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Abstract

This paper aims to construct a space of boundary values for minimal
symmetric singular impulsive-like Sturm-Liouville (SL) operator in limit-
circle case at singular end points a,b and regular inner point c¢. For this
purpose all maximal dissipative, accumulative and self-adjoint extensions
of the symmetric operator are described in terms of boundary conditions.
We construct a self-adjoint dilation of maximal dissipative operator, a func-
tional model and we determine its characteristic function in terms of the
scattering matrix of the dilation. The theorem verifying the completeness
of the eigenfunctions and the associated functions of the dissipative SL
operator is proved.
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1 Introduction

An important class of non-self-adjoint operators is the class of dissipative op-
erators. In recent years, a lot of papers have been published about dissipative
operators (for example, see [2-6, 8, 9, 24]). It is known that all eigenvalues of
a dissipative operators lie in the closed upper half-plane. One of the most im-
portant problems for non-self-adjoint dissipative operators is the completeness of
the system of all eigenfunctions and associated functions of these operators. So,
it is important to analyse the spectral properties of dissipative operators. There
are some methods to investigate the spectral theory of dissipative operators. One
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of the methods is the functional model which is associated with the equivalence
of Lax-Phillps scattering matrix [17] and Sz.-Nagy-Foiag characteristic function
[18].

In 1967, Lax and Phillips defined the abstract scattering matrix, also called
the Lax-Phillips scattering matrix, which exactly coincides with the scattering
matrix [17]. This scattering matrix acts in the subspaces D_ and D called the
incoming and outgoing subspaces, respectively, of the Hilbert space H. Further an
unitary group V(s) and the subspaces D_ and D have the following properties:

1)) V(s)D_- c D_, s<0;V(s)Dy C Dy, s>0,
i) N V(s)D- = 0 V(s)Ds = {0}

iii) SLZJOV(S)D+ = SLSJOV(S)D_ =H,
iv) D_ L D,.

(
(
(
(

On the other hand, to investigate the spectral properties of contractive op-
erators, Sz.-Nagy and Foiag studied the characteristic functions of contractions
[18]. Moreover they proved a theorem on completeness of eigenvectors and asso-
ciated vectors of contractions. It is fortunate that there is an equivalence between
Lax-Phillips scattering matrix and Sz.-Nagy-Foiag characteristic function. This
fact may allow us to know that whether all eigenvectors and associated vectors
of a dissipative operator are complete or not in the Hilbert space. In the lit-
erature, there are some works containing the spectral theory of non-self-adjoint
(dissipative) operators. For example the spectral analysis of dissipative operators
defined on a single interval was investigated in detail in [1, 2, 4, 5, 20, 21]. Other
non-self-adjoint problems were investigated in [3, 6, 8, 9, 24].

In this paper, we consider the minimal symmetric singular impulsive-like
Sturm-Liouville (SL) operator acting in the Hilbert space L2(Q2), where Q =
QL UQs, O = (a,¢), Q2 = (¢,b) with deficiency indices (4,4), i.e., limit-circle
case holds at singular end points a,b and inner point c is regular. We construct
a space of boundary values and describe all maximal dissipative accumulative
and self-adjoint extensions in terms of the boundary conditions. We construct a
self-adjoint dilation of maximal dissipative operator and its incoming and outgo-
ing spectral representations, which makes it possible to determine the scattering
matrix of dilation according to the scheme of Lax and Phillips [17]. We also
construct a functional model of dissipative operator and its characteristic func-
tion. Finally, on the basis of the results obtained regarding the theory of the
characteristic function, we prove a theorem on completeness of the system of
eigenfunctions and associated functions of dissipative SL operators.
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2 Space of the boundary values and extensions of the symmetric ope-
rator

In this paper we consider the following differential expression

7(y) = i) =YY +a(t)y], t € (a,¢) U (c,b).

r(t
We set 1 := (a,c), Q2 :=(¢,b), —0c0 < a <c<b< +oo and Q := O UQy. We
assume that the points ¢ and b are singular and c is regular for the differential

expression 7. r, p and ¢ are real-valued, Lebesgue measurable functions on 2 and

.l e Ll (), k= 1,2, r(t) > 0 for almost all ¢t € Q and r(t) = {100 150"

The point ¢ is regular if r, %7(1 € L'[c — €,¢ + €] for some € > 0.

Denote by D the linear set of all function y € $ such that y, py' are lo-
cally absolutely continuous functions on €, one-sided limits y(ct), (py’)(ct) ex-
ist and are finite and 7(y) € $, where § = 91 © H2, 9, 1= L2(Q), m = 1,2,
denotes the Hilbert space containing all complex-valued functions y such that
Jor(t) ly(t)]> dt < 400 and equipped with the inner product (y,z) = (y,2)g, +
(ya Z)fJQ and

(1, 2)s,, = /Q o () ()2 (D)l 1 = 1,2.

The operator T' defined by T'y = 7(y) is called the maximal operator T" on D.
Let us adopt the notation [y, 2](t) := p(t)(y(¢)z'(t) — ¥'(¢)z(t)). Then the values
ly, z](a) := limy_,.+[y, 2](t) and [y, 2](b) := lim;_,- [y, 2](t) exist and are finite.
In fact one gets the Green’s formula: for arbitrary y, z € D, Green’s formula is

/ r(t)(y)2 (Bt~ / rOy(ETERdE = [y, 2)(e—) — [y, 2)(a) + [y, 21(B) — [y, 2l (cb).
Q Q

Let us consider the set Dy consisting all functions y from D satisfying the fol-
lowing conditions [y, z](a) = y(c—) = (py')(c—) = y(c+) = (py')(c+) = [y, 2](b) =
0, where z € D. The operator T which is the restriction of the operator 1" to Dy
is called the minimal operator generated by 7 and it is closed symmetric operator
with deficiency indices (s, s), s = 2,3,4. Moreover 1§ = T [10, 11, 19, 25, 26].
In this paper we assume that the deficiency indices of the minimal symmetric
operator Tp are (4,4) [7, 10, 11, 14, 15, 19, 23, 25, 26].

Let us set u = {3 igg; and v = {}]’ :gg; satisfying

{ wle=) =1, (pu})(e—) =0, { uslet) =1, (pup)(e+) =0,
/ 17 va(c+) =0, ( =

Then {u,v} is the fundamental system of the equation 7(y) =0 (¢ € Q).
Consider the following linear mappings from D into £ := C* defined by

Gy = ((Gl)ly, (G2)1y)T and Goy = ((Gl)Qy, (GQ)Qy)T, where (Gl)i and

(G2)i (i = 1,2) are linear mappings of D |q, and D |q,, respectively, into
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= (—y(c+), [y, u)(b)" and
Vet), ly ,v](b))T, where su-

C? with (GY),y = (—[y,ul(a),y(c—))", (G ),
(GY)yy = (lw,)(@), () (=)', (G?),y = ((p
perscript T denotes the transpose of the Vector
The proof of the following Lemma can be obtained by using Naimark’s Patch-
ing Theorem [19].
Lemma 2.1. For any complex numbers a;,3;,6;,v; € C (i = 0,1), there is
a function y € D satisfying

ula) =0, pol@ =60, yles) =0, @y)e)=an o)
yet) = o y)e) =By, [yl =70, [y 0l) = 6. |

Using Lemma 2.1 and the theory of space of boundary values (see [13]) we
have the following theorem.

Theorem 2.2. The triplet (£,G1,G2) is a space of boundary values of the
operator Ty.

Y
py

Proof: Let y and z be two functions from D. Then one can get the equality

(TO*y? Z) - (y’ng) = [y,z](c_) - [y7 z](a) + [y7 Z](b) - [y’ Z](C+)

On the other side, the equality (T5y,2) — (v, Ty 2) = (G1y, G22)¢ — (Gay,G12)¢
holds. So the theorem is proved. 0

Using Theorem 2.2, [13, Theorem 1.6, p.156] and linear mappings G; and G,
we can state the following theorem.

Theorem 2.3. For any contraction R in &, i.e., ||R]|¢ < 1, the restriction of
the operator T to the set of functions f € D satisfying the boundary condition

" (R-—DGif—i(R+1)Gaf =0 (2.3)

is respectively, a maximal dissipative or a maximal accumulative extension of
the operator Ty. Conversely, every mazimal dissipative (mazimal accumulative)
extension of Ty is the restriction of T to the set of vectors f € D satisfying (2.2)
((2.3)), and the contraction R is uniquely determined by the extensions. These
conditions give self-adjoint extension if K is unitary.

In this paper, we consider the maximal dissipative operator Ag, where K is a
strict contraction in &, i.e., |R]|¢ < 1, generated by the differential expression 7
and the boundary condition (2.2). The boundary condition (2.2) is equivalent to
the condition

Gof +2TG1f =0, feD, (2.4)

where T = —i (R+1)"" (R —1I), ST > 0, and —R is the Cayley transform of
the dissipative operator . We denote by Lz (= Ag) the maximal dissipative
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operator generated by the expression 7 and the boundary condition (2.4). Let
% be an 4 x 4 matrix as T = diag (hy, he, h, hy) . Then the boundary condition
(2.4) coincides with the separated boundary conditions.

The proof of the following lemma follows from the fact that 7 is in limit-circle
case at @ and b and T > 0.

Lemma 2.4. The operator L« is completely non-self-adjoint (simple).

3 Self-adjoint dilation, scattering matrix of dilation and spectral anal-
ysis of the dissipative operator

To analyse the operator Lg, we shall construct the scattering matrix. For this
purpose, we form the main Hilbert space of the dilation H = L*(R_;&) @ $H @
L?(Ry;€), where R_ := (—00,0] and R, := [0,00). Consider the mappings
P:H — $ and P, : § — H the mappings with the rules P : (0_,y,04) — y
and P; :y — (0,y,0).

Construct the operator Lg in H generated by

do_ d
L{o_,y,04) = <z’£l7£,7'(y),i§g> , (3.1)

on the set of vectors D(Lz) satisfying the conditions: o_ € WH(R_;&), oy €
W21(R+;g)v Y€ D7

Goy + TGy = Co_(0), Gaoy+ T*Gry = €o(0). (3.2)

Here €2 := 23%, € > 0 and W3 denotes the Sobolev space.
Theorem 3.1. The operator L is self-adjoint in H.

Proof: Let Y = (0_,y,04),Z = (w_, z,wy) € D(Lg). Then we have

(LY, Z)yg = (Y LaZ)y = [y, 2l(c—) = [y, 2)(a) + [y, 2](b) = [y, 2] (c+)
+i(0-(0),w-(0))g =i (0+(0),w+(0))g -
(3.3)
Using the boundary conditions (3.2) in (3.3) we obtain that Lg is symmetric in
H.
Consider the function Y = (0_,0,04), 05 € W3 (R4;E), 05(0) = 0. Then
for Z = (w_,z,wy) € D(L%), we obtain

(LTK Z)H = (<U—7 0, U+> ) <idw—/d§7 z", Zdw+/d<>)H7

and therefore L% Z = <id;’—£‘,z*7id:—<+> , where wx € W3 (Rg), 2* € .
Now, let Y = (0,y,0) € D(Lg) and put Y in the Eq. (3.3). Then we arrive
at L¥Z = (idw_/d¢, 7(2),idw/dC) , z € D. Consequently, we obtain
[y, 2)(c=) =y, 2l(a)+y, 21(b) [y, 2] (c+) +i (0 (0),w(0)) g —i (U+(0)aw+(0))g( = ?-
3.4



388 B. P. Allahverdiev and E. Ugurlu

Further, solving the boundary conditions (3.2), we find that
Gry = —i€ 1 (0_(0) — 04(0)), Goy = Co_(0) +iTC " (6_(0) — 01 (0)). (3.5)
Using the equalities (3.4) and (3.5) we obtain

i(0-(0),w-(0))g —i(04(0),w(0)g = (Gry, G22)¢ — (Gay, G12);
=—i (¢ (0-(0) — 04(0)), ng)g —(€o_(0),G12);
—i (T (0-(0) — 04(0)) , G12) . -

Comparing the coefficients of o+ (0), on the left and right of the last equality,
it is proved that the vector Z = (w_, z,w,) satisfies the boundary conditions
G2z + %G1z = Co_(0) and Goz+ T*G1z = Co(0). Therefore, D(L%) C D(Lg),
and this completes the proof. 0

Let us consider the unitary group V(s) = exp(iLzs) (s € R := (—o0,0))
on H, strongly continuous semi-group of completely non-unitary contractions
Z(s) := PV(s)Py (s > 0) on H and the generator By = lim,_, 10 = (Z(s)y — y)
of Z(s) [16,18]. Note that B is a maximal dissipative operator and the operator
L« is called the self-adjoint dilation of B.

Theorem 3.2. The operator L is a self-adjoint dilation of the operator Lz.

Proof: Construct the equality (L —A)"'Piy =g = (w_,z,w,) . Hence 7(z) —
Az =y, w_ (&) = w_(0)e™ and w,(¢) = wy(0)e™™¢. Since g € D(Lg), we
have w_(0) = 0. This implies that z satisfies the boundary condition Gaz +
%G1z = 0 and z € D(Lg). Moreover for A < 0 one can consider that z =
(Lt —AI)"'y. Hence, for y € H and S\ < 0 we have (Ly — A)"'Py =
(0,(Lg — M) 71y, €1 (Gay + T*Gy) e~*¢). Applying the mapping P to the last
equality, we have P(Lg — A)"'Pyy = (Lgs — M)~ 'y, where y € $ and S\ < 0.
Therefore we obtain for S\ < 0 that (Ls—M)~! = P(Lg—\)"'P, = (B—-XI)~!
and from which we have L¢ = B. O

Weset H_ = ,QOV(S)D* and Hy = ’L<JOV(S)D+, where D_ = (L?(R_;£),0,0)

and D_ = (0,0, L?(R,;&)). Using Lemma 2.4 we get that H_ + H, = H.

= P1(t,A), tte’ 1/}(f= )\) — {‘1’1(7‘/)\)1 te

Let us consider the functions ¢(t, \) oaltN), €D Vet ), teQ
2\ ’ 2\ )

satisfying the initial conditions

{ [90170](60 =0, [QDI,’U,](CL) = -1, { 4,01(C+7>\) =0, (pgol)(c—i—,)\) =-1,
[wlav](a) =1, [dmu](a) =0, 1 ) =

We denote by M(A) as the form
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where M;(A) and M3(\) the matrix-valued functions satisfying the conditions:
Mi(N) (GY), 01 = (GY), 01, Mi(N) (GY), 9y = (GF), 9y and Ma(N) (G?), 0, =
(G?), @2, Mi(X) (G?),¥9 = (G?),¢,. Then we have M(N)G1p = Gayp and
M(N)G1yp = Gap. Note that M () is meromorphic in C with all its poles on real
axis R, and it has the following properties

i) SM(A) <0if SA >0 and SM(N) > 0 if S\ < 0;

i) M*(\) = M(/\) for all )\ E R except for the poles of M(\).
{ , teEQ {(0 3)1(t), t€E

( (t) teQs (0;)5(t), teQ2

solutions of the equations 7(y) = )\y, t e, Wthh batlbfy the conditions Gx; =
(M) +%)7! €p; and G16; = (M(\) +T*)~ C(ﬁ] (j =1,..4), where ¢; are the
orthonormal ba81s for £.

Let us define the vector Uy i=1..4

We denote by x;(t being the

W3, (1,6,0) = (76,3, (6), €7 (M) + T (M) +3) 7" €™,
With the help of the vector Uy Nj (t £, (), we define the transformation F_ : f —

F-(0) by (FLE)(A) == f-(\) = Z:lfj (Ng;, where f7 () = —=(£,¥y;), j =

1,...,4, on the vectors f = (o0_, f,04) in which o_, o4 and f are smooth, com-
pactly supported functions.

The transformation F_ isometrically maps H_ onto L?(R;&). For all vectors
f,g € H_ the Parseval equality and the inverse formula hold

oo 4

(€ = (730 = | 30 Mg x-S | 5 w0, (i

J

We set WY (t,&,¢) = (O(A\)e™e;,0,(t), e ¢;), j=1,...,4, where
O\ =¢ (M) +T) (M) +T) e (3.6)
With the help of the vector \II:\*'J. (t,£,¢), we define the transformation F : f —
Fo) by (L)) = Fol) 5= 32 1 (. where f7(3) = S0 9 ), =

1,...,4, on the vectors f = (o_, f,0) in which o_, o4 and f are smooth, com-
pactly supported functions.

The transformation F, isometrically maps Hy onto L%(R;&). For all vectors
f g € H, the Parseval equality and the inverse formula hold

oo 4
(E.g)u = (Frgi)is = | Z fFNgfNda, == [ Zl‘l’fjff()\)d/\-
—o0 j= —o0 j=

It is clear that the matrix-valued function ©(A) is meromorphic in C and all
poles are in the lower half-plane. It is easy to obtain that ||©O(N)] < 1 for SA > 0
and ©(A) is the unitary matrix for all A € R.
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Since ©()) is the unitary matrix for A € R, then, it follows from the definitions
of the vectors \I!;\rj and \I!;j that

4
\P;\Fj - Zejk(A)\P;j? .7 = 17 "'74a (37)
k=1

where ©,,()), j,k =1,...,4, are entries of the matrix ©(\).

F_ is the incoming spectral representation for the group {V(s)}. Similarly,
F, is the outgoing spectral representation for {V(s)}. It follows from (3.7) that
Oz(\) : f- = O(\) . According to [17], we have the following theorem.

Theorem 3.4. The matriz ©~1(\) is the scattering matriz of the group
{V(s)} (of the self-adjoint operator L ).

It follows from the explicit form of the unitary transformation F_ that under
the mapping F_,

H - L*R), f = f_(\), D_ — H2, D, — ©OH2,
) ) e e T (3.8)
(0,9,0) = H; 0 ©HL, V(s)f = (F_V(s)F_"f_)(\) = e f_(N),
where H? denotes Hardy class in L?(R; &) consisting of the vector valued func-
tions analytically extendible to the upper half-plane.
Theorem 3.5. The characteristic function of the maximal dissipative opera-
tor Lz coincides with the matriz-valued function O<(X) defined by (3.6).

Proof: The formulas (3.8) show that our operator Lz is a unitary equivalent
to the model dissipative operator with the characteristic function ©(\) [16, 18].
Since the characteristic functions of unitary equivalent dissipative operators co-
incide with each other the proof is completed. 0

Let us introduce the inner product (T, S) = trS*T for T,S € [E] (trS*T is
the trace of the operator S*T'). Hence, we may introduce the I'-capacity of a set
of [€] (see [12, 22]).

It is known [12] that the inner matrix-valued function Og (X) is a Blaschke-
Potapov product if and only if det ©g (A) is a Blaschke product. We can infer
that the characteristic function O () is a Blaschke-Potapov product if and only
if the matrix-valued function

Va (€)= (I— Rk 2 (0(6) — K1) (I - 850(6) " (I - K587

is a Blaschke-Potapov product in a unit disk. Therefore using the result of [12,
16, 18] and all the obtained results for the maximal dissipative operator Ag (L<),
we have proved the following theorem.

Theorem 3.6. For I'-quasi-every strictly contractive & € [£] (i.e., for all
strictly contractive & € [E] with the possible exception of a set of T'-capacity
zero), the characteristic function ©g (\) of the maxzimal dissipative operator Ag
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is a Blaschke-Potapov product, and the spectrum of Ag is purely discrete and be-
longs to the open upper half-plane. For T'-quasi-every strictly contractive & € [£],
the operator Ag has a countable number of isolated eigenvalues with finite multi-
plicity and limit point at infinity, and the system of eigenfunctions and associated
functions of this operator is complete in the space $).
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