notation: Gy = Gal(L/Q,) =~ Galeont(L/Q,), H = Gal(L/K),
Hy = Gal(L/Ky,), Uy, = Gal(L/L,). We denote by N¢, (H) the normalizer of H in G, and
by Sy a system of representatives for the left cosets of N, () in Gf. For any o € Sy we
define H° = oHo 1. Also, we denote by Ng, (H,,) the normalizer of H,, in G, and by Sy,
a system of representatives for the left cosets of Ng, (H,) in Gr. One has U,, = Nycs,,, Hy .-

The map

F:Gp— [] (GL/H%), F(g) = (g (mod H%))oesy, g € Gr, (4.1)

oESH

is injective. Indeed, let g1, g2 € G besuch that F(g1) = F(g2). Then (91 (mod H?))oecs, =
(92 (mod H))pes,, SO g3 g1 € Noes, H® = {e}, the neutral element of Gr. This is
happening because L is the normal closure of K, which is the composition of the fields
o(K), o € Sy.

Also, the following diagram

Gr  —T [,es, (GL/HT)

ﬂ,,l F" (4.2)

Gp/He —4 GL/H®
is commutative, where 7, is the canonical map, 7, is the projection onto the o component
of the direct product, and Id stands for the identity map.
In the same way as in (4.1) and (4.2) we have the following map

Fo:Gp/Uy— [[ G/(UaH)?, Fulg (mod Uy)) = (g (mod (UnH)"))sesy: 9 € G,
oESH
(4.3)
which is injective because Nyes,, (U, H)? = U,. Moreover, the following diagram

GL/Un L HO‘GSH GL/(UnH)U
”l F"’" (4.4)
GL/(UH) —%  GL/(UH)°,

is commutative, where 7, ,, is the canonical map, 7, 5 is the projection onto the o compo-
nent of the direct product, and Id stands for the identity map.
By considering a closed subring A of C,, we obtain from (4.3), in a canonical way, an
injective map
Fo: AlGL/U = [] AlGL/(U.H)). (4.5)

ocESy
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By passing to inverse limit, one has the following result.

Theorem 2. Let K be an infinite algebraic extension of Q, and A a closed subring of Cp.
Let L be the normal closure of K. Denote H = Gal(L/K) and G, = Gal(L/Q,). Also,
denote by Ng, (H) the normalizer of H in G, and let Sy be a system of representatives for
the left cosets of NG, (H) in Gr. For any o € Sy we define H° = oHo 1. Then, there
exists a monomorphism F : Aa(Gr) — [] As(GL/H?) of Aa(GL)-modules, such that
the following diagram

cESH

AA(Gr)  —E— TT,es, Aa(GL/H7)

,\Ul ljo (4.6)
Aa(Gr/H7) —  Aa(GL/HO),

is commutative, where A\, s the canonical map, A\, is the projection onto the o component
of the direct product, and Id stands for the identity map.

Remark 2. Theorem 2, Theorem 1, and Proposition 2 provide a way to relate distributions
in the sense of Mazur and Swinnerton-Dyer, functionals, and linear maps defined on an
infinite algebraic extension K of @, with those defined on the normal closure of K.

Questions. We end this paper with a few questions which arise naturally, and which we
pose to interested readers.

Let Q, € K be an infinite algebraic extension and let L be the normal closure of K.
Denote G, = Gal(L/Qy,).

1) Let ¢ and % be two linear maps on L whose restrictions to o(K) coincide, for each
0 € Gr. Does it follow that ¢ = ?

2) If the restriction of ¢ to any o(K) is continuous, does it follow that ¢ is continuous ?

3) An interesting problem would be to study cases when p(ox) = (), for any o € G,
where z is a generic element of K. A special example is provided by the trace function,
which satisfies this property.

4) Can any Q,-functional on K be extended to a Q,-functional on L ?

5) If T'rk q, 1s continuous, does it follow that T'ry g, is continuous ?
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