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Abstract
In this note we discuss the behavior of minimized inertia/decomposition groups of
valuations, and prove similar results to the ones for tame inertia. The results are technical
tools for a host of questions in Bogomolov’s birational anabelian program.
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1 Motivation / Introduction

We begin by recalling that Bogomolov’s birational anabelian program originates form [Bo], and
aims to reconstruct function fields K|k over algebraically closed base fields k from the pro-¢
abelian-by-central Galois group Hi{ of K, provided ¢ # char(K) and td(K |k) > 1. When com-
pleted, this would go far beyond Grothendieck’s birational anabelian program, see [G1], [G2],
which was asking to recover the isomorphy type of finitely generated infinite fields K from their
full absolute Galois group G . Bogomolov’s program is far from complete, although there has
been progress towards tackling it, see e.g., Bogomolov—Tschinkel [B-T1], [B-T2] and Pop [P4],
in the case k is an algebraic closure of a finite field. Finally, there is progress on Bogomolov’s
program over more general base fields k, namely those of finite Kronecker dimension, e.g., al-
gebraic closures of global fields, see Pop [P5], and Silberstein [Sb]. The content of this note is
essential to that progress.
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In order to explain the difficulties of going beyond the case where k is an algebraic closure of
a finite field, and to put the results of this note in the right perspective, let me first recall briefly
the strategy to tackle Bogomolov’s program, as presented in Pop [P3]. The strategy is similar
to the one employed in Grothendieck’s birational anabelian geometry: One first develops a local
theory similar to that in Neukirch [Ne], and then globalizes the local information to reconstruct
K from its Galois theory.

We will focus here on the local theory, and explain what difficulties one encounters. The local
theory is concerned mainly with recovering the space of arithmetically significant valuations v
of K, more precisely, their Galois theoretical invariants, i.e., the inertia/decomposition groups
T, C Z, above v, and the partial order v < w. To proceed, let us introduce the precise
terminology, which is as follows. First, given a function field K|k (where the base field k will
be usually algebraically closed) with char(k) # £, a prime divisor of K|k is any valuation v of K
which is trivial on k and has value group vK = Z and residue field Kv|k a function field with
td(Kv|k) = td(K|k) — 1. Basics of valuation theory and algebraic geometry apply to show that
for a valuation v of K the following are equivalent:

a) v is a prime divisor of K|k.
b) wv is trivial on k and td(Kv|k) = td(K|k) — 1.

c) The center of v on some normal model of K|k is a prime Weil divisor.

For reader’s sake, recall that a (normal/regular) model of K|k is any (normal/regular) integral
k-variety X with K = k(X) the function field of X. Further, the center of v on X is the unique
point x € X —if such a point z exists— whose local ring Ox . is dominated by the valuation
ring O,, notation Ox , < O,. By the valuation criterion, the point x € X with Ox , < O, is
unique, if it exists; and it exists, if X is proper, e.g., projective.

An obvious generalization of the prime divisors are the (generalized) prime r-divisors of K|k,
which are defined inductively as follows: The prime 1-divisors of K|k are precisely the prime
divisors v of K|k, and inductively, a valuation v of K is called a prime r-divisor for some
r > 1, if there exists a prime (r — 1) divisor to of K|k such that v > o and the valuation
theoretical quotient v, := v/tv on the residue field Kwlk is a prime divisor. Notice that one
gets inductively that v is trivial on k, and Kv|k is a function field. Further, Kvlk is finite if
and only if r = td(K|k), thus Kb = k because k is algebraically closed. We notice that a prime
r-divisor has vK = Z" ordered lexicographically. By abuse of language, we will say that the
trivial valuation vy of K|k is the generalized prime divisors of rank zero of K|k, and will speak
about generalized prime divisors, if the rank r is not relevant for the context.

To complete the picture, the set of all the generalized prime divisors of K|k gives rise to
the total divisor graph D" of K|k, whose vertices are indexed by the residue fields Kb, and an
edge from Kt to Kv exists if and only if o < v and v/t has rank < 1, and further v/w is the
only edge from Kto to Kb, oriented if tv < v, non-oriented if o = v.

Via the Galois correspondence and the Hilbert decomposition theory, one attaches to the

total divisor graph D" of K|k its Galois theoretical counterpart, which is the total decompo-

sition graph Gi2' for K|k or for IIx, which is a graph in bijection with D", but whose vertices
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and edges are “decorated” with subquotients of H; as follows: Each vertex Kb is endowed
with the corresponding g, = Z,/T,, and each edge v/to is endowed with the corresponding
inertia/decomposition subgroups Ty /ny C Zy/n 0f v/10 in Ilgip. To fix notations, if v is a prime
r-divisor of K|k, by abuse of language, we will say that T\, C Z, is an r-divisorial group in Ilk,
respectively, that T, C Z, is a divisorial group, if v is a prime divisor of K|k.

One of the main points of the local theory is that the total decomposition graph G
can be recovered (using group theoretical recipes about pro-¢ abelian-by-central groups) from
H; — Il endowed with all the divisorial groups T;,, C Z,, of IIx. The recipes to do so use in a
central way the main results from Pop [P2] and [P3], as follows: First recall that by Theorems A,
from [P2], the set In, (K) of all the inertia elements at valuations v of K which are trivial on k is
closed in Ilk, and second, since char(k) # ¢, all such inertia elements are actually tame inertia
elements. Hence by Theorem B of [P2], it follows that Jng(K) is nothing but the topological
closure in Ik of the set of divisorial inertia elements In.0iv(K) := U,T,, i.e., inertia elements
at prime divisors v of K|k. Hence, one concludes that for every generalized prime divisor v of
K|k one has: T, C Jni(K), and by [P3], [P4] it follows that the r-divisorial groups T, C Z,
are precisely the maximal pairs of subgroups T' C Z of Il satisfying the following: First, Z
contains a subgroup A sz(Klk) whose preimage under H; — Il is abelian. Second, T' = Zj,
and the preimage of T" under H;( — Il is the center of the preimage of Z under H;( — k.

Unfortunately, at the moment, there is neither a strategy to recover the divisorial subgroups
T, C Z,, nor one to recover Ing(K), using the group theoretical information encoded in the
pro-£ group H;. The best we can do thus far is to recover pieces of information about the
(generalized) quasi prime divisors of K|k, defined as follows. First, the quasi prime divisors of K|k
are the valuations v of K, not necessarily trivial on k, but satisfying the following:

i) vK/vk = Z as groups, and Kv|kv is a function field with td(Kv|kv) = td(K|k) — 1.
ii) v is minimal among the valuations of K satisfying condition i) above.

Recall that the condition ii) asserts that if w is any valuation of K satisfying i) and having
O, C Oy, then w = v; or equivalently, vK does not contain any convex divisible subgroup. We
notice that the conditions at i) can be weakened, because the following are equivalent:

a) v is a quasi prime divisor of K|k.

b) v is minimal with the properties: td(Kv|kv) = td(K|k) — 1, vK # vk.

One should remark that if v is a quasi prime divisor of K|k, then v has no transcendence
defect, i.e., it satisfies the Abhyankar equality. As in the case of the prime divisors, one defines
the quasi prime r-divisors of K|k inductively as follows: First, the quasi prime 1-divisors of K|k
are by definition the quasi prime divisors of K|k. Second, for r > 1, one defines the quasi prime
r-divisors inductively, as being the valuations v of K|k such that there exists a quasi prime
(r — 1)-divisor r of K|k such that v > w and the valuation theoretical quotient v, := v/t is a
quasi prime divisor of the residue field Kto|kto. Notice that, inductively, one has the following:
If v is quasi prime r-divisor of K|k, then vK/vk = Z", and Kv|kv is a function field with
td(Kv|kv) = td(K |k) — r. In particular, for all quasi prime r-divisors one has r < td(K|k),
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and r = td (K |k) if and only if Kb = kv. Finally, it makes sense to say that the trivial valuation
is the (unique) quasi prime O-divisor. Then the set of all the generalized quasi prime divisors
is a tree-like partially ordered set, and as in the case of generalized prime divisors, it gives rise
to the total quasi divisorial graph Q%"

Unfortunately, the situation with the Galois theoretical counterpart of the total quasi di-
visorial graph is much more involved than in the case of generalized prime divisors. To make
a long story short, if one restricts to the subgraph of generalized quasi prime divisors v with
char(Kv) # £, then one can develop a perfectly satisfactory theory, completely parallel to the
case of generalized prime divisors, by replacing Ing(K) by the set of all the tame inertia ele-
ments Jntm(K) in Ik, see Pop [P2], [P4]. On the other hand, at the moment, we do not have
a method to single out the quasi prime divisors v having char(Kv) # ¢ using the information en-
coded in H;. The best one can do thus far is as follows: First, for an arbitrary valuation v of K,
let U}l :== 1+m, C O =: U, be the groups of principal v-units, respectively the group of v-units
in K*, and set K%' := K[*Y/UL, KT .= K[*Y/U,]. We further denote Z} := Gal(K'\KZl)
and T} := Gal(K'|K”"), and call T} C Z the minimized inertia/decomposition groups of v in
I, and further call 11}, := Z!/T} = Gal(KTl |KZ1) the minimized residue group at v. Thus
one has canonical exact sequences

1-T! =2z -1}, -1, 1-U,/)U = Kv* - K*/U} - K*/U, — 1

which are f-adically dual to each other via Kummer theory. We notice that by general decompo-
sition theory for valuations, it follows that T} =T, and Z! = Z,, are the inertia/decomposition
groups above v, and I}, = Iy, provided char(Kv) # (. Further, if char(Kv) = ¢, then
T} C z! CV,, where V,, = T, is the wild ramification group of v, and I}, has no interpreta-
tion as a Galois group over Kv. Hence T, consists of tame inertia if and only if char(Kv) # ¢,
and T, = V,, consists of wild ramification elements if and only if char(Kv) = ¢. Finally, we
notice that one can write Val(K) = Valy(K) N Valy(K), where

Valo(K):={v|v(f)=0} = {v| char(Kv)# ¢}, Val,(K):={v|v(f) > 0} = {v|char(Kv) = (}

are disjoint and closed subsets (in the patch topology) of Val(K). Thus letting Qo (K|k) and
Q¢ (K|k) be the corresponding subset of quasi prime divisors of K|k, by Theorem A and The-
orem B from Pop [P2] applied to the special case of Ik, one gets:

a) The set of all the tame inertia elements In.tm(K) = Uyeval, (x)Tv C Hi and the set of
all the ramification elements Ram(K) = Uyeval,(k)Tw C Ik are topologically closed, and
have trivial intersection.

b) The set of all the quasi divisorial tame inertia In.tm.q.0i0(K) = Uyeco,x)Tv C Il is
dense in In.tm(K).

Our aim is to obtain similar results for the minimized inertia Jn’ (K) = Uyeval( K)Tvl. First we
notice that Valy(K) is non-empty if and only if char(K) = 0. Thus if char(K) # 0, it follows
that Valy(K) is empty, and T)! = T, and Z} = Z, for all v € Val(K), thus there is nothing new

to prove. But if char(K) = 0, then In'(K) = Jn.tm(K) U jnTl(K), where

Intm(K) = Uyevaly (5) Lo ' (K) = Uveval, (5) Ty
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have trivial intersection. The facts a), b) above give a good description of the tame part

1 1
In.tm(K), but do not touch upon In" (K) = Upeval, ()12 C Upeval, () Ze = Tn? (K) origi-
nating form the set of valuations Valy(K) with residue characteristic equal to .

The first result we announce is the following:

Theorem 1.1. In the above notations, the following hold:

1) The subsets TJnTl(K) C 3nZI(K) C Ik are closed in Ik .

2) Actually more is true: Let A C Ilk be a closed subgroup such that for every open subgroup
I; C Mi there exists v; € Val(K) such that A C HiTvli (resp. A C HiZii ). Then there
exists v € Val(K) such that A C T} (resp. A C Z}).

We remark that the result above has a kind of general non-sense type proof, being proved
along the lines from Pop [P2], Theorem A, namely: Let Val(K') be the space of all the valuations
of K endowed with the patch topology 7P?, and Sbg(HK) the space of all the closed subgroups
of Tlx endowed with the étale topology ¢!, see Section 2) for the definitions. Then one proves
that the maps sending each v € Val(K) to T, respectively Z!, are continuous. One concludes
by showing that Theorem 1.1 is a reinterpretation of this fact.

The next result is more technical, and does not follow by general non-sense type arguments.
It reduces the detection of minimized inertia of a special class of generalized quasi prime divisors
to identifying the minimized inertia of quasi prime divisors in a very special class of such, the so
called c.r. quasi prime divisors. But first let us explain the terms. Let K|k be a function field with
k algebraically closed of characteristic # £. Recall that constant reductions (a la Deuring) of K|k
are valuations v of K which are not necessarily trivial on k and satisfy td (K |k) = td(Kv|kv). In
particular, constant reductions satisfy the Abhyankar equality, thus are defectless in the sense
of Kuhlmann [Ku| and/or [K-K]. Then given any prime divisor vy of Kv|kv, it follows that the
valuation theoretical composition v := vy o v is a quasi prime divisor of K|k, which we will call
a c.r. quasi prime divisor of K|k.

For a given valuation vy, of k, let Q,, (K|k) be the set of all the c.r. quasi prime divisors v of
K|k with v, = v, and let T, (K) C g be the (topological) closure of the set Uyeq, (i|x)Ty -

Notice that 7;1 - jnTl(K ), because the latter set is itself topologically closed in ITx by Theo-
rem 1.1 above, and therefore, 7.} (K) consists of minimized inertia elements.

Next let w be a fixed valuation of K|k. We say that w is c.r. like, if there exists a k-subfield
k, C K, depending on w, such that kjw is algebraically closed and Kw|kjw is a function field,
i.e., a finitely generated field extension, which satisfies td(K|k1) = td(Kw|kjw). Further, a
c.r. quasi prime w-divisor of K|k is any valuation to of K of the form 1 := wg o w, where wy is a
c.r. quasi prime divisor of the function field Kw|kjw. The next result we want to announce is:

Theorem 1.2. For every c.r. quasi prime w-divisor v of K|k, one has Tp C T} - T, (K).

We should notice that it is generally believed that 7.} C 7,, (K) for every valuation v of K
with v, = vk, but as of now, there is no strategy to tackle this question. Nevertheless, if one
restricts to the tame inertia Jn.tm(K), i.e., if one has that char(kv) # ¢, then the inclusion
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T, C Ty, (K) is already known, and it follows (after some work) from Theorem B, Introduction,
of Pop [P2].

Finally, Theorem 4.2 in Section 4 of this note, uses Theorems 1.1 and 1.2, to obtain an
essential tool for determining the nature of k£ and kv, e.g., to characterize the generalized quasi
prime divisors v of K|k with Kb # kv and kb an algebraic closure of a finite field.

2 Proof of Theorem 1.1

For reader’s sake, let us recall the basics concerning the Zariski topology and the patch topology
on the set of (equivalence classes of) valuations. For an arbitrary field 2, let Val(2) be all the
valuations rings, thus equivalence classes of valuations, or of places, of 2. One defines the
Zariski topology 7%%" on Val(f2) as being the topology which has as a basis the sets of the form:

Us:={veVal(Q)|v(a) <0, a € A}, V finite A C Q.

Since the trivial valuation lies in U, for all finite sets A C Q*, it follows that 7%* is not
Hausdorff. Nevertheless, 722" is quasi-compact. The constructible, thus Hausdorff, topology
generated by 722 is called the patch topology on Val(f2), denote 7P®. A basis of this topology
consists of all the sets of the form:

Uag:={veVal(Q)|v(a) <0,v(b) =0, a€ A, be B}, V finite A,B C Q.

By general non-sense about constructible topology, it follows that 7P? is Hausdorff and compact,
and the basic open subsets U4 p are actually open and closed. Thus Val(2) endowed with the
patch topology is a profinite topological space.

The Zariski topology and the patch topology behave nicely under field extensions as follows:
Let Q|Q be a field extension. Then the canonical restriction map

res : Val(Q) — Val(Q), o v:=1|q

is surjective (by the Chavalley’s theorem on the prolongation of places), and continuous in both
the Zariski topology and the patch topology. Moreover, if (£2;); is an inductive family of fields,
and = U;Q; is the inductive limit, then (Val(QZ-))l, endowed with the (surjective) restriction
morphism res;; : Val(€2;) — Val(£2;) is a projective system, and Val(€) is in a canonical way
the projective limit of this projective system.

Second, let G be a profinite group. The set of all the closed subgroups Sbg(G) of G carries
the étale topology 7¢t, similar to 722" on Val(£2), having a basis of open subsets given by:

Ust :=={I' € Sbg(G) | € M}, V open subgroups M C G.

Clearly, 7" is quasi-compact and non-Hausdorff. The constructible topology on Sbg (G) gen-
erated by 7° is called the strict topology 75*. As above, 75! is Hausdorff and compact, and has

a basis of open (and closed) subsets given by

Uity :={I € Sbg(G) |’N = M}, V open subgroups M, N C G, N normal.
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We next consider a special case of the situation above; see Pop [P2], Section 2, for a more
general setting. Namely, for K an arbitrary field with char(K) # ¢ and p~ C K, let K'|K
be the maximal pro-¢ abelian extension, and IIx be its Galois group. Let (K;|K); be an
inductive family of finite subextensions of K'|K with U;K; = K’, and for K; C K, setting
II; := Gal(K'|K;) and II; = Gal(K; | K), let pr; : IIg — II;, prj; : II; — II; be the canonical
projections (which are surjective). Thus recalling the minimized inertia/decompostion groups
T} C Z! of a valuation v € Val(K) in I, one gets canonical maps:

VT2 Val(K) — Shg(TTx ), oL 42" Val(K;) — Sbg(IL,), v7, vZ: Val(K) — Shg(TL,)

defined by T (v) == TY, ¥ (v) := Z}, ¥T'(v) = T} N 1L, ¢Z (v) := Z! N1, and finally
Tl — 1 J—

Yl (v) = pry(T}) =: Tvl7 VZ (v) = pry(Z}) =: Z},. Letting @ be either 7" or Z} by general

decomposition theory, (although we cannot give a precise reference for this) one has that

P* = lim P, bt =ker(y* — o) for every K;.
K;

After this preparation we can announce the following:

Theorem 2.1. In the above notations, the following hold:

1) The maps wT,lwzl : Val(K) — Sbg(HK) are continuous, provided we endow Val(K) with
the patch topology ™ and Sbg(HK) with the étale topology T°.

2) For ¥ C Val(K) a TP*-closed subset, the sets In.tmy(K), ﬁng (K), jngl(K) of all the
corresponding elements at all the v € ¥ are closed in .

3) Finally, in the situation above, let A C Ik be a closed subgroup such that for every K;| K,
there exists v; € X2 such that one of the conditions below holds:

i) pr;(A) C pry(T,,).
ii) pr;(A) C pri(Zii) and char(Kv;) = ¢.

Then there exists v € ¥ such that i) A C T}, orii) A C Z! and char(Kv) = /.

Proof: To 1): By the discussion before the Theorem, it is sufficient to prove that the maps
¢? : Val(K) — Sbg(II;) are continuous, provided we endow Val(K) with the patch topology
and Sbg(ﬁi) with the étale topology. Notice that since II; is finite, Sbg(ﬁi) consists of all
the subgroups of II;, and one checks easily that the sets Ba = {I" € Sbg(ﬁi) |A C T'} with
A e Sbg(ﬁi), represent a basis for the 7°'-closed subsets in Sbg(ﬁi). [Indeed: First, the
complement of Ba is the union of all the basic open subsets Ug, with A € Gy, hence an 7
open set. Second, the basic closed set which is the complement of Ug, is exactly the union of
all the subsets Ba with A all the subgroups A ¢ G;.] We prove that ¢? are continuous by
showing that the preimages of 7°*-closed subsets of the form Ba are 7P?-closed.

By Kummer theory, it follows that every K; is of the form K; = K["%/A;], where n; = (¢
is some power of ¢, and A; C K*/n; finite subgroup, and II; = Hom(Ai7 Z/nl(l))
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In particular, recalling the definition of minimized inertia/decomposition groups T} C Z!
of a valuation v € Val(K) in IIx, one gets:

a) T} := z/;?l(v) = Gal(K,-|KiTl), where KiT1 = K[%/U,;] and U, ; = A;/n; NU,/n;.

—1

b) Z, =97 (v) = Gal(K,;|K7'), where KZ' = K[%/UL,] and U}, := A;/n; N U} /n.

Recalling the exact sequences 1 — U, — K* = vK — 0 and 1 — U} —» U, - Kv* — 1,
one gets 1 — U, /n; — K*/n; = vK/n; — 0 and 1 — Kv*/n; — (K*/U})/n; — vK/n; — 0.
Hence A; /U, ; — vK /n; is injective, and A;/U}; C (K*/U})/n; fits in the last exact sequence.

We first show that wiTl is continuous: Let v € Val(K) be fixed. Since U, ,/n; C A;/n; are
finite abelian n;-torsion groups, one can write A;/n; as a direct sum of cyclic subgroups, say
generated by (tq)q of orders (dq)q, and there exist (eq)q With eq|d, such that U; , is the direct
sum of the subgroups generated by (&), . Then the fact that K*/n; — vK/n; maps A;/U; ,
injectively into vK/n, is equivalent to saying that for every (multiplicative) linear combination
t =1, tar~ with 0 < m, < dq, one has: v(t) = v(6™) for some § € K> if and only if eq|mq
for all @. Next, let £, , C A; be the (finite) set of all the multiplicative linear combinations
t:=[], th'~ as above, and for every valuation w € Val(K') and § € K*, consider the condition:

(*)a w(t) #w(0™) forall t € %, ,.

Since 3;, is finite, the set Vp, of valuations w satisfying (x) is obviously open and closed
in the patch topology; hence V, := NgecgxVp, is closed in the patch topology. Moreover, if
w € V,, then the map K*/n; — wK/n, is injective on %, ,, and an easy argument shows that
Uiw == A;j/n; N Uy /n; = ker(A4;/n; — wK/n;) must be contained in U; ,. We thus conclude
that there exists a 7P closed subset V,, C Val(K) such that for all w € V,, one has: U; ,, C U, .
Thus by the point a) of the discussion above, and in the notations from there, one has that
T} C T} for all w € V,. The converse implication is obvious, namely, if T,! C T,., then by
Kummer theory and point a) above, it follows that U; ., C U; .

Let A; C TI; be a fixed subgroup, and W, := {w € Val(K) | A; C T,}} be the preimage of
the 7°-closed set Ba, C Sbg(IL;). We claim that W, is 7P*-closed in Val(K). Indeed, since
I, is finite, thus Sbg(IL;) is finite, the set Ga, := {T,, | A C T, } is finite as well (maybe
empty). Let Vy be a finite set of valuations v € Val(K') such that Ga, = {Ti | v € Vo}. Then
Upev, Vo = Va,, and further U,ey,V, is 7P*-closed, because each V, is so by the discussion
above. We conclude that le is continuous.

The continuity of 1/1Z1 is proved in a similar way, but starting with 4;/U} ; C (K*/U})/n;
which fits in the exact sequence 1 — Kv*/n; — (K*/U})/n; — vK/n; — 0, etc.

To 2): Since ¥ C Val(K) is 7P* closed, so are the sets ¥y = {v € X | char(Kv) # ¢} and
¥y = {v € ¥ | char(Kv) = ¢}, and ¥ = ¥y U X,. Further, since 1* are continuous, it follows
that 7" (o), Y7 (), ¥Z' (2¢) are 7°° quasi compact subsets of Sbg (Tl ). But then it follows
by general non-sense that Jn.tmy(K) = Uyes, T, 3111; (K) := Uyex, T, jngl(K) = Upex, Z}
are closed subsets of Ik.
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To 3): We prove i), because the proof of ii) is mutatis mutandis identical. Thus suppose
-1
that for every K;|K there exists v; € ¥ such that A; := pr;(A) C ¢ (v;) = pry(T}}). Then in
the notations from the proof of assertion 1), and taking into account the continuity of

w705 - Shg(TL,),

it follows that Va, :={v e X | A; C z/ﬁl (v)} is closed in ¥, and is non-empty because v; € Va,.
Thus (Va,); is a family of compact subsets of ¥, and we notice that (V,); has the finite
intersection property, because VA, € VA, for K; C Kj; hence N;Va, is non-empty. For every

v € N;Va, the following hold: Since ¢T1 is the limit of the surjective projective system of maps
- 1

T i, we have that = ! v) = T (v) = pPr; 1s surjective, an = ' v) 1s the
)i, we have that T = ¢7" (v) — o7 (T)) is surjective, and T} = 7' (v) s th
il
projective limit of the surjective projective system (¢ (v) = pri(Tvl))i. Further, since v € Va,,
one has by the definition of Vx, that
T 1
pri(A) =1 A; C ¢ (v) = pry(T,).

K2

Since this holds for all pr; : ITx — II;, we finally have A C T}, as claimed. 0

3 Proof of Theorem 1.2

The proof of Theorem 1.2, although not too difficult, is quite involved, and we will end up
by proving a more precise result, which is Theorem 3.2 below. Concerning the strategy of
proof, one starts as in the proof of Theorem 1.1, namely: For every ¢-power n = (¢ and
every finite subgroup A of K*/n, we set K4 := K[{‘/Z] and consider the canonical projection
g — I := Gal(KA | K), o +— o. Further, for every valuation v of K, we let T)! — Tvl be the
projection of T} under ITx — II. Then the following assertions for o € Ik are equivalent:

i) o € Ik lies in Ty, (K).
ii) V n = AcC K*/n finite subgroups, 3 v € Q,, (K|k) such that 7 € T, .

A) An abstract result

We next formulate and prove an abstract result, which will eventually imply Theorem 1.2.
The situation is as follows: For K|k as usual, consider the algebraically closed subfields A C K
with td(A|k) = td(K|k) — 1, and for every such A, set A := K\ inside K. Hence one has
td(A|A) = 1, thus A|X is a function field in one variable, and there exists t € K such that A
is finite separable over A(¢). With n = ¢¢ and A C K*/n as above, we consider the resulting
finite abelian extension Ay := A[{/A] = K4 A inside K, the injective canonical projection
Gal(AA |A) =: [Ty — II, and recall that for every prolongation v,|v of v to A, II5 — II gives
rise by restriction to an embedding TUIA — Tvl .

Next let vp be a valuation of A and set vy := v|x. Then by the additivity of the residual
transcendence degree, one has that td(Ava|kva) = td(Ava |Ava) + td(Avy|kvy). Hence setting
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d := td(Alk) = td(A|X) + td(A\|k), and applying the Abhyankar (in)equality, it follows that
td(A|A) =1 > td(Avp|Avp) and td(A|k) = d — 1 > td(Avy|kvy). We will say that a valuation
vp of A is a constant reduction of Alk if it satisfies td(A|k) = td(Ava|kva), or equivalently,
if td(AJX) = 1 = td(Ava|Avy) and td(A|k) = d — 1 = td(Awp|kvy). In particular, if vy is
a constant reduction of A|k, it follows that td(A|)\) = 1 = td(Awva|Ava), hence vy defines a
constant reduction of A|\ in the usual way. Nevertheless, the converse of this assertion is not
true, i.e., the set of all the constant reductions of A|\, having a given restriction v to k, is
much richer, provided A # k.

Further, we will say that a valuation vy of A is a c.r. quasi prime divisor of A|k, if there
exists a constant reduction vy of Alk and a prime divisor vy of Ava|Avy such that vy = vgowy.
As in the case of constant reductions, a c.r. quasi prime divisor vy of A|k is a c.r. quasi prime
divisor of A|\ as well. But if A # k, then there exist c.r. quasi prime divisors of A|\, which are
not c.r. quasi prime divisors of Alk.

Definition 3.1. We say that @ € II is a c.r. codimension one minimized inertia element, if
there exists some 7A|)\ as above, and some c.r. quasi prime divisor to, of A|X such 7 lies in the
image of Tnl,A — IIp — II.

This being said, the abstract result we prove is the following:

Theorem 3.2. In the above notations, let & € II be a c.r. codimension one minimized inertia
element. Then there exist c.r. quasi prime divisors v of K|k with & € Tnl. Moreover, if in
the above notation, top is a c.r. quasi prime divisor of A|A such that T lies in the image of
T, — 10, then one can choose the c.r. quasi prime divisor v of K|k such that v, |, = .

Proof: First, in the notations from the definition above, let A|A and v, be a c.r. quasi prime
divisor of A|\ such that @ lies in the image of Tj . — II. Then by definitions, A|X is a function
field in one variable, thus A = A(C) for some projective smooth A-curve C). Further, setting
wy := 1oy and v 1= wylk, it follows that vy is the restriction of wy to k as well. Equivalently,
Oy, dominates O, , and both these valuation rings dominate O,, .

Second, we briefly review a few generalities about the so called Riemann space Val(2) of all
the valuations of an arbitrary field ), see e.g. [Z-S] for details. Namely, let 2, C Q be a cofinal
family of finitely generated subfields (over the prime field of Q), i.e., @ = U, ,. Then the set
of the projective Z-models of €, is set theoretically projectively ordered with respect to the
domination relation, and if (V,, )., is a cofinal system of such models, then

(T) Val(Q) :h£1 h£1 V#U *)(h;ﬂl Vﬂu = Val(Qu), v > Vg, = ’UQ|QV
v Hv 1237

where Val(2) — Val(Q,), va — vq,, is the restriction map from the Riemann space Val(2) of
Q2 to that of ,. Recall that given vo € Val(Q), and letting x,, € V,,, be the center of vg on
each V,, ,and O, ,m, be its local ring, and k(z,,) := O, /m,, , one has that:

(1) Ovg =Up, O,y Myg =Uy,my,,,  Qug = k(my,) =U,, k(z,, ).
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Step 1. Reviewing basics about families of curves

Let ¥x C C\(l) be any finite subset. By general non-sense about fields of definition, and
more general, rings/schemes of definition, see e.g., Raynaud—Gruson [R-G], and/or de Jong [dJ1],
[dJ2], the following hold:

1) There exists a subextension k; < I, of A\|k and a projective smooth geometrically integral
l,-curve C, satisfying the following:

a) [;|k, is a regular extension of finitely generated fields, i.e., I, is separable generated
over k,, and linearly disjoint from k, over [;.

b) Cy\ = C, x;, A is the base change of C, under I, — A, and X5 C C)(A) is the base
change of a finite set X, C C,(l,).

2) Therefore, for any cofinal system of regular extensions of finitely generated fields 1, |k, of
Ak with k, C k, C k and [, C I, C A, the base change C, := C, x;, [, is a projective
smooth [,-curve with ¥, C C,(l,). Further, the base change of ¥, := 3 x,;, 1, under
l, — X equals the given Xy.

For the above [,-curve C, with ¥, C C,(l,), and the resulting C, — [, — k,, we will
consider cofinal systems of models &,, — S,, — V,,, with several extra properties, e.g., ones
resulting from de Jong’s theory of alteration, etc.

First, by general non-sense about schemes of definition, it follows that for any given proper
Z-models V', 8§, X' of k,, 1,,, C,,, respectively, there exist projective birational morphisms of Z-
schemes V' - V', 8" - &', X’ — X', and projective morphisms X"/ — S§” — V" with generic
fiber the given C,, — Specl, — Speck,. By de Jong [dJ2], Theorem 2.4, especially (vii), b), it
follows that there exists a projective alteration 8" — S” such that the base change X" — S
is a projective semi-stable family of curves. Further, letting Z’ C X’ be the Zariski closure of
Y, C Cy(l,), it follows that the preimage of Z’ under the canonical projection X" — X’ is of
the form Z{” U D}, where Z{" C X"'(S8"") is a finite set of disjoint sections with values in the
smooth locus of X" — 8", and DY’ is the preimage of some divisor D" C §”’. In particular,
the generic fiber DY’ x5 I, of DY’ is empty, and therefore, the generic fiber Z}” x g/ l, of Zi"
contains ¥,. Finally, replacing Z;” by the closure of Z" of ¥, in X", we can suppose that 3,
equals the generic fiber of Z”. Moreover, by Raynaud-Gruson [R-G], pp. 36-37, after replacing
V' by its normalization V"' — V' under 8" — V', there exists a blowup V" — V"’ such that
the proper transform 8" — V" of 8" — V"' is a projective flat morphism. Thus replacing
X" — 8" by the base change under 8" — §", and Z’” by the corresponding base change, we
get that S — V" is a projective flat morphism with geometrically integral fibers, X"V — S" is
a projective semi-stable curve, and Z"V C X" (S") is a finite set of disjoint sections with support
in the smooth locus of X" — §", and having ¥, as generic fiber. Finally, [dJ1], Theorem 5.8,
is applicable to the projective semi-stable family of curves A" — &', and therefore, there
exists an projective alteration ¥ — SV, a projective split semi-stable family of curves XV — SV
and a dominant birational morphism XY — X" xgv §Y, and a finite set of disjoint sections
ZV C XY(S8Y) whose generic fiber is the given 3,,. (This is not explicitly stated in Theorem 5.8
of loc.cit., but sorting through the proof, one can easily see that this assertion is proved in
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the course of the proof.) Therefore, after replacing V' by its normalization under the field
extension k(V") < k(S"), and performing what was done above (including the corresponding
base changes, etc.), we conclude:

3) There exist cofinal families of fields/models as follows:

a) Finitely generated subfields k, < [, of k — X, i.e., k = Uk, and A = U,1l,.

b) Projective flat morphism of projective normal Z-models Sy, = VY, for l, <k,
having geometrically integral fibers.

c) Projective split semi-stable families of curves X, — S,,, .
d) A finite set of disjoint sections Z,, C X, (S,,) with support in the smooth locus of
X,, — S, and having generic fiber ¥, C C,(l,).

As a corollary of the discussion above, one has the following: Let v, be an arbitrary valuation
of A with v,|r = v, and set vy := v,|y i.e., O, dominates O,,, O,, . For every

Xy, = Sp, =V,

consider the centers z,, + s,, — z,, of v, on the models above (which exist by the valuation
criterion for properness), and the canonical embeddings of their local rings and residue fields:

Oz, Mg, > Og, my < O, m, . k(@) K(Su,) < Kz, )

By the discussion at the beginning of the proof, and taking into account that the families (-),,
above are co-final, it follows that one has the following:

(%) Oy =Up, Op, , My, =Uy,, mg , Aty =U, k(z,,),
and similarly for O,, <= O, < Ow,, My, — My, = My, , and kv = Adwy — Atoy.

Step 2. A transfer principle

Recall that wy is a c.r. quasi prime divisor of A|\ such that wp|r = ve. In particular,
) = woowp, where wy is a constant reduction of A|\, and wy is a prime divisor of the residue
function field Awp|Awy. In particular, the following hold:

a) WAL = WAl = Uk, thus O, , Oy, both dominate O,, .
b) One has a canonial exact sequence: 0 — wo(Awp) =Z — wpaA — wpaA = wy A — 0.
¢) Op, contains elements of minimal positive value 7, and my,, = 7Oy, for any such .

Further, if v, is a c.r. quasi prime divisor of Alk, then v, is definitely a c.r. quasi prime
divisor of A|A. But the converse of this assertion is true only if A|k has no proper constant
reductions, which holds if and only if A = k.

Proposition 3.3. (Transfer Principle). In the above notations, suppose that v is a c.x. prime
dwisor of A\ with my,, = 7Oy, , and uy,...,u, € Oy, be given. Then there exist c.r. quasi
prime divisors vy of Alk with vl = WAk, My, = 7Oy, , and uy,...,u, € O, - k*.
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Proof: In the discussion at Step 2 above, let C be the projective smooth model of A|A. Let
k, — [, and the projective smooth curve C, in Step 1 above be chosen such that 7, uq,...,u, €
1,(C,y), and X, C C,(l,) be the support of the divisors of the rational functions m, u1, ..., uy,.
We also let Dy = ZZ m; P;, be the zero divisor of m € [,(C}), hence in particular, one has that
{P}i €% C Ci(ly).

For models X,, — S,, — V,, satisfying conditions from item 3) in Step 2 above, and
m € 1,(C,), we consider the base changes

X = XHV Xvuyovk — SHV XVM,OW-, = S, Z = Z#V wi(’)vk C X,JV (SHV)XVul,ka: - X(S)

1) Letting ! := [, k be the compositum of I, and k, and recalling the projective smooth
l,-curve C,, the support 3, C C,(l,) of the divisors of the given rational functions
T, UL, ..., Uy € 1,(C)) C1,(Cy), and the zero divisor Dy = >, m; P; of 7, one has:

a) The generic fiber of X — S is nothing but C; := C, x;, I = C; xy, L.

b) X — S is a projective split semi-stable family of curves (as base change of such).

2) Let Dy = {op,(S)}; be the closure of {F;}; in X. Then Dy C Z C X(S) are sets of
disjoint sections with support in the smooth locus of X — S, and the following hold:

a) The rational map X --> P§ defined by 7 € k(X) = I(C)) is everywhere defined, and
>, miop,(S) are the zero sections of 7.

b) Let X¢ — £ the fiber of X — S at some £ € S. The restriction of 7 to the fiber X;
is a rational function having Dy(&) := >, m;op,(£) as its zero divisor.

3) Since Wl = walx = vk, and top |y = walx = wy, setting x := kv, and letting X, — S,
be the closed fiber of X — S, the following hold:

a) wy, wp have the same center s on S, and s € S;. Further, the centers y — s of wp,
and z — s of vy, on X — S lie in the closed fiber X,, — S,.

b) Since m,,, C My, , it follows that = lies in the closure of y, thus y € Spec(O,), and
if p, := m,, N O, is the prime ideal defining y € Spec(O,), one has:
i) Oy = (Oﬂc)py'
ii) K(y) = Quot(Oz/py).

4) Since Ow, = Uy, Og, , Aoy = U, k(zy, ), and O, = U,, Oy, , Awp = U, k(y,, ), for
all sufficiently large models &,,, — S, — V,,,, the following hold:
a) L:=1(C) =1,(C)l=1(C)L

b) Since wy is a constant reduction of L|l, hence Lwy is finitely generated over lwy,
one eventually has Lwa = k(y,, ) lwa = £(y), hence Awp = Lwp Awy = k(y)A\wa.

c¢) Hence since Lwy = k(y) = Quot(O/p,), one has that O, /py = Oy,
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d) Since td(Lu,|kvy) < td(K|k) < oo, eventually td (Lo |kvy) = td(k(z)|k).
e) ul,...,un € OF and m € O,. Therefore, my,, =7 Oy = (T, 0y)/Py-

Next, set Oy := O, Q0 k = Op /My, Op, Oy := Oy @0,k = Os /My, Os, and consider the base
change X = X ®s O, of X — S under Spec O, — S. Then the closed fiber of X, L.e., the

fiber at the closed point s € Spec O, equals the special fiber Xy = sof ¥ - S at s € S. Let
7 € Spec Og be a generic point, and consider the resulting commutative diagrams:

o, - X, — X Xy = X5, — X
v ) ! i v i
SpecOy — S, —= S 7 <= SpecOs; <+ s

We notice that all the vertical morphisms in the diagrams above are base changes of the pro-
jective split semi-stable family of curves X — S, and therefore, they define projective split
semi-stable families of curves over the corresponding bases. In particular, X, — S, is a
projective flat morphism of projective connected pure dimensional k-varieties, of dimensions
dim(X,,) = td(L|k) and dim(S,) = td(I|k), where td(I|k) = td(L|k) — 1. Further, Oy < O, is
the canonical inclusion of the local rings of the morphism of x-varieties X, — S, at = +— s.

Therefore we conclude that O, is catenary and a flat O,-algebra, of Krull dimension given
by dim(0,) = td(L|k) — td(k(x)|k). Further, O, satisfies: First, it contains (at least) one
generic point 1y of X5 such that y, thus z, lie in the closure X} := {n;} of 71; and notice that
X} — X is then an irreducible component of the fiber X; at s € S. Second, every generic point
No € O, is actually a generic point of X, thus the closure X, := {na} of n4 is an irreducible
component of X,. And since 1, € Spec O, it follows that x lies in the closure X, of 7. Hence
finally, x € N, Xo, where (14)q is the set of all the generic points 7, € Spec O,. Third, recall
that by item 4), b) and d) above, one has that O, /p, = O, is a discrete valuation ring having
valuation ideal equal to 7O, i.e., 7 is a uniformizing parameter of O,,,. Therefore, the local
ring Ox, , of © € X satisfies:

Ox, o = 6z/5y =0:/py = Ow,s M,z = @/ﬁy =my /Py =T Ouy,

thus concluding that x € X is a zero of the rational function defined by 7 on the fiber A’.
Hence by the discussion at item 2) above, it follows that @ = op, (s) € X for some P;,, and
after renumbering (P;);, we can suppose that ig = 1, i.e., = op,(s). On the other hand, by
the construction/definition of op,(S) € Z C X(S), it follows that = op, (s) lies in the smooth
locus of X — &, thus in the smooth locus of X5 — S;. Hence recalling the fact proved above,
namely that x € N, X, we have: First, since any two distinct irreducible components of X
meet is a double point, thus a singular point of Xs, and second, since x = op, (s) lies in the
smooth locus of X — &S, thus in the smooth locus of X5 — s, it follows that X} < X is the
unique irreducible component of X containing x = op, (s). Hence by the discussion above,
Spec O, has a unique generic point, which is 7.

Equivalently, O, has a unique minimal prime ideal, which equals the nilpotent radical
of O,. On the other hand, O, is reduced (as being a local ring of the reduced k-variety X,),
and therefore, O, is actually an integral domain. Therefore, O, — O, is an integral domain
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as well. Letting 77 be the generic point of Spec Oy, it follows that the generic fiber Xy —7is
integral as well. Further, op, (7) is a simple zero of 7 viewed as a rational function on A7.

Now recalling the given functions uy,...,u, € Oy,, and that uy,...,u, € OF, we claim
that op, (77) is neither a zero nor a pole of any of the rational functions on X defined by any of
the wui,...,u,. Indeed, by contradiction, suppose that op, (7]) is a zero (or a pole) of some u;.
Since z lies in the closure of 7, it follows that op, (s) lies in the closure of op, (77). And since
the later is a zero (or a pole) of the rational function defined by w; on the generic fiber A%, it
follows that = = op, (s) is a zero (or a pole) of the rational function defined by u; on X, thus
contradicting the fact u; € O}

Finally, since 7 is a uniformizing parameter of Oy, , = O, it follows that = = op, (s) is
a simple zero of m on Xs. Therefore, by the discussion at item 2) above, it follows that the
multiplicity m; of Py in Dy = ZZ m; P; is m; = 1. Hence by the discussion at item 2) above,
x5 = op (1) € Ay is a simple zero of m on the generic fiber A7 — 7 of A . Further, 7 is
neither a zero, nor a pole of any of the ui,...,u, on the fiber A%.

Since td(I|k) = dim(S,) = td(k(7)|x), it follows that every valuation v of I|k which dom-
inates Og 5 must satisfy td(I|k) = td(lv|kv), and therefore, v is a constant reduction of [|k
with v|x = vg, and further, x(v)|x(7) is finite.!

For such a constant reduction v, of Ik, consider the base change X,, := X xs O,, defined
by the canonical embedding Spec O,, — S. Since being a projective split semi-stable curve is
invariant under base change, and X — § is such a family of curves, one has:

5) X, is a projective split semi-stable curve over O,,, having Il-generic fiber the given pro-
jective smooth [-curve C;. Further the following hold:

a) The special fiber X, s := &, X0, £(v) is the base change X, s = X5 X ) k(u) of
the projective geometrically integral smooth «(7)-curve Ay under k(7)) — ().

o Thus X, ;s is a projective geometrically integral smooth x(v;)-curve.

b) x4 s := op, (M) is the base change of z7 = op, (77) under k(7)) — k(v;), thus it is a
simple s (v;)-rational zero of 7 on the special fiber X, 5 of X,,.

c) Let X, < X, s be the unique irreducible component containing z,, s, and 71,
be its generic point. Then the local ring O, ,, is dominated by the local ring of a
unique constant reduction v, of the function field L|l such that v.|; = v, thus one
also has v, | = .

d) Since vy is a constant reduction of [|k, and k is algebraically closed, one has that
ul = vpk. Further, since v, is a constant reduction of L|l, it follows by the Abhyankar
(in)equality that v, L/yl is a torsion group. Hence since vl = vk is divisible, it
follows that v, L = vl = vyk. Hence for each i, there exist elements a; € k™ such
that u;/a; € O, and further, x,, , is neither a zero, nor a pole, of any of the
functions u;/a; viewed as rational functions on the fiber X, ;.

One concludes the poof of the Transfer Principle as follows: First, lv; = k(v;) is the residue
field the constant reduction defined by v; on [, and Lu; is the residue function field of the constant

L Actually, x(7) = &(v;), for S “sufficiently large,” but we will not need this fact.
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reduction v, of L|l. Therefore, the relative algebraic closure I, C Lv, of ly; in Ly is finite over
ly, and Lu, |l,, is the function field of the projective smooth curve I -curve Xj, := X, s Xqy, I1.
Second, the [y-rational point z;., € X, gives rise by base change to an [, -rational point
Xy, € ‘)(lL'

6) Let vy be the prime divisor of Lv,|l, defined by z;, , and set vy, := vy o v,. Recalling the
quasi prime toy-divisor from Theorem 3.2, the following hold:

a) One has v,|; = v,|; = v and vp | = vk = vx. Hence since top|x = v, one finally
gets vy |k = 1o k.

b) Since v, is a constant reduction of L|k, and its restriction to ! is the constant re-
duction v; of I|k, it follows that v, is a constant reduction of K|k. Hence vy, is a
c.r. quasi prime divisor of Klk.

¢) m is a uniformizing parameter of the discrete valuation ring O,,. Hence vy (7) is the
minimal positive element of vy, L, and m,, = 70,, .

‘= un/a, are v,-units, and their v, -residues

X X X
o, thus w1, ..., uy € O, - k™

d) The elements v} = ui/aq,...,u,

ul,...,u, in Lu, are vp-units. Hence u},...,u, € O

We now conclude the proof of the Transfer Principle by letting vy be any prolongation of
vy, to the compositum A = LA defined by the canonical inclusions | < [, < A. O

Step 3. Concluding the proof of Theorem 3.2

In the notations from the beginning of the proof of Theorem 3.2, recall that & € II was
the image of some Ty, € T , under the canonical inclusion T . — II, where w, is a cur.
quasi prime divisor of A|A, etc. In particular, if 7 € Oy, is such that my,, = 70y, , then
one has that wyA/n = s (7)Z/n is Pontrjagin dual to Tnl,A, thus &, : A = Z/n(1) factors
through A — 1w A/n = 1w, (7)Z/n, and we can write A = u% - B, with B = ker(¢y,) and
ug € K> such that Ty, (ug) = Tw, (7). Moreover, without loss of generality, we can suppose
that Gy, (7) € Z/n(1) is a generator of Ty .

Let uy,...,u, € On, N K* be generators of B (when viewed as a subgroup of K*/n). By
the transfer principle, there exists a c.r. quasi prime divisor v, such that m,, = 70,,, hence
vAA/n = vp(m)Z/n, and uq,...,u, € Oy, - k*. But then it follows that 7, : A — Z/n(1)
factors through A — vAA/n, i.e., there exists 7,, € TUIA such that oy, = 7y, inside IT,. Finally,
let v := bp |k be the resulting c.r. quasi prime divisor of K|k, and recall that 7,, = Gy, on the
image Ax C A*/n. Hence letting ¢ : A — Aj be the canonical map induced by K* < A%, we
have the following situation:

a) & is the image of G, € Ty, under Iy — 11, i.e., @ = Gy, 02 0n A C K*/n.
b) Tw, = 0u, as elements of Il,, i.e., as maps on Ax = 1(A).

c) Let 7, € Tul be the image of 7,, under the canonical injective projection TUIA — Tul.
Then &, = Gy, o1, and therefore: 7, =F,, 0t =T, 0t =7 as maps on A C K*/n.
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We therefore proved that o € II is the image of 7, € Tnl under the canonical injective
projection Tn1 — ITp — II. This concludes the proof of Theorem 3.2. 0

B) Proof of Theorem 1.2

Recalling the discussion at the beginning of this section and using the ideas developed in
the proof of Theorem 1.1, the proof of Theorem 1.2 is reduced to proving the following: Let
v = wp ow be as in Theorem 1.2. Then for every n = ¢¢, a finite subgroup A C K*/n, and the
corresponding Iy — II := Gal(KA |K), the following holds:

(1) For every @ € T, there exists some v € Q,, (K|k) such thatc € T} - T, .

We notice that it is sufficient to prove assertion (!) for any “sufficiently large” finite subgroup
A C K*/n, which means that if the assertion (!) holds for some finite subgroup A" C K*/n
with A C A’, then the assertion (!) holds for A as well. We call this the enlargement principle.

Recall that for an arbitrary valuation v of K, denoting by U, := O the group of v-units,
one has a canonical exact sequence 1 — U, — K* — vK — 0. Hence for every n = (¢, one gets
canonically the exact sequence 1 — U,/n — K*/n — vK/n — 0, because vK is torsion free.
By Kummer theory, T} /n — Il /n is Pontrjagin dual to K*/n — vK/n, thus every element
G € T}, viewed as a character @ : A — Z/n(1), factors through A — vK/n. We also notice
that by the Abhyankar (in)equality, the rational rank of v K /vk if bounded by td (K |k). Hence,
taking into account that vk C vK is divisible (because k is algebraically closed), it follows that
vK/n = (vK/vk)/n is a free Z/n-module of rank bounded by td(K|k). In particular, by the

enlargement principle above, we can suppose that A — vK/n is surjective.

Recall that w = wg o w, where wyp is a quasi prime divisor of the function field Kw|kjw.
One has canonical exact sequences of the form

0— wo(Kw) 27— wK - wK =0, 00— w(Kw)/n=2Z/n—wK/n— wK/n— D0,

the latter exact sequence being Pontrjagin dual to 1 — Ty /n — Ty, /n — Ty, /n — 1, where,
by abuse of language/notation, Ty, /n is the dual of wo(Kw)/n. Further, by the enlargement
principle above, without loss of generality we can suppose that A — wK/n is surjective, thus
A — wK/n is surjective as well, etc., and Ty, = Tt /n, T,y = T} /n, and T, = T} /n.

Next, interpreting 7, € Typ as a character @y, : K/n — Z/n(1), let us consider the restriction
To of Ty to the image of wo(Kw)/n < wK/n. Then G, := ond, " is trivial on wo(Kw)/n,
thus it factors though wK /n. Hence &, lies in the image of T.\ under the canonical inclusion
T} < T,.. Finally, the given element &y, satisfies o, = 70 T-

Hence we conclude that in order to prove assertion (!) for @y, it is sufficient to prove that
there exists some v € Q,, (K|k) such that Gy € T,". For this we employ Theorem 3.2.

Let 7 € K be a fixed w-unit such that its residue 7 € Kw is a uniformizing parameter
of Oy, (which is a DVR of Kw). Since kjw is algebraically closed, Kw|kiw has (separable)
transcendence bases of the form ¢; = 7,...,t.. Let [y C K be the relative algebraic closure of
ky ((ti)1<i§r) in K. Then {(7) < K is a finite separable extension, and further one has:
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a) td(K|l1) =1 =td(Kw|lyw), hence w is a constant reduction of K|l;.

b) wp is a quasi prime divisor of the function field Kw|l;w such that v = wg o w and Kt is
separable over [;w.

¢) m is a w-unit, and its residue in Kw is a uniformizing parameter of O,,,.

d) 3y € T, viewed as a character 7y : wK/n — Z/n(1) factors through the canonical
embeddding w(7) Z/n — K /n.

Let ) be the algebraic closure and A := K\ in some fixed algebraic closure K of K, and t, be
some prolongation of tv to A. Then we are in context of Theorem 3.2. Hence there exists a c.r.
quasi prime divisor v of K|k such that & € Tnl.

This concludes the proof of Theorem 1.2.

4 Application: The nature of the residue field

In this section, we keep notations as introduced in the Introduction. We consider a fixed
valuation w of K having the property:

The value group wK has no £-divisible convex subgroups, and K has a
subfield ki C K satisfying: kiw = kw and td(K |k ) = 1 = td(Kw|kyw).

We notice that all the generalized quasi prime r divisors w of K|k with r = td(K|k) — 1
have the properties asked for above.

To simplify notations, we set K, := Kw, kw =: k, := kjw, and notice that w is a constant
reduction of the function field in one variable K |ky, thus K|k, is a function field in one

The problem we address now is about giving a recipe for deciding whether k, is an algebraic
closure of a finite field, and further, given an algebraically closed subfield I C k, to decide
whether the residue fields [, < k, are actually equal. Moreover, that recipe should involve
solely TIx endowed with the given T} C Zl and the family of minimized quasi divisorial
subgroups T} C Z} (which is provided to us by the local theory).

In order to announce the result answering the above question, we need a short preparation
as follows. First, let Q(K|k) be the set of all the quasi prime divisors of K|k, and denote by
THK) C Ik the topological closure of Upeg(k k) Ty in Hg. Second, for I C k and [, C k, as
above, let Q;(K|k) be the set of all the quasi prime divisors v with v|; = w|;, and 7, (K) C Ik
be the topological closure of Uyeg, (i k) Ta- Then T (K) C T*(K), and these sets consist of
minimized inertia elements by Theorem 1.1, and 7, (K) consists of minimized inertia elements
at valuations v with v|; = w|;. Recalling the canonical exact sequence

1= Ty — Zy — Zy, /Ty = My, — 1,
let T/(K,) € T"(K,) be the images of T;'(K) N Z,, € T'(K) N Z,, under Z}, — T, .

By abuse of language, we call H}(O the minimized residual group at w. Further, for any
v > w, one has T — T} — Z! — ZL canonically. Considering v, := v/w on K,, we set
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T,, =T, /Ty — Z,/T, =: Z, , and by abuse of language, we say that T,, < Z, < I} are

vo !
the minimized residual inertia/decomposition groups at vg.

Remark 4.1. As mentioned already in the Introduction, if char(K,) = ¢, then T} C T}
are contained in the wild ramification group of v, thus in the usual inertia group T,. There-
fore, char(K,) = ¢ implies that the residue group H}(O is not a Galois group over K, and in
particular, T} < Z} are not a true inertia and/or decomposition groups. In order to high-
light this disparity, Topaz prefers to denote the minimized inertia/decomposition groups by
I, € Dy, see [Tol], and Appendix below. In particular, this distinction becomes as imperative
for Tjo C Z%m which would be denoted I,, C D,,, etc. The groups Tyl0 C Z%O C II}  have,
nevertheless, the following interpretation via Kummer theory: First, T, — Z, — Il and
K}=U,/UL — K*/UL. — K/U, are f-adically dual to each other, and so are: T} < T} and
vK = KX/U, - K*/U, = wK, respectively, T} — Zl! and K*/U! - K*/U,. Hence the
following are in ¢-adic duality:

a) T =TY/TL < Tk, and Uy, /UL — Uy /U, = K/Uy,.
b) ZL = Z}/TL < W} and U, /UL — U, /UL = KJJUL.

Finally, recall that a pro-f abelian group G endowed with a system of procyclic subgroups
(Tw)q is called complete curve like, if there exists a system of generators (74)q With 7, € Ty
such that letting 7' C G be the closed subgroup of G generated by (74 ), the following hold:

i) TI, 7o =1 and this is the only profinite relation satisfied by (74 )q.>

ii) The quotient G/T is a finite Z;-module.

The following fact was mentioned in Pop [P4] in the tame case, i.e., if char(K,) # ¢, and
aspects of the question were revisited by Topaz [To2] in general, see the Appendix.

Theorem 4.2. In the above notations, let (Ty)s be a mazimal system of distinct mazimal
cyclic subgroups of H}{O satisfying one of the following conditions:

i) To C TYHK,) for each .
ii) To C T (K,) for each a.
Then H}ﬂ) endowed with (Ty)a s complete curve like if and only if
a) ko is an algebraic closure of a finite field, provided i) is satisfied.

b) I, = ko, provided ii) is satisfied.

Moreover, if so, then T, = Tvla s the set of the minimized inertia groups in H}(o at all the
prime divisors (vy)a of the function field in one variable K,|k,.

2 This implies by definition that 7o — 1 in G, thus every open subgroup of G contains almost all T,
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Proof: The proof is based on a few lemmas as follows:

Lemma 4.3. In the above notations, let T € Z} be any minimized inertia element having a
non-trivial tmage 19 € H}(O under Z. — H}(O. Then there exists a unique quast prime divisor
vy of Kolk, such that setting v, = v, o w one has 7o € Ty, =Ty /Ty,

Proof: First, since 7 is a minimized inertia element, there exist valuations v of K such that
7 € T!. For such a valuation v, consider the minimal coarsening v, < v such that 7 is in the
image of the canonical embedding T, — T. In other words, after identifying T; — T} with
the ¢-adic dual of vK — v, K, and viewing 7 : vK — Z(1) as a character, the valuation v, is the
minimal one such that ker(vK — v, K) C ker(r). Then by the general theory of (minimized)
core of valuations, see e.g., [P1], and [Tol], it follows that 7 € TjT, and v, depends on 7 only, and
not on v. Further, since 7 € Z}, and wK admits no divisible convex subgroups, it follows that
w < v,. Finally, w < v,, because one has, first, T, C T, , second, 1o € T, /Ty, is non-trivial.
Further, by the same strategy, it follows that v, depends on 7 only, and not on the valuation
v we started with. Finally, setting v, := v, /w, it follows that v, is a valuation of K, such that
v, K, = ker(v; K — wK) is not ¢-divisible. On the other hand, since k, is algebraically closed,
thus v,k, is divisible, and td (K, |k,) = 1, the Abhyankar (in)equality implies that v,K,/v.k, is
either trivial, or isomorphic to Z. Thus since v, K, is not ¢-divisible, we conclude that v, K, = Z.
Finally, the minimality of v, with the property that v, K has no ¢-divisible convex subgroups is
equivalent to the minimality of v, with v,/K,/¢ being non-trivial, thus v, K, satisfying v, K, = Z.
We thus conclude that v, is a quasi prime divisor of the function in one variable K, |k,. O

Lemma 4.4. In the notations from the previous Lemma, Tvlo - H}% is a mazimal procyclic

subgroup of H}(O. Further, if 7,0 € ZL are minimized inertia elements having non-trivial

images To, 0o N H}%, and vy = Uy, O W, Vs = Uy, © W are the corresponding valuations, then
1 T LT : _ 1 _ 1

Ty, NT,,  is non-trivial if and only if vo; = Vos, thus T, =T, .

Proof: By the Remark above, T, < Ilj and U, /U, L)KOX/UUOT = Uy/U,, are in f-adic
duality. Hence the fact that TJOT is a maximal procyclic subgroup of H}{O is equivalent to
the fact that (U, /UL)/ker(f) has no ¢-torsion. On the other hand, ker(f) = U, /UL, hence
(Uw/ULY ) ker(f) = Uy /Uy, — K*/U, = v,K has no torsion.

For the second assertion of the Lemma, suppose that vy, # v,, of K,. Then since quasi
prime divisors are not comparable as valuations, or equivalently, the valuation rings Oy, _, Oy,
are not comparable w.r.t. inclusion, it follows that O := O, - O,,_ stricly contains both rings.
Further, O is the valuation ring O = O,, of the maximal valuation v, with v, < v,,,vs,, and
one also has Uy, = Uy, - Uy, . Hence, if 6 € T, NT, , then @ is trivial on U,, (because so are
all elements of Tvlo,)7 and trivial on U,,_ (because so are all elements of TJOU). Hence 6 is trivial
on Uy, = Uy, - Uy, , thus factors through K*/U,,. On the other hand, since v, < v,,, Vo, the
value group of v, is a divisible group. Thus 0 is trivial. 0

We conclude that the set of minimized inertia Jnl(K ) = Upevaix) T, 1 C g, which is closed
in IIx by Theorem 1.1, satisfies: The image of In'(K) N Z. under Z! — H}% is actually the
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set Uyyeg( KO‘kO)TUlO of all the quasi divisorial minimized inertia elements in H}KO. Moreover, for
distinct quasi prime divisors va,vs € Q(Kolko), it follows that T, N7, = 1.
1) Therefore we have: Let (T,), be a system of distinct maximal procyclic subgroups of
H}<O with T,, C In'(K,). Then there exist quasi prime divisors v, of K|k, such that
T, =T, . In particular, T, N T3 = 1 for a # .

Next let to be a c.r. quasi prime w-divisor of K|k, i.e., w is of the form 1o = wgow, where wy
is a c.r. quasi prime divisor of K,|k,. Then by Theorem 1.2, it follows that T,, C T} - T1(K).
Therefore, T, C T*(K,) by the definition of 7" (K,). Further, if w|; = w;, then T C 7,*(K).
Hence using the assertion 1) above, we conclude:

2) The system of minimized inertia groups (7,,), of all the c.r. quasi prime divisors v, of
K, |k, is contained in T!(K,).

3) The system of minimized inertia groups (7T, ), of all the c.r. quasi prime divisors v, of
K, |k, with v, trivial on [, is contained in 7,'(K,).

Hence this reduces the assertion of Theorem 4.2 to the following: Let K, |k, be a function
field in one variable over an algebraically closed field k,, and [, C k, be an algebraically closed
subfield. Let H}(O be the ¢-adic dual of KX, and for every quasi prime divisor v, of K, let
Tvla s H}(O be the ¢-adic dual of K = v, K, = K,/U,_. Then one has:

Lemma 4.5. (Complete curve like). In the above notations, the following hold:

1) Let (va)a be all the c.r. quasi prime divisors of Ky|k,. Then k, is an algebraic closure of
a finite field if and only if H}(O endowed (Tl}a )a is complete curve like.

2) Let (vg)g be all the c.r. quasi prime divisors of K,|k, which are trivial onl,. Then ko = I,
if and only if . endowed (Tvlﬁ )B is complete curve like.

For a proof, see Pop [P4] in the case char(k,) # ¢, and Topaz [To2] for the general case,
which is the Appendix below. 0

APPENDIX: ON THE NATURE OF BASE FIELDS

Adam Topaz(®)**

The purpose of this Appendix is to prove a technical part of Bogomolov’s program in anabelian
geometry, concerning recovering the nature of base fields, given enough information from the
local theory. In broad terms, if v is a quasi-divisorial valuation, and thus the residue field of v
is a function field over an algebraically closed field k, the question of determining the nature

**Research supported by the NSF Postdoctoral Fellowship DMS-1304114.
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of the base fields asks —among other things— whether k& and/or kv is an algebraic closure of a
finite field.

The problem of recovering the nature of the base fields was solved by Popr [P4] in the
tame case, i.e., in the case where the residue characteristic is prime to £. In this appendix,
we generalize the argument from loc.cit. so that it works even in characteristic ¢, by working
exclusively with the minimized inertia / decomposition groups of valuations. We recall the basic
necessary facts about minimized decomposition theory below, see [Tol] for details.

For the notions divisorial valuation, quasi-divisorial valuation, constant-reduction (c.r.)
quasi-divisorial valuation, we refer to Pop [P0], [P1], and/or the present note.

A) Notation and Main Theorem

Throughout, K|k is a function field in one variable over the algebraically closed field k,
while char(k) = ¢ is allowed. The group

II(K) := Hom(K*, Zy)

is called the minimized pro-¢ group of K, and notice that II(K) is a pro-¢ abelian free group
with respect to the point-wise convergence topology. While II(K) is not a Galois group in the
traditional sense, in the case where char K # ¢, the group II(K) is (non-canonically) isomorphic
to the maximal pro-¢ abelian Galois group of K.

For a valuation v of K, we denote by vK the value group, Kv the residue field, and O, the
valuation ring of K with valuation ideal m,. Furthermore, we denote by U, = O; the group
of v-units, and U} = (1 + m,) the group of principal v-units. With this notation in mind, we
introduce the minimized inertia/decomposition groups of v:

I, = Hom(K*/U,,Z;) < Hom(K*/U},Z;) =: D, — TI(K),

and notice that these are closed subgroups of II(K).

Next let | C k be a fixed algebraically closed subfield, and V D V; be the collection of all
the c.r. quasi prime divisors of K|k, respectively of the c.r. quasi prime divisors of K|k which
are trivial on [. Then one has the following:

Fact 1. The minimized inertia groups of K|k have the properties:
1. For every distinct v,w € V, one has [, NI, = 1.
2. I, is a maximal procyclic subgroup of II(K) for every v € V.

Fact 2. Let G be a profinite abelian group, (I;); be a system of procyclic subgroups, and 7; € I;
a be generator of I; for each i. The following assertions are equivalent:

i) Every open subgroup of G contains I; for all but finitely many 1.
ii) The pro-word 7 := [[, 7; is defined in G.

iii) There exists a continuous map [[, I; = G which is the identity on each I;.
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The main result concerning detecting the nature of the base field is as follows.
Main Theorem. In the above notations, the following hold:
I. The nature of k. The following are equivalent:

i) k is the algebraic closure of a finite field.

i) There is a system of generators (7,)vey of the groups (I,)yev satisfying the pro-
relation [, 7, = 1, and this is the only profinite relation satisfied by (Ty)vey-

II. The equality k = 1. The following are equivalent:

i) One has k =1.

il) There is a system of generators (7y)vey, of the groups (I,),cy, satisfying the pro-
relation [ [, 7, = 1, and this is the only profinite relation satisfied by (Ty)vey, -

Moreover, let X be the unique projective smooth curve with K = k(X), and ﬂf’ab(X) be its pro-£

abelian fundamental group.® If V. denotes either V or Vi, and the above equivalent conditions
are satisfied for V., one has a canonical exact sequence:

0— Z — [[,ep Lo = I(K) = 70" (X) — 1.

vEVx

B) Basic facts about minimized inertia / decomposition

For f € D, = Hom(K*/U},Zy), let f, : Kv* = U, /Ul C KX/U! — Z; be its restriction
to Kv™. Then we get a canonical homomorphism D, — II(Kv), f — f,.

Fact 3. In the above notations, let w be a valuation of Kv. Then the following hold:
1. The canonical map D,, — II(Kv) induces an isomorphism D, /T, 2 TI(Kv).

2. One has the following inequalities of subgroups of II(K):

I/U C IU}O'U C DwOU C DU'
3. Identifying D, /I, with II(Kv) as above, one has Doy, /Iy, = Dy, Loy /Ty = L.

Next recall the following basic properties of the quasi prime divisors v of K|k:
a) One has td(K|k) — 1 = td(Kv|kv).
b) The value group vK contains no non-trivial /-divisible convex subgroups.

¢) One has an isomorphism vK /vk = Z as abstract groups.

3Recall that if g is the genus of X, then wf’ab(X) &~ Z?g if char(k) # ¢, and Trf’ab(X) & Z] for some
0 <~ < g if char(k) = ¢, called is the Hasse~Witt invariant of the Jacobian variety Jac(X) of X.
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d) Any two distinct quasi prime divisors v and w are incomparable, i.e., v # w implies that
0, and O,, are not comparable w.r.t. inclusion.

These properties have the following consequences for minimized decomposition theory.

Fact 4. In the above notations and context, the following hold:

1. Let v be a quasi prime divisor of K|k. Then I, =D, and I, & Z,.

2. Let v, w be two distinct quasi prime divisors. Then one has I, N1, = 1.

The following lemma is the key point in the proof of our Main Theorem:

Lemma 5. In the notations from the Main Theorem, let Vy denote the set of prime divisors of
K|k. Then the following hold:

1. Every open subgroup of II(K) contains 1, for all but finitely many v € Vy.

2. The kernel of the canonical map vy, : [[,cy, I — IL(K) is isomorphic to Zs.

8. One has a canonical exact sequence: 0 — Zg — [[, ey, Lo = H(K) — ﬂf’ab(X) — 1.

Proof: Proof of Assertion (1): Assume first that U is an open subgroup of II(X) such that
II(K)/U 2 Z/¢", and let f : II(K) — Z/¢™ be a surjective homomorphism with kernel U. Since
tes C K, and thus Tor%g(KX ,Qe/Zy) is ¢-divisible, we see that the canonical map

II(K) = Hom(K*,Z¢) — Hom(K*,Z/{")

is surjective, and the kernel of this map is ¢ - II(K). Thus f factors through some homomor-
phism g : Hom(K*,Z/¢™) — Z/¢". By Pontryagin duality, there exists some x € K* such that
g(h) = h(z) for all h € Hom(K*,Z/¢™). Hence our original map f is given by

f(¢) = ¢(z) (mod )

for all ¢ € TI(K) = Hom(K*,Z;). Now since Vy is the collection of all divisorial valuations of
K|k, and td(K|k) = 1, we see that v(z) = 0 for all but finitely many v € V. From this it
follows that U = ker(f) contains I, for all but finitely many v € V. Next, every open subgroup
U C II(K) is of the form U = U; N ---NU, with U; C II(K) open and II(K)/U; = Z/¢" for
each i. Thus, assertion (1) follows.

Proof of Assertions (2) & (3): Let X be the unique complete normal model of K|k, and
consider the canonical exact sequence:

0 — KX/ 2% Div(X) — Pic(X) — 0. (1.2)
Since I, = Hom(K * /U, Z;) = Hom(vK, Z;), we obtain a canonical isomorphism:

Hom(Div(X),Z¢) 2 [,cv I

vEVy V"
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Moreover, ty, : HUEVO I, — II(K) is obtained by applying the functor Hom(e,Z;) to the
divisor map div : K* — Div(X), and since k* is divisible, one has II(K) = Hom(K* /k*,Zy)
canonically. Thus, by applying Hom(e,Z;) to (1.2), we obtain the exact sequence:

0 — Hom(Pic(X), Zg) = [Tper, Lo —2 I(K) — 7™ (X) — 1. (1.3)
To conclude the proof of assertion (2), we consider the following exact sequence:
0 = Pic’(X) = Pic(X) 25 7 — 0. (1.4)
Applying Hom(e,Z;) to (1.4), we obtain the following short exact sequence:
0 — Zy — Hom(Pic(X), Z¢) — Hom(Pic®(X), Zy).

But Pic”(X) is divisible since k is algebraically closed, and thus Hom(Pic®(X),Zs) = 0. There-
fore, one has an isomorphism Z, = Hom(Pic(X),Z;), and thus (1.3) turns into the following
short exact sequence 0 — Zy — [[, ¢y, L — H(K) — 7" (X) — 1. This concludes the proof
of Lemma 5. |

C) Proof of Main Theorem

First, the implication i) = ii) follows directly from the Lemma 5 above: Namely, if k is
an algebraic closure of a finite field, then k& has no non-trivial valuations. Therefore, the quasi
prime divisors and the prime divisors of K|k are the same, i.e., V = Vy. Second, if | = k, then
Vo = Vi = V;. Thus the implication i) = ii) is a direct consequence of Lemma 5.

For the converse implication, suppose that condition ii) is satisfied. By contradiction, sup-
pose that k is not algebraic over a finite field in case I, respectively that k = [ in case II. Then
k has non-trivial valuations wy, which in case II, are trivial on [. For such a valuation wyg, we
consider a constant reduction w of K with w|; = wy. (Notice that such constant reductions
w always exist: If ¢ € K is a non-constant function, then any prolongation w of the Gauss
valuation w; of k(t) to K will do the job.) In particular, wK = wk, because k is algebraically
closed, and by Fact 3, it follows that I, is trivial, and D,, — II(Kw) is an isomorphism. Thus
we can identify II(Kw) canonically with a subgroup of II(K).

Let Vy denote the collection of the prime divisors of K|k, and let W, denote the collection
of prime divisors of Kw|kw. Furthermore, put

Vi :={woow : wy € Wy}.

We put V, :=V in case I, respectively V, := V) in case II. Each v € V) is, in particular, a c.r.
quasi prime divisor of K |k (namely, with respect to the trivial valuation of K), so that Vo C V.
Also, for every valuation wy € Wy, the composition wg o w € V,, is a c.r. quasi prime divisor of
K|k, hence V,, C V.

Applying Lemma 5 to the set Vy of the prime divisors of K|k, we have an exact sequence

1= Zg — [Tyen, Lo 2 T(K). (1.5)
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On the other hand, we can apply Lemma 5 to the set of prime divisors Wy of Kw|kw, to obtain
another short exact sequence:

15 Z,— ] Ly, 2% TI(Kw).

wo €Wo

Next recall that we identified canonically II(Kw) = D,,/I,, = D,, as a subgroup of II(K).
In light of this identification, Fact 3 implies that:

Iwg = Iwoow /Iw = Iwoow
as subgroups of II(K). In particular, we obtain yet another short exact sequence:

1= Zg — [y L 22 I(K). (1.6)

VEV,y,

Combining (1.5) and (1.6), we see that the kernel of

LYoUV,y :Hvevouvav = (Huevolv) x (Hvevwlv) — II(K)

has Z;-rank > 2 since Vy NV, = &. Equivalently, if (7,)vep,uy,, 1S any system of generators of
the system of procyclic groups (I,)yev,uv,,, then there are at least two pro-relations between
the generators (7,)vevouv,, -

To conclude the proof of the theorem, we note that Vo U V,, C V,. Thus if (7,),eyp, is any
system of generators of the system of procyclic groups (I,),ey,, then there are at least two
pro-relations between these generators. This contradicts the assumptions of ii).

Applying Lemma 5, (3), one concludes the proof of the Main Theorem.
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