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Abstract
Let E = K (e1,...,en) be the exterior algebra over an n-dimensional
vector space V with basis eq,...,e, over some field K. We introduce the

universal lexsegment ideals in £ and we devote our attention to their Hilbert
function. Hence, we analyze the depth and the graded Betti numbers of a
graded ideal with a given Hilbert function in E, via such a class of monomial
ideals.
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1 Introduction

Let K be a field. We denote by E = K {(eq,...,e,) the exterior algebra over
an n-dimensional K-vector space V with basis e1,...,e,. A monomial ideal
I C F is called a lexsegment ideal if for all monomials v € I and all monomials
v € F with degu = degv and v >jex u, then v € I, where > is the lexico-
graphic order on the set Mong(F) of all monomials of degree d > 1 in E. Set
Eim) = K(€1,--,€ns€nt1,- -+, €nym), where m is a positive integer. A universal
lexsegment ideal (ULI) of E is a lexsegment ideal I of E which still remains a
lexsegment ideal when we regard I as an ideal of the exterior algebra E,,) for all
m > 1.

Let I C FE be a graded ideal and Hp,; the Hilbert function of the quotient
algebra E/I. Thus, Hg/i(q) = dimg(E/I), (¢ > 1) is the dimension of the
K-subspace of E//I spanned by the homogeneous elements of F/I of degree q. A
result due to Kruskal-Katona [2, 11] guarantees that, given a numerical function
H : N — N, where N is the set of non negative integers, there exists a graded
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ideal I C F such that H is the Hilbert function of the quotient algebra E/I if
and only if

H(0) =1, H(1) <n, H(g+1) < H(¢)9, forq>1, (1.1)

where the integer H(q)(@ is defined in [2].

Aramova, Herzog and Hibi [2, Theorem 4.1] proved that if I C F is a graded
ideal, then there exists always a unique lexsegment ideal I'** C E such that
Hpg,; = Hg/pex. This property justifies the next definitions. A numerical func-
tion H satisfying the properties (1.1) is said critical if the lexsegment ideal I of E
with Hg,; = H is a ULI, and a graded ideal I C F is said critical if the Hilbert
function of the graded algebra E/I is critical.

In this paper, we first introduce the class of universal lexsegment ideals in F,
and then we deeply study their Hilbert function. Using combinatorial arguments,
we give a precise description of the Hilbert function of a ULI. Such a description
allows us to obtain some relevant results on the depth and on the graded Betti
numbers of a graded ideal I C E with a given Hilbert function.

The plan of the paper is as follows. In Section 2, some notions that will be used
throughout the paper are recalled. In Section 3, the universal lexsegment ideals
in the exterior algebra E = K{ey,...,e,) are examined, and a characterization
of such graded ideals given. In Section 4, the Hilbert function of a ULI in E
is analyzed; the main result is a criterion stating when a numerical function
satisfying some conditions is a critical Hilbert function. This criterion allows us
to obtain the main result of Section 5. In fact, we prove that for a critical graded
ideal I in E, one has depth; E/I = depth, E/I'**. Furthermore, we show that a
critical ideal I C E and the corresponding lexsegment ideal I'* have the same
graded Betti numbers.

2 Preliminaries and notations

Let K be a field. We denote by E = K (ey, ..., e,) the exterior algebra over an n-
dimensional K-vector space V with basis ey, ..., e,. For a subset o = {i1,...,i4}
of [n] ={1,...,n} with 43 <iy < -+ < iq4, we write e, = ¢€;, A...Ae;,, and call
e, a monomial of degree d. We set e, = 1, if o = ().

In order to simplify the notation, we write fg instead of f A g for any two
elements f and g in E. An element f € E is called homogeneous of degree j if
f € Ej, where E; = N’ V.

Let M be the category of finitely generated Z-graded left and right E-modules
M satistying am = (—1)48adee™mq for all homogeneous elements a € E, m €
M. Let M € M. The supremum of the length of a maximal M-regular sequence
is called the depth of M over E and denoted by depth M [1].

An important invariant related to free resolutions of M is the Castelnuovo-
Mumford reqularity reggpM = max{j € Z : f3, ;1;(M) # 0 for some i > 0} of a
non-zero module M, where j; ;(M) are the graded Betti numbers of M. We
set regz0 = —oo. Recall that a minimal graded free resolution of an E-module
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M € M has always infinite length unless the module is free. Therefore, the
projective dimension is not significant. For this reason one measures the growth
rate of the Betti numbers by the complexity [1] which is defined as follows:

cxpM =inf{c € Z : B;(M) < ai®~! for some o € R and for all i > 1},

where 3;(M) =}, B; j(M) is the (total) Betti number of M.

We close this Section recalling some notions on monomial ideals that will be
useful in the sequel.

For any subset S of E, we denote by Mon(S) the set of all monomials in S, by
Mong(S) the set of all monomials of degree d > 1 in S and by |S] its cardinality.

Let v be a monomial in . We define

supp(u) = {i € [n] : e; divides u},

and we write
m(u) = max{i € [n] : i € supp(u)}.

We quote the next definition from [6].

Definition 1. Let N be a subset of monomials of degree d < n in E. The set of
monomials of degree d + 1

Shad(N) = {(-1)*“ e e, : e € N, j & supp(es), j=1,...,n},
alo,j) = |{r € o :r < j}|, is called the shadow of N.

We define the i-th shadow recursively by Shad’(N) = Shad(Shad’~*(\)).
In order to simplify the notations, if I = @4>0lq is a graded ideal in E, we
set Shad(l;) = Shad(Mony(I)).

Definition 2. Let I ¢ E be a monomial ideal. I is called stable if for each
monomial e, € I and each j < m(e,) one has ejeq,\(m(e,)y € I. I is called
strongly stable if for each monomial e, € I and each j € o one has e;eq\ ;) € I,
foralli<j.

Finally, if I ¢ F is a monomial ideal, we denote by G(I) the unique minimal
set of monomial generators of I and by G(I)4 the set of all monomials of degree
d>1of G(I).

3 Universal lexsegment ideals

In this Section, we introduce the universal lexsegment ideals in the exterior alge-
bra E = K{ey,...,en).

Denote by >)ex the lezicographic order (lex order, in short) on Mony(E), i.e.,
if e =e;,€i,---€;, and e, = e;,€e;, - - - €;, are monomials belonging to Mong(FE)
with 1 <1 <ig <+ <ig<nand1<j; <Jo<- - <jg<n,then e; >ex €r
if 41 =j1,..., 051 = Js—1 and iz < js for some 1 < s < d.
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Definition 3. A monomial ideal I C E is called a lexsegment ideal if for all
monomials u € I and all monomials v € E with degu = degv and v >1ex u, then
v el

Every lexsegment ideal of E is obviously a stable ideal.

Set B = K(€1,---,€ns€nt1,---;€nim), where m is a positive integer. Fol-
lowing [3], we give the following definition.

Definition 4. A lexsegment ideal I of E is called a universal lexsegment ideal
(ULI), if for any integer m > 1, the monomial ideal 1 Ey,,) of the exterior algebra
Epp) is a lexsegment ideal.

Example 1. The lezsegment ideal I = (e1ea,eiezeq) of E = K{eq,ea, e3,€e4) i
a ULL Indeed, I is a lexsegment ideal of the exterior algebra Epy, for all m > 1.
Example 2. The lexsegment ideal I = (ejeq,e1esey, eaeseq) of the exterior al-
gebra E = K{ey,ea,€e3,¢e4) is not a ULL Indeed, I is not a lexsegment ideal of

the exterior algebra E[l] = K{ey,ea,e3,eq,e5). In fact ereses >1ox €2e3e4 and
ereses & 1Ep).

Now we discuss the combinatorics of universal lexsegment ideals.
For a sequence of non negative integers (k;);cn, we define the following set:

supp(ki)ien = {i € N : k; # 0}.

If supp(k;)ien = {d1,...,ds}, with d1 < dy < --- < d, then we associate to
(ki)ien the integers Rj = j+ > 7_ ki, 1 < j < d;. We set R; =0, for j > d.

Following [7, Characterization 2.1](see also [3, Definition 4.1]), we state the
following characterization.

Characterization 1. Assume that I C E is an ideal generated in degrees di <
do < ---<d. Then I is a ULI of E if and only if

G(I)di = {6316R2 "t €Ry, 1€ Rdi,1 +1</< Rdi — 1},

for 1 <i<t, where R; = j + 23:1 |G(I);l], for 1 < j < dy.
Remark 1. Assume that (k;):en is a sequence of non negative integers such that
supp(ki)ien = {d1,...,di}, di <dz<---<dy.

Then there exists a ULIT C E = K{eq,...,e,) generated in degrees dy < -+- < d;
such that |G(I)q,| = ka,, 1 < i < t, if and only if n > dy + Z?;l ki — 1, ie,
|G(I)| < n—di+ 1. In particular, if I is a lezsegment ideal of E generated in
degree d, then I is a ULI if and only if |G(I)] <n —d+ 1. Hence, if I is a ULI
generated in degree d, one has:

G(I)={eiez---eqg_1€d,€1€2 " €4_1€d411,.--,€1€2 " - E4_1€L}, (3.1)

with d < k <n.
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In closing this Section we give the formula for computing the graded Betti
numbers of a ULI in an exterior algebra.

Proposition 1. Let I C E = K{ey,...,e,) be a ULI generated in degrees di <
ce < dy. Set |G(I)g,| = ka,, 1 <i<t. Then

k;

) -1 )
-2
3i,i+j(1)=§ <J+Zrlkr‘+£+l ), for alli > 0.
¢

(3
=1

Proof: Let u € G(I) a monomial of degree j. From Characterization 1, it follows
that m(u) =75 — 1+ Ei: kr 4+ ¢, for 1 < ¢ < k;. From the formula on the Betti
numbers for a stable ideal [2, Corollary 3.3], the assertion follows. O

4 The Hilbert function of a ULI

In this Section, we describe the Hilbert function of a ULI in the exterior algebra
E=K{ey,...,en).

In order to accomplish this task we need to introduce some notations.

For a graded ideal I we denote by indeg(I) the initial degree of I, i.e., the
minimum s such that I # 0.

Let u € Mong(E), and define the following subset of Mong1(E):

uem(’u.) = {uem(u)+17 e 7U6n}.
Note that uep,,) = 0 if m(u) = n.

Example 3. Let u = ejezeqy € E = Kfei,...,eq), then uen,) = uey =
{e1eseqes, erezesect.

For a subset N of monomials of degree d of E, we define the following subset
of monomials of degree d + 1:

aShad(N) = U U (y)- (4.1)
ueN

We call the set aShad(N) the almost shadow of N'. We define the i-th almost
shadow recursively by aShad’(N') = aShad(aShad’ ' (N)).

Remark 2. If u € Mong(E) and N = {w € Mong(E) : w >jex u}, then
aShad(N') = Shad(N).
Example 4. Let N = {ejes5, €166, €263, e2e4} & Mong(E), E = K(ey,...,eq),

then aShad(N') = {eeseq, e2eseq, eaeses, eaeseq, eaeqes, €2€4€6 }.

For a given graded ideal I C E, we denote by I'®* the unique lexsegment ideal
in F with the same Hilbert function as I.
The next definition, introduced in [8], was motivated by [2, Theorem 4.1].
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Definition 5. Let H : N — N be a numerical function. We call H a 0*-sequence
if H satisfies the properties (1.1).

0*-sequence with H(p) = 0 for p > ¢ will be written as:
(17H(1>7H(2)7 s aH(q - 1)a0)

Definition 6. Let H # (1,0) be a 0*-sequence, we set
H(1
indegH:min{d : H(d) # < c(l ))},

and call it the initial degree of H.
Following [13], we give the following definition.

Definition 7. Let H be a 0*-sequence. H is critical if the lexsegment ideal I of
E with Hg)r = H is a ULL

Example 5. The 0*-sequence H = (1,4,5,1,0) is critical. Indeed, there exists
the ULI I = (e1ez,e1eseq) of E = K(ey, ez, e3,e4) such that Hg/p = H.

(
Example 6. The 0*-sequence H = (1,4,5,0) is not critical. Indeed, the lexseg-
ment ideal I = (e1e2, e1e3eq, e2e3eq) of B = K (e, ez, e3,¢e4) such that Hg,p = H
is not a ULI (Example 2).

The next lemmas will be crucial in the sequel.
For a subset A of Mong(F), we denote by max(N) the greatest monomial in
N with respect to the lex order. Moreover, for a subset A of monomials in F,
we define
supp(N) = {i € [n] : i € supp(u),Vu € N'}.

Lemma 1. Let I G E be a ULI generated in degree d. Then

|G(I)|—1—cq

. n—d-—
dlmK Id+i = Z ( i q) ’

q=0
where ¢qg = 0, for i=0 and for 1 <i<n-—d if |GI)| <n—d+1, whereas cq = 1
for1<i<n—-dif|GI)|=n—d+1.

Proof: Set kg = |G(I)], and s = max{m(u) : v € G(I)q}. From (3.1), it is
d<s<n. Fori=0, dimg I4 = |G(I)|. For i > 1, we have

) kd—l—cd n—d—
dimg Loy = |Shad'(Ig)] = > ( ) q) (4.2)

7
q=0

where ¢g =0,if s<nand ¢4y =1, if s =n. 0
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Lemma 2. Let I G E be a ULI generated in degrees di < dg < --- < dy, t > 1.
Set

rp=dp—dp_1, 2<p<t, andriq = 1.
Then
(1) for1<p<t,0<i<rp—1,

kdl —1

. . n—d—q ¢ \ n—38d; 4 —8d; —q\ |
dimg g, i = qgo < D o+ Z> * ]; ; < Zg:jﬂ e+ ) ’
(2) forp=1t,1<i<n—d,
dime I _ ol n—dy— g 1 [Pl n—S8d; y —Sd; — 4
mg g, +i = ; (22_2 o+ z) + Jz:; qz:;) ( ZZ=j+1 T+ )

kdt 7lfcdt

n—384,_; — Sd, — ¢
LD S G |

q=0

where kg, = |G(Ia,|, 1 < p < t; 5q,, = |{i € [n] i € supp(Uy—y G(D)a,)},
sq, = |{t € [n] : i € supp(max(G(I)q,),s ¢ supp(G(I)a,_ )}, for 2 < € < ¢;
and cq, is 0 (1, respectively) if max{m(u) : v € G(I)q,} < n (max{m(u) : u €
G(I)a,} = n, respectively).

Proof: First of all, observe that since n > d; + |G(I)| — 1, then max{m(u) : u €
G)g}<n, 1<i<t—1.

(1). For p =1, the assert follows from Lemma 1. By hypothesis, d, = d,—1 +7p
(2 <p<t), with r, > 1. Hence, d, = dy + Y _y_, ¢, and consequentaly

P
dimg Ig,4i = [Shad>=2"" (1) + Z |aShad ==+ " (G(I)4, )| =
j=2
kdl—l P kdjfl -~
nde) <n_8dj1_8dj_q>
= L]+ .
qz::() <ZZ£7_2 Te+1 Jz:; qz:% Z?:j-&-l Te+1

for 0 < ¢ <rpp1 —1; where g, , = |[{i € [n] : ¢ € supp(Uﬁ=1 G(I)a,)}, sq, =
i € [+ 1 € supp(max(G(1)a,) i ¢ supp(G(Da, )}, 2 < L< 1.

(2). Let p=t, 1 <i < n—d;. With the same notations as in statement (1), one
has

kay —1

t—1 [Fa;—1 :
. n_dl_q . n—=38d;_y —Sd; — ¢
dimg L = (zz_2w+i>+z Z(

t .
q=0 j=2 | ¢=0 Zé:j+1 T+t

ka,—1—ca, -
N 3 (n—sdt_lb— Sd, —q>’
1
q=0
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where ¢4, is equal to 0 if max{m(u) : v € G(I)g4,} < n, and equals 1 if max{m(u) :
uwe Gy} =n. 0

Theorem 1. Let I G E be a ULI generated in degrees di < dg < --- < d. Set
kq, =|G(I)a,], 1 <p <t. Then

(1) for1<p<t,0<i<dpy1—d,—1,

P kdjfl n,d quzdjil k[

dimKIdp+'= ( I li:1 > 5
! JZ:; =0 dp —d; +1i
(2) forp=t,1<i<n-—d,

t—1 kdj71 dj_1
. n—dj—q— S8 ke
dimg Ig,+; = / =1

el = 3 z( o

kdt_l_cdt

n—dt—q—Z?Zf/ﬂe
+ Y ( . :

q=0
where cq, s the integer defined in Lemma 2.

Proof: Since I is a ULI generated in degrees d; < dy < -+ < dy, then with the
same notations as in Characterization 1 and in Lemma 2, one has

dJ71
§dj,1 = Rdj,l —1= dj_1 + Z ke —1, Sd; = dj — (dj_l — 1), 2<j5<t.
=1

Hence 54, , + 54, = Zzljll ke + dj, for 2 < j < t. Moreover, it is easily verified
that Tj +’I"j+1 = aj41 — dj—la for 2 S j S t, and r; + Ti41 —+ - +T‘j = dj — di—17
for2<i<j<t. 0

Theorem 1 gives a systematic description of the Hilbert function of a ULI and
yields the following result.

Theorem 2. Let n be a positive integer. A 0*-sequence H = (1, H(1), H(2),...,
H(n —1),0) is critical of initial degree d if and only if there exists an integer
1 <t < n—1 together with a sequence of non negative integers (k;);en with
supp(k;)ien = {d =dy <ds < --- < di} such that

(1) n>di+ 3 ka, — 1;



Algebraic invariants 401

(2) for1<p<t, 0<i<dpy1—d,—1,

kq.—1

p J di_q
. n n—d; —q—> 27" ke
H d _ _ J =1 .
By1(dy + 1) (dp+z'> - 2 ( dy—d; +i ) ’

7j=1 q=0

(3) for1<i<n-—d,

t—1 [ka;—1 dj_
, n : n—d;—q—>., " ke
H = _ E E J =1
p/1{de +10) (dt+i> ( dy —dj +i > *

Jj=1 | ¢=0
kdt —1—0,1‘

dy_
_d_ _ tlk
+ > (” a2 4) sca, € {0, 1}.

7
q=0

Moreover, Zg;l k; is equal to the number of minimal monomial generators of the
ULIT of E = K{ei,...,e,) with Hg;y = H.

Proof: If H is critical of initial degree d, then there exists a ULI I C E =
K(ei,...,e,) of initial degree d such that H = Hp,;. Let I be an ideal generated
in degrees d = dy < dy < ... < d;. Set kg, = |G(I)q,|, 1 < p < t. Therefore,
condition (1) follows from Remark 1, whereas, as a consequence of Theorem 1, it
follows that H is of the type described in (2) and (3).

Conversely, suppose there exists a sequence of non negative integers (k;);en
with supp(ki)ien = {d = d1 < da < -+ < d;} and such that n > dy+>_r_, kg, —1.
Let H be a numerical function satisfying conditions (2) and (3). From Remark
1, there exists a ULI I C E = K{ey,...,e,) with kg, = |G(I)g,|, 1 < i < t.
More precisely, for t = 1, I is a ULI generated in one degree d = d; with |G(I)| =
n—d+1lifcqg =1, and |G(I)| < n—d+1,if ¢4 = 0. For t > 1, I is a ULI generated
in several degrees di < dp < -++ < dy, with |G(I)g4,| = n — dy — Zle kq, + 1 if
ca, = 1, and |G(I)a,| < n—dy — S0, ka, + 1 if ¢g, = 0. From Theorem 1,
Hp)r = H, and so H, is critical. 0

5 The depth of a graded ideal with a given Hilbert function

In this Section, we analyze the depth of a graded ideal with a given Hilbert
function in F = K{ey,...,ey,).
We give the following definition.

Definition 8. Let I C E be a graded ideal. I is said critical if the Hilbert
function of the graded algebra E/I is critical.

In other words, a graded ideal I C E is critical if the lexsegment ideal I'®* is
a ULIL
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Example 7. Let I = (e1eq, esegeq, ese3es) be a stable ideal in E = K{eq, ..., es5).
The Hilbert function of E/I is Hgr = (1,5,9,5,1,0). I is critical. In fact, there
exists the ULI ' = (e1eq, e1e3eq, e1e3e5) of E such that Hpjr = Hp)pex.

Theorem 3. Let I C E be a critical graded ideal with | K| = co. Then depthgE /I
= depthp E/I'**.

Proof: Since the depth and also the complexity are preserved by the passage
to the generic initial ideal [1, 10], we may assume that I is a strongly stable
ideal in E. Therefore, from [1, Theorem 3.2], depthzpE/I = n — cxgE/I and
depthz E/I'™ = n — cxgE/I'**. On the other hand, Theorem 2 guarantees that
the ideal I is generated in the same degrees d; < do < --- < d; as those of I'** and
that |G(I)g,| = |G(I')g,], 1 < i < t. In particular, v(I) = v(I'**). Moreover,
for 1 <i <t max{m(u) : u € G(I)g,} = max{m(u) : u € G(I'**)4,}. Hence,
from [12, Lemma 3.14], cxp E/I = cxpE/I'**, and the assert follows. 0

In general, if I C E is a graded ideal and I'®* is the unique lexsegment ideal
of E such that Hg/r = Hp/pex, the equality in Theorem 3 does not hold, as the
following example clearly shows.

Example 8. Let I = (ejea,e1e3, eaegeq, eaeses) be a stable ideal of the exterior
algebra E = K{ey,...,eq). The Hilbert function of E/I is H = (1,6,13,11,3,0).
We have I'®* = (e1ea, e1e3, e1e465, €1€4€6, €a€3€4€5, eaezeses). It follows that
expE/I =5 < cxpE/I'** = 6. Hence, depthyE/I = 1 > depthgE/I'*™* = 0.
Note that I is not a stable critical ideal since I'** is not a ULL

As a consequence of Theorem 3 and Proposition 1, we obtain the following
corollary.

Corollary 1. Let |K|= oo and I C E be a critical stable ideal. Then I and I'*
have the same graded Betti numbers.

We close this Section with some formulas that show the relation between the
depth, the Castelnuovo-Mumford regularity and the minimal system of monomial
generators of a ULL

Our first result is the following.

Proposition 2. Let |[K| = co and 0 # I C E be a ULI generated in degrees
dy <dg <---<d¢. Then depthgE/I +|G(I)|=n+1—d;.

Proof: From [1, Theorem 3.2], depthp E/I = n—cxgE/I. Hence, under the same
notations of Characterization 1, set Ry = d; + > ._, |G(I)4,|, from [12, Lemma
3.14], one has depthzE/I = n—cxgE/l =n— R, +1=n—d, — |G| + 1.
U

Therefore, we finally get the following corollary.
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Corollary 2. Let |[K| = co and 0 # 1 C E = K(ey,...,e,) be a ULL Then
depthg E/I +regp(E/I) + |G(I)| = n.
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