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Abstract

Let I be the edge ideal associated to a graph with loops, a weighted graph or a clutter.
In this paper we study when I has the strong persistence property, this is (Ik”: I)= I*
for each k > 1.
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1 Introduction

Let R be a commutative Noetherian ring. The associated primes set of an ideal I is
Ass(I) ={P e Spec(R) | P = (I:a) for some a € R}. If I = Q1 n--NQ; is a minimal primary
decomposition of I, then Ass(I) = {r(Q1),...,r(Qs)} where r(Q;) is the radical of Q;. I
has the persistence property if Ass(I¥) ¢ Ass(I**1) for each k. In [2] is showed that the
edge ideal of a simple graph has the persistence property, and they use that these edge
ideals satisfy (I**1:1) = I* for each k. Recently was proved that this concept implies
the persistence property (see [1]) and it is called the strong persistence property. These
concepts are not equivalent, in [2, Example 2.18] is given a squarefree monomial ideal with
the persistence property, but it does not have the strong persistence property. Assuming
this terminology, in [2, Lemma 2.12] was proved that the edge ideal of a simple graph has
the strong persistence property. In this paper we study the strong persistence property for
edge ideals of graphs with loops, weighted graphs, and clutters.

This paper is organized as follows: in Sect. 2 we prove that the edges ideals of graphs with
loops have the strong persistence property. In Sect. 3 we prove that the edge ideal of a
vertex—weighted graph (G,w) has the strong persistence property. Furthermore, we prove
that I(G)* and I(G,w)* have the same associated primes. In Sect. 4 we study the edges
ideals of clutters. In particular, we show that a clutter has the strong persistence property
if and only if at less one of its connected component has the strong persistence property.
Also, we prove that a Kénig unmixed clutter without 4-cycles and squarefree monomials in
four variables have the strong persistence property. Furthermore, we show that (I%:1) = I,
if I is a squarefree monomial ideal. Finally we prove that the strong persistence property is
closed under c-minor and cones. In Sect. 5 we give some properties of the strong persistence
property. Also, we introduce the symbolic persistence property and we show that an ideal
has this property if it has the strong persistence property.
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2 Graphs with loops

A graph with loops is a triplet G = (V,E,L) where G = (V,FE) is a simple graph with
V=A{x1,...,zp} and L ¢ {(xi,a:i) | z; € V}, L is called the set of loops of G. Let R =
K[z1,...,z,] be a polynomial ring, as usual we use z as abbreviation for z{*---z%", where
a=(ai,...,a,) is an integer vector with a; > 0. If f = {z;,z;} € E or f = (a;,2;) € L, then
we take the monomial f: ;T4 Or f: x?, respectively. The edge ideal of a graph with loops
G = (V,E,L) is the ideal 1(G) = ({f; | fi e EUL}) = I(G) + ({27 | (2s,2;) € L}) where
I(G) = ({miz; | {zi,2;} € E}) is the edge ideal of G = (V, E).

Example 1. Graph with loops, where L = {(331,331), (xg,xg)}.

zs3
xy T2
T4
For an integer vector a = (ay,...,a,) with a; > 0, we define the simple graph G* with vertex
set is V@ ={a},..., 20", ...zl 2l xk, o 28}, and whose edge set

o ki Kk {zi,z;} € E, k;i < a;, and k; <aj; or
B _{{xz Ty }| (mi7xj)eLand1£ki<kj£ai ’

where j in z] is only an index. Furthermore, if z; € V(G), then we define the duplication

of z; in G® as the simple graph G = G%*“ where e; is the i-th unit vector in R™. This
operation is commutative, that is (G***)% = (G*4)% for each x;,x; € V. Furthermore,
if f={x;,z;} ¢ E, then we denote by (G*) = Go*¢*¢; and if f = (2;,2;) € L, then
(ga)f — ga+ei+ei_

Definition 1. Let G a simple graph. A matching of G is a set of pairwise disjoint edges.
The matching number of G, denoted by v(G), is the size of any mazimum matching of G.
A matching that covers all vertices of V(Q) is called a perfect matching of G.

Notation 1. Mon(R) is the set of monomials in R = K[x1,...,2,]. If I = (mq,...,my)
with m; € Mon(R), then G(I) is the minimal monomial generating set of 1.

Proposition 1. Let G be a graph with loops whose vertex set is V = {xy1,...,2n}. If
a=(ay,-..,a,) is an integer vector where a; > 0, then G* has a matching of size | if and
only if x% € I(G)".

ki
i
consider the monomial x° = Hézl zi,y, € I(G). If b= (br,...,by,), then b; = [{r | a7 e
U§'=1 g;}| for each 1 <4 <n. Since P is a matching, b; < a;. Therefore, z° | 2 and 2% € I(G)".

Proof. =) Let P = {g1,...,q:} be a matching of G* where g; = {x ’,$;;7} Now, we

<) We take EUL = {f1,..., f,}. If 2% € I(G)!, then there exist an integer vector a =
(a1,...,a4) such that ag + - +a, = [ and % = mf{ - f;'" with m € Mon(R). We can
assume that aq > 0. If f; = {z,,zs} € E, then a; < a, and oy < a, since f* | z® If
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Pi={g1,.-.,9a, }, where g; = {z% %! 2%7*1} for j < oy, then P; is a matching of G* of
size 1. If f1 = (2,2,) € L, then 204 < a, since f'* | z*. Consequently, P; = {g1,...,9a;
where g; = {x8r727*2 20r=27*1} for j < aq, is a matching of G* of size a;. Hence,
b o bz Fos, | T !
a « [e% -
G’ =G~ Ugj and :F:m 2 fg e 1(G) T,
J=1 1

where b=a - ai(e, +e;) if f1 € Eor b=a-2aye, if f; € L. Following with the processes,
we obtain matchings P, ..., P, such that

V(Pi+1) N (L:JlV(P])) = ¢ since V(B+1) c V(ga) AN LZJ V(P])

=1

q
Therefore, U P; is a matching of G of size [. ad
j=1

Corollary 1. z% € I(G)* ~\ I(G)**L if and only if k = v(G?).

Definition 2. The deficiency of a simple graph G is given by
def(G) = |V(G)| - 2v(G).
Theorem 1. ([2]) If G is a simple graph, then
def(G) = max{co(G~ S) - |5|| S cV(G)},

where co(G) denotes the number of odd components (components with an odd number of
vertices) of G.

Proposition 2. Let G = (V, E, L) be a graph with loops, so def(G*) =6 for all f € F = EUL
if and only if def(G*) =6 and v(G¥) =v(G*) + 1 for all f e F.

Proof. We take a maximum matching gi,--.,90 of G If f e F, then ¢g1,...,g9¢,9 is a
matching of G*/, where g = {z{"", 2"} when f = {2;,2;} ¢ E and g = {221 a%**} when

f = (z4,2;) € L. Hence, v(G*) > v(G*) + 1. This implies def(G?) = |[V(G%)| - 2v(G%) >
V(G| - 2v(G*) since [V (G)| = [V(G2)| + 2. Therefore, def(G?) > def(G*7).

=) By contradiction, suppose def(G*) > §. Thus, by Theorem 1, there is an S ¢ V(G%)
such that co(G* N\ S) —|S| >3d. We set r = ¢o(G* ~ S) and Hy,..., H, the odd components
of G\ 5. We take xf € Hy, for some 1 <k <r and k; <a;. If f = (z;,2;) € L, then we take
the subgraph Hj of G2 \ S induced by V(Hy) u {z{"*",2%"}. We obtain that the odd
connected components of G4 \ S are Hy, Hs, .. . Hy_1,H},Hyy1 ..., H,. Consequently,

co(G N 8) - |8 > 6 = def (G).
A contradiction. Now, assume f = {z;,z;} € E(G). If {z¥ xff} € E(Hy), then we consider

the subgraph Hj, of G%F < S induced by V(H}) u {x?i+17x?"+l}. We obtain that the odd

connected components of G4 \ S are Hy, H, .. . Hy1,Hj,,Hy1 ..., Hy. So,

co(GY N 8) =S| > & = def(G).
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This implies V(Hy) = {z¥} and a; = 0 or x?j € S for each k; < a;. Hence, the odd
components of G2 \ (Su {x?j+1}) are Hy,..., H., {z%"*'}. Thus,

(G N (Su{z ™)) = IS U{aF T} = (g7 N S) - |S] > 8 = def(G7).
A contradiction, therefore def(G%) = def(G%¥) for all f € F. Therefore, v(G) = v(G*) + 1,
since [V (G%)| = [V(G*)|+2 for all feF.
<) def(G*) = V(G| + 20(G) = [V(GY)| + 2 - 2(v(G?) + 1) = def (G?) = 6. 0

Theorem 2. I(G) has the strong persistence property if G is a simple graph.
Proof. See [2, Lemma 2.12]. 0

Theorem 3. If G is a graph with loops, then (I**':1) =I* with I = 1(G).

Proof. We take a monomial m = 2% € (I**1:T). If mf € I**2 for some f = x,x; € G(I), then
m(z;x;) = m'g1-grsa with g; € G(I) and m’ € Mon(R). Thus, m € I*. So, we can assume
that mf e I**1 < I¥*2 for each f € G(I). Consequently, by Corollary 1, v(G*) = k + 1 for
each f e G(I). Hence, def(G*) = |V(GY)|+2-2(k+1) = |V(G*)| - 2k for each f e G(I).
Furthermore, by Proposition 2, def(G*/) = def(G%) = [V(G%)| - 2v(G?), then v(G%) = k.
Therefore, by Proposition 1, m = % € I*. 0

Corollary 2. I(G) has the persistence property if G is a graph with loops.
Proof. By Theorem 3 and [1, Lemma 2.12]. ]

3 Weighted monomial ideals

Let I be a monomial ideal, an irreducible monomial ideal J is I-minimal if J is minimal
in the set of irreducible monomial ideals (have the form {le Ve ,:riis }), such that I c J.
The set of I-minimal ideals is a minimal primary decomposition of I.

Definition 3. For my,ms € Mon(R), m§ || ma if m§ | ma and m5+t + my.

Proposition 3. Let I be a monomial ideal. If (x?l” .

for each 1 <t < s there is m e G(I) such that xZ“ || m.

;. '*) s a I-minimal ideal, then

Proof. Since J = (x;",...,2;"*) is an I-minimal ideal, then I ¢ .J. Thus, if 2 + u for

T
each u € G(I), then I ¢ ({QUZ1 b ,xZ’} N {xzt }). This contradicts the minimality of J.
Hence, xZ” | u for some u € G(I). Now, if xZ”H | m for each m € G(I) such that xZ“ | m,
then I ¢ (a:z” szttt ) ¢ J. A contradiction, therefore there is m € G(I) such

v B¢ is
that ' || m. d0

it
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Definition 4. A weight over a polynomial ring R = K[xz1,...,2,] is a function w :
{z1,...,2n} > N, w; = w(x;) is called the weight of the variable x;. Given a monomial
ideal I and a weight w, the weighted ideal of I and w is I, = (h(m) | m e G(I)) where h
is the isomorphism h: R - K[z, ...,z ] given by x; = x}"

Remark 1. Since h is an isomorphism, G((I,)*) = G((I*)w), so (I,)*F = (I*),.
Theorem 4. Let I be a monomial ideal and w a weight over R, then

i) Ass(I¥) = Ass(I*) for each k;

ii) I has the persistence property if and only if I, has the persistence property;

iii) I has the strong persistence property if and only if I, has the strong persistence
property.
Proof. 1) If (xi”, 5“) is an I*-minimal ideal, then by Proposition 3 there is m' €
G(IF) such that xZJ || m', so there is r;; such that 3;, = w;;r;; for 1 < j <s. If m =
ot e G(IF), then h(m) = o *talnn e GIF) ¢ (z Z’l, ,xf“) Hence, there

exist t < s, such that xﬁ” | h(m). Thus, w;,r;, = B, < w;«; implies r;, < oy, and

rl . o a; . ..
¢ | m. Consequently I’C c (zi,..., @) Now, if (z;”,...,2;") is an I*-minimal, then
J1 Ji
w (o9 wij, . o . Wi, O W4, g .
Ik c(z h“ ooz jl“ 1. So, (x T is T%- mlmmaland( Jl“ “,...,J:j’“ ”)18]5)—
Qi a; L Wi gy .
minimal. Therefore, (x L ) is I*-minimal if and only if (m B ) is

I*-minimal. Taking radlcals of the I*-minimal and I*-minimal ldeals we obtain ASS(I kY=
Abb([ kY.

ii) By 1).

iii) =) Since h is an isomorphism of k-algebras between R’ = K[z{",..., z} ] and R, h(I)
has the strong persistence property in K[x7",... ,xﬁ] Also, m = 'z} € R’ if and
only if w; | \; for each i. Thus, I, n K[z}*,...,2%"] = h(I). Now, if m € (Ik*1:1,, ) then
gm = £g1---gi+1 for each g € G(I,,) where g; € G(I,,). We take m = z{*---z{™ and £ = xl -~xl,ib".
If r; and t; are the remainders obtained by dividing a; and b; by w; respectively, then
w; | ry —t;, since G(I,) € K[x}™,..., 22" ]. So, r; = t; and we take m' = {*™""---z%»~" and

¢ = 2h gt Hence, m! E e K[z, ...,z¢] and gm' = €'g1---gg+1. Since G(I,) =

G(h([)) m' e (h([)k+1 h(I)) h(I)* implies m' € I*. Therefore m € I since m' | m.

<) We take m e (I**%:1) n Mon(R), then mf = £fy-fre1 with f, f1,..., fur1 € G(I).
So h(m)h(f) = h(O)h(f1)-~-h(frxs1) € IEE. Thus, h(m) e (Ik1:1,) = I{f} since G(I,) =
G(h(I)). This implies, h(m) = lg1--gr, with ¢; = h(g)) € G(I,) where g, € G(I). Since
h(m) € R = K[z{",...,x%"], £ € R'. Therefore, m = h™}(£)g}--g} € I*, since h is an

isomorphism. O

Definition 5. A weighted graph (G,w) consists of a simple graph G and a function w :
V(G) > N. The weight of x € V(QG) is w(z).

Definition 6. The edge ideal of the weighted graph (G,w) denoted by I(G,w) is the ideal
generated by {xl‘“x;l)] | z;x; € E(G)}, where wy = w(xy).
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Corollary 3. If I = I(G) and J = I(G,w), then Ass(J*) = Ass(I*) for all k.
Proof. By Theorem 4, since J = I,,. 0

Theorem 5. The edge ideal I(G,w) has the strong persistence property.

Proof. By Theorem 4, since I(G) has the strong persistence property. 0

4 Squarefree monomial ideal

Let R = K[z1,...,2,] be a polynomial ring. A monomial ideal I is squarefree if G(I)
consists of squarefree monomials. A clutter is a pair C = (V, E') where V is a finite set and
E is a set of subsets of V' such that if a € b with a,b € E, then a =b. The sets V = V(C)
and F = E(C) are called vertex set and edge set, respectively. If f = {z;,,...,z; } € E(C),
then we denote by fthe squarefree monomial x;,---x; . Hence, if f1 € fo € X = {x1,...,z,},
then fi | fo. The edge ideal of the clutter C, denoted by I(C), is the ideal generated by
{f| f € E(C)}. This assignment defines a natural bijection between squarefree monomial
ideals of K[z1,...,z,] and clutters whose vertex set is X. Finally we say that a clutter C
has the strong persistence property if I(C) has the strong persistence property.

Lemma 1. Let f,g be squarefree monomials, if there exists an integer k > 2 such that
¥ mg, then f*1|m.

Proof. Since f* | mg, mg = f¥¢ with £ € Mon(R). We take m' = gcd(f,g), then f =m/f’
and g =m'g’ with ged(f’,¢') = 1. Hence, gcd(f,g’) = ged(m/, g’) = u. Consequently u? | g.
But g is a squarefree monomial, so ged(f, ¢') = 1. Thus ¢’ | £, since mg’ = f'f*~14. Therefore
m = fE1(f'u") where £ = u'g’ implies f¥~! | m. |

Corollary 4. Let I be a squarefree monomial ideal. If G(I) has at most two elements,
then I has the strong persistence property.

Proof. Let m be a monomial in (I**':1). So, for each f € G(I) there are monomials
0, g1,...,gre1 With g; € G(I), such that mf = £gy---grs1. If f = g; for some i, then m e I*.
Now, if f # g; for each i, then g; = g1 since |G(I)| < 2. Thus gf*! | mf. Hence, by Lemma 1,
g~ |m and me I*. 0

Theorem 6. If I is a squarefree monomial ideal, then (I?:1) = 1.

Proof. Let m be a monomial in (I?:1), then for each f; € G(I) there are hy,g; € G(I) and
a monomial ¢1 such that mf; = {1g1h1. Consequently,

m2f1 = él(mgl)hl = l1l2g2hahy
where mgy = fagohs and go, ha € G(I). Follows, multiplying by m we obtain

mrfl = 51"‘€r9rhr-"'h2h1,
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where mg;_1 = {;g9;h; and g;, h; € G(I) for 2<i<r. If r > |G(I)|, then g, = h; or h; = h; for
some 1 << j <r. Hence, hf | m" fi and by Lemma 1, h; | m”. Thus, h; | m, since h; is
squarefree. Therefore m € I. 0

Corollary 5. If I is a squarefree monomial ideal and k > 2, then (I*:1)c 1.

Proof. By Theorem 6, (I*:I) c I. Hence, I* ¢ I? and (I*:1) c (I*1). O

Theorem 7. A clutter has the strong persistence property if and only if some of its con-
nected components has the strong persistence property.

Proof. Let Cy,...,C, the connected components of C with V; =V (C;).

<) We can suppose that C; has the strong persistence property. We take a monomial
m e (I¥*1:T). We can write m = my---m, where m; € Mon(K[V;]) and we take a; such
that m; € I \ If”l. For each f € C; we consider sy such that mqf € I}/ ~ Ilstr1 and
sy =min{sy | f €Cy1}. Thus myf e I;* for each f €Cy, so mq € (Iflzll) = I;7!. Hence,

31—1+§: a; Sf+i a; Sf+1+§: a;
mel =2 andmfel =2 T =2 for each f €(C;.

T T
Since mf e I**1, sg+ 2 a; > k+1. Then, sy + Y a; > k+ 1. Therefore m ¢ Ik,

i=2 =2
=) If I; = I(C;) has no the strong persistence property, then there is k; and a monomial
m; € (Il.k”l:]i) \If"’. We take a; such that m; € I" \Ilfl"’Jrl7 then a; < k; —1. Now, we consider
m =mq--m,, then m e I°\ I**! for b= Y7_, a;. If we take f; € E(C;), then mf; € I*?, where
si=a1+-+ki+1+-+a.. Buts; >¥'_ a;+2, thus s = min{sy,..., s} > Y7 a; +2.

Therefore m e (I°: 1)\ 1571, O

Example 2. Let C be a clutter. If fi,fo e {AcV(G) | Anf=a if fe E(C)}, then by
Theorem 7 and Corollary 4, CU{f1, fo} has the strong persistence property.

Lemma 2. Let C be a clutter. If there exists an edge f € E(C) such that A={gnf|ge
E(C)} is a chain, then I(C) has the strong persistence property.

Proof. If m is a monomial in (I**': 1), then mf = §f1--fx+1 where f; € E(C) and g € V(C).
So, fSgu fiu-U fge1. Since A is a chain, we can assume fy 1N fCS fynfc-cfinf.
Thus, fSgu f1 and f|Gfi. Therefore m e I*. a

Corollary 6. If C is a clutter without the strong persistence property, then for f € E(C)
there are f1, fo € E(C) such that fnfi¢ fnfoand fnfag fnfr.

Definition 7. Let C be a clutter, A<V (C) is a vertex cover if Ane + @ for each e € E(C).
The cover number of C is 7(C) = min{|A| | A is a vertex cover}. C is unmized if |B| = 7(C)
for each minimal vertex cover B. A matching is a set of disjoint edges {ey,...,es} of C. It
is perfect if US_je; = V(C). Furthermore, C is Konig if there is a matching with 7(C) edges.
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Proposition 4. Let C be a Kénig clutter, then C is unmized if and only if there is a perfect
matching ey, ..., eq with g = 7(C), such that for any two edges e + €' and for any two distinct
vertices x € e, y € €' contained in some e;, one has that (e~ {x})u (e’ ~ {y}) contains an
edge.

Proof. See Corollary 2.11 in [3]. 0

Definition 8. The incidence matriz of a clutter C, denoted by Ac, is the matriz whose
columns are the characteristic vectors of the edges of C. A r-cycle of C is a r x r-submatrix
of Ac with exactly two 1’s in each row and each column.

Theorem 8. Let C be a Kénig unmized clutter. If C does not contain 4-cycles, then C has
the strong persistence property.

Proof. By Proposition 4, C has a perfect matching eq,...,es where s = 7(C). If C does
not have the strong persistence property, then by Corollary 6 there exist f1, fo € E(C) and
vertices x1 € (finer) N fo and 25 € (faney) N f1. Now by Proposition 4, there exist f € E(C)
such that f < (fi Nz1) U (fa N x2). We can assume e; N (f2 U f1) is minimal in

B={e1n(g2091) | g1,92€ E(C), gane1 Eginey, and g1 ne; £ ganer}.

Thus, (exn f) € ern ((fi ~21) U (fa~22)) = e1n(f1 U foNa122). Hence, e; n (fi v
f) € (e1n (fi U f2)) N xj where {i,5} = {1,2}. Since e; n (f1 N f2) is monomial in B,
etnfceinfaoreinfocernf. But s € (e1nfa)N(ernf), then e;n fcern fo. Now, if
(finf)c(erufa), then fe(frufo)nfc(finflu(fonf)c(eavufe)u(fenf)c(e1uf2).
So, fec(exnflufoc(ern fo)u foC fo. But zg € fo N f, a contradiction. Hence, there is
y1 € (finf)~(eru f2). Similarly there is yo € (fan f) N (e1U f1). Consequently, the matrix

ry T2 Y1 Y2

h 1 0 1 0

fa 0 1 0 1

el 1 1 0 0

f 0 0 1 1
is a 4-cycle. A contradiction, therefore C has the strong persistence property. 0
Example 3 ([1]). Let Cy be the clutter with vertex set {x1,...,x¢} whose edges are x1x3x3,

L1244, T1X3T5, T1T4TLe, L1T5T6, L2L3Le, L2X4X5, T2L5Le, L3TL4T5 and X3T4Tg- Co 15 an
unmized shellable clutter. But (I(Co)*:1(Co)) # 1(Co)?, then Co has no the strong persis-
tence property.

Definition 9. The cone over a clutter C, denoted by Cx, is the clutter whose vertex set is
V(C)u{z} and edge set {f u{z}|f e E(C)}, where z is a new vertex.

Proposition 5. C has the strong persistence property if and only if Cx has the strong
persistence property.



E. Reyes, J. Toledo 301

Proof. =) If m =2%m’ € (I(Cx)*':1(Cx)) with ged(m’,z) =1, then fm e I(Cx)*! for
feE(Cx). Furthermore f =gz with g € E(G) then z**' | gzm implying ¥ | m. Thus, o > k
and gm’ € I(C)**L. Hence m' € (I(C)***:1(C)) = I(C)*, i.e., m' = £f1-fi where f; € E(C).
Therefore, m = 2*0f; -, = 2 *0(fiz)-(frz), so m e I(Cx)*.

<) If m e (1(C)**':1(C)), then fm = £gi--gis1 for each f € I(C) and g; € I(C). Thus,
(fx)(ma®) = 0(xg1)-(xgr1) € I(Cx)* L. So, maF e (I(Cw)’”l:I(Cx)) = I(Cx)*. Hence,
ma® = 0(f1x)--(frx) for f; € I(C). Therefore m € I(C)¥. d

Proposition 6. C has the persistence property if and only if Cx has the persistence property.

Proof. If Q1,...,Q, is the monomial minimal primary decomposition of I(C)* and Qi =
R[z]-Q;, then Q},...,Q", (2*) is the monomial minimal primary decomposition of I(Cx)*.
Hence, Ass(I(Cx)*) = Ass(I(C)*)u{(x)}. d

Proposition 7. C = (V, E) has the strong persistence property if and only if C' = (V, E')
has the strong persistence property, where E' = {f NNgerg | f € E}

Proof. Set A =ngyepg. By induction on k = |A|. If k=0, then C =C". Now if k> 1 and x € A4,
then C = Cyx where C; = C ~ . So, by induction hypothesis C; has the strong persistence
property if and only if C’ has the strong persistence property. Therefore, we obtain the
result by Proposition 5. 0

Proposition 8. A clutter C with 3 edges has the strong persistence property.

Proof. We assume E(C) = {f1, f2, fs} and V(X) = {z1,...,2,}. By Proposition 7, we can
suppose that fin fon f3 =@. If C is not connected, then it has a component with one edge.
Hence, by Corollary 4 and Theorem 7, C has the strong persistence property. Now, we
assume that C is connected. If f; n f; = @ for some 7 # j, then C has the strong persistence
property by Lemma 2. Consequently, we suppose a;; = f; N f; # @ for i # j. We set b; such
that f; = a;;wb;wa, for {,7,r} = {1,2,3}. So, each palr of by, by, b3, a12,a13, azs are disjoint.
We take m € (I¥*1:T) where I = I(C), then mfy = Ef a (“ with a; + g + a3 = k + 1.
If aq >0, then m € I*. Now, if ay = 0, then by | £ since bl,fl,fg are disjoint pairs. This
implies, £ = bi¢' and majsai3 = é’f”‘zf . If ag =0, then ¢ = ujaio and m = uluQﬁf"Fl
where f3 = usay3. Thus, m € I*. Similarly if as = 0, then we suppose a; # 0 and as # 0.

Consequently m = ¢/ (babza3s) fs foe-l g‘?’_l, implying a53! | m and b3? b3?® | m. Similarly, we
can assume af3' | m and af3! | m. Hence, (a12a13a23) " 'b5205% | m so fo2 &5 | m, since
oo+ ag =k + 1. Therefore, me]’chl c Ik O

Proposition 9. If X is a set A € X and x ¢ X, then the clutter C whose edge set is
{X}u{ax; | z; € A} has the strong persistence property.
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Proof. We set A ={z1,...,2.}, fo =X and f; = {z,z;}. Since C is clutter, r > 1. We take
m e (I*1:I) where I = I(C), then mf; = ¢; ?Oiﬁa“---ﬁ?” where Y% _gaji=k+1. If ag; =0
for each ¢ > 1, then m ¢ (J’““:J)7 where J = (f1,...,f,). But J is an edge ideal of a graph
s0, by Theorem 2, m € J* ¢ I*. Thus, we can assume ag; > 0 and we take o; = o1. If a1 = 0
and z 4 /1, then zF=%0 || m and fg‘o_l || m, since

m=£170 .
Ty

and Jy b JooJon.

Taz  Foo | Fa
P fn n
x

So, zF=@0*L || mf; and fo7 || mf; for j # 1. Hence, mf; ¢ I"' a contradiction. Now if

a1 #0or x| ¢y, then m = flfé"off‘l_l 52 fom or m = ab 610_1 [t fon where ¢4 = xa and

n 9

fo = z1b. Therefore m € I*. a

Theorem 9. If I is a squarefree monomial ideal in K[x1,x2,23,%4], then I has the strong
persistence property.

Proof. Let C be the clutter associated to I. By Proposition 8 and Theorem 7 we can assume
that |F(C)| > 3 and C has no edges of cardinality 1. If C has only edges of cardinality 3, then
4<|E(C)| < (g) = 4. Hence, C is a complete clutter, implies C is a base set of a polymatroid.
Consequently, by [1, Proposition 2.4] C has the strong persistence property. If C has only
one edge of cardinality 2, then |E(C)| < 3. A contradiction, so there are f1,fs € E(C)
such that |f1] = |f2| = 2. By Theorem 2 we can suppose f = {x1,x2,23} € E(C). So, if
f'e E(C)~{f}, then z4 € f'. Hence, we can assume f1 = {1,274} and fo = {z2,24}. Thus,
if "€ E(C)~{f1f1,f2}, then f’ = {x3,24}. Therefore, by Proposition 9, C has the strong
persistence property. O

Corollary 7. If I ¢ K[x1,...,2,] is a squarefree monomial ideal without the strong per-
sistence property, then n > 5 and there is k >3 such that (I*:T) + I*71.

Proof. By Theorem 9 and Theorem 6. 0

Definition 10. Let C = (V, E) be a clutter with x € V, the deleting of x is the clutter C\ x
with vertex set V ~ {z} and edge set {f € E |z ¢ f}. Furthermore, the contraction of x is
the clutter C / x with vertex set V \ {x} and whose edges are f ~{z} with f € E and there
is not f' € E such that f'~ {x} c f~ {x}.

Example 4. We consider the clutter C with vertex set V(Co) u{x} and edge set E(Cy) U
{zx1}, where Cy is the clutter in Example 3. By Theorem 7, I(C) has the strong property
but C ~ x =Cy has no the strong persistence property.

Proposition 10. Let C be a clutter and x € V(C). IfC has the (strong) persistence property,
then C / x has the (strong) persistence property.
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Proof. We set E(C) = {f1,...,fr}. We can suppose {f; |z € fi} = {f1,..-, fr,} and {f; |
fi~{z} ¢ fi for each j <ri} = {fr41,..., fra}. We define f/ = f; ~ {a} for ¢ < ry and
A = Uier, fi{- Also, we set [ = I(C /) and J = I(C). Thus, fi,..., [/, are the edges of
C -/ x and f! = f; for r1 +1 <i. Furthermore, if ¢ > ro, then f/ c f; for some j. So, for each
1 <i < rthereis j < rg such that f;’ | fi. Consequently, if m € G(J*), then there is m’ € G(I*)

such that m’ | m. We take £ = (21,...,2s) where z; = fo Hence if £ is an I*-minimal
ideal, then J* ¢ £. Furthermore, G(r(£)) = {zi,,...,2;,} € A since £ is I*-minimal. Now,

we suppose £ is J¥-minimal and G(r(L)) c A. If m e G(I*), then m = fi**-.-f;2" with
ai+-+ap, =k. So, x%m = f fr’2 € Jk where o = a1 +--- +a,,. Thus, z; | z%m for some
Jj<s. Sincex ¢ A, ged(x, z;) = 1, and z; | m. Therefore I* ¢ £. Now, we will prove that £ is
an I*-minimal ideal if and only if L is an J*-minimal ideal and G(r(£)) € A. Assume L is
I*-minimal so, r(£) € A. If £ is not J*-minimal, then there is £’ such that J* ¢ £’ c £ and
r(L") cr(L) c A. Consequently, I¥ ¢ £’. A contradiction, therefore £ is J*-minimal. Now
suppose £ is J*-minimal and £ is not I*-minimal, then there is £’ such that I¥ c £’ c L.
This implies J* ¢ £/, a contradiction, since £ is J*-minimal.

Hence, Ass(I¥) = {P e Ass(J*) | G(P) c A} for each k. Since J has the persistence property,
if P e Ass(I¥), then P e Ass(J**1) and G(P) ¢ A. Thus, P € Ass(I**1). Therefore, I has

the persistence property.
(Strong). Now, we set m € (I**1:1). If 1 < i < ro, then mf] = £;f|%"

£ eMon(R) and a1 + -+ ayp, =k +1. We take u; = cijy + - + @, . If i <7q, then

2" mf; = Rt f] = 2R (f) 0 (f,) e = xm‘“"&ff‘“"' v 2

o
‘2 where

Now if 71 +1 <7 < 7o, then xF*imf; = 2 im fl = gF+i-vg ... o2 Finally if ro +1 <4 <7,
then there exist j <7y such that f;| f;. So,

Z‘ mfz fl k+1mf](_ fl k:+1 u;g fajl . 0‘1'2.

—x
f e

Consequently, z¥*1m e (J¥*1:.J) = J¥. This implies x¥*1m = £ f% with ¢ € Mon(R)
and 61+---+BT = k. Since x { f; for j > +1, 2% |€ where w =k+1— (81 + -+ B, ).
Therefore, ¢ = 24’ where ¢’ € Mon(R) and m = €'(f{)? +(f. )1 (frye1)Prtteflr e IF.
O

Remark 2. The converse affirmation of Proposition 10 is not true. We take Cy as in
Ezample 3. So, Co / {x;} is a simple graph for each i. Hence, by Theorem 3, Co / {x;} has
the strong persistence property.

Definition 11. Let C = (V, E) be a clutter and o € Sy a permutation. We consider the
clutter o(C) = (V, E") where E' = {253,y To(i, o, € B

Proposition 11. If C has the strong persistence property and o € Sy ¢y, then o(C) also
has the strong persistence property.

Proof. We take a morphism of k-algebras ¢: R = K[x1,...,2,] = R given by ¢(x;) =2, ().
Hence, ¢ is an automorphism of R, with ¢(I(C)) = I(c(C)). Therefore, I(C) and I(c(C))
are isomorphic. 0
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5 The symbolic strong persistence property

In this section we study some properties of the strong persistence property in a general ring.
Furthermore, we introduce the symbolic strong persistence property and we prove that the
strong persistence property implies the symbolic strong persistence property.

Theorem 10. An ideal I has the strong persistence property if and only if (I*:1%) = I'™*
for all s<t.

Proof. We proceed by induction on s. For s =1 we recover the strong persistence property.
Now, we take a € (I':I°*!) with t > s+ 1 and x € I, then axb e I' for all be I*. Hence

ax € (I':1%). By induction hypothesis ax € I'"*. Consequently a € (I'*:T) and, by induc-
tion, a € I'"*71. Therefore (I%:I15%1) = [t=571, O

Corollary 8. If I has the strong persistence property, then I' has the strong persistence
property.

Proof. By Theorem 10 (I¥%:1%) = 1=t = 1*(*=1) for all k > 1. Therefore, I' has the strong
persistence property. O

By [4] normal ideals in an integer domain satisfies (I":1°) = I"~® for all s < r. Hence, by
Theorem 10 a normal ideal has the strong persistence property, but the converse affirmation
is not true.

Example 5 ([5]). Let G be a simple connected graph, the I(G) has the strong persistence
property but if V(G) = {x1,x2, 23, x4, T5, T, 7} and
E(G) = {z122, T223,2123, T34, TaTs, T5Te, Telr, T5x7}, then I(G) is not normal.

Definition 12. Let Py, ..., P, be the minimal primes of I. The i-th symbolic power of I is
IO = g1 NN gy, where g; is the P;-primary component of I".

Remark 3. 1) ¢ (I1G+D: 1MW) for each i.

Definition 13. I has the symbolic strong persistence property if (I(”l):l(l)) = I% for
each 1.

Theorem 11. Strong persistence property implies the symbolic strong persistence property.

Proof. Let Min(I) = {Py,...,P.} be the set of minimal primes containing I. We take
IY= Q140N Qs,q a minimal primary decomposition of I? for each d. We can suppose
that there exists rq < sg such that r(Q;q) € Min(I) if and only if ¢ < r4. Now for j > rgy1,
then r(Qjk+1) is not minimal. Consequently, r(Q;x+1) ¢ r(Qik+1) with ¢ < rgyq. This
implies r(Qjr+1) ¢ B, where B = U;*" r(Q;ik+1). Thus, there is a; € r(Q;r+1) N B. So,
b; = aj.l € Qjk+1 for some s;. Hence, b; € Qji+1 \ B. Now, we take a € (1+1): 1) then
az € I**D for all 2 € IV, Consequently, if ¢ = Misre.s
IcIM, So, ac e I*, since I has the strong persistence property. Furthermore, if j > 7.1,
then b; ¢ r(Qix) for ¢ < ry. Thus, a € Qi for 1 < <7y, since ac € Qi and Q; is primary.
Therefore, a € I, O

bj, then axc € I+ for all 2 € I since
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Proposition 12. An ideal I has the symbolic strong persistence property if and only if
(I(T):I(S)) =19 for all s<r.

Proof. Similar to proof of Theorem 10. O
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